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THE MATHEMATICS PROGRAM IN THE COLLEGE OF THE 
UNIVERSITY OF CHICAGO* 


E. P. NORTHROP, College of the University of Chicago 


1. Introduction. Some three years ago I was given the opportunity to ad- 
dress members of the Association on the subject of the mathematics program 
in the College of the University of Chicago.t That report was made when the 
staff concerned with the program was small, when the program itself was hardly 
more than a year old, and when the aims of the program were only dimly seen. 
The staff has since grown in number from three to twelve or fourteen, the pro- 
gram is about to enter its fifth year, and the aims have become clearer—al- 
though they still constitute the chief battleground over which the staff struggles, 
week by week, in staff meetings. It is hoped that the present report on work 
which has been accomplished in the intervening years and on plans being made 
for the future, with some indication of areas of success and failure, and some 
information about what has been done to meet the failures, will be of interest 
to teachers of mathematics and perhaps even of use to those who are planning 
or are already engaged in similar enterprises elsewhere. 


2. The Chicago program of liberal education. The aims of the College mathe- 
matics program at Chicago are intimately bound with those of the College 
program as a whole. Stated briefly, the College is engaged in presenting a four- 
year program of liberal education. On the assumption that the faculty is a bet- 
ter judge than the student of what constitutes a liberal education, the program 
is a required one, common for all students. And on the assumption that the 
liberally educated person should have learned something about each of the great 
areas of human thought, the student is required to show competence in the 
knowledge, methods, and skills relevant to the humanities (including English 
and a foreign language), the social sciences, the biological and physical sciences, 
and mathematics. 

The student is admitted to the College on the basis of psychological tests and 
tests in reading and writing skills, to which it is hoped that there will soon be 
added a test in quantitative skills. He may apply for admission after two, three, 
or four years of high school, or after a year of college elsewhere. Once admitted, 
he is faced with the problem of passing fourteen six-hour comprehensive exami- 
nations covering the general areas mentioned above. From some of them he 
may be excused on the basis of placement tests which he takes directly follow- 
ing his admission; upon completing the others he is awarded the Bachelor of 
Arts degree. He normally prepares for four of the examinations each year, al- 
though he may take any of them at any time he feels he is adequately prepared 
for them. 

In such a program there is no problem of designing and presenting several 


* Presented at the summer meeting of the Mathematical Association of America, New Haven, 
Connecticut, September 2, 1947. 
+ Mathematics-in a Liberal Education, this MONTHLY, vol. 52 (1945), pp. 132-137. 
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courses in mathematics at the first-year college level: one—presumably termi- 
nal—for students of the humanities, another for physical science majors, a third 
for engineering students, and so on. This fact appears to me to constitute a dis- 
tinct advantage. For I am convinced of the desirability of a single course at the 
level concerned, and deplore current attempts to construct different courses for 
different purposes. A liberal education is presumably the kind of education 
everyone ought to have, regardless of the career he expects to enter. If this be 
true, then any mathematics course designed as an integral part of such an edu- 
cation should be one that every student ought to take, whether or not he plans 
to take further courses in mathematics. This is one of the assumptions on which 
the Chicago program is based, and the greater part of the remainder of this pa- 
per will consist of a description of the kind of course in mathematics which 
has emerged from this assumption and concomitant assumptions. 

Actually, two one-year courses will be discussed. The first, Mathematics 1, 
is a required part of the College program. It is ordinarily taken in the first year 
of the College, and serves as a springboard for a three-year sequence in the 
natural sciences. The second, Mathematics 2, is designed for those students who 
wish to pursue the subject further. It is not an elective in the sense that it may 
be used to satisfy the requirements for the bachelor’s degree: these requirements 
may be met only by passing the fourteen comprehensive examinations men- 
tioned above, one of which is Mathematics 1. Students who wish to make plans 
for specialized work in one area or another, however, are permitted to take ad- 
vanced courses for which they are qualified concurrently with the specified 
courses in the College program. 


3. Mathematics 1, the required general course. What ought to go into a 

one-year course in mathematics to be taken by all students—students who, it 
may be assumed, have learned something of the ABC’s of the subject in their 
two or more years of high school algebra and geometry? This question can be 
answered only after a prior question has been discussed: What, if anything, in 
mathematics is appropriate to a liberal education? I raised and attempted to 
answer this question in my earlier report. Rather than to repeat myself here, I 
should like to quote from W. L. Schaaf, who came close to my convictions in the 
matter ten years ago when he wrote, in the pages of this MONTHLY :* 
The distinctive feature of mathematics, one that sets it apart from all other domains of human 
achievement, is that it exemplifies, or, more strictly, it is, a unique style of thinking....The 
uniqueness of mathematics as a mode of thought results from the following features: (1) the 
formulation of generalizations, (2) the method of postulational thinking, and (3) the ceaseless 
quest for greater rigor. 


From this view of the place of mathematics in liberal education one may con- 
clude that the student should be taught to think deductively, to know what a 
deductive system is, to understand the relation between an abstract deductive 
system and its models, or concrete interpretations, and to have some apprecia- 


* Vol. 44 (1937), p. 447. 
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tion of what rigor is and how it may be achieved. Add to this the fact that he 
should learn, both for the skills themselves and for the part they will play in his 
later courses in science, how to understand and to deal with problems of quan- 
tity and space, and the content of a year course in mathematics appropriate to a 
program of liberal education becomes fairly clear: it should include at least the 
study of logic, algebra, and geometry. As the staff is now teaching Mathematics 
1, about one fifth of the course is devoted to logic, two fifths to algebra, and two 
fifths to analytic geometry and trigonometry. 

In the earlier versions of our course the approach to logic was Aristotelian, 
but we soon found—and it is not surprising that we did so—that this approach 
is inadequate even for the elementary mathematics we attempt to develop. We 
defended it at the time on the grounds that many of our students were deathly 
afraid of symbolism in any form and needed the reassurances to be gained by 
emphasizing such everyday phenomena as verbal propositions and the syl- 
logism. Upon cautiously experimenting with fundamental ideas from modern 
symbolic logic, however, we discovered that, properly introduced to them, the 
student can take in his stride variables and constants, propositions and relations 
between them, propositional functions and quantifiers, sets and relations be- 
tween them, undefined terms and rules of definition, and unproved propositions 
and rules of proof. This revelation has prompted us to push even further in a 
comprehensive revision of our text which is now being prepared by the staff for 
the academic year 1948—49.* 

This excursion into the fundamental concepts of modern symbolic logic cul- 
minates in a careful study of the commutative group as an example of a deduc- 
tive system. The group was chosen in preference to other possible examples, 
such as the theory of relations, or the propositional calculus, or certain simple 
geometric systems, for a number of reasons. The group is adequate in that it 
exemplifies almost everything which has gone before: sets, operations, relations, 
quantifiers, undefined terms, definitions, postulates, theorems, proofs, and mod- 
els. It is simple in that the undefined terms and postulates are few in number, 
and the proofs easy to follow. It is meaningful in that the postulates and theo- 
rems find immediate application in the work of the course which follows. Finally 
its models are both numerous and significant, and offer excellent opportunities 
to study the relation between an abstract system and its concrete interpreta- 
tions. 


* In outline form, this revision will include the following topics: 1. Theory of Classes (general 
concept of class or set, universe, null class, subsets, sets of ordered pairs, complement, union, inter- 
section, relations between classes, variables); 2. Relation and Function (relation as a set of ordered 
pairs, as a correspondence, as a table, function, unary and binary operations); 3. Propositions 
(general concept, negation, conjunction, disjunction, implication, equivalence); 4. Propositional 
Functions and Quantifiers (propositional functions of one variable, sentential conjunctions of 
propositional functions, universal and existential quantifiers, negation, sets and propositional 
functions, propositional functions of two variables, mixed quantifiers); 5. Propositional Calculus 
(symbolism, truth tables and universal propositions, special universal propositions); 6. Deductive 
systems (undefined terms, definitions, postulates and theorems, simple example of a deductive 
system, model of a deductive system, rules of proof, applications to simple proofs, indirect proof.) 
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It may appear that I have dwelt overlong on the material which occupies 
only the first fifth of the year. But it is primarily this material, together with its 
later applications, which makes Mathematics 1 unique among first-year college 
courses, and which the staff has found most difficult to organize and present. 
There is no question in our minds of its importance as groundwork for the rest 
of the course. For it is here that the student first learns the rudiments of sci- 
entific discourse, and without clear ideas about deductive systems he will gain 
little from the discussions of real numbers and analytic geometry, which are 
later developed as such systems. 

The second part of the course has already been referred to as “algebra,” al- 
though it is more algebra in the elementary textbook sense than in the strict 
sense, being a combination of the study of real numbers and real-valued func- 
tions. The development of real numbers, which is postulational in nature, may 
be described briefly as follows: the postulates for addition and multiplication, 
for subtraction, for division, the order postulates, and the continuity postulate 
are introduced successively, with pauses for assimilation of the postulates and 
their resulting theorems between them. It is assumed—and properly, we have 
found—that the student is sufficiently aware of the common properties of nat- 
ural numbers, integers, and rational and real numbers to make them available 
for purposes of motivation and exemplification, although other models of the 
system at each stage of its development are also introduced and discussed. It 
should be apparent that this approach to real numbers offers ample opportunity 
to spend what time may be necessary in drill work on the elementary operations. 
The complex numbers are constructed from the reals (this development gives 
the student a view of the alternative, constructive approach to number systems) 
and their properties discussed briefly. 

In that part of the “algebra” which is strictly analytic, the notions of real- 
valued variable and function are easily grasped by the student after the intro- 
duction he has had to the general concepts of variable and function in the first 
part of the course. Here the work continues with the construction of functional 
relations from given data, the use of functional notation, a variety of classifica- 
tions of functions, and the solutions of equations as zeros of functions. 

In the light of its experience the staff proposes to institute a number of 
changes in the approach to both real numbers and functions. In the first place, 
it seems desirable to have the student spend more time on the study of groups, 
and to exploit his increased power in that area by working into the real numbers 
through, successively, the additive group, the multiplicative group, and the 
field. Again, once the field has been achieved, it appears well to introduce the 
notion of function—integral and rational—and to say something here about the 
solution of inequalities, which are studied in connection with the order postu- 
lates that follow. The rest of the analytic material of the so-called “algebra” 
section could then be properly postponed until the study of analytic geometry. 

Originally, the course next devoted a few weeks to the study of plane geome- 
try. Analytic geometry was then developed in essentially the historical manner 
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as a combination of algebra and geometry. Having brought the work in logic 
and algebra to a satisfactorily respectable degree of rigor, however, the staff 
found, somewhat to its dismay, that it could not achieve that same degree of 
rigor in synthetic plane geometry without getting into involved and time-con- 
suming considerations which promised to be irksome to both student and in- 
structor. After a vain search for a solution to this problem, it was tentatively 
decided that the student’s previous training in geometry could be counted upon 
for intuitive interpretations of geometric concepts and that geometry might 
best be constructed from scratch in the modern analytic fashion—by defining 
point as an ordered pair of real numbers, line as a set of points satisfying a linear 
equation, and so on. It is intended to explore this approach further in the pro- 
posed revision, although some members of the staff are conducting what may 
amount to a filibuster to convince the rest of their colleagues of the desirability 
of an approach through vectors. In any event, it seems unlikely that the study 
of analytic geometry will be carried much beyond a comprehensive treatment of 
the straight line and circle. In the future, as now, the remaining few weeks of 
the course will probably be devoted to the introduction and study of the trigo- 
nometric functions and their properties. It should be emphasized, however, that 
the treatment of trigonometry is one of which the analyst, and not the surveyor, 
would approve. 

The majority of the students in the College take no mathematics beyond the 
course which has just been described. For such students it may be thought that 
the course is inadequate in its failure to include a number of topics for which 
various authors have argued with varying degrees of fervor. Although I cannot 
agree with such authors as the one who would include number theory and per- 
mutations so that the student will be able to face later in life the problems he 
will find, respectively, in current popular magazines and in trying to arrange 
his dinner guests, I am quite ready to admit the desirability of giving the ter- 
minal student some idea of such topics as the calculus and statistical analysis. 
The difficulty, of course, is that of finding time for acceptable developments of 
these topics in a year course which meets four hours per week. The tendency at 
Chicago is to sacrifice breadth of coverage of many topics for depth of under- 
“standing of a few fundamental ones. The choice of those which constitute Math- 
ematics 1 is defended on the grounds that any student who has successfully ful- 
filled the course requirements will be able to pursue, independently and with 
understanding, any further topics in mathematics in which he may have a 
genuine but nonprofessional interest. 


4. Mathematics 2, the optional continuing course. It is apparent that Chi- 
cago students who desire to continue their formal work in mathematics need 
some instruction designed to bridge the gap between the somewhat unconven- 
tional work of Mathematics 1 and the more advanced courses in calculus and 
post-calculus subjects offered by the Department of Mathematics in the (gradu- 
ate) Division of the Physical Sciences. The College has accepted the responsi- 
bility of providing such continuing instruction in Mathematics 2. In terms of 
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both time and number of students, the staff has had less experience with this 
course than with Mathematics 1,* but its experience is sufficient for the formula- 
tion of some tentative conclusions about what can and cannot be done with 
students who have met the established prerequisite for entrance into the course, 
namely, a grade of middle C or higher in Mathematics 1. 

Briefly described, the first third of Mathematics 2 is devoted to an extension 
of some of the material, initiated in Mathematics 1, of college algebra, trigo- 
nometry, and analytic geometry; and the last two thirds to the calculus and to 
further work in analytic geometry. This description is disarming in the sense 
that the topics considered are more sophisticated, and the approach more rigor- 
ous, than is ordinarily the case in courses in the subjects named. Thus, for ex- 
ample, not only are the postulates which characterize the real numbers reviewed, 
with careful considerations of such new concepts as absolute value and the re- 
lated inequalities, but the integers as well are characterized, with careful con- 
siderations of alternative formulations of -the principle of finite induction and a 
wealth of applications of the same. Again, abstract vector spaces are introduced 
and studied in connection with polar coordinates and the polar representation of 
complex numbers. The study of the calculus is conducted on a similarly mature 
level. Here the emphasis is on a clear understanding of and ability to work with 
the concepts and properties of function, limit, continuity, derivative, and defi- 
nite integral. It is no small satisfaction to the staff, for example, to find that 
students of the age of high school seniors can be taught to understand clearly 
the relations between existence of a limit, continuity, and differentiability. 

Although the staff hopes ultimately to have as complete a text for Mathe- 
matics 2 as it has for Mathematics 1,f it has at present only a set of notes, 
amounting to an extended outline, for the work of the first part of the course. 
Notes of this kind lend themselves easily to yearly revision, and can be ex- 
panded to textbook form after ideas concerning the most effective material to 
include in the course have crystallized. The remainder of the course at present 
consists of adaptations of material from Randolph and Kac’s excellent text, 
Analytic Geometry and Calculus, the only serious drawback of which, for our 
purposes, is the fact that it was not written as an actual sequel to the material 
which precedes it in our two-year program. 


5. Conclusion. Here, then, for whatever information, encouragement, and 
use it may be to teachers of mathematics, is a brief description of the present 
state of the mathematics program at the College of the University of Chicago. | 
After four years, difficulties and shortcomings still plague us, and will probably 
continue to do so for years to come. But I am convinced that our enthusiastic 
staff, having already demonstrated how much more can be done with the ele- 


* Mathematics 1 is now (1947-48) in its fifth year and is being taken by some 450 students; 
Mathematics 2 is in its second year, and is being taken by some 75 students. 

+ The text for Mathematics 1, prepared by the author of this paper with the assistance of other 
members of the College mathematics staff, is Fundamental Mathematics, Chicago, University of 
Chicago Bookstore, 1946 (2nd ed.) 
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mentary student than is ordinarily expected of him, will ultimately achieve a 
program which will be meaningful both in the sense of liberal education and in 
the sense of mathematical education. Indeed, in my first report I argued boldly 
for the meaningfulness of our program within the framework of a liberal educa- 
tion, and somewhat more timidly for its meaningfulness for the continuing stu- 
dent. I have since heard from a surprising number of mathematicians who feel 
that the program is a fine one for the continuing student, but much too difficult 
for the purposes of liberal education. This reaction I should like to regard both 
as an indication of vigor in the health of our program and as a confirmation of 
the thesis that one course for all students, not different courses for different 
groups of students, is appropriate to the level of instruction concerned. 


AN ANALLAGMATIC CUBIC 
C. E. NOBLE, Neenah, Wisconsin 
1. Introduction. This paper is devoted to the study of the cubic 
LX(¥? + 2%) + MY(Z? + X®) + NZ(X2+¥2) + KXYZ=0, or 


() >> LX(¥? +22) + KXYZ = 0. 


The cubic (1) is invariant under the isogonal transformation, 


a quadratic transformation of the plane, which sends the point P having tri- 
linear codrdinates x, y, 2 into the point P’ having trilinear codrdinates 1/x, 
1/y, 1/z [1]. Cubics invariant under the isogonal transformation are often 
called anallagmatic cubics [2, 5]. Neuberg [5] stated in 1923 that he was not 
aware of any geometric interpretation of the cubic (1). In 1930 Goormaghtigh 
[3] presented a geometric interpretation of a special case of cubic (1). To the 
writer’s knowledge, no additional information concerning this cubic has ap- 
peared in the literature. In this discussion a number of geometric interpretations 
of cubic (1) are presented together with many of its properties. 


2. Geometric interpretations. We shall find it convenient to refer to the 
cubic (1) as the plus-sign cubic to distinguish it from the minus-sign cubic 


(2) Dd, LX(¥? — Z?) = 0, 


the other anallagmatic cubic in the triangle. The cubic (2) has been widely 
discussed in the literature [2, 5]. 

Throughout this paper, P and P’ represent two isogonally conjugate points 
having trilinear céordinates x, y, 2 and 1/x, 1/y, 1/z, respectively. The angles, 
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the lengths of the sides, and the area of the reference triangle are denoted by 
A, B, C; a, 6, c; and S, respectively. The points of intersection of the lines 
AP, BP, CP and AP’, BP’, CP’ with the opposite sides of the reference tri- 
angle are designated by the letters A,, B,, C, and A,, B,, C,, respectively. 
Generally, the codrdinates x1, 1, 2, of a point Q are considered to be proportional 
to the distances of Q from the sides of the reference triangle. If we insist that 
X1, V1, 2) represent the actual distances of Q from the sides of the reference tri- 
angle, then 1, 1, 21 satisfy the relation 2S =ax,+byi-++c2; and are called actual 
codrdinates. 

Several geometric interpretations of the plus-sign cubic will now be given as 
theorems, beginning with the special case derived by Goormaghtigh [3]. 


THEOREM 1. If the areas of triangles A,B,C, and A,B,C; are equal, then 
the locus of P and P' is a plus-sign or minus-sign cubic. 


If x, y, g are the actual coérdinates of P, then the actual coérdinates of A,’ 
Af ,and so on, are respectively [0, 2Sy/(by-+cz), 2Sz/(by-+cz) |, [0, 2.Sz/(b%-+cy), 
2Sy/(bz-+cy) ], and so on. The conditions that the areas of triangle A,B,C, and 
A,B,C, be equal is that 


(3) (by + cz)(cz + ax)(ax + by) = + (bz + cy)(cx + az)(ay + bx). 


If the plus sign is taken on the right, equation (3) becomes the equation of the 
minus-sign cubic 


(4) Dd, a(b? — c*)x(y? — 2%) = 0. 
If the minus sign on the right is taken, the equation (3) becomes 
(5) >> a(b? + c2)a(y? + 2") + 4abcxyz = 0, 


which is the equation of the special plus-sign cubic obtained by Goormaghtigh. 
This special case of the plus-sign cubic appears to be the only one in the litera- 
ture with the exception of the degenerate locus made up of a line and a conic 
which are isogonally conjugate, namely 


(lx + my + nz)(lyz + mzx + nxy) = 0, or 
>> mnx(y? + 22) + (22 +m? + n®) xyz = 0. 

In a similar manner it may be shown that if the areas of triangles A,B,C, 
and A, B,C,, A,B,C, and A,B; C,, or A, B,; C, and A,B,C; are required to 
be equal, then the locus of P and P’ isa plus-sign or minus-sign cubic. The locus 
of P and P’ is also a plus-sign or minus-sign cubic if we equate the areas of tri- 
angles A,B; Cz and Ay ByCy, Ap ByCg and A,B, Cy, or Ap By Cp and ApByCp , 
where A, and A; are the harmonic conjugates of A, and A, with respect to 
B and C, and B,, B/, C, and C{ are analogous points. 


THEOREM 2. If the six point conic A,B,C,A,B;C; passes through a seventh 
point, then the locus of P and P’ ts a plus-sign cubic. 
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Through the six points Ay, B,, C,,A,;,B,,C, passes a conic whose equation 
is 
(6) > x(y? + 2’)VZ — xyz(X? + 242) = 0, 
where X, Y, Z are the running coérdinates. If this system of conics is required 


to pass through a fixed point, say Q(X1, Yi, 21), then the locus of the points 
P and P’ is the plus-sign cubic 


(7) YS ViZiely +2) — (Xi + VitZiays = 0. 


It is interesting to observe that if the cubic (7) is forced to pass through the 
incenter (1, 1, 1) of triangle A BC, then the fixed point Q must lie on the inscribed 
conic 


xX? -+ Y?+ Z* — 2VYZ — 2ZX — 2XY = 0. 


Similarly, if the cubic (7) passes through an excenter, say (1, 1, —1), then the 
point Q must lie on the inscribed conic 


X?-+ Y?-+ Z?-+ 2VZ + 2Z2X — 2XY = 0. 


THEOREM 3. If the six point conic A,B,C,»A; B; Cy be a rectangular hyper- 
bola, then the locus of P and P’ is a plus-sign cubic. 


The condition on the coefficients of the conic (6) in order that it be a rec- 
tangular hyperbola is 


(8) >, cos Ax(y? + 2?) + 3xyz = 0, 


which shows that the locus of P and P’ is then a plus-sign cubic. 

Similarly, a plus-sign cubic is obtained as the locus of P and P’ if the six 
point conic A,A,/ B,B/ C,C/ (or ApA, BpB/ CpC{, or A,A? B,B; C,CZ) is re- 
quired either to pass through a seventh point or to be a rectangular hyperbola. 

The conic passing through A,, A’, Bp, B{, Cp, C? degenerates into the 
trilinear polars of P and P’ with respect to the triangle ABC. These trilinear 
polars are, respectively, 


yeX +2a¥Y+ayZ=0 and «X + yY¥4+2Z = 0. 


If these two lines are perpendicular, then the locus of the points P and P’ is 
the plus-sign cubic 


(9) >, cos Ax(y? + 22) — 3xyz = 0. 
If these two lines meet in a point on the line 
(10) LX +MY +NZ=0, 


the locus of P and P’ is the minus-sign cubic 


(2) >, Lx(y? — 2%) = 0. 
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If the line (10) is the infinite line, we have the condition that the trilinear polars 
of P and P’ be parallel, in which case the locus of P and P’ is 


(11) >, sin Ax(y? — 22) = 0. 


THEOREM 4. The locus of the foci of inscribed conics tangent to a given line is a 
plus-sign cubte. 


Casey [1] shows that the equation of a conic inscribed in triangle ABC 
with the point F(x, y, 2) as focus may be expressed in the form 


(12) sin Ay(X/x)1/2 + sin By(Y/y)1/2 + sin Ci(Z/z)1/2 = 0, 


where Ai, Bi, Ci are respectively the angles subtended from the point F by the 
sides BC, CA, AB of triangle ABC. 

Since sin A1=x2S/[(«?+22+2xz cos B)(x?-+y?+-2xy cos C)]/22R, where R 
is the circumradius of ABC, and sin B; and sin C, are equal to similar quantities, 
equation (12) may be written as 


(13) >) [a(y? + 2? + 2yz cos A) X]1/2=0. 
The condition that the inscribed conic (13) be tangent to the line 
(14) pats Ho 
LE M wWN 
is that 
(15) >, Lx(y? + 22) + 2(L cos A + M cos B+ N cos C)xyz = 0. 


Thus, the locus of the focus F is a plus-sign cubic. Since the foci of inscribed 
conics are isogonally conjugate points, the other focus F’(1/x, 1/y, 1/z) of the 
conic (13) also lies on the cubic (15). 


THEOREM 5. The locus of the foci of inscribed conics whose conjugate axes are 
of constant length 1s a plus-sign cubic. 


If the actual codrdinates of the focus F of a conic inscribed in triangle ABC 
are x, y, 2, then the actual codrdinates of the other focus F’ are (2Syz/U, 2Szx/U, 
2Sxy/U), where U =ayz+bex-+cxy. It is generally known that the square of the 
semi-conjugate axis of a conic is equal to the product of the distances of the foci 
of the conic to any line tangent to the conic [6]. Taking one of the sides of 
triangle ABC as the tangent to the inscribed conic and 1/k as the square of the 
semi-conjugate axis, we obtain the relation 


(16) xy22S/(ays + bex + cxy) = 1/k. 


Introducing (ax+by+cz)/2S into equation (16) in order to make it homogene- 
ous, we get the equation of the locus of the foci of a family of inscribed conics 
whose conjugate axes are constant to be 


(17) >> bex(y? + 22) + (a? + b? + c? — 452k) xyz = 0. 
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THEOREM 6. The locus of the foct of inscribed conics whose centers lie on a 
given line is a plus-sign cubic. 


Hf the coérdinates of the foci F and F’ of an inscribed conic are the same as 
given above, then the coérdinates of the midpoint F’’ of the line segment FF’ 
are %1, V1, 21, where 


2axyz + x2(bz + cy) + ya(by + cz) 
2U 


11> 


If we require F’’, which is the center of the inscribed conic having the points 
F and F’ as foci, to lie on the line 


LX + MY + NZ = 0, 
then the foci F and F’ travel over the locus 
(18) >> (cM + BN) x(y? + 22) + 2(@L + OM + cN) xyz = 0. 
If the center F’’ is required to lie on the line 
Xo(— aL + bM + cN) + Yb(aL — DM +N) 
+Zc(aL + bM — cN) = 0, 


then the locus of the foci F and F’ is the cubic (15). Thus, when an inscribed 
conic remains tangent to the line (14), the locus of its foci is the cubic (15), and 
the locus of its center is the line (19). 


(19) 


THEOREM 7: If the locus of the point of intersection of the tangents at P and P’ 
to the circumconic passing through P and P’ be a straight line, then the locus of 
P and P’ 1s a plus-sign cubte. 


The equation of the circumconic passing through the points P(x, y, 2) and 
P'(1/x, 1/y, 1/z) is 
>> x(y? — 22) YZ = 0. 


The tangents to this conic at the points P and P’ meet in the point TZ’ whose 
codrdinates are x(y?+327), y(2z?-+%?), 2(x?+?). If T lies on the line 


LX + MY + NZ = 0, 
then P and P’ lie on a plus-sign cubic whose equation is 
(20) >> Lx(y? + 2?) = 0. 


THEOREM 8. If P and P’ are conjugate points with respect to a given conte, 
the locus of P and P' is a plus-sign cubic. 


The condition that the point P’(1/x, 1/y, 1/z) lie on the first polar of the 
point P(x, y, 2) with respect to the general conic 


DX* + EY? + FZ? + 2LYZ + 2MZX + 2NXY = 0 
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is the plus-sign cubic 
(1) Dd. Lx(y? + 2*) + Kays = 0, 
where K=D+E-++F. 
3. Other properties. It is readily seen that the equation (1) is invariant 
under the isogonal transformation. The cubic curve represented by equation (1) 


passes through the vertices of the reference triangle 4 BC.and meets the sides of 
triangle ABC in the points in which the line 


(21) Wp 4% 20 
L M N. 


cuts these sides. Since this cubic is invariant under the isogonal transformation, 
it follows that it is tangent to the isogonal conjugate of line (21) at the vertices; 
that is, it is tangent at the vertices to the circumconic 


YZ ZX XY 
L M N 


In fact, the cubic is tangent at the vertices to any curve whose isogonal con- 
jugate passes through the points in which the line (21) cuts the sides of triangle 
ABC. 


The polars of P(x, y, ) with respect to the conics 
(22) KX? + 2LYZ + 2MZX + ANXY = 0, 
X*— Y? = 0, y?—Z?=0 


are, respectively, 
X(Kx + Mz+ Ny) + Viz + Nx) +Z(Ly + Mx) = 0, 


(23) 
Xx-Yy=0, YVy—Zz=0. 


These three polars meet in a point, say P, if 
(1) >> Lx(y? + 22) + Kxyz = 0. 


The cubic (1) is called the Jacobian of the three conics (22) [4]. It may readily 
be shown that the cubic (1) is the Jacobian of any three conics, not passing 
through the same four points, of the family 


(24) KX%-+ 2LYZ + 2MZX + 2NXY + w(K? — Y?) + o(V?2 — Z’) = 0. 


The coérdinates of P, the point of intersection of the polars (23), are 1/x, 1/y, 
1/z. Hence, P lies on the Jacobian (1) and is identical with P’. The points P 
and P are called conjugate points on the Jacobian. Thus, the isogonally con- 
jugate points P and P’ on the cubic (1) are conjugate points on this cubic con- 
sidered as the Jacobian of three conics of the family (24). This property of the 
cubic leads to the following theorem. 
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THEOREM 9. If the points P and P', Q and Q’ are pairs of isogonally conjugate 
points on the cubic (1), then the points of intersection of the lines PQ and P’Q’, 
PQ' and P'Q are isogonally conjugate points on this cubic. 


This theorem results from the fact that if two pairs of opposite vertices, 
P and P’, Q and Q’, of a quadrilateral are conjugate points with respect to a 
conic, then the third pair, R and R’, are also conjugate points with respect to 
the conic [4]. Hence, if we are given three pairs of isogonally conjugate points 
on the cubic (1), we may, in general, construct an infinite number of isogonally 
conjugate points on the cubic by use of the ruler only. 

If we allow the point Q to approach the point P along the cubic, then the 
point Q’ approaches the point P’ along the cubic. In the limit the following 
result is obtained. 


THEOREM 10. The tangents to the cubic (1) at the two tsogonally conjugate 
points P and P' on the cubic meet in a point R which lies on the cubtc, and the line 
PP’ meets the cubic in the point R’, the isogonal conjugate of R. 


We may easily show that the circumconic which passes through any two 
isogonally conjugate points P and P’ on the cubic (1) meets the cubic a sixth 
time in the point R which is the point of intersection of the tangents to the cubic 
at the points P and P’. 

In general, the cubic (1) is non-singular. However, it has a double point at 
the incenter of triangle ABC when it passes through this point. For, if the 
cubic (1) passes through the incenter, it is necessary that K+22L+2M+2N=0. 
This is the condition that the cubic have a double point at the incenter. Simi- 
larly, if cubic (1) passes through any one of the excenters of triangle ABC, it 
possesses a double point at that particular excenter. 

For the special case in which | Z| =| 14| =| | in equation (1), we see that 
(0, M, —N), (L, 0, —N), (L, —M, 0) are inflection points of (1). No generality 
is lost by taking L= M=N=1. For this case, the polar conic of the inflection 
point (1, —1, 0) is 

X?— Y?+2(X — V)(K — 2) = 0. 


This is a degenerate conic made up of the tangent to the cubic at the inflection 
point and the harmonic polar of the inflection point with respect to the cubic. 
Their equations are, respectively, 


X+Y+2Z2(K — 2) =0 and X—-Y=0O. 


Analogous results may be produced for the inflection points (0, 1, —1) and 
(1,0, —1). 

If the entire configuration is subjected to the isogonal transformation, the 
cubic and the harmonic polars remain invariant. However, the tangent lines 
transform into circumscribed conics each of which meets the cubic four times 
at a vertex. This follows from the fact that the tangents to the cubic at the 
inflection points each meet the cubic three times at an inflection point which 
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lies on the sides of triangle ABC. If K=0 in (1), then the centers of the de- 
generate conics mentioned above are located at the incenter of triangle ABC, 
and each of the circumscribed conics which meet (1) four times at a vertex 
passes through the incenter. 
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WHAT ARE SET FUNCTIONS? 
ARTHUR ROSENTHAL, Purdue University 


1. Point functions and set functions. In speaking of a function, one usually 
thinks of a point function f(x): A rule is given by which, in a certain domain, to 
each number x (or, more generally, to each point x of a certain space) there cor- 
respond numbers f(x). If in this statement we replace x by a set X of numbers 
or points x, we come immediately to the more general notion of a set function 
f(X); that is: A rule is given by which to each set X, belonging to a certain fam- 
ily of sets of a space, there correspond numbers f(X). In the most important case 
of a single-valued set function, to each set X only one number f(X) is attached. 

Particular instances of set functions have been well known to mathemati- 
cians for a long time, even since antiquity. We have only to remember the length 
of an interval or of an arc, the area of a plane region or of a surface, the volume 
of a solid, the content or the measure of a set. Of course, the definite integral is 
also a very important example of a set function. In fact, the integral [? f(x) dx 
is an interval function; to be specific, it is a function of the interval [a, 5|. In the 
case of multiple integrals one integrates over regions. The idea of more general 
integration over (measurable) sets is due to H. Lebesgue [1]. In fact, it is 
Lebesgue |2| who may be considered as the founder of the theory of set func- 
tions; since his original studies the theory has been further developed by 
many other mathematicians. We now know that such a general theory is inter- 
esting and useful, furnishing a solid, unifying basis for more special theories, 
and is a valuable source for many applications. A systematic presentation and 
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discussion of set functions will be found in the forthcoming book of H. Hahn 
and A. Rosenthal [3]. 

Further generalizations of basic notions are possible, as for the range of val- 
ues of set functions. Instead of numbers one can take points of a space (for in- 
stance, of Banach spaces) or, even more generally, sets as values of the function. 
In the case of this last generalization, where sets correspond to sets, one arrives 
at the notion of mapping one space into another space. We shall not go so far 
here, but shall consider only single-valued set functions whose range of values 
consists of real numbers (including + © and — 0). 

The notion of set functions becomes fruitful by the introduction of some spe- 
cific properties, such as additivity. 


2. Additive set functions. Let Jt be a system of sets in a quite general space, 
and let the set function ¢(X) be defined for each set X that is a member of MN, 
denoted symbolically by XeIt. From the first we shall exclude the case that 
o(X) = + © for all XeEM or that d(X) = — o for all XeM. Then ¢ is called addi- 
tive in It if for any two disjoint sets AeM and BeM, for which also their sum 
(A+ B)eM, we have 


(1) o(A + B) = $(A) + 4(2). 


Here ¢(A) and ¢(B) cannot have infinite values of different signs, since other- 
wise the right side of (1) would be meaningless. 

EXAMPLES: Let Jt be the system of all subsets of a given infinite set E. 

(a) For every AeJt let 6(A) be the number of elements of A. (In particular, 
let (A) =+ © if A is an infinite set.) 

(b) For every Ae let 6(A) be one plus the number of elements of A. (In par- 
ticular, let (4) =-+ © again if A is an infinite set.) 

(c) Let (A) =O if A is finite, and 6(A) = + & if A is infinite. 

Then ¢ is additive in the Examples (a) and (c), while ¢ is non-additive in the 
Example (6). 

Let ¢ be additive in {t, and let all sets discussed belong to J. In studying ¢ 
it will be suitable to assume that MM is a field; that is, with any two sets AeI 
and Be, their sum 4+B and their difference A —B also belong to Mt. It can 
easily be seen also that their intersection A-B belongs to Mt. 

Of course, by induction, we obtain immediately from (1): 


(Ai + Aot:++ +An) = $(A1) + O(A2) +--+ + (An), 


provided that the sets A;, (¢=1, 2, +--+, ), are disjoint. 
For two sets which are not necessarily disjoint one obtains: 
(2) o(A) + o(B) = o(4 + B) + G(4-B). 


The demonstration of this follows from the fact that 4 =A-B+(A—B) and 
B=A-B+(B—A); thus ¢(A)=4(A-B)+¢(A-—B) and ¢(B)=$(A-B) 
+¢(B-—A). Hence, by addition, (A) +¢(B) =9(A -B)+[¢(4-B)+6(A—B)+ 
¢(B—A)|=9(A-B)+o(A+B). 
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3. Totally additive set functions. The set function ¢, additive in M, is called 
totally additive (or completely additive) in It if for every sequence of disjoint sets 
AyeM(vy=1, 2, -- -), for which also their sum SA,eI, we have 


(3) o(SA») = 2) o(A,). 


In Example (a) of §2, ¢ is a totally additive set function. But, in Example 
(c), @ is an additive set function which is not totally additive; for if B =Sb, is 
any denumerable subset of E, we have 4(0,) =0, but d(B) =+ 0. 

More significant examples are the Lebesgue measure, which is totally addi- 
tive in the system of measurable sets, and the Jordan content which is additive, 
but not totally additive, in the system of the sets measurable in the sense of 
Jordan. 

For the study of totally additive set functions, it is natural to assume Nt to 
bea o-field, that is, a field which along with each sequence of sets {A,} also con- 
tains their sum SA,. Now let ¢ be totally additive in the o-field MM, and let all 
sets discussed belong to I. Then the following theorems can easily be proved: 


THEOREM (a). Let {A,} be a monotone increasing sequence of sets (that is 
A,,CA,, for v1Sve), then $(SA,) =lim o(A,). 


THEOREM (0b). Let {A,} be a monotone decreasing sequence of sets (that is, 
A,,2A,, for v1 $v2). If not all 6(A,) are infinite, then ¢(DA,) =lim ¢(A,), where 
DA, designates the intersection of the sequence (4, 


THEOREM (c). If 6 is monotone increasing (that is, ACB implies ¢(A) $¢(B)), 
then we have for every sequence {A,} of sets 


(4) $(SA,) = D o(A,). 
The following important result is due to H. Hahn [4]: 


THEOREM (d). The set function ¢ attains the absolute maximum and the ab- 
solute minimum of its values. 

From (d) it follows immediately that ¢ is bounded either above or below 
(since ¢ cannot attain both the values + 0 and — ©); and, moreover, if ¢ is 
finite, then ¢ is also bounded. 

We can reduce ¢ to monotone increasing functions by defining the posvizve- 
function @* and the negative-function d~ of ¢ in the following way. 

For Ae, we set 


(5) ot(A) = sup ¢(X) and ¢ (A) = — inf 6(X), 
where X designates those subsets of A which belong to It. Then we have 
(6) ¢=¢t—¢. 


Besides, the absolute-function ¢ is defined by 
(7) g=¢'+¢. 
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The functions ¢+, ¢~, ¢ are monotone increasing and, with ¢, they are also to- 
tally additive. The reduction to monotone increasing functions, given by (6), is 
very useful for the proofs of many theorems. 


4. Zero-sets for ¢. A set AeM is called a zero-set for ¢ if (X)=0 for all 
subsets X of A which belong to M. If ¢ is totally additive in the o-field M, then 
the system of all zero-sets for ¢ is also a o-field. 

Mis called complete for ¢ if every subset of each zero-set for ¢ is contained in 
Me. 

A given field (or o-field) can be extended into a complete field (or o-field). 
More specifically, if @ is an additive set function in the field JN, then there is a 
field J° Mt and an extension of ¢ into a set function ¢° which is additive in 2° 
such that Jt® is complete for ¢°. In this statement the words “field” and “addi- 
tive” can be replaced by the words “o-field” and “totally additive.” 


5. y-continuous set functions. Let ¢ and y be two totally additive set 
functions in the o-field JU. Then ¢ is called ¥-continuous (or totally continuous 
with respect to w) if for every zero-set X for ¥ we have also ¢(X) =0; or, what 
amounts to the same thing, if every zero-set X for y is also a zero-set for ¢. On 
the other hand, ¢ is called purely y-discontinuous if every set MeM, with ¢(M) 
+0, contains a zero-set X for y with @ (X) #0. 

Example of a y-continuous function: Let u be the one-dimensional Lebesgue 
measure. Then the Lebesgue integral (1) /f(«)dx (defined for the one-dimensional 
measurable sets M) is u-continuous. 

Example of a purely y-discontinuous function: The function @ defined in 
Example (a) of §2 is purely u-discontinuous, if in the example £ designates a 
linear infinite set and yp is again the one-dimensional Lebesgue measure. 

It has been proved that a totally additive set function ¢ can be represented 
as the sum of a ¥-continuous and a purely ¥-discontinuous set function (both 
of which are also totally additive in I). If ¢ is finite, then there is only one such 
representation. 

For the notion of the ¥-continuous set functions, the zero-sets for y play a 
distinguished role. A more general theory, also containing other interesting 
particular cases, can be developed if the sets S of any o-field 6CM are distin- 
guished as “singular sets,” provided that every Xe which is a subset of S be- 
longs also to ©. 


6. Measure. The general theory of measure, which contains the Lebesgue 
measure as a particular case, was founded by C. Carathéodory [5]. Let E bea 
given set, and consider the system € of all subsets A of EZ. A set function $(A), 
defined in &, is called a measure function if the following conditions are satis- 
fied.: 

(a) For the empty set A we have: #(A) =0. 

(b) #(A) is monotone increasing (¢f. §3, (c)). 

(¢) $($4,) SL0(A,). 
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Because of (a) and (6), we always have: (A) 20. The essential inequality (c) is 
the same as used above in (4). 
A set Me€ is called 6-measurable if for M, together with every set Ae, we have 


(8) ¢(A) = ¢(A-M) + (4 — M). 


The ¢-measurable sets M form a o-field MM, and ¢ is totally additive in Mt. This 
gives the relation between the measure functions (which, in general, are not 
additive) and the totally additive set functions. 


7. Integration. The integral of a point function f(x) can be defined with 
respect to any totally additive set function ¢. Of course, the model for a general 
theory of integration is the Lebesgue integral. H. Lebesgue [1] performed the 
integration with respect to the Lebesgue measure in an n-dimensional Euclidean 
space R,. Generalizing the Lebesgue integral and, simultaneously, also the 
Stieltjes integral, J. Radon |[6| replaced the Lebesgue measure by an arbitrary 
totally additive set function. He still took the space R, as the basis; but then 
M. Fréchet [7], referring to J. Radon, easily generalized his definition for ab- 
stract spaces. 

Subsequently, such definitions and theories of integration have been devel- 
oped in many ways by quite a few mathematicians. Perhaps the most simple 
and most fascinating definition of general integration is due to H. Hahn [8], and 
it has been extensively discussed in the above-mentioned book [3]. 

Let It be a o-field and let ¢ be a totally additive set function in M. According 
to §4 it is no restriction to assume Jt to be complete for ¢, since 2 may be re- 
placed by the extended o-field Qt°, if it is necessary to do so. Let AeNt; then the 
subsets Met of A form also a o-field, say 2%. Moreover, let f(x) be a point func- 
tion defined on A. 

The measurability of f(x) on A can be defined in the same way as in Le- 
besgue’s theory; that is, for every number y, the set of those points xeA at which 
f(x)>y has to belong to Mt. 

Now let f(x) be measurable on A and let (A) be finite. The function f is 
called ¢-integrable on A if there is a set function \(M/), which afterwards is said 
to be the ¢-iniegral of f, defined in 2 and satisfying-the following two conditions: 

(1) ACM) is totally additive in Y. 

(2) XW) has the following mean-value property: 

Let Me and c’ Sf(x) Sc" for all xe; then c’6(M) S\(M) Sc''b(M) if 6-(M) =0, 
(that is, if @ is monotone increasing on M). c’6(M) SAM) Sc'bd(M) if 6+) =0, 
(that is, if ¢ is monotone decreasing on M). [If herein c= + © and (MV) =0, one 
has to set cp(M) =0. | 

If fis d-integrable on A, then it can be proved that the value \(A) is uniquely 
determined by (1) and (2), and hence it can be designated by 


(9) MA) = (A) f fad. 
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On the basis of this definition the whole theory of integration can be devel- 
oped, including the representation of the integral by means of Lebesgue sums 
(which H. Lebesgue [1] had used as the definition of his integral in the particu- 
lar case that @ designates the Lebesgue measure in R,). Moreover, the Radon- 
Nikodym theorem [6, 9] can be obtained, which gives the following characteri- 
zation of the set functions that are ¢-integrals: In order that a set function AWW) 
be a ¢-integral, it is necessary and sufficient that \(M/) be totally additive and 
o-continuous. 


8. Differentiation. The theory of differentiation of set functions, founded 
also by H. Lebesgue [2], encounters more difficulties. 

Let £ be a metric space, and let a be any point of EL; we designate by S,, the 
sphere with center a and radius p. Let ¢ and yw be totally additive set functions in 
a o-field Nt of subsets of E. Moreover, let Nt satisfy the following condition: to 
every p>O there is a (non-empty) set of Jt, contained in the sphere Sa,. We say 
the sequence {M. } of sets of Nt converges to a if there is a sequence of positive 
numbers {p,} with p,0, such that M,C Say,. 

If there is a sequence {M,} converging to a, such that the sequence 


{ “t 

¥(M,) 

converges to the value d, then d is called a derivate of @ with respect to w at the 
point a on J. The greatest and smallest of such values give the upper and lower 
derivate, respectively, and, if both coincide, we have the derivative of @ with re- 
spect to y at the point a on Me. 

But these definitions are still too general and would not furnish a satisfac- 
tory theory of differentiation without further restrictions on the systems of sets 
applied. This was first observed by H. Lebesgue [2] who, therefore, operating 
in the Euclidean space R, and using the 2-dimensional Lebesgue measure yu for 
y, introduced the notion of regularity of sets. A family ))t of measurable sets 
was called regular by him if for every point a there exists a number {(a) >0 with 
the following property: Let M,eM, (v=1, 2, - - - ), be any sequence of sets con- 


verging to a and let S, be the smallest n-dimensional sphere containing M,. 
Then the following condition must be satisfied: 


u(M,) 
u(S,) 


In the theory of differentiation, developed by H. Lebesgue with the aid of 
the notion of regularity, the Vitali covering theorem played an essential role. 
Now in different ways, conditions formed after the pattern of the Vitali covering 
theorem can be stated, such that a general and satisfactory theory of differ- 
entiation of @ with respect to Wis possible. It includes theorems of the following 
type. The derivative of ¢ with respect to y exists almost everywhere. The y-in- 
tegral of this derivative, or of any derivate, furnishes the y-continuous part of 


2 §(a). 
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the primitive function ¢. Since the theory of differentiation of set functions is 
rather complicated, we do not go into further details here. Those interested in 
this subject may be referred to the discussion in Chapter V of the above-men- 
tioned forthcoming book [3]. 
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SOME INTERESTING SQUARES 
P. A. PizA, San Juan, Puerto Rico 


I was about to send to the Monruty as a problem the following innocent 
looking proposal: 


PRoBLEm: Find squares of four or more digits (of which the last one is not 
zero), so that their last three digits, when reversed, form a cube. 


The solution of this problem has led me to ftnd a family of squares which 
have some remarkable properties that, in my opinion, deserve communication 
in this note. 

Let A?= --- abc be the required squares and let cha =d*. As c¥0, d* can 
only take the five values 


125, 216, 343, 512, 729. 
Then A? is one of 


- 521, --- 612,--- 343,--- 215, --- 927, 
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where the dots stand for other digits. 

As squares cannot end in the digits 2, 3 or 7, the second, third and fifth pos- 
sibilities are immediately eliminated. 

Every square in 5 is of the type 


(10x + 5)? = 100x? + 100x + 25 = 100x(x + 1) + 25. 


Consequently every square which ends in 5 must also end in 25, and this elim- 
inates the fourth possibility. 
Therefore the squares that we are seeking must be of the type 


A? = 1000y + 521, 


and these are the squares which have the interesting properties that motivate 
this note. They could be considered independently of the above problem, but the 
problem is inserted to show how I was led to treat them. 

There is an infinite number of these squares, the first few being: 


397= 1 $21, 4617=212 521, 789% = 622 521, 
211?=44 521, 539? =290 521, 9617= 923 521, 
289? = 83 521, 7117=505 521, 1 039?=1 079 521. 


Observe that A is the sum at any point of the series of summands 
A = 39+ 172+ 78 +172 +78 +172+78+.---, 


where, after 39, the numbers 172 =4:43 and 78 =2-39 alternate as summands. 
As a matter of fact this series may also be extended towards the left into nega- 
tive numbers 


A = 39 — 78 — 172 — 78 —172 —:--, 
whose squares are positive and all end in the prime number 521. 


Note also that in A?=1000y+521, y is again the sum at any point of the 
series of summands 


y= 1443+ 394 3-43 + 2-39 + 5-43 + 3-39 
+ 7:43 44:3949-4345-394---, 


where each successive summand after 1 is alternately 43 multiplied by the con- 


secutive odd numbers 1, 3, 5, - - - , and 39 multiplied by the consecutive num- 
bers 1,2,3,---. 
Hence as 


L43454---4 (Qn —1) = 2? 

and 
1 
$2434. 400M” 


are respectively the successive squares and triangular numbers, we can express 
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y in the form 


(n + 1) 


nN 
y= 1+ 43n? + 39 ————, 


where ” can be any non-negative integer. 
Therefore A? is of the general type 


A? = 500(125”2 + 39n + 2) + 521 
= 62500n? + 19500n + 1521 
= (250n + 39)?. 


CLASSROOM NOTES 


EDITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent directly to C. B. Allendoerfer, Haverford College, 

Haverford, Pennsylvania. 

EDITORIAL NoTE: The following papers were among those presented before the twenty-ninth 
Summer Meeting of the Association, New Haven, Conn., September 1, 1947, under the general 
title: “How to Solve It,” a Symposium on Mathematical Problems at the College Level. 


PROBLEMS IN MECHANICS 
J. L. SynceE, Carnegie Institute of Technology 


ProBLeM I: Practical—Find a number by a standard procedure. A pendulum 
consists of two equal uniform bars AB, BC smoothly jointed at B and suspended 
from A. The mass of each bar is m, and its length is 2a. Find the normal periods 
for small oscillations in a vertical plane under gravity, in the form 2rk(a/g)*?, 
where k is a numerical constant. 

PROBLEM II: Aesthetic—Existence or non-existence of something simple. For a 
rigid body, in general motion, show that there is no point at rest. Show also that, 
in general, there is one point, and only one, with no acceleration. 

PROBLEM III: Puzzle—We won't let it get away unsolved. For a system of par- 
ticles, prove that the kinetic energy of motion relative to the mass center may 
be expressed in the form 


1 2 
T = — 2mm;V;; 
2m 

where m is the total mass of the system, m; the mass of a typical particle, V;; the 
velocity of m; relative to m;, and the summation contains one term for each pair 
of particles. 

In considering, attacking, and solving a problem, we might note the follow- 
ing things: 
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1. Motivation—why do it? 
2. Classification—what is it? 
3. Plan 

4. Details 

5. Mistakes 


Let us get classification out of the way first, because it is the easiest to deal 
with. All our three problems belong to mechanics. The student will recognize at 
once that they all belong to dynamics and not to statics, but he should draw finer 
distinctions. He should recognize that the first problem belongs to dynamics 
proper (kinetics), or, more precisely, to the theory of vibrations. The other two 
belong to kinematics—the idea of force plays no part in them. 

The question of motivation (to use the jargon of the psychologists) is very 
important. Why does anyone feel an inclination to solve problems such as these? 
(I leave out such sordid motives as solving problems for the sake of obtaining a 
good grade—we are thinking on a higher plane.) Some people are moved to solve 
problems in mechanics because of their practical implications, and some are 
moved by the pleasure of employing a technique over which they have mastery. 
But this is not the whole story, as I shall indicate later. 

If I had to work up interest in the first problem, I would point out that this 
is a simple case of an eigen-value problem, and that eigen-value problems belong 
to an interesting and important domain of mathematics which goes over into 
quantum mechanics. Further, on the more practical side, the general question 
of natural frequencies is important to engineers, and, although the given prob- 
lem is not perhaps of any immediate practical importance, it is typical of a class 
of problems which are. 

However, I feel that if we go only so far we omit something very essential. 
Students of mathematics are human beings, and as such are susceptible to aes- 
thetic feelings. If you know where to look for it, there is something aesthetic 
about this first problem. The double pendulum is not, in a sense, a complicated 
thing, but when you describe it and its motion in mathematical terms it does 
become rather complicated. Out of this complication, there emerges something 
very simple—a pair of numbers, representing the frequencies. Anyone will, I 
believe, experience some aesthetic emotion in obtaining something simple from 
something complicated. Without any claim to originality in this matter (al- 
though I do not recall previously seeing the statement so put), let me enunciate 
an “aesthetic principle” as follows: 

Through intellectual 
COMPLEXITY —————-—————_ SIMPLICITY 
understanding 
I believe that this aesthetic principle, properly interpreted, is valid not only for 
mathematics and science generally, but for the arts as well. 

The aesthetic aspect is more pronounced in the second problem. Here we are 
indeed faced with something complicated and hard to visualize—the three-di- 
mensional motions of a rigid body. But we are asked something simple. First, 


24 CLASSROOM NOTES [January, 


is there any particle instantaneously at rest? Secondly, is there any particle which 
instantaneously has no acceleration? A further aesthetic charm of variety arises 
from the fact that we can answer the first question in a flash by considering the 
infinitesimal screw displacement of the body in infinitesimal time, but the sec- 
ond question forces us into analytical methods. 

So much for motivation. As regards a plan of attack, it is easy enough for 
a mature and experienced person to lay one out. But it is a very hard thing for a 
student to do, and here he needs all encouragement. After he has solved a prob- 
lem, he should discuss his solution (either with himself or someone else), and 
describe what steps he has carried out. Our first problem lends itself very well 
to planning, because it is of a standard type. Assuming that the student knows 
the Lagrangian method, the steps might be planned as follows: 

1. Assign generalized coérdinates. 

2. Calculate the kinetic and potential energies approximately, each as a 

quadratic form. 

3. Write down the equations of motion. 

4. By a trigonometric or exponential substitution, obtain a determinantal 

equation for the frequencies. 

5. Solve this equation. This will be easy, because the equation will be quad- 

ratic, there being two degrees of freedom. 

The second problem hardly lends itself so well to detailed planning. In fact, 
overemphasis on planning would lead us at once into an analytic attack, and so 
hide from us the simple descriptive way of answering the first part of the prob- 
lem. Thus planning is something that can be overdone—we must not become 
slaves to a routine, or we shall miss many interesting things which lie off the 
beaten track. 

As for details, I pass them over because of lack of time. But mistakes are 
interesting. I plead guilty personally to an incurable tendency to make mistakes 
—trivial, annoying mistakes. In fact, on working over the first problem (as I 
thought I should before talking about it here), I first got imaginary frequencies! 
It was one of those ridiculous slips, omitting a factor 2 through carelessness. I 
wish I knew how to avoid doing this sort of thing. There are those who hold 
that a mistake in principle is a very serious sin, whereas a mistake in detail is 
easily forgiven. Frankly, I do not know the proper philosophy here, and would 
welcome advice. 

I have not had time to say much about the third problem. I put it in asa foil 
for the other two, regarding it as a problem which lacked the practical appeal of 
the first and the aesthetic appeal of the second. Possibly I have not done justice 
to it in so treating it. 


THE NEGLECTED SYNTHETIC APPROACH 
L. M. KELLy, University of Missouri 


The writer would like to enter a mild protest against the existing order of 
things in the freld of mathematical education. This is, of course, not an unusual 
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desire. These remarks are directed wholly toward the training offered a mathe- 
matics major. Our principal thesis is that the synthetic approach, which. was 
once so popular, has been relegated to a role of unwarranted obscurity. The 
classical conflict of the 1800’s between the proponents of the analytic and syn- 
thetic methods has happily long since been dead and buried and it is not our in- 
tention of making any effort to revive it. However the fact that the analytic 
method is admittedly the most potent tool at the disposal of a mathematician 
does not warrant the complete disregard of all the other equipment. Long usage 
allows us to employ the terms analytic and synthetic without very precise defi- 
nition. It is not altogether certain however that even rough agreement as to their 
meaning is generally attained. For purposes of this discussion no sharp delinea- 
tions need be made but we will point out that our usage does not confine the 
reference to geometry nor does it indicate the absence or presence of coérdinates 
as is sometimes done. Possibly a rough synonym for our use of the term syn- 
thetic could be “unorthodox.” To the writer the absence or presence of “machin- 
ery” is the criterion but this probably does little to clarify the issue. 

An example which illustrates the points we have in mind is the well known 
problem “to find a point the sum of whose distances from three fixed points 1s a mini- 
mum.” There are any number of published solutions to this problem ranging 
from methods of high school geometry (Johnson’s Modern Geometry) to rela- 
tively sophisticated methods employing Lagrange multipliers. The analytic at- 
tack is obvious. A coérdinate system is introduced, an expression for the distance 
sum is obtained, this expression is then differentiated partially, first with respect 
to x and then y, the two results are set equal to zero and the resulting equations 
solved simultaneously for the coérdinates of the desired point. This sounds 
simple but, as a matter of fact, the algebra is quite involved. (See Goursat- 
Hedrick, vol. 1, page 130.) Even if the equations could be conveniently solved the 
result would be the coérdinates of the point, which are not of particular interest. 

The interesting property of the point is revealed by the following simple and 
quite natural argument which is essentially that contained in What is Mathe- 
matics by Courant and Robbins. Let A, B, and C be the three fixed points and P 
the minimizing point. (We assume its existence.) Consider the ellipse defined by 
the two foci A and B and passing through the point P. We maintain that the seg- 
ment CP is normal to this ellipse, otherwise the foot P’ of the normal to the el- 
lipse from C would provide us with a point the sum of whose distances from the 
three fixed points was less than the alleged minimum. It follows that the angles 
CPA and CPB are equal and similar considerations show CPB equals APB. 
Thus, in general, the three segments PA, PB, and PC make angles of 120 de- 
grees with one another. Certain special cases require examination but it is not 
our purpose to carry out an exhaustive analysis. Certainly it will be conceded 
that this is a synthetic approach and that it is simple and quite natural as well 
as elementary. If we ask where in the course of a normal training, undergraduate 
or graduate, a student would be encouraged to pursue such a line of attack the 
answer would seem to be “nowhere.” Such proofs would hardly be tolerated, let 
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alone encouraged, in the ordinary calculus course. Similarly in all the other tra- 
ditional courses with the possible exception of one in College Geometry. It seems 
regrettable that more institutions do not offer a course or two of the pot pourri 
variety built around a book like What 1s Mathematics where the synthetic 
method could be exploited along with the analytic. 

A further advantage in addition to those already mentioned might be 
pointed out. Very often the synthetic approach makes the proof of an interest- 
ing proposition accessible to a larger group than would be the case if more 
sophisticated methods were employed. Such is the case in the following problem 
of obvious interest to cartographers and navigators. Problem: Is it possible to 
map a spherical cap congruently (1.e., sometrically) onto the plane. If a navigator 
tried to find out from a mathematician he would probably be confronted with 
some of the technical jargon of differential geometry such as Gauss curvature 
and differential forms. A very simple synthetic argument however is available. 
We first appeal to a lemma already proved in this MontTHLy (May, 1947, p. 283) 
and requiring nothing more advanced for its proof than some spherical trigo- 
nometry. This states that if a spherical triangle be congruently reproduced in 
the plane (that is with length of sides preserved) each angle of the plane triangle 
is less than the corresponding angle of the spherical triangle. This granted, we 
imagine, if possible, a one to one distance preserving map of a spherical cap onto 
the plane and ask what this mapping would do to the points A, B, and C forming 
an equilateral spherical triangle and its circumcenter D. A, B, C would cor- 
respond to the vertices A’, B’, and C’ of a plane equilateral triangle and D would 
thus have to correspond to D’ its circumcenter. But this is impossible since then 
the triple ABD would be congruent to the planar triple A’B’D’ and both the 
angle D and D’ would be 120 degrees contrary to the lemma. This proof is due to 
L. M. Blumenthal. It is sometimes claimed that such methods are only for the 
ingenious. There will continue to be a dwindling group of ingenious people if in- 
genuity is not encouraged and cultivated. 


A PROBLEM OF COLLINEAR POINTS 


H. S. M. Coxeter, University of Toronto 


I would like to begin by expressing my wholehearted agreement with Mr. 
Kelly’s plea for the synthetic approach. But my definition of “synthetic” would 
differ slightly from his. Synthetic geometry is ultimately based on certain primi- 
tive concepts and axioms, appropriate to the particular kind of geometry under 
consideration (e.g., projective or affine, real, complex or finite). Each problem 
belongs to one kind (or to a few kinds), and I would call a solution synthetic if it 
remains in that kind, analytic if it goes outside. The use of codrdinates is one 
way of going outside; the use of trigonometry is another. These remarks are il- 
lustrated by the following problem, which was proposed by Sylvester in the 
Educational Times, Mathematical Question 11851, vol. 59 (1893), p. 98: 

Let n given points have the property that the line joining any two of them passes 
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through a third point of the set. Must the n points all lie on one line? 
Sylvester himself was doubtless aware of the negative answer in the case of 
the complex projective plane, where the nine points given by 


x? + y3 + 23 — xyz = 0 


(which are the points of inflexion of any one of the cubic curves x?+?+28 
= cxyz) lie by threes on twelve lines in such a way that every two of the points be- 
long to such a set of three. Some years later, Veblen and Bussey described the 
finite affine geometries, one of which, called EG(2, 3), consists of the nine points 
(x, y) whose coérdinates are residues modulo 3, and the twelve lines 


Xa + Vy +Z = 0 (mod 3) 


which join them. Since any two points determine a line, and every line contains 
three points, all the points in this geometry form a set of the desired kind (with 
n=9). 

But the question as applied to the ordinary real plane remained unanswered 
for forty years, and began to seem as intractable as the four-color map problem. 
Finally, Griinwald established the affirmative answer: such points must all be 
collinear. Robert Steinberg transformed Griinwald’s affine proof into a projec- 
tive one (this MONTHLY, vol. 51 (1944), p. 169), and L. M. Kelly discovered a 
still shorter (and quite unrelated) Euclidean proof (see below). 

It seems to me that parallelism and distance are essentially foreign to this 
problem, which is concerned only with incidence and order. Thus I would not 
regard the proofs by Griinwald and Kelly as strictly synthetic. Steinberg’s pro- 
jective proof becomes even more elementary when we transform it into a “de- 
scriptive” proof, using the single primitive entity point and the single primitive 
relation between, in terms of which lines and serial order can be defined (see 
Veblen, Transactions of the American Mathematical Society, vol. 5 (1904), pp. 
353-371). 

If the 2 points are not all collinear, some three of them must form a triangle 
ABC. Lines joining A to all other points of the set meet the line BC in B and C 
and possibly other points. Let P’ be a point of BC not among these. Then the 
line AP’ contains no point of the set except A. Joins of pairs of points belonging 
to the set meet AP’ in A, P’, and possibly other points. Let P be the first one of 
these, going from A towards P’. (P may possibly coincide with P’.) Then no join 
of two points of the set can pass through a point between A and P. We shall ob- 
tain a contradiction by showing that this “empty” segment AP is not really 
empty after all, 

By its definition, the point P lies on a line containing at least three points of 
the set, say Q, R, S, named so that the segment PR contains Q but not S. (We 
do not care whether S lies beyond R or beyond P.) Since A and R belong to the 
set, the line AR contains a third point of the set, say O. Two cases now arise. If 
O lies between A and R, the line SO must intersect the segment AP (by Pasch’s 
Theorem). Similarly, if O lies outside the segment AR, the line QO must inter- 
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sect the segment AP. In either case we have the desired contradiction. Hence 
the triangle ABC cannot exist, and the z points must in fact be collinear. 
Alternative proof of collinearity, by L. M. Kelly. Assume the contrary. If 
the points be labeled p1, po, - - - , Pa, then there exists a point p; and a line 
b;b; such that the perpendicular distance from p; to the line p;p; is the shortest 
non-zero perpendicular distance from any of the points to any of the lines de- 
fined by pairs of the points. Let g be the foot of the perpendicular from ; to the 
line p;p;,. On the line p;p; there is at least one more point of the set, p;. At least 
two of p;, pz, 1 must lie on one side of g. Suppose for definiteness that p;pxq is 
the order ($; may coincide with g). Then the distance from p; to the line p,; pro- 
vides us with a contradiction since it is shorter than the assumed minimum p,q. 


CAN WE TEACH GOOD MATHEMATICS TO UNDERGRADUATES? 
R. G. HELSEL and T. Rapé, Ohio State University 


We decided upon our topic shortly after Professor Birkhoff invited us to con- 
tribute to this symposium. Later Professor Pélya sent us detailed information 
concerning the nature of the symposium and we realized then that our topic was 
perhaps too general; however, we felt the question is of such import to teachers 
of college mathematics that it should not be put aside. One of the goals of our 
instruction certainly should be to show the student mathematics of the highest 
caliber, if we can. | 

Let us consider then the ingredients of good mathematics. First, it must be 
relevant. Fortunately, most of the subjects we teach are filled with pertinent top- 
ics. Calculus, for example, 1s overflowing with relevancy. Second, good mathe- 
matics must be rigorous. In other words, all of the reasons must be given. Some 
persons feel that to teach calculus rigorously the student must learn his e’s and 
6’s and be acquainted with the real number system as defined by Cantor or 
Dedekind. This is certainly not the case. In fact the sophomore regards any dis- 
cussion of the real number system as being irrelevant, and it is, at that level. 
Finally, good mathematics must be elegant. If we fail to show our students ele- 
gant mathematics, we deprive them of the very thing which affords us our great- 
est pleasure. 

Having listed the ingredients of good mathematics, there remains the ques- 
tion of whether it is possible to serve such a dish to the undergraduate. To an- 
swer this, consider the three parts of a theorem: hypotheses, proof, and conclu- 
ston. The conclusion, which we assume to be interesting and relevant, is fixed. 
There may be leeway in the method of proof, but the real freedom is in the 
choice of assumptions. Thus we propose to pack the hypotheses with carefully 
chosen assumptions that have the power to push through the proof in a rigorous 
and striking manner and yet are either obvious to the student or acceptable on 
the basis of past experience. Existential and qualitative assumptions are more 
likely to meet these requirements than quantitative assumptions. 

We shall illustrate this general principle of packing the hypotheses by an ex- 
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ample from calculus. Perhaps our example is not well chosen, but it has the ad- 
vantage of being brief. Anyone who is interested can find better examples for 
himself. Let us establish then the formula d(logax) /dx =c/x. This certainly is a 
relevant and interesting relation for the student, since he already knows that 
d(x") /dx =(n-+1)x* if 23% —1. The student also knows, or believes, that the 
graph of log,x is continuous, monotone increasing, and has a tangent at each 
point. We shall use as our first hypothesis: H,.d(logax)/dx exists for x>0, call 
the derivative function g(x). As our second hypothesis we shall use the one 
functional relation involving logarithms which the sophomore does know: 
Hi, loga x +loga a =log. ax forx>0 and a>O0. Differentiating the left side of this 
equation, regarding a as a constant, we obtain, through A, g(x). Differentiating 
the right side, with the help of the chain rule for the derivative of a function of a 
function, we obtain ag(ax). Now let x have the value 1 to obtain the equation 
g(1) =ag(a), or g(a) = g(1)/a, and the proof is complete. Note that the value of 
the proportionality constant is the slope of the graph of log, x at the point where 
it crosses the x axis, an interesting fact which is often overlooked. Similar proofs 
can be made for the derivative formulas of the trigonometric and exponential 
functions. 

Thus it is our conviction that by the device of packing the hypotheses it is 
possible to show our students mathematics of the highest caliber. Of course the 
teacher must use great care in selecting relevant topics and creating interest in 
them. Also he must choose existential and qualitative hypotheses which are 
completely acceptable to the student. If the assumptions are properly chosen, 
the teacher can follow through with a rigorous and striking proof which will 
show the student what mathematics is really like. In addition the student will 
soon become aware of the power of existential assumptions and, it is to be hoped 
that, those who go on to advanced courses will have some interest in existence 
proofs. 

Finally, we might ask whether it is following a high or low path to pack the 
hypotheses as suggested? In reply, consider how the working mathematician 
grabs everything that is plausible and relevant when he sets about to verify a 
surmise. Afterwards he may check through the details of theorems that he uses, 
but initially he merely assumes that they are valid. For example, most mathe- 
maticians have used the Jordan Curve Theorem at some time or other, but few 
indeed have ever gone through a rigorous proof. So it appears that the principle 
of packing the hypotheses is not only a means to show our students good mathe- 
matics but it is also in keeping with the manner in which mathematicians actu- 
ally do their work. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 798. Proposed by J. M. Elkin, Chicago, Ill. 


Prove that II(n,!), where 2n; is constant, is a minimum when >| ni—n;| is 
a minimum, and that, consequently, the most likely distribution of the four suits 
in a bridge hand is four cards of one suit and three cards each of the other three 
suits. 


E799. Proposed by Leo Moser, University of Manitoba 


Prove that for all n 


Sl(Y-CT YY] -e 
r=0 r n Y 
FE, 800. Proposed by Victor Thébault, Tennie, Sarthe, France 


The polar planes, with respect to a tetrahedron, of the isotomic conjugates 
of a set of collinear points are coaxal. 

Note. If the cevians AP, BP, CP, DP, for a tetrahedron ABCD, of a point 
P, cut the planes of the faces BCD, CDA, DAB, ABC, in A’, B’, C’, D’, then 
the isotomic conjugate P’ of P is the point of concurrency of the lines joining 
A, B, C, D to the isotomic conjugates A’’, B’’, C’’", D" of A’, B’, C’, D’ in 
the faces of the tetrahedron. 


SOLUTIONS 


Professor Umbugio’s Simple Scheme 
E 766 [1947, 223]. Proposed by H.E.G.P. 


Professor Umbugio, who was introduced to our readers in our foregoing April 
number, invented a remarkable scheme for reviewing books. He divides the time 
he allows himself for reviewing into three fractions, a, 8, and y. He devotes the 
fraction a of his time to a deep study of the title page and the jacket. He devotes 
the fraction 8 to a spirited search for his name and for quotations from his 
works. Finally, he spends the fraction y of his alloted time in a proportionally 
penetrating perusal of the remaining text. Knowing his characteristic taste for 
simple and direct methods, we cannot fail to be duly impressed by the differen- 
tial equations on which he bases his scheme: 
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(1) dx/dt = y — 2, dy/dt =%— 4%, dz/dt=x— y. 


He considers a system of solutions x, y, 2 which is determined by initial condi- 
tions depending on a (small) parameter e, independent of ¢. Therefore x, y, and z 
depend on both ¢ and ¢, and we appropriately use the notation: 


(2) x = f(t, e), y = g(t, 6), z= h(t, e). 
The functions (2) satisfy the equations (1) and the initial conditions 
(3) f(0, 2 = 1/3 — «, g(0, e) = 1/3, h(O, «) = 1/3 +. 


Professor Umbugio defines his important fractions a, 8, and y by 


lim f(2, 6«) = a, lim g(5, «) = 8, lim h(279, «) = ¥. 
e—0 e-0 e—0 


Deflate the Professor! Find a, 8, y without much numerical computation. 
I. Solution by R. E. Greenwood, University of Texas. From Professor Um- 
bugio’s equations (1) we readily find that 
dx/dt + dy/dt + dz/dt = 0, 
x(dx/dt) + y(dy/dt) + 2(dz/dt) = 0. 


Integrating and taking into account the initial conditions (2), we obtain 


ety+es=1, 
x? y? + 2? = 1/3 + 2e?, 


whence we deduce that 
(x — 1/3)? + (y — 1/3)? + (2 — 1/3)? = 2e?. 


Thus, as e—0, we see that x, y, g each approaches 1/3, no matter what ¢ may be, 
and hence 
a=B=y = 1/3. 


Geometrically, the solutions of (1) are concentric circles on the plane 
x-+y-+z2=1, with center (1/3, 1/3, 1/3) and radii 6/2. When e—0 we obtain 
the point (1/3, 1/3, 1/3). 


Il. Solution by C. F. Pinzka, North Plainfield, N. J. Solution of (1) by the 
conventional methods yields 


% = di + a2cos V3 t+ assin V3 1, 
y = by + be cos +/3 t+ bs sin V3 t, 
Z2= 6, +c, cos~V/3t+ cs sin V3, 


where the a’s, b’s and c’s are constants which satisfy (1) and (3). Substituting 
in (1) and (3) and solving for the constants gives 


x = 1/3 — ecos V/3¢t — (esin V3 t)/V3, 
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1/3 + (2 sin V3 t)/V3, 
1/3 + € cos V3 t — (esin V3 f)/V3. 
Taking the required limits, we find that a=B=y=1/3. 


Also solved by Paul Brock, G. Y. Cherlin, E. S. Keeping, and W. D. Lam- 
bert. 


y 
z 


An Application of Pappus’ Theorem 
E 767 [1947, 223]. Proposed by Milton Schwartz, Temple University 


From any point P on BC of parallelogram ABCD line segments are drawn to 
A and D. From any point Q on AD line segments are drawn to B and C. Through 
the intersections of these four segments (PA, PD, QB, QC) a line is drawn meet- 
ing AB in Rand CD in S. Prove that BR equals DS. 


Solution by Paul Brock, Hunter College. Let PA, QB intersect in T and PD, 
QC in V. Then, by Pappus’ theorem, T, V, and the intersection, L, of the 
diagonals are collinear. It is obvious that triangles LRB and LSD are congruent. 
Therefore BR equals SD. 

Also solved by W. G. Brady, D. H. Browne, G. Y. Cherlin, H.S. M. Coxeter, 
W. P. DeWitt, William Douglas, H. E. Fettis, L. M. Kelly, B. R. Leeds, D. K. 
Pease, Kaidy Tan, Maud Willey, and the proposer. 


Editorial Note. This problem has been proposed in the problem department 
of School Science and Mathematics and solutions have appeared in the Nov. 1931 
and the Oct. 1932 issues. Also, Problem E 129 of this Montu iy (May, 1935) is 
the same problem. In these references one can find solutions using only high 
school methods. 

As a slight generalization we may take ABCD to be a trapezoid, with AB 
and DC as the parallel sides. Then we may show that AR/RB=CS/SD. 


Sums of Consecutive Integers 
E 768 [1947, 224]. Proposed by Irving Kaplansky, University of Chicago 
A number z has the property that for any p<q <n, 
| S=pto+l +--+ 
is never divisible by 7. Show that this is true if and only if 1 is a power of 2. 


Solutions by S. H. Gould, University of Wisconsin. Set n=m-2*, with m odd. 
If m=1, then 2S=(¢+4)(¢—p+1), which has one factor even and the other 
odd, cannot be divisible by 2” =2*+!, since its even factor is less. ‘than 2n. But 
if m>1, then S is divisible by n, with O0<p<q <n, if we take 


q = (m+ 24 — 1)/2,~ 
and 
p= A+ q— 2*) form > 2*+, 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STaRKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Ruigers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4277. Proposed by C. D. Olds, San Jose State College, California 


In a non-associative algebra, it is necessary to distinguish the possible inter- 
pretations of x". Thus, for example, in a non-commutative non-associative 
algebra x° can mean x-x? or x?-x. In a general non-commutative non-associative 
algebra the number of interpretations of x” is 2(2n—3)!/n!(n—2)!. Is there a 
formula for the number of interpretations of «” in a general commutative non- 
associative algebra? 


4278. Proposed by Peter Ungar, Budapest, Hungary 


Construct two divergent series, > ax and > by with a1a2aez-:-- 20, 
b,2b,= °-- 20, but such that if c,Smin (az, bz), cx>0, then > cz is conver- 
gent. 


4279. Proposed by Victor Thébault, Tennte, Sarthe, France 


Prove that a tetrahedron ABCD, whose vertices A, B, C are the inverse, with 
respect to a sphere with center D, of a right-angled triangle, and the tangential 
tetrahedron A,B,C,D, of that tetrahedron are each inscribed in the other and 
that the midpoints of AD, BCi, CBi, DA, are coplanar. 


SOLUTIONS 
Hermite Polynomials 
4215 [1946, 470]. Proposed by Hiiseyin Demir, Columbia University 


Prove that the Hermite polynomials defined as follows 


2 d”™ 2 
H,(x) = (— 1)"e7 ”? ene 12 
ax” 


have the property 


n H, 9 
n!>, = Haii(x) — Ay,(*)Hn+2(x). 


Solution by Hsien-yii Hsti Venching University, Petping, China. In Polya- 
Szegé, Aufgaben und Lehrsdtze Il, pp. 294-295, Hermite polynomials are de- 
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fined as follows 
hy(x) = i er /2 d* ene /2, 
n} dx” 


and satisfy the difference equation 
nh,(x) = — xhy1(x) — hp_2(x), n = 2,3,---> 
We notice that 
H, = H,(x) = (— 1)*n!ha(x), 
whence the difference equation is 
(1) Ay = *Hn-1 — (n — 1)An-2, n=2,3,--°-. 


Upon eliminating x from this equation and the analogous equations for Hy41 
and Hae we obtain immediately 


2 2 2 
Aas — AH y+2 = n(Hn — An41Hn-1) + H,, 
n(n a 1)(Hy—1 — H,Hn-2) + nHn-1 + Hy, 


2 1 ) 1 ) 1 ) 
nl} i — H2H)) Fy ity ee ss +— Ht 


n! >> H,/P!, 


p=0 


since H?—H.H) = 1. 

Solved also by F. E. Cothran, A. B. Farnell, L. M. Kelly, Norman Miller, 
S. T. Parker, W. A. Pierce, W. H. Spragens, M.S. Webster, M. Wyman, Pro- 
fessor Otto Sz4sz’s class, and the Proposer. 

Editorial Note. Several solvers mentioned that equation (1) of the above 
solution is found in Dunham Jackson, Fourier Series and Orthogonal Poly- 
nomials, p. 176, ff. The solution by members of Professor Szdsz’s class in 
Orthogonal Developments proceeds from the (so-called) Christoffel’s formula 


> H,(x)H p(y) _ Brsi(x)Haly) — n(x) Hn41(y) 
p=0 p! n\(% — y) 
See Szegé, Orthogonal Polynomials, p. 102. Webster’s solution employs the rela- 
tion 
fm \ An—ntor 
H,(*)Ha(x) = nl ( )\== (m = n), 
r=0 \N — r! 


established by E. Feldheim, Journal of the London Mathematical Society, 1938, 
pp. 22-29. 
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Cesaro Continuity 
4216 [1946, 470]. Proposed by Herbert Robbins, Annapolis, Md. 


Write {xn} a if lim,.. (41+ +--+ +%n)/n=a. A function f(x) is said to 
be C.c. (Cesaro continuous) at x=a if {xn} a implies f(x.) f(a). Show that 
if f(x) is of the form Ax+B then it is C.c. at every value of x, and that if f(x) 
is C.c. at even a single value x =a, then f(x) is of the form Ax+B. 


Solution by R. C. Buck, Brown University. The first part of the problem is 
trivial. For the second part suppose that f(x) is C.c. at a single value a. By 
changing to parallel coérdinate axes, we can take a=0 and f(a) =0. Then the 
sequence fa, b, c, a, b, c, + } is Cesaro convergent to zero if a+b-+c=0. 
From the Cesaro continuity of f(x) at zero we conclude that f(a) +f(b) +f(c) =0, 
or f(a) +f(b) = —f(—a—b). Thus also f(a) = —f(—a), whence for any x and y 


fle + y) = f(x) + fly), — f(nx) = nf(x). 


If a sequence {xn} is Cesaro convergent to zero, so that lim o, =0 where no, =x; 


+--+ +%,, then 


1 n 
lim — >> f(x) = lim f(on) = 0. 
N ket 

Hence f(x) is continuous in the usual sense at zero, and by the additivity of f(x), 
at all other points x. It is well known that the only continuous function obeying 
flxt+y) =f(«) +f(y) is f(x) =Ax. 

Solved also by P. T. Bateman, Colin Blyth, Jr., Harley Flanders, William 
Gustin, and J. B. Kelly. 


Integers 
4217 [1946, 471]. Proposed by P. A. Piza, San Juan, P. R. 
Let a and 0 be positive integers whose sum is the square c? and whose dif- 


ference is the cube d’. Given that each of c?, d? and ais a 4-digit integer and that 
the sum of the 4 digits included in each is equal to }, find a and b. 


Solution by Monte Dernham, San Francisco. lf 
a = 109m + 10°k + 10+ u, b=m+h+it+u4, 


then d*=999m+99h+9t. Now the only four-digit cubes divisible by 9 are 
12% =1728, 15§=3375, 183 = $832, 21*=9261. In any case b=18 so that c?=a+18 
= d'+-36. Now d?+-36 is a square for only the first of the cubes listed. Hence the 
unique answer is given by 


b = 18, a = 1746, c? = 1764, ad? = 1728. 
Solved also by M. Aissen, Murray Barbour, R. G. Blake, Paul Brock, D. H. 


Browne, R. B. Herrera, N. Kaufman and R. J. Koch, Helen Nickerson, Clay 
Perry, C. F. Pinzka, W. A. Pierce, E. D. Schell, Maud Willey, and the Proposer. 
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Integers with k Factors 
4220. [1946, 537]. Proposed by P. Erdés, Syracuse University. 


Let m be a positive integer with no prime factors greater than n and 
msn*t)l2, Then m can be written as the product of k integers Sn; the ex- 
ponent (k-+1)/2 is the best possible. 


Solution by N. J. Fine, Washington, D. C. Let m satisfy the given conditions’ 
and suppose that m cannot be written as the product of k integers Sn. Write m 
as a product of primes: 


m= |[ p, PiSpreS-:> Shr. 
t=1 
We can define Ai, Ao, ---, Ax, and, f2°---, 7% by 
r1—1 
A, = Il 2: = nN, pr,A1 > nN, 
i=1 


= Nn, bry Ak > Nn. 


= 
| 

= 
> 
IA 


The possibility of continuing this construction at least as far as A; is guaranteed 
by our assumptions. Clearly Aj,:2P,;,j7=1, 2,---+,k—1, and m2zAiAz::: 
Abr, Hence 


m* = (AiAa- ++ Anbe;)? = (A1A2)(A2As) > + + (An-1A 8) (Atdr,) (A edrg) 
z= (Aipr,)*(A afr) oe (A x-1Pr,_1) (A tPri) > nh, 


But this is a contradiction and proves the first part of the theorem. 
Given a fixed positive integer k and an arbitrary e>0, let 


Then there is an integer 10(8) so large that for all 2 >0(6), there exists a prime 
p satisfying 

mil2 < p < nile+s 
The integer m=p*+! has no prime factors exceeding ”, cannot be written as 
the product of & integers <n, and is less than n(*+/?+«, Thus the proposed ex- 


ponent is the best possible. 
Solved also by P. T. Bateman. 


RECENT PUBLICATIONS 


EDITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Introduction to the Theory of Equations. By Lois W. Griffiths. New York, 
John Wiley and Sons, Inc., 1947. 9+278 pages. $3.50. 


The problem of content in a course in the Theory of Equations is one that is 
open to discussion. Many of the topics considered are, of course, standard with 
all instructors. However, the majority of the books in this subject offer more 
material, albeit briefly, than can possibly be presented in the usual half year 
allotted to this course. Therefore, it is not only possible, but necessary, that 
each instructor use some selection in outlining his course. On the other hand, 
Miss Griffiths has chosen to present in her book somewhat less than the usual 
number of topics, but to present the material selected in greater detail. While the 
additional detail is commendable, the merit of this book in the eyes of the in- 
dividual instructor will probably be determined to a large degree by his or her 
agreement or lack of agreement in the choice of subject matter. 

As the author has stated in the preface, “Development from the particular 
to the general is an outstanding feature of this book.” In each case, she has gone 
through the details of a proof with a particular example before attempting to 
prove the general case. For instance, she isolates the real roots of a particular 
quartic equation in complete detail before embarking upon a general discussion 
of Sturm’s Theorem. Using this approach, the major proofs are presented at least 
twice. This feature makes this book particularly useful for the student who pro- 
poses to master the material with no aid other than the text. 

Before listing in more detail the topics discussed, it is well to note that only 
the algebraic equation is considered. This is particularly worthy of note since 
Newton’s method for the approximation of the real roots of an equation is not 
mentioned, nor is the method of Budan for the isolation of the real roots of an 
equation mentioned at any point in the book. The first chapter is devoted to the 
binomial equation, roots of unity, and a very elementary treatise on complex 
numbers. The second chapter includes the solution of the cubic and quartic 
equation, with a discussion of the discriminant of each. The third and fourth 
chapters give some general theorems on the roots of an equation (including the 
factor theorem, remainder theorem, and upper and lower bounds on the real 
roots), Sturm’s theorem, and Horner’s method for the computation of real roots. 
Chapters five and six are used to develop the theory of determinants, with an 
introduction of the concept of a matrix. Systems of linear equations are dis- 
cussed in chapter seven. Chapter eight gives a more rigorous, though brief, 
treatment of complex numbers followed by a statement of the fundamental 
theorem of algebra. The last of the nine chapters is devoted to a short discus- 
sion of symmetric functions. There are many good problems throughout the 
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book, and the answers are given for all of the odd-numbered problems. 

This book presents a somewhat different menu than many texts in this field. 
In general the selection presented here would emphasize the initial word in the 
title, and the presentation is sufficiently elementary that no student who would 
ordinarily be permitted to enroll for this course should have any difficulty in 
comprehending the material set forth. To this extent, this book is to be recom- 
mended. There will be some, however, who will question whether or not this 
book may have too little material beyond a good text in college algebra. As 
stated before, the answer will lie in the agreement or disagreement of the in- 
dividual instructor with the material presented. 

R. L. WILson 


Introduction to Mathematical Statistics. By P. G. Hoel. New York, John Wiley 
and Sons, Inc., 1947. 10+258 pages, $3.50. 


The reviewer’s opinion that the minimum of mathematical preparation for a 
satisfactory introductory course in mathematical statistics is a year of the 
calculus is widely shared but so far no really suitable textbook for such a course 
has been available. It is with considerable anticipation, therefore, that he noted 
that Hoel’s new book is intended to fill this need, particularly in view of the 
author’s known competence in this field. But a rapid inspection of the contents 
reminds one of the difficulties one faces in planning a first course in mathe- 
matical statistics. (1) Is this first course also to be in most cases the terminal 
course? If it can be generally admitted that any real statistical competence is not 
likely to be gained in a one-year course, then an author can more easily avoid 
spreading himself too thin. (2) Is one to concern himself chiefly with the mathe- 
matics of statistics which can be so formal as to be almost meaningless or is 
the science of statistics also to be a matter of principal interest? The reviewer 
has always found the formal mathematics in elementary statistics the easier 
half of what is to be taught; to give the student an orientation in a new discipline 
is more difficult. (3) The students electing such a course vary not only in their 
mathematical preparation and maturity but also even more widely in their 
previous acquaintance with the uses to which statistical methods may be put. 
The most enthusiastic students are commonly those who have already acquired 
a considerable practical acquaintance with the methods taught but who are 
now satisfying a most laudable desire to gain some real understanding of them. 
These and not average students who have just completed a calculus course are 
the ones to whom the more purely mathematical type of course should be taught. 
It appears to the reviewer that Hoel’s book is best adapted to students with 
mathematical maturity beyond that usually conferred by a calculus course and 
with some previous acquaintance with statistical methods. 

The first seven chapters cover what has heretofore commonly been the 
material for an introductory course but the mode of treatment is a distinct 
departure. Not many words are wasted, for the job is done in 127 pages. Little 
is actually omitted that ought to be included and there are frequent numerical 
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illustrations which indicate the importance and nature of the applications. What 
is said is almost all accurate and one can take little exception to the mathe- 
matics. But the discussion is always brief and the mathematics neat. Brevity 
with clarity is a merit of an elementary textbook provided it is taught by an 
instructor who can amplify the discussion and provide additional examples. But 
pedagogically speaking, mathematical elegance ought sometimes to be eschewed 
in favor of the direct attack. The obvious case in point here is the early intro- 
duction of the moment generating function and its free use. This gets in a concise 
and pleasing way many results, and the student of mathematical statistics 
should not go for long without making its acquaintance; but had not beginners 
better first calculate the variance of a normally distributed variable or of one 
obeying a binomial distribution law by direct integration or summation? 
Finally in these seven chapters actual computing methods are treated very 
briefly indeed in spite of the fact that there is much to be taught about computa- 
tion and that no one becomes a competent statistician without having a great 
deal of computation behind him. 

The remaining five chapters include an introduction to the small sample 
significance tests and to x? tests which have now become standard. The exposi- 
tion is still brief but it is still a long step beyond what has heretofore been avail- 
able in an elementary text in accuracy and mathematical soundness. The re- 
viewer does not see why at least the geometrical proof of the independence of 
the mean and variance in samples from normal and the development of the 
approximation which leads to the x? test of goodness of fit could not have been 
attempted in view of other derivations that are included. The reviewer does 
have differences with the author with respect to the Student-Fisher ¢ test. On 
page 143 it ought to be stated that this test does not remedy the defect of the 
large sample test. In fact for small samples the defect cannot be remedied; in- 
stead in strict accuracy we are forced to use a different test. Again in both 
numerical illustrations, on this page and on page 146, the regions of rejection 
are both taken as one-sided, which is only correct if it were decided in advance of 
performing the experiment that the alternate hypotheses admissible were also 
one-sided, which seems very debatable. 

In addition some rather recent material is included. Linear discriminant 
functions and the theory of runs are introduced with developments that seem 
really substantial for college juniors. Non-parametric tests, interval estimation 
(confidence intervals), sampling inspection methods including sequential an- 
alysis, stratified sampling, some of the Neyman-Pearson theory of significance 
tests, and a little about maximum likelihood methods are all included briefly, 
some of them so very briefly in comparison with what would be required to give 
any real comprehension of them, that it makes their value to the student 
doubtful. 

Very few typographical errors were noted. The book suffers from the very 
common inconvenience of requiring the reader to search for the page on which, 
say, (3), Chapter V referred to is to be found. At the end of each chapter refer- 
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ences are given to other, fuller, or more mathematical treatments of material in 
that chapter. Good lists of problems follow each chapter, and the instructor 
will find often included as exercises nontrivial derivations of theoretical results 
which supplement the text. 

I think it is evident that the reviewer's chief concern is that Hoel’s book may 
prove a little more mature and to treat too much material a little more con- 
cisely than is best for beginners fresh from a calculus course. A really experi- 
enced instructor could undoubtedly amplify and supplement the text and have 
in his students’ hands a basic reference book that is much more sound, more 
complete, and more modern than anything that has been available at anywhere 
near the proper level. The book does represent a very long advance in the right 
direction. 


C. C. CRAIG 


A First Course in Mathematical Statistics. By C. E. Weatherburn. Cambridge, 
at the University Press; New York, The Macmillan Company, 1946. 15-+271 
pages. $3.50. 


This book has a good many points of similarity to the even more recent text 
by Hoel, reviewed above. It is written at about the same mathematical level 
and for the most part, as is natural, deals with the topics found in the other 
book. It is, however, even more concerned with the mathematics of statistics, 
so far as its mathematical level permits, and by not including an account of 
some of the more recent developments dealt with in Hoel, space is found for a 
fuller treatment of some of its subjects. Greater mathematical clarity seems to 
be obtained at points, especially in the first half, but the discussion of the 
meaning of the results from the viewpoint of application to experimental work 
is even more brief. This is primarily a book for a comparatively mature student 
who already has a working knowledge of methods of statistical investigation, 
who wishes to gain a sounder understanding of their validity, and who has a good 
command of the calculus or a little more as his mathematical equipment. For 
students who are quite new to statistics, a good deal would need to be added by 
the instructor to keep a course based on this book from being quite formal. 

The first five chapters deal with moments, probability, the binomial, the 
univariate and bivariate normal and the Poisson frequency functions and finally 
bivariate regression theory. Confined to 105 pages the discussion is necessarily 
often brief. Here also the moment generating function is introduced and freely 
used and Weatherburn goes beyond Hoel in deriving Sheppard’s adjustments 
(as corrections good on the average) and in defining and using Thiele’s semin- 
variants (or cumulants). The introduction to probability is not so very com- 
pressed as in Hoel’s book and the student is likely to feel better prepared to go 
on to the study of frequency laws. As the author says, he has deliberately avoided 
the more modern mathematical formulations of the theory of probability, but 
the reviewer would be better pleased if it were at least mentioned that there are 
logical difficulties in the concept of the limit of an observed frequency ratio as 
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the number of observations increases indefinitely. 

The remaining seven chapters are concerned with sampling theory, sampling 
distributions, and tests of significance. A rather clear division is made between 
results only valid for large samples and those good for samples.of any size. The 
distributions of the Student-Fisher ¢ and of the variance ratio in samples from 
normal and the x? distribution are derived and the usual applications are made. 
Interesting features are the introduction of the I- and B-type distribution func- 
tions as the basic functions for the distributions used for the exact tests in 
samples from normal universes, and the derivation of the x? distribution by the 
method used by Fisher in 1922. There is a chapter on the analysis of variance 
and covariance in which the exposition is clear for the simple two, three and 
four component (Latin square) analyses of variance but is less clear for the one 
and two component analyses of covariance dealt with. The final chapter on 
multivariate regression theory also seems to suffer from an effort to achieve 
brevity. 

A great deal of what the reviewer said in a general way concerning Hoel’s 
book could be repeated here. Again it is very pleasing to have another book on 
mathematical statistics at this level that one can recommend to students as 
mathematically sound and adequate. There are good lists of problems and some 
of them embody additional theoretical developments that could have been in- 
cluded in the text. Computing methods are not given a very prominent place. 

There are a good many places where the reviewer would like to see fuller 
discussion and illustration; fewer where he would want to revise what is said. 
In the discussion of the standard errors of sample parameters there should be 
some mention of the efficiency of a statistic as well as its bias and the two con- 
cepts should be distinguished from each other. The development of the large 
sample standard error of a sample variance and the account of the approxima- 
tion obtained is really not satisfactory. Presumably the author doesn’t mean 
to say on page 179 that the sum of two stochastic variates could be independent 
of either summand. In the comparison of two sample means by the Student- 
Fisher ¢ test, the assumed equality of the variances in the universes sampled 
needs emphasis and the fact that this assumption can be tested by the use of 
the variance ratio needs to be included and illustrated. In fact the student is 
not shown at all how to find the probability that the variance ratio be less than 
a given proper fraction. The relation between the variance ratio with one degree 
of freedom and the Student-Fisher ¢ ought to be pointed out. 

But these are minor criticisms. We really have here another very useful 
reference book and an excellent text for a properly prepared class. The lack of 
books where statistical mathematics could be found at this level has been a 
serious handicap in statistical instruction and this book and Hoel’s will be of 
much aid to both students and teachers. 

C. C. CRAIG 


CLUBS AND ALLIED ACTIVITIES 


EpDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


EDITORIAL NoTE: The request for Club Reports for 1946-47 has been responded to most satis- 
factorily by the advisers of mathematics clubs. The reports will appear on these pages in the 
order in whjch they have been received. If there are clubs who wish to report on the year’s activi- 
ties please send the material to the Editor of this department. 


CLUB REPORTS, 1946-47 
Mathematics Club, Purdue University 


The Purdue Mathematics Club has completed a most successful first year. 
Following the organizational meeting, papers have been presented at each meet- 
ing. Some of the topics that were discussed include: 

A trip through the universe, by Professor Carl Holton 

Mathematics and bridge, by Professor I. W. Burr 

Closed curves having a pencil of constant chords, by Professor C. K. Robbins. 

One activity of the club consisted of a series of problems presented in the 
school paper. Solutions were submitted by interested persons on the campus. 
The correct solution was then published in a subsequent edition of the paper. 

Officers for 1946-47: President, Arthur F. Sterling; Secretary, Nancy F. 
Van Ness; Treasurer, Nelson J. Herbert; Program Chairman, William F. 
Haldeman; Publicity Chairman, Charles O. Davis. 


Kappa Mu Epsilon, Montclair State Teachers College 


The papers presented at the regular monthly meetings were: 

Navigation, by Lawrence Campbell, Walter Rissler and Robert Poppke. 

The number e, by Professor Howard F. Fehr 

Map making, by June Van Hoeven 

Ruler and compass constructions, by Max Sobel. 

Twenty new members were initiated during the year. 

In April, a banquet was held for the double purpose of celebrating the twen- 
tieth anniversary at Montclair of faculty advisor Professor V. S. Mallory, and 
renewing friendships between alumni and undergraduate members. 

The semester closed with the traditional party at Dr. Mallory’s home. At 
this time awards were given to the three seniors who had attained the highest 
marks in mathematics throughout their four years at college. Mrs. Florence 
Elder, Max Sobel, and Bessie Kaplan each received a copy of Gaylord Merri- 
man’s To Discover Mathematics. 

The officers who served during the year 1946-47 were: President, Dorothy 
McGrory; Vice-President, Muriel Roversi; Recording Secretary, Bessie Kaplan; 
Treasurer, Helga Schrank; Corresponding Secretary, Professor H. F. Fehr. 

The newly elected officers for the year 1947-48 are: President, Walter Rissler; 
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Vice-President, Ann McCumsey; Recording Secretary, Ruth Muller; Treasurer, 
Jean McRae; Corresponding Secretary, Professor H. F. Fehr. 


Mathematics Club, Illinois Institute of Technology 


The policy of the club during the year was to present a number of lectures 
which would be of interest to the engineering students and beginning mathe- 
matics majors as well as presenting several lectures of an advanced nature for 
those with more mathematical background. This policy proved quite successful. 

The lecturers, both student and guest speakers, presented the following 
papers: 

Some remarkable theorems concerning moving figures, by Dr. L. R. Ford, who 
gave a very popular lecture dealing with the curve traced by a fixed point on 
a line segment of fixed length whose end points follow any two curves. 

The probability function and the gamma function, by Robert Teasdale 

Prime numbers, by Milton Sear] 

Motivation interaction, by Dr. Anatol Rapaport, whose lecture evoked con- 
siderable interest and discussion. The paper dealt with the mathematical evalua- 
tion of the amount of work a person of given psychological characteristics would 
do under varying circumstances. 

Non-euclidean systems of geometry, by Malcolm Smith 

Bessel functions, by Chandler Sammons 

What ts a curve? by Dr. Karl Menger, in which the main historical concepts 
as well as the present concepts of a curve were presented and proved quite 
fascinating to many of the club members. Menger’s Universal Curve was also 
discussed. 

Differential equations, by Don Mandel Friedlen 

Vectors and fields, by H. Flanders. 

In addition to their regular meetings the club participated in Junior Week, 
an open house activity. Featured in the clubs display was an exhibit of calculat- 
ing machines and a brachristochrome. First prize was won by the club in one 
phase of the competition. 

Officers for the September 1946 term were: President, Rober Teasdale; 
Publicity and Program Director, Milton Searl; Secretary, Chandler Sammons; 
Faculty Advisor, Dr. Anatol Rapaport. 

Officers for the February 1947 term were: President, Malcolm Smith; Pub- 
licity and Program Director, Louis Joseph; Secretary, Milton Searl; Faculty 
Advisor, Dr. Anatol Rapaport. 


Pi Mu Epsilon, University of Arizona 


On April 7, 1941, the local mathematical group became the Arizona Alpha 
Chapter of the national organization, Pi Mu Epsilon. Since that time, annual 
elections have been held and a cup awarded for achievement in mathematics. 

Two years ago the proposal was made and passed which put the local chapter 
under student management with a member of the faculty popularly elected to 
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act as advisor. Since that time it has been the purpose to hold at least four 
dinner meetings during each scholastic year, the banquets being followed by an 
hour lecture on some interesting aspect of mathematics and given by any stu- 
dent sufficiently advanced in mathematics. The initiation banquet scheduled 
as speaker a faculty member, either local or from another institution. The public 
was invited to all of these talks. 

The papers presented this year were: 

Application of mathematics to radio, by Robert Masching, a junior student 
in electrical engineering 

The construction of magic squares, by F. E. Haupt, Instructor in the depart- 
ment of mathematics 

Mathematics as related to other great fields of learning, by R. J. Hannelly, 
Dean of Phoenix Junior College. 

Robert O. Wenzel received the 1946 P: Mu Epsilon cup. 

Excluding various business meetings, nomination committee meetings and 
so on, the season’s activities were concluded with a student-faculty picnic. 

This year’s officers were: President, Donald B. Marsh, Jr.; Treasurer, 
Paul R. Vandiver; Secretary, Louisa F. Simons; Faculty Advisor, Dr. D. L. 
Webb. 

The officers elected for next year are: President, John F. Pfeiffer; Treasurer, 
John Williams; Secretary, Harriet W. Darley; Faculty Advisor, J. F. Foster. 


Mathematics Club, Camp Dodge Annex of Iowa State College 


The Mathematics Club was organized in November, 1946, to stimulate inter- 
est in mathematics among the freshman students of the college Annex. The Club 
was sponsored by the Iowa Alpha Chapter of Pt Mu Epsilon. The programs at 
monthly meetings emphasized those phases of mathematics which were usually 
not found in textbooks. The program topics included: 

Generalizations of trigonometry, by Professor H. P. Thielman 

Games of chance, by Professor F. A. Brandner. 

For the final meeting of the school year a motor trip was made to the Drake 
University observatory at Des Moines, where Professor B. E. Gillam of Drake 
University gave an excellent lecture on popular astronomy. 

Refreshments were served at each meeting at the Recreation Hall of the 
Camp Dodge Annex. Quarterly dues were assessed to each of the seventy-five 
members to help defray this cost. 

Much able assistance in organizing and planning of programs was given by 
Professor Fred Robertson, head of the mathematics department at the Camp 
Dodge Annex, and Ralph Robinson, treasurer of Pi Mu Epsilon at Iowa State. 

Officers of the club were: President, Robert Triska; Vice-President, John 
Hart; Secretary, Kenneth Brown; Treasurer, James O. Loy; Faculty Advisor, 
Mr. R. L. Lambert. 


NEWS AND NOTICES 
EpITED BY Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 
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SIXTH EDITION OF ARCHIBALD’S OUTLINE 


A sixth edition of the well-known Outline of the history of mathematics by Ray- 
mond Clare Archibald is now in process of preparation. Professor Archibald 
would be glad to receive criticisms and suggestions for improvement of the fifth 
edition. 

Although the primary purpose of the Slaught Memorial Papers is to make 
available new expositions of worth-while subjects, there is such a widespread 
interest in the Outline that it has been decided to make an exception in this case. 
Accordingly, the sixth edition will appear as a Slaught Memorial Paper, and all 
subscribers to the MONTHLY will receive a copy free of charge. 


CORRECTION TO A RECENT REPORT 


There are three errors in my recent report of the 1947 William Lowell Put- 
nam Competition. They may be corrected by adding the name of Gerard Wash- 
nitzer of Brooklyn College to the list of contestants receiving honorable mention, 
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by adding the University of British Columbia to the list of institutions entering 
teams, and by removing Boston College from the latter list.—G. W. Mackey. 


INSTITUTE FOR ADVANCED STUDY 


The School of Mathematics of the Institute for Advanced Study will allocate 
a small number of stipends to gifted young mathematicians and mathematical 
physicists to enable them to study and to do research work at Princeton during 
the academic year, 1948-1949. Candidates must have given evidence of ability 
in research comparable at least with that expected for the degree of Doctor of 
Philosophy. Blanks for application may be obtained from the School of Mathe- 
matics, Institute for Advanced Study, Princeton, New Jersey, and are return- 
able by February 1, 1948. 


THE EIGHTH ANNUAL WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


The eighth annual William Lowell Putnam Mathematical Competition, 
under the sponsorship of the Mathematical Association of America, will be held 
on Saturday, March 20, 1948. This Competition, made possible by the trustees 
of the William Lowell Putnam Intercollegiate Memorial Fund left by Mrs. 
Putnam in memory of her husband, is open to undergraduates in the United 
States and Canada who have not received a degree. 

The examination consists of two parts of three hours each. The questions will 
be taken from the fields of calculus (elementary and advanced) with applica- 
tions to geometry and mechanics not involving techniques beyond the usual 
applications, higher algebra (determinants and theory of equations), elementary 
differential equations, and geometry (advanced plane and solid analytic geom- 
etry). Any college or university wishing to enter a team or individual contestants 
may secure an application blank from Professor George Mackey, Hunt Hall 12, 
Harvard University, Cambridge 38, Massachusetts, by a postcard request. All 
applications must be filed with Professor Mackey not later than March 1, 
1948. If three candidates are presented from a college or university, they are to 
constitute a team; if more than three are presented from any one college or uni- 
versity, the team of three must be named on the application. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to the rule may be made in cases of 
unusual necessity. Sealed copies of the examinations will be sent to the super- 
visor of the examination in time for the examination day and are not to be 
opened before the hour set. At the supervisor’s first opportunity after the after- 
noon examination, the books are to be sent by registered mail or by express to 
Professor Mackey, who will forward them to a qualified reader chosen by the 
Association. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200 and $100 in the order of their 
rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to the 
members of these teams according to the rank of the team; a prize of $40 to 
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each of the five highest contestants and a prize of $20 to each of the succeeding 
five highest contestants. Each of the winners will receive a suitable medal. 
Honorable mention will be given to several teams next in order after the four 
winning teams and to the fifteen individuals next in order after the ten individual 
winners. For further encouragement of the Competition, there will be awarded 
at Harvard University (or at Radcliffe College in the case of a woman) an 
annual $1200 William Lowell Putnam Prize Scholarship to one of the first five 
contestants, this to be available either immediately or on the completion of the 
student’s undergraduate work. 

Reports on the seven previous competitions and examination questions will 
be found in this MontTHLy for May, 1938, 1939, 1940, 1941, 1942, October, 1946, 
and for August-September, 1947. 


PERSONAL ITEMS 


Assistant Professor C. F. Adler of New York University has been promoted 
to an associate professorship. 

Dr. G. E. Albert of the Naval Ordnance Plant, Indianapolis, Indiana, has 
been appointed to an associate professorship at the University of Tennessee. 

Adjunct Professor W. E. F. Appuhn of the Polytechnic Institute of Brooklyn 
has been appointed head of the department and professor of mathematics at 
St. Francis College, Brooklyn. 

Assistant Professor B. H. Arnold of Montana State College has been ap- 
pointed to an assistant professorship at Oregon State College. 

W. H. Bradford, John McNeese Junior College of Louisiana State Univer- 
sity, Lake Charles, Louisiana, has been promoted to an associate professorship. 

Assistant Professor B. W. Brewer of Texas A. & M. has been appointed to an 
assistant professorship at Oregon State College. 

Assistant Professor H. K. Brown of Lehigh University has been appointed 
to an assistant professorship of Mechanical Engineering at Northeastern 
University. 

Ethel B. Callahan of Hartwick College, Oneonta, New York, has been pro- 
moted to a professorship. 

Randolph Church of the United States Naval Postgraduate School has 
been promoted to a professorship. 

Assistant Professor Mary Dean Clement of Wells College has been appointed 
to an assistant professorship at the University of Miami. 

Professor A. B. Coble of the University of Illinois has been appdinted visiting 
professor at Haverford College. 

Dr. J. B. Coleman has been appointed to a professorship at Presbyterian 
College, Clinton, South Carolina. 

Associate Professor H. L. Dorwart of Washington and Jefferson College has 
been promoted to a professorship. 

Associate Professor E. D. Eaves of the University of Tennessee has been 
promoted to a professorship, 


1948] THE MATHEMATICAL ASSOCIATION OF AMERICA 49 


Professor L. R. Ford of the Illinois Institute of Technology was visiting 
professor at the University of Utah during June and July of the 1947 Centennial. 

Professor Mario O. Gonzalez of Havana University has been appointed visit- 
ing professor at the University of Alabama. 

Associate Professor Cornelius Gouwens of Iowa State College has been 
promoted to a professorship. 

Assistant Professor Albert Grau of the University of Kentucky has been 
appointed to an associate professorship at the University of Alabama. 

Professor L. M. Graves of the University of Chicago has been appointed to 
a visiting professorship at Indiana University for the current academic year. 

William Gustin of the University of California at Los Angeles has been ap- 
pointed to an assistant professorship at Indiana University. 

D. W. Hall of the University of Maryland has been promoted to a professor- 
ship. 

Dr. N. A. Hall of United Aircraft Corporation has been appointed to a 
professorship of thermodynamics at the University of Minnesota. 

Dr. O. G. Harrold of Princeton University has been appointed to a professor- 
ship at the University of Tennessee. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
APRIL MEETING OF THE METROPOLITAN NEW YORK SECTION 


The sixth annual meeting of the Metropolitan New York Section of the 
Mathematical Association of America was held at Pratt Institute, Brooklyn, 
N. Y., on Saturday, April 19, 1947. 

There were one hundred and seventy-two present, including the following 
sixty-eight members of the Association: R. G. Archibald, L. A. Aroian, Aaron 
Bakst, Brother Bernard Alfred, Samuel Borofsky, C. B. Boyer, Benjamin 
Braverman, Paul Brock, A. B. Brown, Hobart Bushey, Jewell Hughes Bushey, 
Mannis Charosh, Ruth T. Coleman, T. F. Cope, W. H. H. Cowles, Constance 
H. Davis, D. R. Davis, J. N. Eastham, W. H. Fagerstrom, J. M. Feld, Edward 
Fleisher, R. M. Foster K. G. Fuller, Irving Gerst, B. P. Gill, Harriet M. Grif- 
fin, George Grossman, Frank Hawthorne, G. C. Helme, Morris Hertzig, E. 
Marie Hove, L. C. Hutchinson, Joseph Jablonower, H. S. Kieval, Helen L. 
Kutman, Nathan Lazar, C. H. Lehmann, A. A. LePori, M. E. Levenson, S. B. 
Littauer, H. F. MacNeish, May H. Maria, F. H. Miller, A. J. Mortola, M. A. 
Nordgaard, P. B. Norman, L. F. Ollmann, Max Peters, Walter Prenowitz, J. 
K. Reckzeh, Rose Roll, G. J. Ross, S. G. Roth, John Salerno, Charles Salkind, 
A. A. Schwartz, Aaron Shapiro, James Singer, J. E. Thompson, H. E. Wahlert, 
Etta A. Waite, Israel Wallach, Alan Wayne, Margaret C. Weeber, D. E. Whit- 
ford, John Williamson, J. M. Wolfe, H. J. Zimmerberg. 
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Professor W. H. H. Cowles and Mr. Morris Hertzig, Vice-Chairmen of the 
Section, presided at the morning and afternoon sessions respectively. At the 
opening of the morning session Dean Nelson S. Hibshman of the School of 
Engineering welcomed the Section to Pratt Institute. At the opening of the 
afternoon session a brief business meeting was held, with Professor H. E. 
Wahlert, Chairman of the Section, presiding. The following officers were elected 
for the coming year: Chairman, W. H. H. Cowles, Pratt Institute; Vice-Chair- 
men, Brother Bernard Alfred, Manhattan College, and George J. Ross, Erasmus 
Hall High School; Secretary, James Singer, Brooklyn College; Treasurer, 
Aaron Shapiro, Midwood High School. A report was presented by-the Com- 
mittee on Awards and Prizes. It was moved, seconded and carried without 
opposition that the Committee be continued for another year with a view to 
presenting its recommendations in writing, subject to the approval of the 
Executive Committee, with the call of the next annual meeting of the Section. 
At the close of the afternoon session all those present were invited to remain 
for tea at the Women’s Club as guests of The Faculty Wives’ Club of Pratt 
Institute. 

The following papers were presented at the morning and afternoon sessions: 


1. The mathematics of magic squares, by Harry Sitomer, New Utrecht High 
School, introduced by the Secretary. 


The first n? positive integers can be written uniquely in the form N=na-+b where a=0, 
1,2,--+-,n—1, and b=1, 2, 3, +--+, ”. Thus a magic square can be decomposed into two auxili- 
ary squares, the first (called an A square) containing the a’s, the second (called a B square) con- 
taining the b’s; and corresponding a’s and b’s occupy those similarly-placed cells occupied by NV. 
Any line in A (row, column, or diagonal) has a sum La, and a line in B has a sum Lg. Then 
nLa+Ly=n(n?+1)/2, the sum of each line in a magic square. Thus the problem of constructing 
magic squares is resolved through the construction of A squares and conjugate B squares. The 
simplest A square is regular, that is, La=n(n—1)/2. In regular B squares, Lg=n(n-+1)/2. Often 
an A square can be transformed into a conjugate B square by adding one to each a and rotating 
the square 90°. This method of constructing magic squares simplifies the construction, permits a 
census of a set of squares, and leads naturally to methods for constructing magic cubes, hyper- 
cubes, and so forth. 


2. Elementary geometry as an algebraic system, by Professor Walter Preno- 
witz, Brooklyn College. 

An ordered linear geometry (for example, euclidean, ordered affine, or hyperbolic geometry) 
can be converted into an algebraic system by defining (1) a+) for distinct points a, b to be the set 
of points between a and b (segment ab), and (2) a+a to be a. The resulting system is a special type 
of multigroup or generalized group with many-valued composition. The difference a—b of points 
a, b, defined as the set of points x for which b++x contains a, is the prolongation of segment ab 
beyond a, provided a<b. A formalism is developed which enables one to derive geometrical proper- 
ties algebraically. The fundamental classes of geometrical figures in non-metrical geometry, 
(1) convex sets, (2) linear spaces (points, lines, planes,---), (3) half-spaces (rays, half- 
planes, - - - ) can be formulated respectively as semi-groups (subsets closed under +), subgroups 
(subsets closed under +, —) and residue classes of congruence relations. 


3. Mathematics in psychology, by Dr. Lloyd Henry Beck, Department of 
Psychology, Yale University, introduced by the Chairman. 
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The design, execution, and analysis of psychological experiments involve the use of mathe- 
matics. The design requires hypothesizing correspondences between psychological elements and 
mathematical elements, and between psychological operations and mathematical operations. The 
execution obtains data relative to the hypothesis and requires measurement of the psychological 
elements. This measurement ranges from a statement of presence or absence at one extreme to 
quantification at the other. The execution frequently requires apparatus designed on the basis of 
mathematics in other sciences. The analysis of the data requires at a minimum description of 
association between variables, that may be described graphically or by an arbitrary function. 
In addition the design correspondences may enable one to deduce the experimentally-observed 
association at three levels: (1) the form of the function is given theoretically but the constants 
have to be determined by the data; (2) the form and some of the constants are given theoretically, 
the others being determined from the data; (3) both the form and the constants are given theo- 
retically. 


4. What statistics, of any, in a required general mathematics course? Report 
of an attack on this problem at Queens College, by Professor T. F. Cope, Queens 
College. 


As a result of about eight years experience with a required mathematics course at Queens 
College, the speaker reported that the subject of statistics was of intrinsic interest to students in the 
arts and the social sciences, and it could, in his opinion, be used to great advantage by depart- 
ments of mathematics in teaching mathematics to these students. He discussed in some detail 
the topics in statistics that are included in the work of the second term of a required one-year 
course at Queens College, and the methods used in presenting these topics. 


5. The tentative secondary school syllabus 1n mathematics for grades 7 through 
12, by Joseph Orleans, George Washington High School, introduced by the 
Secretary. 


The tentative course of study in mathematics for grades 7 to 12, recently prepared by a com- 
mittee for the New York State Department of Education under the chairmanship of the State 
Supervisor of Mathematics, must be considered in three parts: (1) the work of the seventh, eighth, 
and ninth years, (2) the geometry of the tenth year, and (3) the content of the eleventh and 
twelfth years. The work listed for the seventh, eighth, and ninth years resembles in general the 
content of what has come to be regarded as the mathematics of the Junior High School. It may 
involve a change in sequence of topics and shifting of emphasis; but it arouses no serious differences 
of opinion. The work of the eleventh and twelfth years likewise consists of the present half-year 
courses in intermediate algebra, trigonometry, advanced algebra, and solid geometry, with topics 
rearranged into two comprehensive one-year courses, with some deletions and some additions. 
It is the tenth year that may be the basis for serious differences of opinion among teachers of 
mathematics. In presenting the year of plane geometry, the committee proposes a new emphasis 
on the importance of definitions and of assumptions in mathematics and in non-geometric situa- 
tions. The new course also calls for keeping alive throughout the tenth year the arithmetic and 
algebraic skills and concepts learned in previous years, and it includes the introduction of a shert 
unit of codrdinate geometry and a new emphasis on types of thinking in geometric and non-geo- 
metric situations. 


6. A report on high school mathematical preparation, by Professor F. H. Miller, 
The Cooper Union School of Engineering. 
The speaker reported on the results of a questionnaire, prepared by Professor S. G. Roth and 


himself, and circulated among fifty-seven high schools in the metropolitan New York area. Ques- 
tions of varying degrees of difficulty, arranged under twelve headings on topics in algebra and 
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trigonometry, were listed. Chairmen of high school mathematics departments were asked to indi- 
cate whether these items were considered in elementary, intermediate, or advanced algebra courses, 
in trigonometry courses, or not at all. Results of the questionnaire, obtained from twenty-eight 
high schools, were presented and discussed by the speaker. The full questionnaire, distribution of 
replies received, and conclusions drawn from the results will appear in an early issue of the Journal 
of Engineering Education. The hope was expressed that similar projects will be undertaken in other 
regions so that college mathematics teachers may better determine the degree of preparation of 
their entering students. 


C. B. Bover, Secretary 
APRIL MEETING OF THE KANSAS SECTION 


The thirty-second annual meeting of the Kansas Section of theMathematical 
Association of America was held at the University of Wichita, in Wichita, on 
Saturday, April 19, 1947. Morning and afternoon sessions were held. Professor 
C. A. Reagan presided at these sessions. The morning session was a joint meet- 
ing with the Kansas Association of Teachers of Mathematics. 

The attendance was one hundred fifty-seven including the following thirty- 
two members of the Association: Frances M. Breneman, Virginia L. Chatelain, 
L. E. Curfman, Paul Eberhart, H. P. Fawcett, W. H. Garrett, Edison Greer, 
J. R. Hanna, A. J. Hoare, W. C. Janes, L. E. Laird, C. F. Lewis, H. W. Lin- 
scheid, Anna Marm, Thirza Mossman, O. J. Peterson, P. S. Pretz, O. M. Ras- 
mussen, C. B. Read, C. A. Reagan, L. M. Reagan, E. S. Robbins, R. G. Sanger, 
G. W. Smith, R. G. Smith, W. T. Stratton, Sister M. Helen Sullivan, C. B. 
Tucker, Gilbert Ulmer, E. B. Wedel, A. E. White, Ferna E. Wrestler. 

At the business meeting the following officers were elected for next year: 
Chairman, Sister M. Helen Sullivan, Mt. St. Scholastica College; Vice-Chair- 
man, R. G. Sanger, Kansas State College; Secretary-Treasurer, Anna Marm, 
Bethany College. 

The following papers were presented: 

1. The development of teachers of mathematics, by Professor Harold P. Faw- 
cett, Ohio State University. 


2. Development of schools of mathematics, by Professor R. G. Sanger, Kansas 
State College. 


The development of certain schools of mathematics, such as the Pythagorean School, the 
one at the University of Paris, and the one at Géttingen, was considered. In addition, an attempt 


was made to ascertain the cultural, political, and social conditions amidst which mathematics 
might flourish. 


3. On non-euchdean planes, by S. G. Kneale, University of Kansas. 


In the euclidean plane, statements involving the notion of length follow from the three 
axioms to which the length is subjected. Thus, we arrive at the notion of a non-euclidean plane 
with a non-euclidean distance, where the last is defined by any numerically valued function of 
couples of points which satisfies these axioms. Many elementary configurations will change their 
shape in a geometry with a different definition for distance. Some radical and interesting changes 
will occur if the distance between two points Pi(m, 1) and P(e, ya) is defined as the greater of two 
numbers | x2—21| and | ye —y,| . The perpendicular bisector (that is the locus of points equidistant 
from two fixed points) is considered in this connection. In the plane with the distance defined as 
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above, the perpendicular bisector is in general a broken line whose shape depends on the relative 
position of the two points with respect to the codrdinate axes. In two special cases, when the two 
points have the same x or y codrdinate, the “perpendicular bisector” covers an entire area of in- 
finite measure. 


4. Trigonometry as developed by use of vectors, by F. B. Sleat, Kansas State 
College. 


Elementary principles of vector analysis were employed to derive a great many of the for- 
mulae that are to be found in plane and spherical trigonometry. 


5. Pythagorean numbers, by Professor G. W. Smith, University of Kansas. 


Professor Smith exhibited a method which would yield all the primitive Pythagorean number 
triples, and then proved that for every right triangle whose sides form a Pythagorean number 
triple the radii of the inscribed and of the three escribed circles are integers. 


ANNA Mars, Secretary 
APRIL MEETING OF THE PACIFIC NORTHWEST SECTION 


The first meeting of the newly organized Pacific Northwest Section of the 
Mathematical Association of America was held at the University of British 
Columbia, Vancouver, British Columbia, on April 10-11, 1947. 

Forty-seven persons attended, including twenty-seven Association members, 
as follows: J. P. Ballantine, R. F. Bell, Daniel Buchanan, L. G. Butler, D. G. 
Chapman, C. L. Clark, C. M. Cramlet, Howard Eves, N.S. Free, W. H. Gage, 
F. L. Griffin, P. C. Hammer, H. H. Irwin, R. D. James, S. A. Jennings, J. R. F. 
Kent, M. S. Knebelman, A. S. Merrill, W. E. Milne, D. C. Murdoch, F. 8. 
Nowlan, T. S. Peterson, A. R. Poole, J. J. Rowland, W. H. Simons, J. R. 
Vatnsdal, F. E. Wood. 

The officers elected for next year were: Chairman, M. S. Knebelman, State 
College of Washington; Vice-Chairman, W. E. Milne, Oregon State College; 
Secretary-Treasurer, F.S. Nowlan, University of British Columbia. The Section 
voted to accept the invitation of the University of Oregon to hold the next 
meeting there in March, 1948. 

Fifteen papers were presented at the sessions on Thursday afternoon and 
Friday morning, and a third meeting, devoted to an informal discussion of 
problems bearing on mathematical instruction in the Pacific Northwest was 
held on Thursday evening following a complimentary dinner given by the 
University of British Columbia for the visiting mathematicians and their guests. 
In addition, on Thursday afternoon, Professor S. A. Jennings, University of 
British Columbia, gave an interesting and instructive paper entitled Topo- 
graphical Methods in Algebra. 

The papers presented at the Thursday and Friday sessions are listed below: 

1. A formula of Liouville, by Professor H. Gage, University of British 
Columbia. 


The only published proof for formula (Q), stated by Liouville in the sixth of his famous eigh- 
teen articles, was given by E. T. Bell, who paraphrased an identity between elliptic functions. 
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Professor Gage presented an elementary proof. A general formula, which includes several of Liou- 
ville’s results as particular cases, was also developed. 


2. Tertiary combination, by Professor A. R. Poole, Oregon State College. 


A set of postulates for a system with a single tertiary law of combination was given, and the 
fact that the tertiary combination cannot be obtained by suitably combining binary combinations 
was demonstrated. 


3. Representations of the Sylow subgroups of the symmetric group of degree 
pb", by Professor S. A. Jennings and D. G. Duncan, the latter introduced by 
Professor Jennings, University of British Columbia. 


L. Kaloujnine has shown that the Sylow subgroups of the symmetric groups of degree * when 
p is prime may be represented as permutations of 2 dimensional vectors with coefficients in GF(P). 
These representations were discussed and new results on the structure of these groups were ob- 
tained. 


4. On subgroup chains in a finite group analogous to the upper and lower 
central series, by Professor D. C. Murdoch, University of British Columbia. 


Various series of normal subgroups of a group G, analogous to the upper and lower central 
series, were discussed, in particular those series obtained by the use of such “commutators” as 
a’-a-! where s is an outer automorphism of G, and (a*‘b*')*-b-1a—! where s is an arbitrary per- 
mutation of the elements of G. 


5. Interference with a controlled process, by Professor P. C. Hammer, Oregon 
State College. 


In the terminology of statistical quality control a process is in control with respect to the 
production of a certain quality characteristic measured by a variable x if a sequence xo, %1, %2,°°*, 
%n of realizations of x might reasonably have been drawn at random from a fixed frequency dis- 
tribution of x-values. If the occurrence of x,_1 results in a designed change of the distribution from 
which x; is drawn, then the process is no longer in control. Letting a be a standard value desired for 
x, and m, the mean of the distribution of xz, Professor Hammer assumes interference in such a 
fashion that m,=myz_1—c(Xz_1—@) where c is a positive number. The distribution of £,=x,—mx, 
k=0, 1, 2, +--+, is assumed fixed, and the £, are assumed to be mutually independent. This form 
of interference results in an increased standard deviation of x, and a non-zero correlation between 
x; and its predecessor x,-1. The existence of an asymptotic distribution of x; for 0<c¢ <2 is demon-’ 
strated. 


6. Successive approximations adapted to computation of complex roots, by 
Professor W. E. Milne, Oregon State College. 


A computational scheme is devised for practical calculation of irreducible quadratic factors 
of the form 2?-+2-+4 of a polynominal with real coefficients. The procedure is to approximate the 
real quantities » and g by a process of successive approximations. The procedure is devised with 
special reference to convenient computation with a calculating machine. 


7. On the numerical solution of linear integral equations, by Professor G. 
Hacker, State College of Washington. 


Linear integral equations of the first and second kinds are solved numerically by Gaussian 
quadrature in the form 


ola)= fla) +9, As K(@, oi) ol) 
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for x=, where p»; are the Legendre polynomial real zeros, and A; the Gauss weight factors. Inter- 
polation then provides the required numerical description of ¢(x). Comparison of the method with 
those of Prasad and Bateman is made. 


8. Graphical solution of first order linear differential equations, by Professor 
J. P. Ballantine, University of Washington. 


The general equation discussed is y’=[ f(x) —y]/T(x), and y’ isseen to be the slope of the line 
from any point (x, ¥) of the integral curve to (x +T, f(x)). The locus of the latter point can be drawn 
in advance, so that the tangent can be quickly drawn at any point of the integral curve. The solu- 
tion is then obtained in the form of a graph which is really a series of straight line segments. Good 
results can be obtained, since each straight line segment is tangent to the curve at its midpoint 
and not at one of its ends. Special cases when f(x) =0, and T(x) is a constant or a multiple of x are 
important. The method is very rapid for these cases. 


9. The general problem of stability of economic equilibria, by Professor D. G. 
Chapman, University of British Columbia. 


If a dynamic economic situation is represented mathematically by a set of equations involving 
time, then to determine the stability of an economic equilibrium so defined, it is necessary to study 
the behaviour of the solutions of this set of equations for large ¢. There is also a further question, 
namely, will the process of adjustment used by the individuals within the situation result in the 
same or any equilibrium point being attained? By the use of difference equations these two prob- 
lems are studied, and it is shown for various economic situations that the problem of stability can 
be fully solved by answering both questions. 


10. Oscillating satellites with the force varying inversely as the nth power of the 
distance, by Professor Daniel Buchanan, University of British Columbia. 


The restricted problem of three bodies was discussed for the case when the force varies in- 
versely as the mth power of the distance. The straight line and equilateral triangle equilibrium 
points were found, and the oscillating satellites near these points were obtained. 


11. Some related space curves, by Professor Howard Eves, Oregon State 
College. 


Let x=x(s) be the parametric representation, in terms of the arc length s as parameter, of a 
given skew curve, and let a, 8, y be the unit vectors in the directions of the tangent, binormal, and 
principal normal respectively. The given curve may then be represented as x=/ads. Associated 
with the curve are the two curves %.=/8ds, and x3=fyds. This speaker discussed some of the 
geometrical relations existing between the given curve and these related curves. In particular, 
certain linear combinations of the given curve and its related curves were considered. In addition 
to a number of new theorems, some known results were obtained in a novel way, for example, the 
general equations of all Bertrand curves and of all Mannheim curves were found. 


12. New methods 1n teaching polar coordinates 1n analytic geometry, by Pro- 
fessor F.S. Nowlan, University of British Columbia. 

Two essentially different systems of polar coédrdinates were considered. In the first, p is never 
negative, whereas in the second p is never positive. The replacements of p by —p and @ by r+@ 
carry one from either system to the other. The methods developed enable one to avoid certain 


difficulties associated with the usual treatment of polar codrdinates. Furthermore, it was shown 
that these methods have important applications to the calculus. 


13. The teaching of elementary calculus, by Professor R. D. James, Uni- 
versity of British Columbia. 
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Most of the calculus texts in use at present begin with a more or less systematic discussion 
of variables, functions, and limits, and then proceed to the topic of differentiation. It is Professor 
James’ opinion that such a traditional beginning is unwise and that the most natural approach to 
the calculus is by way of the definite integral. He set forth reasons for this point of view and out- 
lined the necessary steps in the alternative approach. 


14. A graphical treatment of the covariants of a binary cubic, by Professor 
F. E. Wood, University of Oregon. 


With three distinct points A, B, C of the complex plane, with complex coérdinates a, b, ¢ re- 
spectively are associated three points A’, B’, C’ by making the cross ratios of (AB, CC’), (BC, AA’), 
(CA, BB’) each equal to a given complex number a. Using all such ae there is established a set I of 
point triples, associated with the given triple. In this paper are obtained the geometric relations 
between the triples of I and their relations to some of the covariants of the binary cubic form ob- 
tained from the cubic equation which has a, b, ¢ as roots. 


15. New formulas for the numerical integration of y'’ =f(x, y), by R. J. Brown 
introduced by Professor F. L. Griffin. 


It is assumed that the solution y= (x) of the differential equation y’=f(x, y) hasa valid Taylor 
series near the given point (%o, yo), from which-three other points (%1, y1), (%2, ye), (%3, v3) at equal 
intervals, Ax=h, have been calculated initially to the desired accuracy. To predict a fourth such 
point, y, is taken as a linear function of ‘yo, 1, y2, ys, and derivatives yo’, 1’, ye’, ys’. The eight 
coefficients are determined so as to make the linear formula agree with the Taylor series through 
h', but the resulting formula is unsatisfactory because its large coefficients magnify the errors in 
the initially computed 1, ye, ys. By omitting the terms in ye and yo’, however, a single infinitude of 
formulas is. obtained, each of which is correct through #4, some of which give results above the 
true y« and some below. Applications are made to some standard textbook examples. In one 
familiar case one formula gives eight decimal places correct when the initial computed values are 
obtained with sufficient accuracy. 


F. S. Now.an, Secretary 


CALENDAR OF FUTURE MEETINGS 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, Pennsylvania State NORTHERN CatirorniA, Berkeley, Janu- 


College, Spring, 1948 ary 24, 1948 
ILLINOIS OHIO 
INDIANA OKLAHOMA 
Iowa, Fairfield, April 16-17, 1948 Paciric NortHwest, Eugene, Oregon, 
Kansas, Atchison, April 10, 1948 March, 1948 


PHILADELPHIA, Philadelphia, Pa., Nov. 27, 1948 
Rocky Mountain 
SOUTHEASTERN, Charleston, S.C., March 19-20, 


KENTUCKY 
LOUISIANA-MISSISSIPPI 
MARYLAND-DISTRICT. OF COLUMBIA-VIR- 


1948 
Menno New Y SouTHERN CALIFORNIA, Redlands, March 13,1948 
ETROPOLITAN NEw YorK SOUTHWESTERN 
MICHIGAN TEXAS 
MINNESOTA Uprer NEw York STATE, Schenectady, N. Y., 
MIssOURI May 1, 1948 


NEBRASKA Wisconsin, Beloit, May 8, 1948 


MACMILLAN TEXTS 


College Algebra 


By HARVEY A. SIMMONS 


Associate Professor of Mathematics, Northwestern University 


Presenting material sufficient for a year’s coutse in college algebra, this text 
is carefully and accurately written so that all statements stand out clearly. 
Among the special features of the book are: the early introduction of the 
functional notation; the extreme care with which the admissable values per- 
mitted for newly defined mathematical symbols are clearly indicated as they 
make their first appearance; the painstakingly simple approaches to calculus, 
and the important concepts of trigonometry and analytics. The problems are 
numerous and well graded. To be published in January. $3.25 (probable) 


Intermediate Algebra 


By UNDERWOOD, NELSON & SELBY 


This new text presupposes only one year of high-school mathematics and 
is suitable for students of varied backgrounds. The objects of the book are 
to present a terminal course in algebra for students preparing for non- 
scientific studies, and to give a foundation course in algebra for students 
preparing for more advanced college mathematics. Extremely simple in style, 
clear and concise, the book maintains a consistent, upward-sloping level of 
difficulty. The illustrative examples and exercises are numerous, and have 
been carefully selected to cover typical cases. Published November 25, 1947. 
$2.60. 


R. S. Underwood is Professor of Mathematics and Astronomy at Texas Techno- 
logical College. T. R. Nelson is Associate Professor of Mathematics at the 
Agricultural and Mechanical College of Texas. S. Selby is Professor of 
Mathematics and Head of the Department at the University of Akron. 


THE MACMILLAN COMPANY 
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COLLEGE PHYSICS Part 1 
Mechanics, Heat, and Sound 
(one semester) app. 400 pages 


June 1947 $3.50 


COLLEGE PHYSICS Part 2 
Electricity, Magnetism, and 
Optics 

(one semester) app. 400 pages 
January 1948 $3.50 


COLLEGE PHYSICS (complete) 
Mechanics, Heat and Sound 
Electricity, Magnetism, and 
Optics 

(two semesters) app. 800 pages 
January 1948 $6.00 


COLLEGE PHYSICS 


by FRANCIS W. SEARS 


Professor of Physics, Massachusetts Institute of Technology 


and MARK W. ZEMANSKY 


Associate Professor of Physics, College of the City of New York 


Teachers of college physics who have regretted that they were 
unable to adopt the three-volume series of Sears’ PRINCIPLES 
OF PHYSICS because of its use of calculus throughout, will 
welcome this adaptation and revision by Professor Mark W. 
Zemansky of the College of the City of New York. 


Those parts of the original text that came within the scope of 
intermediate physics and which were therefore treated with the 
aid of calculus, have been either removed or rewritten in simpler 
form. COLLEGE PHYSICS consists exclusively of material 
suitable for first-year college students whose mathematical 
preparation goes no further than algebra and the elements of 
trigonometry. The total number of topics has also been reduced 
so that a complete course in general physics may be covered in 
one year. 


ADDISON-WESLEY PRESS INC. Kendall Sq., Cambridge 42, Mass. 


TEXTBOOK NEWS 


Standard Texts for 
College Algebra 


RAYMOND W. BRINK’S 


ALGEBRA: COLLEGE COURSE 


Supplies the materials for a complete and rich course in college algebra for students 
who are not in need of a review of high-school higher algebra. 8vo, 329 pp. $2.35. 


COLLEGE ALGEBRA 


Presents all the material in Algebra: College Course with the addition of a systematic 
review in high-school higher algebra. 8vo, 445 pp. $2.60. 


INTERMEDIATE ALGEBRA 


Presents b 


itself the systematic review of high-school higher algebra included in 


College Algebra. 8 vo, 268 pp. $1.75. 


APPLETON - CENTURY - CROFTS, INC. 
New York 1, New York 


35 West 32nd Street 
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Ready in January 


BASIC MATHEMATICS 


M. WILES KELLER 


Purdue University 


JAMES H. ZANT 
Oklahoma Agricultural and Mechanical College 


BASIC MATHEMATICS is a workbook planned for use (1) 
as a refresher course for students who have forgotten much of 
the basic mathematics they learned in high school; (2) asa 
text for students who are not planning to take advanced 
courses in mathematics but need sufficient mathematical back- 
ground for basic work in the sciences, home economics, 
pharmacy, agriculture, pre-medicine, etc. The authors have 
endeavored to write the book so that it can be used either by 
a student working independently or as a basic text in a class 


under the supervision of an instructor. 
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The successful approach of BASIC MATHEMATICS is based 
upon (1) the discovery through a testing program of the 
topics which need attention; (2) the provision of a minimum 
yet ample amount of explanation; (3) the use of step-by-step 
illustrations to accompany rules; (4) the provision of a large 


number of problems, presented so that the student is taught 
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not only how to recognize a particular type of problem but 
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also how to solve it. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas Atlanta San Francisco 


Holt Texts 
Charles H. Sisam 


Concise 
Analytic Geometry 


An excellent, well-rounded arid brief treatment of the subject, this 
text is thoroughly adapted to use in the short course in analytics. 


Clear and complete in spite of its brevity, this book is made even 
more flexible and useful in the classroom by the inclusion of more 
than 1,100 exercises and problems graded to meet the needs of 
students of varying ability. 


155 pages 1946 $2.00 


Analytic Geometry 


A long-standing favorite in the field of mathematics, this text is 
designed to drill the student in the essentials of plane and solid 
analytical geometry and present him with over 1,000 graded exer- 
cises and problems. 


310 pages 1936 $2.20 


Edward A. Camero 


Brief Trigonometry 


In a clear, concise manner, this text presents a survey of the essen- 
tials of plane trigonometry. It may be covered in thirty lessons or 
less. The emphasis is on application and solution of practical 
problems. 


121 pages 1941 $1.50 


Clifford Bell and 
Tracy Y. Thomas 


Essentials of Plane and 


Spherical Trigomonetry 
Revised Edition 


In this enlarged post-war edition of a successful text, the authors 
have revised their treatment to adapt it to present-day courses. 
Problems stressing practical applications are presented at the close of 
each chapter; the text also includes excellent five-place tables. 


246 pages 1946 $2.30 


Henry Holt and Company 
257 Fourth Avenue, New York City 


Three Distinguished Texts in the Prentice-Hall Mathematics Series 


PLANE TRIGONOMETRY 


By Elmer B. Mode, Chairman of Department of Mathematics, 
Boston University 


The general angle approach is featured in this notably concise text. Recently pub- 
lished, it is designed to interest both liberal arts and engineering students. Its 
1,042 problems illustrate the applications of plane trigonometry to engineering, 
physics, navigation, mechanics, and other fields. 


@ Includes careful treatment of approximate numbers and use of polar coordinates. 
@ Introduces inverse functions along with trigonometric functions. 

@ Emphasizes general theory of linear interpolation. 

@ Includes remarkably simple and teachable method of deriving reduction formulas. 
@ Largely employs 4-place tables, although 5-place tables are discussed. 


BIA” x 8” 216 pages 


CALCULUS 


By Lyman M. Kells, Professor of Mathematics, United States Naval 
Academy 


The "spiral" form of teaching is employed in this popular text to develop the 
student's reasoning powers. Alternating sections on theory and applications, adroitly 
graded in difficulty, lead the student into progressive mastery of the subject. Illus- 
trations, diagrams and exercises are all planned to help the student appreciate the 
real meaning and power of the calculus. The material is organized to permit em- 
phasis on theory and geometrical applications for academic courses, and on physical 
applications for students of engineering. There are 1,725 exercises, 322 unusually 
helpful illustrations. 


6” x 9” 511 pages 


ANALYTIC GEOMETRY 


By F. D. Murnaghan, Chairman of Department of Mathematics, 
The Johns Hopkins University 


Unusual in its treatment of analytic geometry from the point of view of vectors and 
matrices, this text is of special value to the student concurrently taking courses in 
physics or engineering. No pains have been spared to make the presentation as clear 
as possible. 


@ Space geometry is clarified by emphasis on the concept of direction numbers of 
a line in the plane, rather than the concept of slope. 
@ More than 1,100 carefully selected exercises are provided. 


6” x 9” 402 pages 


Send for your examination copies 


PRENTICE-HALL, INC, Ntw vorctt ny. 


Check These Wiley Books! 


/ NOMOGRAPHY 


By Alexander S. Levens, Associate Professor of Mechanical Engineering, 
University of California at Berkeley 


Here is a time-saving, accurate book which shows you short-cut solutions to difficult 
problems of engineering, statistics, or business by means of nomographs. It presents 
the basic information on the theory and construction of charts involving straight line 
scales, curved scales and combinations of these elements. The alignment chart is 
especially stressed. The book is crammed with interesting examples. 


1948 176 pages $3.00 
/ INTRODUCTION TO THE THEORY OF EQUATIONS 


By Lois W. Griffiths, Associate Professor of Mathematics, Northwestern University 


Designed for students with a background in differential calculus, this book introduces 
the theory of equations, determinants, and matrices. A book that has been tested in 
the classroom, its logical exposition makes it suitable for advanced or elementary levels. 


1947 278 pages $3.50 


/ ELEMENTARY NUCLEAR THEORY 

A Short Course on Selected Topics 

By H. A. Bethe, Professor of Physics, Cornell University 

An introduction to nuclear theory, this book treats the subject from an empirical point 
of view. Dr. Bethe analyzes nuclear forces, the central problem of nuclear physics, 


and explains the available evidence in items of the behavior of the simplest nuclear 
systems, 


1947 147 pages $2.50 
J SEQUENTIAL ANALYSIS 


By Abraham Wald, Professor of Mathematical Statistics, Columbia University 


The first book-length treatment of an important and recently-developed method of 
statistical inference. Highly understandable, the book covers the general theory of 
the sequential probability ratio test, its applications, and an introduction to problems 
of sequential multi-valued decisions and estimates. 


1947 212 pages $4.00 
J INTRODUCTION TO MATHEMATICAL STATISTICS 


By Paul G. Hoel, Associate Professor of Mathematics, University of California at Los Angeles 


This book is designed to give the reader a comprehensive introduction to the theory 
and applications of modern statistical methods. Such topics as these are included: 
sampling inspection, non-parametric methods, two types of errors, and sequential 
analysis, 


1947 256 pages $3.50 


/ THE ESCALATOR METHOD IN ENGINEERING 
VIBRATION PROBLEMS 


By Joseph Morris, Consultant, Structural and Mechanical Engineering Department, 
Royal Aircraft Establishment, Farnborough, England 


Formerly accessible only in the original scientific papers, the material in this book 
is a practically complete account of the author’s own contributions to structural and 
vibrational engineering, together with a necessary background of general theory. 


1947 270 pages $4.50 


JOHN WILEY & SONS, Inc., 440 Fourth Ave., New York 16, N.Y. 


| 
ntroduction to College Algebra 


revised William L. Hart 


A book of moderate length containing intermediate algebra followed 
by a reasonably complete but not exhaustive presentation of the most 
essential chapters from college algebra. Intended for students who 
require instruction in all fundamental algebraic skills as part of a first 
college course in algebra which will cover only a minimum of col- 
legiate topics. Includes the standard content of intermediate algebra, 
simplified presentations of the theory of equations, logarithms, and 
determinants, and a few other chapters from college algebra. 272 
pages of text. 


Brief College Algebra 


revised William L. Hart 


Designed so that students with a substantial background of high 
school algebra may obtain a speedy contact with the interesting parts 
of college algebra. Presents a rapid coherent review of secondary 
algebra followed by a complete treatment of college algebra. In- 
cludes an introduction to the method of least squares and related 
content in statistics. Devotes special attention to the needs of technical 
students and others who will continue with more advanced mathe- 
matics. 292 pages of text. 


College Algebra 


third edition William L. Hart 


An efficient collegiate discussion of the intermediate content necessary 
to bridge the gap between elementary algebra and college algebra, 
together with a complete treatment of all topics included under the 
last title. Designed as a flexible text for use with classes of varying 
degrees of preparation. Easily adjusted to courses of different lengths. 
362 pages of text. 


Calculus 


revised Nelson, Folley, and Borgman 


A sound, well-organized text for beginning students who need cal- 
culus as a tool in the various scientific fields. Included in the revision 
is a brief chapter on solid analytic geometry. 386 pages. 


D. C. Heath and Company 
| Boston New York Chicago Atlanta San Francisco Dallas London 


McGRAW-HILL BOOKS 
cup Of Lunely importance 


SAMPLING INSPECTION 


Principles, Procedures, and Tables for Single, Double, and Sequential 
Sampling in Acceptance Inspection and Quality Control Based on 
Percent Defective 

By the Statistical Research Group, Columbia University 
APPLIED MATHEMATICS PANEL, OFFICE OF SCIENTIFIC 
RESEARCH AND DEVELOPMENT 


395 pages, 6 x 9. $5.25 


— 


A definitive and authoritative work on sampling inspection, giving a 
systematic account of certain of the best current inspection practices, to- 
gether with tables and detailed instructions for carrying out these prac- 
tices. The book gives the reader a complete, consistent, and workable 
sampling-inspection program ready for installation; essential material 


for constructing individual programs; and a detailed treatment of the 
technical-mathematical aspects of sampling inspection 


SELECTED TECHNIQUES OF 
STATISTICAL ALALYSIS 


for Scientific and Industrial Research and Production 
and Management Engineering 


By the Statistical Research Group, Columbia University 


APPLIED MATHEMATICS PANEL, OFFICE OF SCIENTIFIC 
RESEARCH AND DEVELOPMENT 


440 pages, 6 x 9. $6.00 


Discusses a series of problems which occur frequently in planning, 
analyzing, or interpreting quantitative data, and explains various tech- 
niques appropriate to these problems. The book explains the statistical 
approach to a problem, presents the theory that can be brought to bear 
upon it, points out the features of the problem that determine the rele- 


vance of the theory, gives detailed computational procedures, and il- 
lustrates the interpretation of the results 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc 
330 West 42nd Street New York 18, N.Y 


GBORGE BANTA PUBLISHING OOMPANY, MEWASHA, WISCONSIN 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 
THE MATHEMATICAL ASSOCIATION OF AMERICA, INC. 


VOLUME 55 NUMBER 2 
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THE TEACHING OF MATHEMATICS IN COLLEGES 
AND UNIVERSITIES* 


E. P. VANCE, Oberlin College 


1. Introduction. In the early part of 1947 the President of the United States 
requested a report on science teaching in the colleges and universities of this 
country; he desired information on the kinds of research being done both in 
and out of government, where research was being done, how it was being 
financed and administered, and so on. In connection with this request the 
President's Scientific Research Board asked the American Association for the 
Advancement of Science to study the effectiveness of science teaching in colleges 
and universities. This request was turned over to the Cooperative Committee on 
Science Teaching sponsored by the A.A.A.S.f The findings of this Committee 
have formed an important part of the report made by the Scientific Research 
Board on our scientific personnel resources.{ The Board also gathered data on 
total enrollment in science classes, the number of scientists now employed in 
various types of institutions, and other matters related to the development of 
scientific talent. 

In order to obtain necessary information the Cooperative Committee de- 
cided to solicit data and opinions from chairmen of ‘science departments in col- 
leges and universities. Thus the Scientific Research Board sent out a request for 
information in the form of a comprehensive questionnaire to two hundred and 
fifty such chairmen, five at each of fifty colleges and universities. Since these 
fifty institutions had granted more than ninety percent of the Ph.D.’s in science 
during the past ten years, the composite replies constitute a significant contribu- 
tion to the study of the effectiveness of science teaching and a general view of 
the over-all picture as it occurs today. Forty-one of the fifty institutions which 
received requests for information in mathematics replied, some in more detail 
than others. The purpose of this article is to summarize those findings which 
seem to be of interest to mathematicians. 

The questions on the questionnaire were general in character and were 
placed in seven different categories, each of which was believed to represent an 
area of problems pertinent to the effectiveness of science teaching. Since the 
same questionnaire was used for all the sciences, some of the topics mentioned 
were, of course, not particularly apposite to the field of mathematics. 


2. The size of enrollments. In the undergraduate schools during the year 
1946-47, it was generally true that there were between two and three times 
the number of students enrolled in mathematics in 1940. Only one school re- 


* The author wishes to thank Dr. M. H. Trytten, Director of the Office of Scientific Person- 
nel, National Research Council, for making available to the author the material on mathematics 
collected by the President’s Scientific Research Board. 

1 Professor Raleigh Schorling of the University of Michigan is the representative of the M.A.A. 
on this Committee. 

t See Manpower for Research, Vol. IV of Science and Public Policy, Oct. 11, 1947, U. S. Gov- 
ernment Printing Office, Washington 25, D. C., Price 35 cents. 
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ported no increase, while the largest increase was five hundred percent at one 
of the large western universities. In many cases the enormous influx of students 
made it necessary to appoint as regular instructors in mathematics a large num- 
ber of individuals who would not have been appointed under ordinary condi- 
tions. Such teaching personnel would be unable to teach the more advanced 
courses; thus a serious problem is indicated if beginning students continue in 
their mathematical training. Also many of the large universities have employed 
many graduate assistants, and have been forced to have freshman and sopho- 
more mathematics taught to a large extent by these graduate assistants. Some 
are excellent teachers, while others are of questionable ability, and under 
ordinary circumstances would not be given teaching assignments. Almost all 
institutions report that classes are much larger. In fact, the shortage of class- 
rooms, along with the inadequacy of essential staff, has forced several schools 
into handling students in classes of one hundred or more. It is common opinion 
that the general quality of undergraduate instruction has deteriorated in the 
past few years. 

Several methods are being used to remedy this situation and to raise the 
effectiveness of the teaching of mathematics. Some schools are planning the 
courses ahead in detail, and along with this, employing standardized examina- 
tions. Others are sectioning their students according to the background and 
previous records of the students, then distributing the experienced and proven 
teachers to best advantage. In many of the larger schools graduate fellows and 
inexperienced instructors have met regularly with a supervising professor to 
map out methods of presentation; this has led frequently to a plan for close 
supervision of course-content, methods of presentation, and departmental test- 
ing. Other aids such as visiting of classes and conferences with individual 
teachers have been employed. 

There were no reports of undergraduate students being denied admission to 
mathematics courses. This is indeed a fine record. As soon as more competent 
teachers are available, it is generally believed that undergraduate teaching 
will measure up again with that in 1940. 

New teachers must come from those students now in our graduate schools. 
Here the picture is very favorable, although it must be remembered that many 
graduate students enrolled at the present time will obtain their degrees, and 
find their way into research with the government, or in industry, rather than 
make teaching their life profession. Also the question naturally arises whether 
the graduate schools are able, with the huge increase in the size of enrollment, 
and the shortage of capable personnel, to give competent training to their gradu- 
ate students. 

At present the registration in mathematics in the graduate schools is at least 
double any enrollment prior to the war, and all indications are that it will 
continue to increase rapidly in the years just ahead. This is partly a result of the 
accumulation of many men who had planned to go directly from college to 
graduate school, but unfortunately had their training interrupted, after only 
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the undergraduate course was completed. This group, plus many who finished 
their undergraduate courses this past spring and were offered attractive as- 
sistantships, have filled the graduate schools to overflowing. Although some 
schools have increased their graduate registration only slightly, others have felt 
a tremendous increase. For example, one midwestern university in 1940-41 had 
a graduate enrollment in mathematics of 243 course-registrants while in 
1946-47 there were 1344 course-registrants. 

No definite generalization can be made with regard to any significant change 
in the quality of graduate teaching as reported by representatives of the uni- 
versities. Typical replies were the following from three different institutions: 


On the graduate level, instruction is perhaps superior to what we had before the war, but if 
enrollments should increase, the manpower situation will become hopeless. 

Graduate instruction has been adversely affected by the loss during the war period of full 
time members of the staff, which have not, up to the present time, been repaired by satisfactory 
replacements (not to mention additions). 

At the graduate level the regular staff members of prewar status are seriously overloaded with 
the probability that graduate teaching will ultimately suffer if relief does not become available. 
This problem will become increasingly acute as graduate students reach the stage of thesis research 
in increasing numbers. 


3. Space and equipment. Existing needs for space and equipment are more 
pertinent in the teaching of the experimental sciences, although to some extent 
they are also factors in the effectiveness of mathematics teaching. Office space 
seems to be definitely inadequate, with the result that informal conferences 
between faculty members and among faculty members and students are diffi- 
cult. Also the present lack of sufficient classrooms adequately equipped with 
blackboards has an important bearing on teaching; because of this shortage in 
several universities, classes are being held continuously from 8:00 a.m. until 
10:00 p.m. Nor does there seem to be much hope for any relief in the future. 
One university, for example, states that in a new building for its College of 
Liberal Arts the space assigned to mathematics will be fifty percent less than the 
department occupied twenty years ago, and this in spite of expansion of both 
the student body and the teaching staff. 

The availability of research journals and reference treatises is essential to 
work in mathematics. Most institutions which reported have been able to main- 
tain their libraries except for some books and periodicals from foreign countries; 
in many cases these latter items are now being obtained. The need for funds, of 
course, is ever present. 

Other than library facilities, the lack of equipment affects a mathematics 
department mainly in its courses in statistics. Due to the increase in importance 
and emphasis on statistics, and the resulting large enrollments, problems in 
teaching have arisen. Computing machines, although again available, are ex- 
pensive. Many colleges obtained some computing machines as surplus property, 
but a majority of these machines lacked the multiplication and division features 
and hence were not well adapted for use in statistics classes. The situation in one 
midwestern university, although much more desperate than at most institutions, 
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might be presented. In the second term, 1942-43, there were approximately 100 
registrations in statistics, while in the fall term, 1946—47, the registration for the 
same course had grown to over 1200. Twenty-two computing machines were 
available for student use in 1943, and there had been no increase when the report 
was made. The former statistics laboratory has been taken over by the psychol- 
ogy department, and thus the mathematicians are now limited to a computing 
room which will hold at most sixteen students. To offset this, it should be stated 
that the large majority of replies were negative to the question, “‘Is the quantity 
and state of repair of your instructional equipment a major limiting factor in 
determining the effectiveness of teaching in your department at present?”’ 


4. Availability of teachers. In the majority of universities, the undergraduate 
staff of teachers is much larger and less competent than in 1940. Moreover, the 
size of the staff has not increased in proportion to the increase in the student 
body. The problem of adequate staff is made more difficult because of the un- 
predictability of future needs. Many of the new teachers in colleges and uni- 
versities are former high school teachers. Also, in certain localities, men from 
research laboratories have given excellent assistance by teaching of evening 
classes. 

A common response pertaining to the size of the permanent and graduate 
staff seemed to be, “Our present staff is essentially the same in number and 
competence as before the war.” The situation is not entirely a happy one, 
however. One department chairman of a midwestern university commented, 

Our present staff numbers about the same as the pre-war staff, but it does not compare quite 


so well in competence. War work took a good portion of a carefully built-up pre-war staff. Even in 
normal times such a staff can not be rebuilt over night. Competition of other institutions has con- 


siderably affected our staff. Top men are being “pirated” .... 


From an Eastern university came the comment: 


In 1940 we had thirteen full-time staff members of our department, all with the Ph.D. degree 
in mathematics, and about eight or nine part-time teaching assistants. This year (1947) we have 
nine full-time staff members and thirty part-time teaching assistants. We are trying to improve this 
situation for néxt year; but the competition for well trained men is keen, and we are finding it 


dificult to enlarge our full time staff. 


These indicate that competition from other universities is felt. Also the competi- 
tion with industry and government is important. For example, another head of 
one of the midwestern institutions stated, 

Government competition has taken away the head of our statistics department, and to date we 
have been unable to replace him. . . . Two of our good mathematics teachers who went to work 
with the Bell Aircraft Company during the war have not returned because we are not able to offer 
them a salary commensurable with what they were receiving in industry. 


The economic law of supply and demand is fundamental throughout the pic- 
ture. During the war young students in mathematics were unable to pursue 
their graduate studies under normal conditions. A large portion of the graduate 
students were drafted or drawn off into war jobs which offered them no oppor- 
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tunity for completing their graduate training. Thus in the war years, the num- 
ber of Ph.D.’s granted in mathematics decreased very rapidly until in 1944 it 
was only about thirty percent of the normal figure. A corresponding decrease 
also occurred in the number of Master’s degrees granted. Thus, mathematics is 
now faced with a tremendous shortage of men who have completed their 
graduate training. When this shortage is considered along with the fact that 
many colleges and universities are expanding, while some institutions that never 
required the Ph.D. degree for staff appointments are now trying to build gradu- 
ate departments, the seriousness of the situation becomes evident. Also the com- 
petition for scientific personnel with government and industry, a competition 
which will be felt for some time, will affect the quality of available staff mem- 
bers at all universities. This is particularly true in the field of mathematical 
statistics where men who have just obtained the Ph.D. degree are being offered 
salaries over twice those normally available for men at that stage of accomplish- 
ment. 

It is generally felt that present salary schedules for science teachers are 
having and will have in the future an important bearing on the quality of science 
teaching. If universities can not compete with government and industry for the 
service of a large portion of the best young scientists available, and conse- 
quently these men are lost to the academic world, then the teaching profession 
will be forced to fill their places with men of inferior quality. This will most 
certainly have an adverse influence on the training which young scientists re- 
ceive in the future. 

The question was asked: “How effective is science teaching at the graduate 
level for the training of teachers of science and how might this effectiveness be 
improved?” Most of the heads of mathematics departments who replied believed 
that the training given was entirely satisfactory. In fact, only six had any addi- 
tional comments to make. In some cases the effectiveness of teachers who do re- 
search and who must provide leadership in guiding graduate students of science 
is impaired by too high teaching loads. Also the effectiveness in training future 
teachers might be enhanced according to some, if more general courses were 
offered and more use were made of the applications of theory in mathematical 
and physical problems. Some implied that more training in philosophy and his- 
tory of mathematics, together with its applications to other sciences, would 
improve the quality of output. Some insisted that too little attention is paid to 
the development of teaching skills; in this connection it is suggested the method 
of practice teaching used for training secondary school teachers might be of 
some help. In fact, as one man commented (and many would agree, | feel 
confident), 

There has been practically no training of graduate students for the teaching of mathematics 
on the college level. I think those departments of mathematics, who turn out the most Ph.D.’s and 


consequently the largest proportion of college teachers in this subject, should make definite pro- 
vision for training of graduate students in good teaching habits and methods for their subject. 


As to the desirability of having more women teachers of science at the col- 


62 TEACHING OF MATHEMATICS IN COLLEGES AND UNIVERSITIES [February, 


lege and university level, there seems to be a definite hesitancy. Possibly this is 
caused by the belief stated on several questionnaires that very few women are 
good enough mathematicians to make a substantial contribution to the train- 
ing of graduate students. Many institutions, however, would be quite willing 
to have more women teachers at the college level if they met the scientific 
qualifications for the position. 


5. The influence of the Federal government. At the present time the pres- 
ence of Federal contracts for research has had little obvious effect on the quality 
of science teaching in departments of mathematics. In four or five cases the 
granting of such contracts was reported as beneficial to the effectiveness of teach- 
ing, while it was considered harmful by only two. 

With regard to policies that educational institutions should follow in the 
acceptance of Federal contracts for research, including a consideration of the 
effects of such contracts on teaching, there were several distinctly different 
replies. Some stated that contracts should be accepted covering fundamental 
research only, and only when the proposed contracts fit into existing research 
programs. Others felt that all contracts should be accepted when at all possible, 
since in the near future there would not be enough stipends available to sub- 
sidize graduate students, and research contracts would supply this deficiency. 
Still other schools felt that such contracts might hamper the universities unduly 
in the execution of their primary function of training students for teaching and 
fundamental research. Since this is such a fundamental matter, and one to 
which most mathematicians have given much thought, I quote the comments 
of three influential mathematicians, and chairmen of large departments, in this 
country: 


1. I believe that educational institutions in the acceptance of Federal contracts for research 
should stipulate that in most cases the research men involved should be appointed on a split basis 
on which about half time should be spent in university teaching and only half time on the con- 
tracts. It should also be specified that so far as national safety is not involved, individuals should 
retain the right of publication. Under these conditions the teaching profession will be enriched by 
the research activity of the teachers without the customary cost for research purposes of the staff. 
If scientists devote their entire time to research, the total progress of the research itself may be very 
great but the benefits to teaching and to the students are likely to be negligible. 

2. I certainly do not believe an educational institution should secure a Federal grant, then 
rob some other institution for men to do the work. This takes men out of teaching where they are 
so much needed at present. The teaching will certainly be poorer and the rate of training men will 
be reduced. I believe too much emphasis is being put on research at the present time. For a few 
years the emphasis should be put on teaching and training young men. Unless this is done, the 
situation will get worse instead of better. Taking men from the teaching staff of our universities 
is “killing the goose that laid the golden egg.” Why doesn’t the Federal government do something 
to help the universities obtain trained staffs in the immediate emergency of increased enrollments? 
These large enrollments are due largely to the action of the government in sending the veterans to 
college. 

3. In the acceptance of Federal contracts for research, consideration should be given to the 
following: 

(a) Is the research significant in the judgment of men who are competent in the field? 
(b) Would the work be done if a Federal contract were not forthcoming? 
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(c) Is the university in question avoiding its proper obligations? If a university does not en- 
courage and support research, it is no longer a university. 

(d) Would the granting of such a contract accentuate the unfortunate separation of education 
and research? 

(e) Under Federal contracts, to what extent would research be directed into specific channels, 
which may or may not be desirable? 


It is interesting to note that several universities, requested by the Federal 
government to provide assistance in training scientific employees for them, did 
so willingly, and reported that in no case did it affect the quality of teaching. For 
example, graduate instruction was provided for qualified personnel at Fort 
Monmouth; instruction was given to members of the Ames Aeronautical 
Laboratory, Moffett Field; courses were set up for employees of the United 
States Navy at the Underwater Sound Laboratory in New London; and, of 
course, several schools are participating in the NROTC program, thereby 
offering a place for the training of “junior mathematicians.” 


6. The role of research. Only a small number of institutions stated that 
there were any significant changes in the type or amount of research now being 
carried on. If a change was reported, it was either an increase in applied re- 
search, or an increase in both applied and fundamental. The reasons given in 
case of an increased amount of research were either (1) an increase of staff, (2) 
an increase of university funds for research, or (3) a contract or project with some 
branch of the Government. 

The comments immediately above were the result of the question, “Has the 
role of research in your department changed significantly since before the war? 
Are you, for example, doing more or less applied research as distinguished from 
fundamental research?” The idea was expressed frequently in this connection 
that one must not place too much emphasis on the distinction between pure 
and applied mathematics; mathematics, is indivisible, and one must not 
emphasize the diversity but rather its unity. Research must always remain an 
excursion into the unknown, with truth alone as its objective. 

With the present overcrowded enrollments in all universities, it is gratifying 
to know that over three-fifths of the reports indicated that staff members had 
adequate time and opportunity for research and study. 


7. General. The last section of the request for information concerning the 
effectiveness of science teaching should be considered in two parts. In the first, 
the following questions were asked: “Is sufficient attention given, particularly in 
the undergraduate curriculum, to 

(a) the meaning and significance of the scientific method? 

(b) the recent advances in the field of science being studied? 

(c) the fields of science related to the major field of study and the overlap- 

ping fields as, for example, biophysics and geochemistry? 

(d) the “general education” of the future scientist—training in other fields— 

training for citizenship?” 
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Because of the generality of the questions, it seems impossible to summarize 
the replies. Many who replied answered parts (a), (c) and (d) in the affirmative, 
though not in emphatic fashion. With respect to point (b), it seemed generally 
agreed, especially in any undergraduate curriculum, that keeping abreast with 
the recent advances in mathematics would be an impossibility. It should be 
stated in this connection, that there appears to exist a definite dissatisfaction 
with present freshman and sophomore courses. Complete and thorough studies 
of this undergraduate curriculum are taking place in many institutions. 

What is somewhat alarming to the writer is the fact that many mathe- 
maticians in this country stated that the above questions were not pertinent to 
mathematics. It is my personal feeling that insufficient attention has been given 
to the meaning and significance of the scientific method, that the tendency has 
been to train students well in particularly narrow fields, but not to give them a 
broad background in the whole field and in related fields. 

The second part of this general section asked for a discussion of the some- 
what controversial statement: “This country has, in the past, produced about one- 
seventh of the Nobel prize winners in science. Do you consider this fact to be a 
reflection on the quality of science teaching in this country in the past?” Since 
Nobel prizes are not awarded in mathematics, many declined to comment. Some 
admitted that this was a reflection on the quality of science teaching, since our 
educational system was too “practical”; that is, if a future use of knowledge is 
not in prospect, the knowledge is considered useless. This attitude, they main- 
tained, was destructive of real scientific mentality. The majority contended, 
however, that the situation with respect to Nobel prize winners was no reflec- 
tion on science teaching in this country. Several reasons were stated. American 
educational philosophy is to extend educational opportunity to the many, and not 
to the intensive training of a few. Also, it is asserted, there seems to be in this 
country a smaller proportion of time and energy which can be given to research, 
in comparison with that of scientists of other countries. In this connection also 
the belief was expressed that there has not been sufficiently early recognition 
of research ability in this country, and opportunity has not been given scientists 
to carry on research, unhampered by activities necessary to the individual’s 
economic situation. 


DENUMERABILITY OF THE RATIONAL NUMBER SYSTEM 
L. S. JOHNSTON, University of Detroit 


It has long been known that the set of rational numbers is denumerable, and 
several counting systems have been devised. It is proposed in this note to 
exhibit a counting system which furnishes the solution for each of the follow- 
ing problems: 

(i) To find the ordinal number for a given rational; for example, to find the 
ordinal number of the rational 37/11. 

(ii) To find the rational number corresponding to a given ordinal; for 
example, to find the 593rd rational number. 

If 


x Z x x+e z 
0s—<—,> then —< 
y w y y+ w w 


whence also 
x 2x+2 x+es x + 22 z 


< 
y w+tw ytwuw ytw w 
This is of course the density property of the rational number system, and 
between any two fractions we may insert a fraction of intermediate value as 
shown in the last display. We shall use [m, 2 | for the fraction (mx-++nz)/(my+nw). 
Then we have the array 


[1,0] [0,1] 

[1,0] [1,1] [0, 1] 

[1,0] [2,1] [1,1] [4,2] [0,1] 

[1,0] [3,1] [2,1] [3,2] [1,1] [2,3] [1,2] [1,3] [0,1] 


where we have omitted for typographical convenience the < sign between two 
successive terms. This array, which we shall call S, has an infinite number of rows, 
but a finite number of elements in each row. For x=0, y=z=w=l, 
m=0,1,2,3,-+-,=1, 2, 3,---, [m, 2] is the proper fraction n/(m-+-n) ; if 
m and n are taken always relatively prime, as they are in this note, then [m, ”] 
is a proper fraction in its lowest terms. 

We shall denote by s(i, 7) the term in the 7th row and the jth column of S, 
and shall mean by s(i, j)+s(i, j+1) the vector addition [m, x]+[p, q| 
=[m+p, n+q]. Inspection of S, in the light of its construction, discloses the 
following properties 


(a) s(4, 7) = s¢@+ 1, 27 — 1), 
(b) s(4, 7) + s(4,7 #1) = s(t + 1, 27). 
65 
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From (a) it is evident that an element appearing in S at all appears an infinite 
number of times thereafter, but always in an odd-numbered column after its 
first appearance. If, therefore, an element [m, n] appears in an even-numbered 
column of S, it can not have previously appeared in any column of S, nor can it 
ever appear again in any even-numbered column. 

Now delete from S every term of the first column except the first element, 
s(1, 1), every term in odd numbered columns after the first, and also the first 
element, s(1, 2), in the second column. Then the residual array includes zero 
and every proper fraction (note that it has already been stated that every 
[m, n]| will be shown to appear in S) but does not include unity. Denoting by 
R(0) the set of all proper fractions together with zero, every number of R(0) 
appears in S. 

We shall call the elements of the residual array described above counted 
elements of S. A little inspection shows that the number of counted elements in 
the first i rows of S is 2, and therefore that the element s(z, 27) is the (2**+7)th 
counted element of S. We shall define Q(m, n) =2‘*+7, where i and j depend 
for their values upon some method of computing them from m and n. This num- 
ber Q(m, n) is the ordinal number of the proper fraction n(m--n) in the set 
R(0). 

To compute 7 and 7 for a given m and n, we note first that 

[m, n] = mx [1,0] +x [0,1] 
=m X s(i, 1) +” X s(A, 2). 


To proceed beyond this point it is expedient to exhibit a specific case, the gen- 
eral method being obvious thereafter. Consider the fraction 4/11, or 
[7, 4] = 7s(4, 1) + 4s(1, 2) 
= 35(1, 1) + 4s(1, 1) + 4s(1, 2). 
But from property (b) of S, we have 4s(1, 1)+4s(1, 2) =4s(2, 2); from property 
(a) we have 3s(1, 1) =3s(2, 1). Then we have 
[7, 4] = 7s(1, 1) + 4s(1, 2) 
= 35(2, 1) + 4s(2, 2) 
= 35(3, 2) + s(3, 3) 
2s5(4, 3) + s(4, 4) 
s(5, 5) + 5(5, 6) 
s(6, 10) + 0 
showing that [7, 4]=s(6, 10), whence Q(7, 4) =2*?+5 =21. Hence 4/11 is, in 
our numbering system, the 21st rational fraction, counting zero as the first. 
It will be noted that we have developed above an algorithm quite suggestive 


of the Euclidean Algorithm on Highest Common Factor. It might also be called 
a “Method of Finite Descent.” 


l 


l 
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The algorithm can be constructed more simply. Write the columns 


(A) (B) 
7,4 1 
3,4 1 
3,1 2 
2,1 3 
1,1 5 
1,0 10 


Column (A) is the set of coefficients of the terms s(i, 7) in the first column on the 
right hand side of the algorithm, and column (B) is the set of j’s in the first s of 
each pair in the algorithm. The sequence of elements in (A) is quite apparent 
on inspection, and needs no elaboration. 

Now let A(k) be the kth element in (A), and let B(k) be the &th element in 
(B). If the second number in A(k-+1) is the same as the second number in 
A(k), we say that A(k+1) shows a permanence; if the second number in 
A(k-+1) is different from the second number in A(k), we say that A(k+1) 
shows a variation. Thus A (1) =7, 4; A(2) =3, 4; and A(3) =3, 1. 4(2) then shows 
a permanence, while A(3) shows a variation. (It is quite evident that we are bor- 
rowing an idea from Descartes here). To construct column (B), we note that the 
first element of (B) is always unity. If A(k+1) shows a permanence, then B(k+1) 
=2>B(k)—1, while if A(k+1) shows a variation, then B(kR+1)=2XB(kR). 
Thus it will be noted that A(3) shows a variation, and B(3) =2XB(2). But A(4) 
shows a permanence, whence B(4) =2XB(3)—1. This gives column (B) quite 
readily. It will be noted that the last two elements of (A) are always 1, 1 and 1, 0, 
which shows a variation in the last element. This guarantees that the last 
element of (B) is always even, as has been predicted. It is also quite evident from 
the nature of the algorithm that any given number pair [m, n] reduces, by a 
finite number of steps, to the final forms in (A). This bears out a prediction 
already mentioned twice, namely, every proper rational fraction does appear in 
S. The number of elements in (A), and of course in (B), is the required value of 
z, and the last element in (B) is the required value of 27. Some emphasis upon the 
algorithm is worth while. Consider the number pairs [23, 7] and [7, 23]. 


For the pair [23, 7]: For the pair [7, 23]: 
(A) (B) (A) (B) 
23,7 1 7,23 1 
16,7 1 7,16 2 
9,7 1 7, 9 4 
2,7 1 7, 2 8 
2,5 2 5, 2 15 
2,3 4 3, 2 29 
2,1 8 1, 2 57 
1,1 15 1, 1 114 
1,0 30 1, 0 228 
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whence [23, 7] =s(9, 30) whence [7, 23] =s(9, 228). 
This is an interesting property of S. It is evident that S must exhibit [m, n] and 
[x, m| in the same row. Furthermore, since there are, in the ith row of S, 2*1+1 
elements, it follows that if [m, n]=s(i, 27), then [n, m]=s(i, 2*4—2j+2). In our 
problem above we have 30-+228 =2°%!+2. This is often a convenient check on 
the computations in (B). 

The algorithm can be condensed still further. Inspection shows that if A(R) 
is followed by a sequence of 7 variations, then B(k-+r) =2'XB(k), while if A(k) 
is followed by a sequence of r permanences, then B(k-++r) =2"XB(k) —(2"—1). 
To apply this, consider again the pair [23, 7]. Here [23, 7] is followed by three 
permanences, reducing to [2, 7]. Then B(4) =1. [2, 7] is reduced by three varia- 
tions to [2, 1], giving B(7) = 2? B(4) =8. Then [2, 1] is reduced by one perma- 
nence to [1, 1], giving B(8) =15. Finally, [1, 1] is reduced to [1, 0] by one varia- 
tion, giving B(9) =30. 

We may set up a tabular arrangement for the procedure above. 


(A) (B) 
23,7 B(i)= 1 
3P 
2,7 B(4)= 1 
3V 
2,1 B(7) = 8 
iP 
1,1 B(8) =15 
1V 
1,0 B(9) = 30 
Similarly for [7, 23] 
(A) (B) 
7, 23 B(i)=1 
3V 
7, 2 B(4) =8 
3P 
1, 2 B(7) =23 X8 — (28-1) =57 
2V 
1, 0 B(9) =2? X57 =228. 


The similarity to the Euclidean Algorithm is even more conspicuous here. 
The algorithm is reversible. Consider, for example, the problem of finding 
[m, n] for s(6, 10). Here write (B) first: 


1 


= m= RD GH GI © 
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continuing the set of unit elements at the end until six elements appear, since 
4=6. Then write alongside (A) the column (B), remembering that if an element 
of (B) is even, then the corresponding element of (A) must have shown a varia- 
tion, while if an element of (B) is odd, then the corresponding element of (A) 
must have shown a permanence. Then we have 


(B) (A) 
10 1, 0 
5 1,1 
3 2,1 
2 3, 1 
1 3, 4 
1 7,4 


whence s(6, 10) =[7, 4] =4/11. Similarly, for s(9, 228) we have 


(B) (A) 
228 1, 0 
114 1, 1 
57 1, 2 
29 3, 2 
15 5, 2 
8 7, 2 
4 7, 9 
2 7, 16 
1 7, 23 


whence s(9, 228) = [7, 23] =23/30. 

We have shown how to compute Q(m, n) for a given z and 7. The procedure 
here is reversible. For example, let us find [m, n] from Q(m, n) =21. Here we 
have 2*-?+-7=21. Since 7 is never zero, we must find the largest integer for 7 
consistent with 2*-?<21. Then 7=6, whence 7=5, and 27=10. Then we must 
find [m, n| such that [m, n]=s(6, 10). This gives, as we have seen, [m, 1] 
=[7, 4]. Similarly, to find [m, n] if Q(m, n) =242, we have 2*-?<242, whence 
i=9. Since 2*-?+7=242, we have j=114, 27=228. Then we must find [m, n] 
from s(9, 228) =[m, n], and we have seen that the solution is [7, 23]. 

We are now prepared to order the whole field of rational numbers. Let 
x=p, g=p+1, with the same hypotheses on y, w, m, and nm as before. Let 
R(t), (pb =0,1,2,3, - - - ), be the set of positive numbers of the form p-+n/(m+n). 
Let E(p, Q) be the number in R(p) whose ordinal number in R(0) is determined 
by QO(m, n). It is easy to see from our foregoing remarks that if a proper fraction 
bears the ordinal number Q(m, n) in the set R(0), then p-+[m, n] bears the 
ordinal number Q(m, n) in the set R(p). Thus 4/11 is the 21st number in the set 
R(0), 15/11 is the 21st number in R(1), and so on. Then we have E(0, 21) =4/11, 
E(1, 21) =15/11, and so on. Now form the array: 
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E(0,1) (0,2) (0,3) #(0,4)--- 
E(i,1) #(1,2) #(1,3) (1, 4)--- 
E(2,1) E(2,2) £(2,3) (2,4)--- 


a E(p, Q) oe 6 ew ew 


Counting the elements of this array in the familiar Cantor order, it is easy to 
see that the element E(p, Q) is the [(6+0Q)(p+Q-—1)/2+Q]th term in the 
array. If we were interested only in positive rationals, this last expression would 
be the ordinal number of E(/, Q) in the set of all positive rationals, including 0. 
To extend the ordering to negative rationals, we enlarge our counting system 
and give to every positive rational, including zero, an odd ordinal number and to 
each negative rational an even ordinal. This can be done easily by defining our 
ordinal numbers in the following fashion: For a positive rational of the form 
p+ [m, n], the ordinal number is given by 


N=(+Q0)(@+0-1)+ 20-1, 
and for a negative rational of the form —(p+[m, n]) the ordinal number is 
N= (p+Q)(6@+0- 1) + 20-2. 


We shall carry through a complete solution of the two problems stated at 
the beginning of the note. 

(i) To find the ordinal number of 37/11. 

Here p+ [m, n]=3+[7, 4]. We have already found that Q0(7, 4) =21. Hence 
we have N=24X23+42 —1 =593; from our extension to negative rationals, we 
have, for —37/11, the ordinal number 592. 

(ii) To find the 593rd rational number. 

Since the ordinal number is odd, our result will be a positive rational. We 
must have (p+Q)(p+Q—1)+2Q—1=593. Since Q is never zero, we must have 
also (6 +Q)(p+Q—1) <594, where +Q and +Q-—1 are the two largest con- 
secutive integers satisfying the inequality. Inspection gives p+Q=24, whence 
Q=21, p=3. But we have already shown that if Q(m, n)=21, then [m, n] 
=[7, 4] =4/11, whence the required number is 3-++4/11 =37/11. 

We exhibit one more example. Let us find the 6630th rational number. Here 
we have (+0Q)(6+Q0-—1)+2Q0—2=6630, or (6+0)(p+0—1) <6632. This 
gives p+Q=81, whence p=5, Q=76. Retracing the algorithm for m and n 
from Q(m, n), we find that the required element is s(8, 24) =[18, 7]. The re- 
quired number is then — (5+ 7/25) = —132/25. 


ON THE TWO-ANGLE POLE OF A LINE TO A TRIANGLE 
R. GOORMAGHTIGH, Bruges, Belgium 


1. Introduction. In a recent paper [1], I mentioned a theorem generalizing 
those ideas that lead to the notion of the orthopole and the isopole; it suggests 
the consideration of a point which is related to a triangle A:142A3, a straight line 
1, and two angles @ and @¢, and which therefore may be called the two-angle pole 
of the line to the triangle. 

In this paper [1], I gave several properties of the two-angle pole, generaliz- 
ing well known theorems on the orthopole and the isopole. We will now con- 
sider the two-angle pole in connection with subjects which have been discussed 
previously in the MoNnTHLY, namely, theorems related to pairs of triangles, and 
to the orthopolar line of a straight line as to a quadrilateral. 


2. The two-angle pole. The theorem which leads to the notion of the two- 
angle pole is the following one. 


THEOREM. Parallels through the vertices of a triangle A1A2A3 cut the line | at 
P,, Po, P3, forming with | an angle 0; the lines through P;, Pe, Ps, forming with 
the corresponding sides of A:A2A3 an angle o, form a triangle Q,0:03 similar to 
A,A:2A3, the ratio p being 


sin (0 + ¢) 


sin 6 


When 6+¢=7, we find the well known isopole theorem. 

The center w of the circle Q1Q2Q3 will be called the pole of 1 as to 414243 
for the angles 6, @. 

Consider complex coérdinates, the base-circle being the circumcircle I’ of 
A,A,A3, the origin being O, and the unit point Q; let 4, ts, ts be the codrdinates 
of Ai, Az, A3, and denote by s; and s3 the expressions 


S1 = by + le + bs, Sg = bybols. 


Denote by 4 the conjugate to a. 
If 


d= e2i#, u = e2i6, 
the two-angle pole of the straight line /, having the equation 
x x 
—~ + a = 1, 
a ad 


is easily found to have for coérdinate 
$1 — Aa — U— Sz 
a 
1-—Ar 
71 
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3. Pairs of triangles. The following theorem has been considered several 
times [2] and also in the Montuty [3]: 


THEOREM. If two triangles are inscribed 1n the same circle, the orthopoles of the 
sides of each of them as to the other triangle are six points on a circle having as center 
the midpoint of the segment between the orthocenters of the two triangles. 


Let 71, T2, 73 be the codrdinates of the vertices of a second triangle 8,683, 
and denote by o; and a3 the expressions 


01 = 71+ 72+ 73, O3 = 717273. 


The pole for the angles 0, ¢ of 6283 as to A1A2A3 is 


MS3 
$1 — A(t2 + 73) — 
T27T3 
1—A7 
or 
us 
(-2). 
S17 AG} 03 
1—A 1—A 


Hence the circle C passing through the two-angle poles of the sides of B:B.B; 
as to A,A2A;3 has for its center 


$1 — Ao 
1—A 


) 


and the square of its radius is 


>». (Acs — ps3)? 
LS3 o3(1 — A)? 


But the pole for the angles —06, —@ of A2A3 as to B,B,B; is 


to + ts v3 
01 — —_ 
A blots 
1— > 
or 
S1 (- =) 
01-7 _- os ty 
A A S23 
1— 7 1—-r>1! 


this shows that the pole under consideration is also on the circle C. 
If two triangles A1A2A3 and B;B.B3 are inscribed in the same circle, the poles 
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for the angles 0, ¢ of the sides of B,B2B3 as to A41A2A3 and the poles for the angles 
—6, —¢ of the sides of A;A42A3 as to B,B2B3 are on the same circle. 
The center of the circle is the point of the axis of the segment between the 
orthocenters of the triangles from which that segment subtends an angle 20. 
It may be recalled that if y is the angle associated* with the two triangles 
A,A2A3, B,B2Bs [4], we have 


o3 
ei¥ =e 


53 
Hence 
sin (0 — ¢ — w/2) 


p= ; 
sin 0 


When \A/u=S3/o3, that is, when 6=0—w/2, it follows that p=0. 

If Y is the angle associated with two triangles 4:A,A3 and B;B.B3, which are 
inscribed in the same circle, the poles for the angles 6, 0—wW/2 of the sides of 
B,B.B3 as to A;A42A3 and the poles for the angles —0, —0+wW/2 of the sides of 
A,A2A3 as to B,B2B; all coincide with the point on the axis of the segment join- 
ing the orthocenters of A142A;3 and B,B.B; from which that segment subtends 


an angle 20. 
When the two given triangles have a common mean, that is, when s3=¢@s, 
sin (0 — ¢) 
p = rs e 
sin 6 


4. The two-angle polar line in the cyclic quadrilateral. It is well known 
that the orthopoles of a straight line as to the four triangles having for vertices 
three out of four given points are on a straight line [5], [6]. The same property 
may be extended to the isopoles of the line for a given angle [7]. 

We will now obtain a similar property about two-angle poles, but in the 
particular case when the four given points are on the same circle. f 

Let Az be the point on I’ having as coédrdinate 4, and denote by S;, S3, S4 
the expressions 

Si = by + lo + bg + by, 
S3 = lobgts + tgtatr + tatite + titats, 


Sa = bylotsts. 


Then the coédrdinate to the two-angle pole of J as to A;42A43 is 


1—A 


* The angle y is twice the constant angle formed by the Simson lines of any point on the cir- 
cumcircle as to the two triangles. 
} The property does not exist for two-angle poles in the case of any four given points. 
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and, inasmuch as 


~- _ d Aat, 
—ASi ft a+—+ — 
- ts pas, 
g = 
1-27 
elimination of 4, shows that the point under consideration is on the line 
TRY mars 

S41 — v\a — ° + ‘ 

Ua 4% \a 

XxX = 
Aa 1—A 


The two-angle poles of a straight line / as to the four triangles formed by 
three of the vertices of a cyclic quadrilateral are on a straight line L. 

We call it the two-angle polar line of / as to the quadrilateral. 

If OQ is parallel to one of the bisectors of the angles formed by the pairs of 
opposite sides or diagonals of the quadrilateral, S,=1 and the last equation be- 
comes 

MaS3 pa? 


en] 


pax a Aa 
Aa 1—A 


The two-angle polar line of / as to a cyclic quadrilateral forms an angle 
@—6 with the symmetric of / as to the bisectors of the angles formed by the 
pairs of opposite sides or diagonals of the quadrilateral. 

Furthermore, L passes through the point 


Si — Aa 
1—d 


But Si is the so-called orthocenter of the quadrilateral (point obtained by 
producing three times its length the segment between O and the center of 
gravity of the vertices), and a is the image of O in 1. 

The two-angle polar line passes through the point T of the axis of the seg- 
ment joining the orthocenter to the image of O in 1, and such that the segment 
subtends at J an angle 26. 

When the angle 6 is a constant and @ variable, L passes through the fixed 
point T. 

5. Some envelopes. If 6 and ¢ being constant, / passes through a fixed 
point having as coérdinate c, then a is c—7é, where r is a turn, and the equation 
to L becomes, OQ having still the same position, 


S3 — €/r C 

5S: — do — dre + BEATE I») ue 

Bx T Ar? 
Ar 1—)d 
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Hence the coédrdinate of the contact point of Z with its envelope is 


Be 
S1— Ac + 26Ar + — 
Ar? 
a 
1— 2X 
When / passes through a fixed point, Z envelopes a deltoid. 
This is an extension of a theorem given by McBrien [6] for the orthopolar 
line. 
If, 6 and @ being constant, / envelopes a circle concentric to I, it follows that 
ais kr, where k is a constant and real and 7 is a turn; moreover, the equation to 


L becomes 


S k 
Si — br — 4 
4 wd 7? A73 
x — = ° 
Ar? 1—A 
The point where LZ touches its envelope is 
k 
2S, — —— — 3Nkr 
Ar 
2(1 — vA) 


When / envelopes a circle concentric to IT, Z envelopes an astroid. 

This is also a generalization of a theorem on the orthopolar line given by 
McBrien [6]. 

When A,4:2A 344 remains inscribed in I and circumscribed to a conic, then 
we have the following relations of the form: 


Si = p+ gs, S3= G+ pSa, 


S, being now variable and p and q being constants [8]. 

So we derive from the equation to Z the following property: 

When a variable quadrilateral remains inscribed in a circle and circumscribed 
to a conic, the two-angle polar line of a fixed line as to the quadrilateral passes 
through a fixed point. 
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THE BEGINNINGS OF ANALYTIC GEOMETRY 
IN THREE DIMENSIONS 


J. L. COOLIDGE, Harvard University 


1. Statement of the problem. In Section 528 of Jowett’s translation of 
Plato’s Republic we find the writer complaining of “the ludicrous state of solid 
geometry.” His objection is to the fact that in his time, as in our own, geometry 
was far more developed in the plane than in a space of three or more dimensions. 
The reasons for this are fundamental. The fact that the data are more simple in 
the plane than in three or more dimensions, or that fewer independent variables 
are involved, not only makes the subject easier at the outset, but curiously 
enough, when we come to the higher reaches, we can introduce powerful tech- 
niques in two dimensions which are not available in spaces of greater dimen- 
sionality. Naturally Plato knew nothing of all this. His own efforts to improve 
the situation by studying regular and semi-regular solids produced no great 
result. What is really curious is that there was a similar lag in the development 
of analytic geometry. We shall see that a surprisingly long time passed from the 
publication of Descartes Géométrie until something really effective was accom- 
plished for the algebraic geometry of space. 

But first we must come to agreement about definitions, for there are dif- 
ferent views as to the meaning of the principal terms. It is my own view that 
what we mean by analytic geometry is essentially the study of loci by means of 
equations connecting determining coérdinates, regardless of the notation em- 
ployed. Consequently, I hold that, strictly speaking, plane analytic geometry 
was introduced by the Greeks in their study of the conic sections. In Apollonius, 
for example, the study of the ellipse is based on the fact that the square of ‘an 
ordinate is a constant multiple of the distance from its foot to the ends of the 
diameter in the conjugate direction. Logically then, I should maintain that the 
beginnings of analytic geometry in three dimensions are to be found in Archi- 
medes’ study of conoids and spheroids, where the ellipsoid of revolution, for 
instance, is the surface whose equation we should write 


2 


b 
yi + 22 = Fa w(2a — x). 


However, if we look into the matter further, we find that Archimedes did not 
write this equation or anything like it. He used the properties of the circles which 
were in planes perpendicular to the axis, and of the ellipses in planes through 
that line. 


The delay in extending algebraic methods to three dimensions appears the 
more surprising when we reflect that, after all, we live in a three-dimensional 
physical world, and the advantage of having a frame of reference to which we 
can refer physical objects, saute aux yeux. But probably this advantage was not 
fully understood until Newtonian mechanics made familiar the ideas of in- 
stantaneous velocity and acceleration. 


76 
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2. Descartes and Fermat. In looking for the beginnings of three-dimen- 
sional analytic geometry it is natural to turn to the two great Frenchmen who 
introduced it in the plane. In fact, it is sometimes asserted that Descartes was 
the first to envisage three-dimensional analytic geometry. This seems to me to 
be scarcely the case. At the end of the second book of his Géométrie, which first 
appeared in 1637, we find him writing: 

Au reste je n’ai parlé en tout ceci que des lignes courbes qu’on peut décrire sur une superficie 


plate, mais il est aisé de rapporter ce que j’en ai dit 4 toutes celles qu’on sauroit imaginer étre form- 
ées par le mouvement régulier des points de quelque corps dans un espace 4 trois dimensions. 


It is to be noticed first that he is interested in curves, not in surfaces. His 
method is to project his space curve orthogonally on two mutually perpendicular 
planes. The space curve is thus the total or partial intersection of two cylinders 
whose elements are mutually perpendicular. But at this point he makes a curious 
slip: 

Méme si on veut tirer une ligne droite qui coupe cette courbe au point donné dangles droits, il 
faut seulement tirer deux autres lignes droites dans les deux plans, une en chacun, qui coupent a 
angles droits les deux courbes qui y sont aux deux points ot tombent les perpendiculaires de ce point 


donné, car ayant élevé deux autres plans, un sur chacune de ces lignes droites qui coupe 4 angles 
droits le plan ot elle est, on aura l’intersection de ces deux plans pour la ligne droite cherchée. 


This says that if we wish a normal to a space curve, we have but to construct 
normals to the two corresponding plane curves at the corresponding points, and 
pass through each of these a plane perpendicular to the plane of the curve; but 
it is easy to show by a particular example that we do not in this way get a 
normal to the space curve. I can not help wondering whether Descartes did not 
mean that we may get the tangent to the space curve by erecting planes 
tangent to the two plane curves, and orthogonal to their planes. 

When we speak of Descartes in connection with analytic geometry we na- 
turally think of the man who, excluding the Greeks, was the co-discoverer, 
Pierre Fermat. Here we meet a curious situation. In 1643, he sent to de Cercavi 
a manuscript entitled, Ad locos ad superficiem Isogoge. Apparently this was first 
published by Tannery and Henry in the first volume of their edition of Fermat's 
works which appeared in 1891. In a note at the bottom of page 111 the editors 
write: 

Fermat, dont le point de départ est le livre d’Archiméde De conoidibus et spheroidibus a bien 
reconnu la nécessité de généraliser la notion de la surface cylindrique, aussi que celle des conoides 
(paraboloides elliptiques et hyperboloides 4 deux nappes) et sphéroides (ellipsoides) d’Archiméde, 


qui n’avait traité que les surfaces de révolution, Mais il n’a pas soupconné |’existence du para- 
boioide hyperbolique, ni l’hyperboloide 4 une nappe. 


This clearly suggests that he was on the look out for quartic surfaces which 
were not surfaces of revolution. [n his third lemma in this communication he 
writes: 

Sisuperficies quaepiam planis quotlibet in infinitum secetur, et communis sectio omnium secan- 


tium planorum et dictae superficiei sit quandoque circulus quandoque ellipsis et nihil praeteria, 
superfies illa erit spherois. 
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This says that if all sections of a surface are either circles or ellipses the sur- 
face is a spheroid. Now if this means that every such surface is a spheroid in 
the Archimedian sense it is clearly wrong, as the general ellipsoid fulfils the 
condition. If it is a definition of an ellipsoid it is correct. But why does he call 
it a “lemma”? An exactly similar difficulty occurs in the case of the conoid. A 
possible explanation is that the word “superficies” means “surface of revolution,” 
but then the note of Tannery and Henry is wrong. I confess that the whole situa- 
tion is puzzling to me. 

The principal use which Fermat makes of these lemmas is to prove proposi- 
tions such as the following: Given a number of planes and a point p which moves 
in such a way that the sum of the squares of tts distances to these planes, each meas- 
ured in a direction which makes a given angle with the normal to the plane, 1s con- 
stant; the locus of p ts a spheroid. 

Let us see how this locus will meet a general plane 7.'The distance from 
b along a line which makes a fixed angle with the normal is the normal distance 
divided by the cosine of the angle. The normal distance is the distance to the 
intersection of the plane with 7, multiplied by the sine of the angle of the two 
planes. Hence the intersection with 7 is a curve such that the sum of constant 
multiples of the squares of its distances from given lines is constant, and such 
a curve was known to be an ellipse. Hence the surface is a spheroid. 

I might say, in conclusion, that previously another mathematician might 
have given a definition of spheroid which justifies Fermat’s lemma, but I know 
of no such before 1643. 


3. Wallis. John Wallis in his Tractatus de sectiontbus conicis, Oxford, 1655, 
reaches the quadric surfaces in the following very different fashion. He had been 
deeply influenced by Cavalieri’s method of indivisibles. He begins by showing 
that triangles of equal bases and altitudes are equivalent, that is, they have the 
same area, because they may be conceived as being composed of the same infinite 
set of line segments parallel to the bases, but differently placed. The area is not 
changed even if the lateral sides of the triangle are curved. We might start with 
any triangle, move one vertex any distance we please parallel to the base, 
connect the new vertex with one end of the base by any simple continuous 
curve, then move the infinite number of segments parallel to the base, parallel 
to themselves to new positions where one end is on this new curve. As the tri- 
angle is conceived as the sum of all of these segments, its area has not changed. 
The segments are conceived as infinitely thin rectangles. 

Wallis extends this same process to three dimensions. Let us take as base a 
plane convex figure which is symmetrical with regard to its center C. Let a line 
through C meet the base curve in B and S, and let V be a point outside the 
plane of the base. We obtain a cone by connecting V with every point of the 
base curve. But Wallis describes the situation differently. Through each point 
of the axis VC we pass a plane parallel to the base plane, and in it describe a 
figure similar and similarly placed to the base. Let y be the distance in such a 
plane between the intersections with VC and VB. The ratio of the area in this 
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plane to the base area is y*?/CB?. Wallis next replaces the lines VB, VS by a 
conic whose tangent at V is parallel to the base. We cut this by a set of planes 
parallel to the base plane, the ordinate y having the same meaning as before. In 
each such plane we have a closed figure, similar to the base figure, symmetrical 
with regard to the intersection with VC, a diameter of the conic; the ratio of the 
area in this plane to the base area is given by the previous equation. This figure 
he calls a “pyramidoid”’ or “conoid,” parabolic, elliptic, or hyperbolic, as the 
case may be. At the end of the article, pages 111 and 112, the words, ellipsoid, 
paraboloid, and hyperboloid are introduced. In a plane through the axis of the 
original conic we have a figure similar to this conic, all ordinates being altered in 
the same ratio. He also says that in a general plane cutting the axis, the section 
will be a conic, but this is only true when the base is a conic, which he does not 
explicitly assume. Kotter interpreted Wallis, proceeding much more simply, by 
saying the surface is generated by a series of similar and similarly placed 
central conics, in parallel planes, whose axes are the double ordinates of a given 
conic [1]. This is perfectly true when the base curve is a conic, and we can ob- 
tain the general quadric surface in this way, but it is less general than what 
Wallis actually says, and Kétter apologizes because in the figure for a parabolic 
pyramidoid the base figure has five sides when he wanted it to have six. 

Wallis is particularly interested not in the surface he generates in this way, 
but in the volumes. The integrations he performs ingeniously. Suppose the orig- 
inal conic is a parabola, leading to 


y? = kx; f sae = a xd x. 


To find this integral, suppose we have an isosceles right triangle on which stands 
a right prism. The area of the section in a vertical plane at a distance x from the 
opposite edge can be written so that this integral gives us the volume of the 
prism, which, however, we know otherwise. 

When the original conic is an ellipse, we know from Apollonius that 


5b? 
y? = a x(2a — x). 


Suppose then, that we have a tetrahedron whose vertices are (0, 0, 0) 
(0, 0, c)(2a, d, 0)(2a, —d, 0). The area of a rectangular section determined by 
the plane, x =a constant, is cdx(2a —x) /2a?, so we get the volume of a pyramidoid 
or conoid from that of a pyramid. It is worth mentioning that the scheme of find- 
ing an integral by comparing the volume of a solid calculated by two different 
subdivisions is found in Pascal. Fermat, writing in 1643, certainly got no help 
from Wallis who wrote in 1655. 

I must mention one other writer who is supposed to be the first to have 
introduced Cartesian geometry in three dimensions. I refer to Johann Bernoulli. 
Here is the opinion of Beniamino Segre: 
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Poco appreso Joh. Bernoulli, lettere al Leibniz di 4 dicembre 1697, del 26 agosto 1698 a del 
6 Febraio 1725, utiliza le coérdinate per la determinazione delle geodetiche su certi tipi di super- 
ficie [2]. 


This statement is not absolutely correct. In the first two places mentioned there 
is no discussion of coérdinates. The third is more helpful: 

Intelligo per superficiem datam, cujus singula puncta determinatur (sic ut lineae curva puncta) 
per ordinates tres x, y,  quarum relatio data aequatione ecprimeretur; sunt autem tres illae co- 


ordinatae nihil aliud, quam tres tres rectae ex qualibet superficiei curvae puncto perpendiculariter 
ductae in tres plana positione data, et se mutuo ad angulos rectos secantis [3]. 


Leibniz’ reply appears on the next page: 


Doctrinam de aequationibus localibus trium coordinatarum, seu de locis vere solidis, olim 
aggredi coepi, eorumque intersectiones sive curvas etiam non planas, sed prosequi non vacavit. 


This is perfectly clear, but I must point out that the date is 1715, by which 
time, as we shall see, the method had been publicly explained. In 1728, Johann 
Bernoulli wrote to Klingsterna: 

Sit AE=x, EB=y et a puncto B erigi intelligitur recta Bb=z normalis and planam AEB et 


superficiei curvae occurens in b et detur aequatio quaevis exprimans relationem trium coordinat- 
arum x, y, 2 qua relatione natura superficiei determinatur [4]. 


I should also mention in this connection a word by Clairaut: 


Je ne crois pas cette matiére moins neuve que celle des courbes 4 double courbure, et je ne scai 
de connu sur ce sujet, que la facon d’exprimer les surfaces courbes par des equations 4 trois vari- 
ables dont j’ai appris qu’il étoit fait mention par occasion dans un mémoire du célébre M. Bernoulli 
inseré dans les Actes de Leypsic [5]. 


In this quotation does “célébre M. Bernoulli” mean James or John; I find 
nothing of this sort in James’ collected works, nor in anything of John’s except 
what I have already given, and that is not in the Acta Eruditorum. 


4. LaHire and Parent. It is time to turn from those who might have in- 
vented analytic geometry in three dimensions but didn’t, to those who did. 
First I take Philippe de LaHire. He stated definitely in 1679: 


Je considére d’abord pour déterminer un point hors d’un plan, a l’égard d’une ligne droite 
déterminée sur ce plan, il faut trois conditions; la premiére est la grandeur LA de la perpendiculaire 
menée du point Z au plan, la seconde la perpendiculaire AB menée du point A 4 la ligne donnée 
OB, et la troisiéme la partie OB de cette ligne comprise entre un de ses points O et le recontre B. 
C’est pourquoi je fais OB=x, AB=y, LA =v qui sont trois inconnus. 

He takes one specific problem, to find Z so that a+OB=OL. He sees geo- 
metrically 


OL=V8P FER, ate VPP PTR 
a? + 2ax = y? + 07; 
then he adds tamely enough 


et comme il n’y a pas moyen de trouver d’autres équations pour faire évanouir quelques unes des 
inconnues, il s’ensuit que le probléme est indéterminé [6]. 
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So here we have a capable mathematician with all of three dimensional 
analytic geometry under his hand, but unable or unwilling to make anything 
of it save to calculate the distance of a point from the origin, and to note that 
one single condition will not locate completely a point in three-space. 

Very different is the case of LaHire’s disagreeable but enterprising fellow 
countrymen, Antoine Parent, whose paper, Des affections des superfictes, was 
read before the French Académie des Sciences on August 23, 1700, and pub- 
lished in his Essats et recherches de mathématiques et de physique, Vol. 2, Paris, 
1723, pages 181-200. 

It is hardly necessary to say that “affection” means equation ; Parent is inter- 
ested in the equations of surfaces. His first general problem is to determine the 
tangent plane. In his time mathematicians did not bother with the equations of 
tangents, but with their construction, and in the case of a plane curve, this came 
from the subtangent, which is the orthogonal projection on the x-axis of as 
much of the tangent as lies between the point of contact and the intersection 
with that axis; its value is ydx/dy. 

Parent begins with a sphere “pour exemple.” He has a perfectly general 
method, but he begins with a sphere for he knows how to find its equation. Like 
LaHire he knows how to find the distance of a point from the origin. The radius 
of the sphere is 7, the codrdinates of the center are, b, c, a; thus 


ct vy? — 2cy + Bb? + x? — 20x + a? + 2? — 2az = 1’. 


First holding y constant, and calmly disregarding algebraic signs, he has 


a— z)dz = (b — x)dx; — = z. 
( ) ( ) ko bos 
Similarly, 
zdy a-—gs 
—_ = Z. 
da c-—y 


Clearly he has in mind the general formula, which we should write 
, fe fe 
f(«, y,z) = 0, having subtangents ——2z; — —z. 
fa ty 
Parent next looks for those points on a surface where y takes a maximum or 


a minimum value. For a surface he takes a conchoid, discussed by L’ Hospital, 
and allows one of the constants to vary; that is, he considers 


2 X 
y= —— (b+ 2). 


If we treat z asa constant, it follows that 

2(z — x) (6 + | 

———___—_— — ——__— | dx. 
x 


a2 


2ydy = (b + “)| 
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For an extremal we have dy=0; so 
2x? — 2x + bz = 0. 


He does not recognize this as representing a cylinder, but sees that the projec- 
tion on the xz plane is a hyperbola. By solving this for x, and substituting in 
the equation of the surface, we get the projection on the yz plane. 

Parent’s third problem is to find the locus of the points of inflection in the 
planes, =a constant. If we take x as the independent variable, we have at such 
points, in the notation of the time, 


dx = a constant, ddy = 0. 


He needs a surface where y appears explicitly, so he takes 


33 
a x? + ag 
Keeping z constant, 
— 2xz°dx 
dy = —————) 
(x? + az)? 
id (3x2 223d x? 
= (3x? — az) ——_———__ 
> (x? + az)’ 


For a point of inflection we shall have 
3a? — az = 0. 


Parent does not go beyond this point; it is evident, however, that he had hold 
of a very real piece of mathematics for which he should deserve full credit. 


5. Alexis Clairaut. I have already spoken of the work of the infant prodigy, 
Alexis Clairaut; it is time to speak further of his real contributions to three 
dimensional analytic geometry, even though he was late in time, 1731. Clairaut 
was inspired by the work of Descartes, which I have mentioned. He was inter- 
ested in curves, not in surfaces, but he set up Cartesian codrdinates exactly after 
the manner of LaHire and Parent, though he mentioned neither of these writers. 
His first theorem is that an equation involving three coérdinates is a surface, be- 
cause the intersection with any plane parallel to a codrdinate plane is a curve. 
An equation of the first degree represents a plane, because the intersections 
with all planes, z=a constant, are straight lines parallel to one another, and the 
same is true for planes, y=a constant. He deals no further with planes but de- 
velops the formula for the square of the distance between two given points. He 
shows how to find the equation of a cone determined by a plane curve and a 
point outside of its plane, and how, when we have the equations of two surfaces, 
we may, by elimination, find the equation of the projection of their common 
curve on one of the coérdinate planes. 
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Clairaut is happier when he passes to the application of the calculus to the 
study of curves. But here I should say that he does not go beyond first deriva- 
tives, or first differences, as he would have called them. The first and most 
fundamental problem is to find the tangent. The actual length of the tan- 
gent from the point of contact to the intersection with the plane z=0 is 
2\/dx2-+dy'-+dz?/dz. From this we can easily pass to various sorts of sub- 
tangents. I note in passing that the square of dx is dx’, but the square of x is xx. 

Most of the particular problems are not sufficiently interesting to be worth 
reproducing. The most amusing, perhaps, is that of finding the equation of the 
curve cut in the base plane z=0 by a moving tangent to the space curve. We 
need the orthogonal projections on the x and y axes of so much of the tangent 
as runs from the point of contact to the base plane. These we get from the 
previous formulae for subtangents, giving 


, Zax , zdy 
xX = X7-os- ; = ew ow 
az > > dz 
From the finite and differential equations of the space curve we may find 
x, y, dx/dz, dy/dz in terms of z. Eliminating, we have ¢(x”, y’) =0. 
The third section of Clairaut’s work deals with the applications of the 


integral calculus to curve theory. He recognizes the distance formula 
ds = ~/dx? + dy* + dz’. 
It is naturally hard to find a curve which can be rectified in this way. Here is one: 


y? — 2a? = 479a4x?: az = vy", 


Thus, 
_ (y? — 2a7)3/? ine /y? — 2a? ydy ie 2ydy 
3a? a? qa 
241 g? 
a? 


3 


¥y 
S= C. 
3g PT 


We can find the area of as much of one of the cylinders as is bounded by the 
curve and its projection on the yz plane from the integral [x/dy’+dz. The 
volume bounded by the two cylinders and the base plane is given by dv=yzdx. 
He finds some other volumes of this sort. 

The fourth section gives certain unconnected constructions of space curves. 
For instance, suppose that we have a compass of fixed opening 7 and one end is 
fixed at the point (a, 5, c) of a given surface, what curve will the other point 
trace in the surface? Clearly 


f(x,y, 2) = 0, (x%— a)? + (y— bP? + (e—cP =r’, 
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Here is a more difficult problem: To find the equations of a curve along which a 
given surface is touched by the tangents through a given point, (a, 6, c). We 
have evidently 


dx dy dz 


— 
errata tare tara eaee en | @ 
—- 


Here our modern notation gives the answer immediately. Besides the equa- 
tion of the surface 


f(x, y, 8) = 0, 
we have 
fadx + fydy + f.dz = 0, 
fala — a) + fyly — 6) + filz — cc) = 0. 


Clairaut’s solution is, naturally, less compact. The lack of a suitable notation 
for partial derivatives was a serious disadvantage to mathematicians of, 
Clairaut’s time, yet they were recognized by Newton. It is largely for this 
reason that his book of 119 pages gives the impression of being very long for the 
actual amount of mathematics involved, but when we remember that the 
author was only sixteen when his memoir was first presented to the Académie 
des Sciences, we can but wonder at his precocity. 


6. Jakob Hermann. The year after the appearance of Clairaut’s ‘“‘Recherches”’ 
another article, dealing with analytic geometry in three dimensions, but clearly 
independent, first saw the light. The author was Jakob Hermann [7]. His 
interest was in surfaces rather than in curves. He believed that the subject 
had been neglected in the past because geometers were deterred by its apparent 
prolixity. He set up his axes exactly like those of Parent and Clairaut, though 
neither of these authors is mentioned, and then gave a list of six surfaces he 
meant to study. The first was 


ax+by+ez—e?=0. 
This is shown to be a plane, by means of similar triangles. Next we have 
2*— ax — by = 0. 


This is a parabolic cylinder. The section in a plane, =a constant, is a straight 
line, and all such lines are parallel. In the planes x =a constant or y=a constant, 
we have a parabola. Let us find an extreme value for zg. Here we should have 
dz/dx=dz/dy=0, but that involves a=b=0, which is not the case, so there is 
no extreme value which is fairly evident geometrically. To find a tangent plane 
we seek the sub-tangents, as Parent did; that is, 


zdx 2(ax + by) zdy 2(ax-+ dy) 
dz a dz b 
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The next surface is 
27 — xy = 0. 


This is a cone as it contains entirely a line connecting the origin with any other 
point of the surface. Sections perpendicular to the z-axis are rectangular hyper- 
bolas; those in planes perpendicular to the other axes are parabolas. We find 
something more interesting in his fourth example, 


z* — ax* — bxy — cy* — ex — fy = 0. 
Hermann remarks: 


Haec Aequatio est ad superficiem alcujus Conoidis, cujus basis exponitur ex aequatione 
cy? + bxy + ax? + fy + ex = 0. 
The wording here is interesting. “Conoidis” does not mean surface of revolution 
of Archimedes. Hermann deals separately with surfaces of revolution in a sub- 
sequent paragraph, and he refers explicitly to the Wallis wedge conoid. It seems 
certain that he was familiar with Wallis’ work, and took his definition of a 


conoid. He finds the extreme values of z by equating the two partial derivatives 
to 0; that is, 


2ax + by+e=0; 2cy + bx + f = 0. 


We solve these for x and y, and substitute in the equation of the surface. He 
finds the tangent plane from the sub-tangents zdy/dz, zdx/dz. This is so close 
to Parent’s work that one wonders whether he was not familiar with the 
French writer’s mathematics. 

Hermann’s fifth surface gives something more difficult, namely, 


az* — bxz — cyz + ey? = 0. 


This again he recognizes as giving a cone, and he undertakes the none too easy 
problem of seeking for the planes of circular section. He takes u and tf as rectangu- 
lar Cartesian codrdinates in such a plane, and expresses x, y, z in terms of these 
and of the constants determining the aspect of the plane; then he substitutes, 
and writes the conditions for a circle. He arrives finally at an equation of the 
third degree, as we should expect. The problem was not new. It had been handled 
in the 75th letter of Descartes, Third series, Ed. 1683, and in No. 441 of L’Hos- 
pital’s Traité analytique des sections coniques. 
Hermann’s last surface is 


wu? — x? — y2 = 0 
where u is a function of z. 
Haec Aequatio ad omnis generis solidum spectat. 


He ends with a short study of geodesic curves, but acknowledges that the general 
problem is beyond him. 


We may say that with Hermann the study of analytic geometry in three 
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dimensions was on a firm basis, and surfaces of the second order familiar ob- 
jects. For that reason Cajori is clearly wrong when he writes of Euler: “He was 
the first to discuss the equation of the second degree in three variables, and to 
classify the surfaces represented by it” [8]. It is however true that he was the 
first to reduce such equations to canonical forms, in his Analysin Infimitorum of 
1748. What a long time this is after Descartes’ Géométrie of 1637, where curves 
of the second degree were elaborately treated! 
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PARAMETRIC SOLUTIONS OF TWO MULTI-DEGREED EQUALITIES 


A. GLopDEN, Luxembourg 


1. Introduction. The notation 


Ny NQ, ee ely 


Ay, A2,-++,Ap = By, Ba++, Bg 


designates a so-called multi-degreed equality and means that the sum of the 
numbers on the left equals the sum of the numbers on the right for each of the 
r(m1, M2, °* *, M,) positive integral powers of the numbers. 

We shall give here parametric solutions of the two multi-degreed equalities 


(1) Ay, An, As = By, Be, Bs, A; # Ai+ Ay, Bz; ¥ By + Bz, 
and 


1 


(2) C1, Cr, - Cy eee D,, Da, 78 , Dz. 
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2. Parametric solutions of (1). To obtain solutions for (1), we may proceed 
as follows. Consider the multi-degreed equality 


2,4 
a,a=b,cb+e. 


It implies the following in which d=b+c; k and / are arbitrary integers. 


ak + al, bk + cl, ch — dl, dk — bl = ak — al, bk — cl, ch + dl, dk + Bl 


We determine the quotient k/] in such a manner that a term on the left equals 
a term on the right or the opposite number of a term on the right. We shall 
consider only the solutions in which 


A3% Ait Ag, Bs * By + Bo. 
Here is a parametric solution* of (1): 
a=m+mn-+ n’, b= m’? — n’, c= 2mn + n’*. 


Let (a, B, y, 6, €) be the fourth-degree form am!+Bm'n+ym?n? + dmn'+ en‘. 
We now get the following parametric solutions of (1): 


(-1, 3, 6, 7, 3),(-1,-2, 5, 6 1),( 0, 4, 2,-4,-2) = 
( 1, 1, 0,—-1,-1),( 1,-2, 1, 6, 3),( 0, 0, 8 8, 2) 
(—2, 0, 3, 5, 3),( 0, 4, 2,—-4,-2),(-1, 2, 7, 2,-1) = 
( 2, 0,-4, 0, 2),( 0, 2, 3, 3, 1),( 1,-2, 1, 6, 3) 
( 3, 5, 3, 0,—2),( 2, 4,-2,-4, 0),(-1, 2, 7, 2,-) = 
3) (1 3 3 2% OC % O-4 0, 26 3 6 1-2 D 
( 1, 1, 0,-1,-1),( 2, 8 8 0, 0),( 3, 6 1,-2, 1) = 
( 1, 6, 5,—-2,-1),( 2, 4,-2,-4 0),( 3 7, 6 3,—1) 
( 0, 2, 3, 3, 1),( 1, 6 13, 6 1),( 2, 8 8 0, O)= 
( 0, 4, 10, 4, 0),( 1, 6, 5,—-2,—-1),( 2, 8 9, 7 1) 
(0, 0, 8 8 2),( 1, 3, 3, 2, 0),( 1, 6 13, 6 Hs 
( 0, 4, 10, 4, 0),( 1, 2,—5,-6,—-1),( 1, 7, 9, 8, 2). 


Each sextuplet contains for given values of the parameters m, n, 21 distinct 
numbers of which 15 are repeated twice. 
EXAMPLE. We obtain from (3) for m=3, n=1, 


71, 78, 112 = 57, 98, 104. 


3. Parametric solutions of (2). We apply now the theorem of Birck: 
The multi-degreed equality, 


* A. Gloden, Mehrgradige Gleichungen, 1944, page 90. 
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G1, Ae, a3 = bi, bo, bs in which a3 ¥% a, + de, bs ¥ b1 + bo, 
impliest 


1,2,4,6,8 
(4) di + G2 + a3, —1 + de + G3, @1 — de + G3, 41+ de — G3, 261, 2b2, 263 = 
bi + be + b3, —b1 + be + bs, 61 — be + bs, bi + be — bs, 201, 2a2, 243. 
Fach of the 6 parametric solutions of (1) confers a parametric solution of 
(2). Here is the solution corresponding to (3): 


(2, —1,9, 13,4), (0, —3,9, 15, 6), (0,3, 7,1, -2), (2, -1, —7, —3,0), 
(—2, 6, 12, 14,6), (0,8, 4, —8, —4), (2,4, —10, —12, —2) "2°" 
(—2, 5,13, 9,2), (0,1, -1,5,4), (2,3, —9, —17, —6), (0,9, 3, —3, 0) 
(2, 2,0, —2, —2), (2, —4, 2, 12, 6), (0, 0, 16, 16, 4). 


The reader may construct the five other parametric solutions of (2). 
EXAMPLE. For m=3, n=1, we have 


37, 105, 114, 119, 196, 208, 261 "=" 51, 63, 142, 145, 156, 224, 259, 


ON COPRIME VALUES TAKEN BY GIVEN POLYNOMIALS 
L. Mirsky, Sheffield, England 


Let r, s be integers such that 2SrSs. Let fi, - --,f, be given polynomials, 
with integral coefficients, no r of which possess a (non-constant) common fac- 
tor. An integer 7 will be called admissible if nor of the s integers fi(m), - - - , fs(7) 
possess a common factor greater than 1. 

For any prime ~ we denote by D(~)=D(p; 7; fi, -- +, fs) the number of 
numbers x among 1, 2, - - - , p for which at least 7 of the s congruences 


f(x) = O (mod p) (1S78s) 
are satisfied. 
We shall prove the following theorem. 


THEOREM. The admissible numbers form precisely [| »\x(p—D())) residue 
classes (mod []|p\xb), where K is a number depending at most upon, s, fi, -- + y fee 
In particular, therefore, 1f D(p) = p for some b| K, then the set of admissible num- 
bers 1s empty. 

Proof. Let 1Su< +++ <a,Ss. Since the polynomials f;,, ---, f;, have no 
common factor, there exists a least positive integer K(i, - - - , 7,) such that, for 
suitable polynomials* gi, ---, g, we have identically 


fing a + fi8r = K(i1, vty iy). . (1) 


t A. Gloden, loc. cit., page 44. 
* The polynomials g,, - > - , g, will, of course, generally depend on 4, - - +, @;. 
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We write 
K= I] K(ii, +++, ty). (2) 


ISti<- + -<t, Se 


If pis any prime, x will be called p-admissible if fewer than 7 of the s num- 


bers fi(m), - + -, fe(m) are divisible by p. Hence 1 is admissible if and only if it is 
p-admissible for every prime p. 
Now if p is a divisor of at least y numbers among fi(m), - - - , f.(), then, by 


(1) and (2), p| K. Therefore, if it is not true that b| k, then every 7 is p-admis- 
sible. Hence 2 is admissible if and only if it is p-admissible for every p| K. 

The numbers which are p-admissible clearly form precisely p—D(p) residue 
classes (mod p). But, as is well known, if mm, + - - , m, are coprime in pairs, then 
the system of congruences 


n = a; (mod m),--+, nm = ap (mod ma) 


is soluble, and the solutions form precisely one residue class (mod m - - - mz). 
Hence the numbers which are p-admissible for every p | K, that is, the admissible 
numbers, form precisely [],)x(—D(p)) residue classes (mod TI p«?). 

REMARKS. (z) For x>0 let N(x) denote the number of positive admissible 
numbers not exceeding x. By the theorem just proved it follows at once that, 
asx 0, 


D(p) 
w(a) = 2TT (1-—) + 000, (3) 
p\|K p 

where the O-constant may depend upon, s, fi, : > -°, fs. 
(ii) Let ky, - --, & be given distinct integers, and consider the special case 
filn) = n+ k; (1785). 
A number 7 is now called admissible if no r among +h, ---, a+, have a 
common factor greater than 1, and D(p) is the number of numbers among 
1,2, +--+, p which are congruent (mod #) to at least r among fi, --- , Re. The 


relation (3) now holds, for instance with 
K= [I |&-—&,l. 
1si<ijSe 


(iii) We may specialize (ii) still further by putting y=s. Then N(x) becomes 
the number of positive integers nx such that the highest common factor of 


n+ky,--:+,n-+k, is 1. It is easy to show that 
k 
N(x) = x - + O(1), 


where ¢ denotes Euler’s function, and & is the highest common factor of 
| Ri — ke ’ | ki — | yo 2 fy | Res — Re| . 

I would like to record my indebtedness to Dr. R. Rado for his very valuable 
suggestions in connection with this note. 


CLASSROOM NOTES 


EDITED By C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania, 


A MODIFICATION OF NEWTON’S METHOD 
H. S. WALL, University of Texas 


Newton’s formula for approximating the roots of an equation f(x) =0, 
namely, 


f(x») 
—_ , 

f'(%p) 
may be modified in the following way. The equation of the parabola through 
the point (x,, f(*»)), having the same first and second derivatives at x =x, as 


y=f(x), is 


(p = 0, 1, 2,---) 


(1) Vn+1 = Ly 


y = f(Xp) + (% — Xp) f'(%p) + 3(% — Lp)? f(x). 
Let X41 be a solution of the equation which results if we put y=0. Then 
_ TS) 
f(y) + R@pes — te) f" (20) 
If we take *»41—%, = —f(x,)/f’(x,) in this formula, we then obtain 


f(%p) 
2 pad = &p — ee, (p = 0, 1,2,--*). 
@) ves a, Sens" 


2f’ (xp) 


This is the desired modification of Newton’s formula. 

In a number of examples to which we have applied formula (2), the con- 
vergence of the sequence {xp} is essentially more rapid than in the case of 
formula (1). | 

EXAMPLE 1. To compute the n-th root of a positive number a. If we take 
f(x) =x"—a, then Newton’s formula is 


Xp4+1 — Xp 


a/%, +(n—1)x, 
Gftp tna Vt 


n 


(3) Vpt1 = 


and formula (2) is 
_ (n —1)x,+ (n+ 1a 
— (n+ 1)a% + (n — Aa 


The following table gives the approximations to ~/2 obtained from these for- 
mulas, starting with x%)=1. 


(4) Xt Xs (p = 0, 1, 2,---). 


90 
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(3) (4) 
21 1. 500000000 1.4 
X09 1.416666667 1.41421319797 
23 1.414215686 1.41421356237309504879569008 
14 1.414213562 _ 


The value of x3 found by Newton’s formula is correct to four decimal places, 
while the value of x3 found by formula (4) is correct to nineteen decimal places. 

Starting with x» =10, we find that Newton’s formula gives for x, the value 
1.4442, which is correct to one decimal place, while formula (4) gives the ap- 
proximation x,=1.414213562, which is correct to nine decimal places. 


Xo X, Xeqe X Xo 


If xo>0, then the sequence x1, X2, X3, °° +, given recurrently by (4), converges 
to al", and is an increasing sequence tf x9<a'/" and a decreasing sequence if 
Xo >a", The error committed in taking Xp41 as an approximation to a!" is of the 
order of the cube of the error committed tn taking xp as an approximation to al”, 

This can be seen in the following way. The function 


(2 — 1)x™1 + (n+ lax 


F(x) = 
(n+ 1)a* + (n — I)a 
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has the derivative 
(n? — 1)(a" — a)? 
[(n + 1x + (n — Dal? 


which vanishes without changing sign at x=a/", is otherwise positive, and is 
greater than unity at x=0. Thus, the graph of y= F(x) has a point of inflection 
with horizontal tangent at x=a4/", where it crosses the line y=x. From the 
figure it is now clear that x, 7 a'/" if 0<x9 <a", and x, | a” if x9 >a". 

If we put x,=r-+e,, r=a"/", we readily find from (4) that 


F'(x) = 


€n+1 n* — 1 


Thus, €p41 is of the order of é. 

Figure 1 shows that the rapid convergence of the sequence {x,} is due to 
the fact that the graph of y=F(x) has a point of inflection with horizontal 
tangent at x =a", In the general case, 


f(x) 


fe) PR) 
IO) ~ ay 


F(x) = «—- 


whose derivative is 
fe _ ogrguy 
p(y = FOP = 49" 
(2f? — ff’)? 


Therefore, in general, the graph of y= F(x) has a point of inflection with hori- 
zontal tangent at a root of the equation f(x) =0. 

EXAMPLE 2. To compute the positive real root of the reduced cubic equation 
x?+ bx —c=0, b, c real, b+0, c>0. Here, Newton’s formula is 


3 
2Xyp tec 
5 os 
( ) p+1 30, +5 


and formula (2) is now 

3x5 — bx, + 662» + be 

(6) vpn = eT 

6Xp + 3bx%_ + 3cxy + DB? 

If b=2, c=20, and we take x) =2, formula (6) gives the approximations 
%, = 2.46, Xo = 2.46954551. 

In this case, formula (5) gives, starting with x)=2, the values 


x1 = 2.6, Xo = 2.47, x3 = 2.469546. 
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The value of the root, to nine decimal places, is 2.469545649. 

If xo>0, 3x5+b>0, then the sequence x1, X2, 3, -- + given recurrently by (6) 
converges to the positive real root r of the equation x§-+bx—c=0. The sequence ts 
increasing tf Xo <r, and is decreasing tf xo>r. If 6, ts the error committed in taking 
X~ as an approximation to r, then €p41 is of the order of é. 

On writing the equation x?+-bx—c=0 in the form 

C b 
eee ) 


x? x 


and using the fact that c>0, we conclude immediately that the equation has 


y 


o1e] 
a 
_x< 
ne 


olo 


Fig. 2 


just one positive real root r. This is the abscissa of the point of intersection in 
the first quadrant of the straight line y=x and the curve y= (c¢/x?) — (b/x). 
Consider the function 


345 — bx? + 6¢ex? + dc 
F(2) x x* + 6cx" + 


6x4 -L 36x? -b 3ca + B? 
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Since 6x!-+3bx?+3cx-+ b? = 6(x?+-b/4)?+3cx+56?/8>0 for x>0, we see that 
F(x) is continuous for x>0. Also, F’(x) >0 for x >0 except that F’(r) =0. It is 
evident from the graph that x, 7 7 or x, | r according as %)<r or x9 >r, respec- 
tively. We find that lim,_.[€p41/e3 | = (67? —b)/(6r4-+3br?+3cr+b?), so that 
Ep41 is of the order of é. 


Autuor’s Note. After this article was in type, my attention was called toa 
note by J. S. Frame (this MonTHLY, vol. 51 (1944), No. 1, Part I, pp. 36-38) 
containing precisely this idea for extending Newton’s formula. The above dis- 
cussion brings to light other properties of Frame’s formula. In addition to these, 
it may be easily shown that if r is a simple (real or imaginary) root of a poly- 
nomial f(x), and if xo is taken sufficiently near to 7, then the sequence (2) con- 
verges to r in such a way that |xp4:—1| is of the order of |x,—r|?. 


EDITORIAL—THE PROOF OF EULER’S EQUATION 


C. B. ALLENDOERFER, Haverford College 


Judging from the volume of mail addressed to “Classroom Notes” it appears 
that one of the greatest mysteries of undergraduate mathematics is the equation 
of Euler: e#*=cos x+7 sin x. The objective of these correspondents is to develop 
this formula without the use of infinite series; and judging from the desperate 
devices employed by these writers in seeking to attain this end, it is highly de- 
sirable that a rigorous simple proof of this formula be available. The present note 
is therefore dedicated to those authors whose papers have been rejected, but 
whose ideas have helped me to prepare the following presentation. 

The first point to be emphasized is that the expression e** has to be defined, 
and that certain properties must be ascribed to it. Otherwise any proof falls to 
the ground. Rigorous treatments of this appear in the classical literature; for 
example, see G. H. Hardy, Pure Mathematics, p. 409 (fifth edition), or E. T. 
Whittaker and G. N. Watson, Modern Analysis, p. 581 (fourth edition). Since 
these have more general objectives in view, it may be complained that they are 
too complicated for the purpose of defining the relatively simple expression e**. 
If, on the other hand, one wishes simplicity, he may straight off define e** to 
be the expression cos x-+7 sin x. This would settle the whole matter, but such a 
definition is unsatisfactory on intuitive grounds and appears to be drawn out of 
the air. It is hoped that the following definition is satisfactory on all three 
grounds: rigor, simplicity, and intuition. 


DEFINITION. e** is a complex valued function of the real variable x having the 
properties : 


(1) e? = 1; 
(2) de'*/dx = ie**, 


THEOREM. e*?=cos x-+7 sin x. 
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Proof: Let e**=p(cos 0+4 sin 0), OS0<27; p20. From property (1) of the 
definition: 


when x =0; then p=1 and 9@=0. 


From property (2) of the definition: 
dp e e e dé e e e 
Ta (cos 6+ isin 0) + p(— sin 6 + 7 cos @) Tn = ip(cos 0 + 7 sin @). 
x x 


Equating real and imaginary parts we have: 
dp dé 


—cos@ — psin@d— = — psin#g 
x ax 
dp . dé 
— sin 6+ pcos @ — = pcos 8. 
ax ax 
Solving, we obtain 
dp dé 
— = 0; p— =p. 
ax ax 


Hence: p=1 and 0@=x. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 


problems. 
PROBLEMS FOR SOLUTION 


E 801. Proposed by J. P. Ballantine, University of Washington 


How many different bidding sequences are possible in one hand of Bridge? 


E 802. Proposed by E. A. Nordhaus, Michigan State College 


(1) Find the smallest positive integer N having the property that the sum 
of its digits does not divide the sum of the cubes of its digits. 
(2) Find the two consecutive positive integers each of which equals the sum 


of the cubes of its digits. 
E 803. Proposed by J. H. Butchart, Arizona State College ai Flagstaff 


If the squares of the sides of a triangle form an arithmetic progression, the 
line joining the centroid and the symmedian point is parallel to one side of the 
triangle. 
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E 804. Proposed by S. H. Gould, University of Wisconsin 


Denote by U the ellipsoid a2xj-+-a3x3-+-a3x3 =1, by Ep the ellipse of intersection 
of U with the plane 01:%1-+ dexe-+03x3=0, by (1, pz, ps) a point variable on Fa, 
and by E, the ellipse of intersection of U with the plane pix1+ pox2-+ pax3 = 0. 

Determine ($1, p2, $3) SO as to minimize the major axis of E>. 


E 805. Proposed by N. A. Court, University of Oklahoma 


If two coplanar edges of a tetrahedron are each equal to the respectively op- 
posite edge, the remaining two opposite edges are each coplanar with the Euler 
line of the tetrahedron. 


SOLUTIONS 
Quadrangle Inscribed in an Equilateral Hyperbola 


E 769 [1947, 224]. Proposed by Victor Thébault, Tennie, Sarthe, France 

In a plane quadrangle ABCD, the perpendicular at A to side AB cuts the 
opposite side CD in M, and the perpendicular at A to side AD cuts the opposite 
side BC in N. Show that the radical axis of the circles described on AM and AN 
as diameters coincides with the tangent at A to the equilateral hyperbola cir- 
cumscribing the quadrangle. 


Solution by L. M. Kelly, University of Missourt. Place the figure on a 
rectangular cartesian frame of reference so that the circumscribed equilateral 
hyperbola assumes the standard position xy=k, and let the coordinates of 
A, B, C, D be (x1, yi), (x2, ye), (x3, ys) (x4, ya) respectively. 

The circles on AM and AN as diameters intersect in a point on MN, so our 
problem is, evidently, to show that the tangent at A is perpendicular to MN. 
Draw lines parallel to the y-axis through B and D meeting AN and AM in P 
and P’ respectively. Also draw lines through B and D parallel to the x-axis 
meeting AN and AM in Q and Q’ respectively. The pencil D(A ~,C ~,) is 
projectively related to the pencil B(A ~,C,), whence the ranges APNQ and 
AP'MO?’ are projectively related and, having A as a common corresponding 
point, are in perspective position. That is, PP’, MN, and QQ’ are concurrent. 
We propose now to show that the slopes of PP’ and QQ’ are both equal to 
x?/k. This will establish the proposition. 

The equation of AN is 


(y — y1)/(% — x1) = — (a1 — %4)/(91 — 94) 
= — (x1 — x4)/(R/ x1 — R/ xs) = 14¥4/h. 
Similarly, the equation of AM is 
(y — y1)/(% — a1) = 41%2/R. 
The coordinates P, P’, Q, Q’ are then found to be 
P:  [aa, w1x4(x2e — 41)/k + yr], 
P': [ x4, x1%2(%4 — a1)/k + 91], 
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Q: [R(y2 — yi)/%1%4 + %1, Yel, 
Q’:  [R(y4 — y1)/aixe + a1, ya]. 


The solution is now easily completed. 

The proposer stated that this problem is a particular case suggested by a 
more general theorem given by M. A. de Majo, L’Intermédiare des recherches 
mathématiques, Paris, 1946, p. 45. 


Derivatives of a Function 


E 770 [1947, 224]. Proposed by Norman Miller, Queen’s University, Canada 
A function f(x) has the following definition, ” being a positive integer, 

f(x) = x” sin r/x, x 0, 

f(0) = 0. 


Show that, if n=2m or 2m+1 (ma positive integer), then at x =0 the function 
possesses a derivative of the mth but no higher order, and that, at x =0, f™ (x) 
is continuous or discontinuous according as n=2m-+1 or n=2m. 


Solution by S. T. Thompson, Tacoma, Washington. We may show, by mathe- 
matical induction, that, for «+0 and 0Srsm, 


f(x) = P. sin aw/ x + O, cos w/ x, 


where P, and Q, are polynomials in x, in which the term of lowest degree in either 
polynomial is of degree n — 27. Again, by mathematical induction, we may easily 
show that 


f~(0) = 0, OsSrsm. 


(a) Suppose n=2m. Then, if we take r=™m, either P,, or QO» contains a term 
of degree zero, whence limz..o f(x) does not exist. Thus f™ (x) is discontinuous 
at the origin, and, of course, f+" (x) then cannot exist at the origin. 

(b) Suppose n=2m-+1. Then, if we take r=m, all terms of P,», and Q» are 
of degree greater than zero. Hence limz.o f™ (x) =0, and f™ (x) is continuous at 
the origin. However, 


f(m+1)(Q) = tim 2) — FE 00) — tim 2 


z—0 x— 0 20 x 


= lim [(Pn/x) sin r/x + (Om/x) cos r/x]. 


Since P,,/x or Qn/x contains a term of degree zero, this limit clearly does not 
exist, and therefore f+ (x) does not exist at the origin. 
Also solved by Elizabeth M. Huskey, E. S. Keeping, and the proposer. 
Keeping pointed out that this problem, for 7=2, is discussed in vol. 1 of 
de La Vallée Poussin’s Cours d’Analyse. 
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The Most Likely Total 
E 771 [1947, 280]. Proposed by C. C. Carter, Bluffs, Illinois 


A die bearing the numbers 0, 1, 2, 3, 4, 5 on its faces is repeatedly thrown 
until the total of the throws first exceeds 12. What is the most likely total that 
will be thus obtained ? 


Solution by N. J. Fine, University of Pennsylvania. Consider the throw before 
the last; the total on that throw must be 12, 11, 10, 9, or 8. If the total is 12, the 
final result must be 13, 14, 15, 16, or 17, with an equal chance for each. Similarly, 
if the total is 11, the final result must be 13, 14, 15, or 16, with an equal chance 
for each, and so on. It is now clear that the most likely final result is 13. 

Also solved by E. M. Berry, Monte Dernham, Abraham Golub, J. B. Kelly, 
J. M. Kingston, William Kruskal, and C. R. Phelps. 

In addition to solving the given problem, Dernham considered the problem 
of computing the probabilities of obtaining the totals 13, 14, 15, 16, 17. These 
probabilities he found to be fractions with denominator 1,220,703,125 (=5}%) 
and respective numerators 408,335,461; 327,125,461; 243,735,961; 160,543,561; 
80,962,681. He arrived at these results by considering the essentially equivalent 
problem: From a bag containing 5 marbles, numbered respectively 1, 2, 3, 4, 5, a 
marble 1s drawn at random and replaced. This 1s repeated until the total of the 
numbers drawn exceeds 12. What are the respective probabilities of obtaining the 
totals 13, 14, 15, 16, 17? 

A number of solvers generalized the given problem by replacing 12 by JN. 
The answer is then V-+1. 


Shortest Paths in a Lattice 
E 772 [1947, 281]. Proposed by D. H. Browne, Buffalo, N.Y. 


What is the number of shortest paths between two points in an 2-dimensional 
lattice? 


I. Solution by Norman Muller, Queen's University. Let each cell in the lattice 
have an edge of one unit. A shortest path between two points is made up of a 
number a; of units in a direction d,, a number a4 in a direction dz, - - - , a num- 
ber a, in a direction d,. If we take a; identical letters d,, a: identical letters 
do, * ++, @, identical letters d,, then any distinct arrangement, in a line, of 
the ai+ae+ --- +a, letters will represent a distinct one of the required paths. 
The number is therefore 


(a1 + Oe) + se + Gn) !/(a1!a2! ss G,!). 


II. Solution by J. B. Kelly, Kew Gardens, N. Y. Let R(qi, a2, - ++, Gn) be 
the number of shortest paths between (0, 0, - - - , 0) and (a, az, - - + , @n), where 
Qi, dz, * °°, Gy are integers. There is no loss in generality in assuming that 
a1, Qj,°* +, G, are non-negative. Any shortest path between the two points 
must enter (a1, dz, - ++, @n) from one of the points (a,—1, a2, - ++, Ga), (di, ae 
—1,-++,@n),°+°, (Qi, G2, -++,@,—1). Hence 
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(1) R(a1, coy Gn) = R(ay _— 1, da, rey Gn) + se +-R(ay, Qa,° °°,» Ay — 1). 
Obviously 
(2) R(a1,0,0,---,0) = RO, a2, 0,---,0) =--- = ROO,0,0,---,a,) = 1. 


The unique solution of the difference equation (1) with the boundary conditions 
(2) is 


R(ai, +++ 5 Gn) = (@1 + Go + +++ + Gn) !/(ai!ae! +--+ an!). 


Also solved by Harry Goheen, R. B. Herrera, Leo Moser, C. R. Perisho, and 
the proposer. 
Noughts and Crosses 


E 773 [1947, 281]. Proposed by A. L. Rubinoff, University of Toronto 


Suppose that noughts and crosses are played on an n-dimensional cube of 
side k. Show that there are precisely 


(k + 2)" — k” 
2 
rows, columns, diagonals, .. . on which a win may be scored. 


Solution by Leo Moser, University of Manitoba. Consider the “cube” of side 
k inside a cube of side k+2. Clearly, every win will determine exactly one pair 
of surface elements, while each surface element determines exactly one win. 
Hence the number of wins will be half the number of surface elements, which 
is the result stated. 

Also solved by N. J. Fine and the proposer. 


A Positive Determinant 
E 775 [1947, 281]. Proposed by R. P. Boas, Jr., Brown University 


Consider a determinant of order ” whose elements are x on the main di- 
agonal, +1 elsewhere. Find the smallest positive number a such that for «>a 
the determinant is positive for all choices of the + signs. 


Solution by Olga Taussky (Mrs. John Todd), London, England. It is known 
that the determinant d(a,;) is positive if a:;> Dives] Oss ,fori=1,2,---, Hn. 
It follows that for x>n—1 the determinant in question is certainly positive 
for all choices of signs. We can take a=n—1 because the determinant clearly 
vanishes if x =n—1 and all the signs are negative. 

The result quoted is due to P. Furtwangler (Sitzunsber. Acad. Wiss. Wien, 
Abt. II a, 145 (1936), p. 527) and can be proved by induction. 

Related results have been discovered by Minkowski, Hadamard, Artin, and 
others. There recently were some notes about these in the Mathematical Gazette 
(XXVI, p. 191; XXVIII, p. 63; X XIX, p. 15). 

Also solved (partially) by R. P. Brady and Norman Miller. 


ADVANCED PROBLEMS AND SOLUTIONS 


EpITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readtly accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4280. Proposed by Joseph Rosenbaum, Weatogue, Connecticut 


The points Ai, Ao, ---, A, are pursuing one another cyclically, the speed 
of A; being proportional to the distance A;Ai41. If at time ¢=0 the points are 
the vertices of a given polygon, find the paths described by the points. 

4281. Proposed by M. S. Knebelman, Washington State College 


Given an integer x. Show that an integer can always be found which con- 
tains only the digits 0 and 1 (in the decimal scale) and which is divisible by n. 
Is there an algorithm for finding the smallest such number? 

4282. Proposed by F. W. Herlihy, Comstock, Michigan 


An elastic string (modulus A, mass ma, unstretched length a) is confined 
within a straight tube to one end of which it is fastened. The tube rotates around 
that end with uniform angular velocity w in a horizontal plane. Find the length 
of the string in equilibrium. 

4283. Proposed by E. P. Starke, Rutgers University 


The conjugate % of z, considered as a function of z, is nowhere analytic. 
Nevertheless, if C is an arbitrary circle or line, there exists a function f(z) such 
that at every finite point of C, f(z) is analytic and equal to 2. Consider also 
other curves for which a function exists having the same property. 

4284. Proposed by E. T. Bell, Caltforma Institute of Technology 


“Diophantus [II, 20 and IV, 45] proposed to find three squares such that 
y? — x*:22 — y? = a:d, 


where a:b is a given ratio.” (L. E. Dickson, History of the Theory of Numbers, 
vol. 2, p. 419.) For each of a/b =3, 1/3 he gave one rational solution. Prove that 
the complete integer solution is given by 


2x = k(aibig? + 2Zagh — adebeh?), 
2y = R(aibig? + ae2beh?), 
22 = k(a,big? — 2bgh — azbeh?), 
where a, dz are any integers whose product is a, and bi, b2 are any integers whose 


100 
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product is 5, and k (for any pair of integer values of g, #) is an arbitrary integer 
multiple of the reciprocal of the G. C. D. of big+azh, aig—beh, a+b. 


SOLUTIONS 
Special Tetrahedrons 
4013 [1941, 639]. Proposed by V. Thébault, Tennie, Sarthe, France 


Determine the kind of tetrahedron for which: (1) The circumcenter (or in- 
center) is on one of the medians. (2) The straight line joining the circumcenter 
to the centroid is perpendicular (or parallel) to one of the faces. 


Solution by R. Bouvatst, Vincelles (Saéne-et-Loire), France.* Let ABCD be 
the tetrahedron, O its circumcenter, G its centroid. 

1. If O is on the median AG, the polar plane of G with respect to the cir- 
cumsphere (O) is parallel to the tangent plane of (O) at A. The equation of (O) 
in tetrahedral normal coérdinates (with ABCD chosen as the reference tetra- 
hedron) isf 

a*yzg b*ex cixy a’*xt db'*yt = cat 
hiehs = azhy ihe Itthtg thy agg 


where BC=a, AD=a’', CA=b, DB=b’, AB=c, DC=c’', and hy, he, hz, ha desig- 
nate the altitudes drawn from A, B, C, D. The equations of the polar plane of 
G with respect to (O) and of the tangent plane of (O) at A are, respectively, 


Li = >> (a? + b? 4+ 62) x/h = 0, 
C2 b? a’? 
f2=—y+—-2+-——i=0. 
on ae he 


These planes are parallel if 


Pete—~a? p—c— ag” c2 — gq’? — 2 
The incenter J will be on the median AG if hoa=h3=hu. 
2. The line OG will be perpendicular to BCD if the polar plane of G with 
respect to (O) is parallel to BCD, that is, if 
—(@— a’) =? — 8? = 2? — c”. 


* Translated and checked by W. E. Byrne, Virginia Military Institute. 
ft See Niewenglowski, Cours de Géométrie Analytique, t. III, Art. 120. 
t The condition that L; and Zz are parallel is that Zi, Le, and L3 be linearly dependent, where 
L; is the plane at infinity whose equation is 
x 4 z t 
—+—=0. 
hi ln Is + he 
We have 
Ti — (a + 6? + c?) Ls = 2dL2 


from which the above condition is easily obtained. 
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OG will be parallel to BCD if the polar plane of G with respect to (O) is 
parallel to the altitude drawn from A, that is, if 
g'2 4 b2 4 C2 g2 - p’? - C2 a? - b2 - cl? g’2 - pb’? - cl? 


= ——_—__—_———. cosc’ -+- —————_—_—- cos b’ + ——-___—- cos a, 
hy he hg hg 


where c’, 6’, a are the plane angles of the dihedral angles of the edges DC, DB, 
BC. 


Circles Related to the Triangle 
4092 [1943, 457]. Proposed by V. Thébault, Tennie, Sarthe, France 


For the triangle ABC let (A1Bi:C,), (42BeC2), -- - , (AnBaC,) be the centers 
of squares constructed exteriorly (or interiorly) on the sides (BC, CA, AB), 
(BiCi, Ci1A1, A1B1),- ++, (BaCn, CnaAn, AnBn) of the corresponding triangles. 
(1) Show that the center w; of the circle orthogonal to the circles with centers 
A, B, C and radii By,C,, CiA1, A:.B: coincides with the center of the nine-point 


circle of ABC. (2) Find the locus of centers a», w3,-- +, W, of the circles, 
orthogonal to the circles with centers, A, B, Cand with radii (BeCe, C242, A2Be), 
(B3Cs, C3Asz, A3B3), nn (Balan, CrAn AnBn). 


Solution by R. Bouvaist, Vincelles, Sadne-et-Lotre, France.* Let Mi, Me, Ms 
be the midpoints of BC, CA, AB; Hi, Ho, H; the feet of the altitudes upon the 
same sides. We consider the squares drawn exteriorly, and suppose a>b>c. 
Then 


Bic: = AB, + ACy — 2ABy- AC, cos BiACy, 
BiG: = (6% + c*)/2 + bc sin A = (67+ c? + 4S)/2, 
where S is the area of ABC. Similarly 
CiAy = (c? + a? +48)/2,  AyBy = (a? + 0? + 48)/2. 
The radical axis of the circles (B, C1A1), (C, A1Bi1) cuts BC in X;. Then 
AGB: — AiG, = (b? — c®)/2 = Mi BC = 20-M,X. 


Hence 2M1.X1= MM, and similarly 2M2X2= MeHe, 2M3X3= M3H3. The radical 
center is therefore the center w of the nine-point circle. Again 


AyB, — Ale = (AiBi — AiC1)/2 = (8° — 0°)/4. 
If the radical axis of the circles (B, C242), (C, AzBe) cuts BC in Xj, 
AMX = Mi, 4M.X? = MH, 4M3X3 = M3H3. 
Hence in general 
2°MiXy = Mii, 9 2"M.X." = MoH, —2"M3X3" = Mss. 


* Translated and checked by C. J. Ramler, Catholic University of America, Washington, 
D. C. 
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The locus of the radical centers is then the segment w») joining the center of the 
nine-point circle to the circumcenter of ABC. 


Euler’s Function 
4221 [1946, 537]. Proposed by P. Erdis, Syracuse University. 


Let $(n) =n] [pin(1—1/%) be Euler’s function. Prove that for every k the 
equation $(x) =k! is solvable. 


Solution by J. Lambek, McGill University, Montreal. Consider the problem 
of solving the equation 
(1) o(x) =n 
subject to the condition that x has precisely the same prime factors as . The 
restriction on x implies that 


(2) o(x)/x% = o(n)/n. 
By (1) and (2) it follows that 
(3) x = n?/p(n). 


Let n=|[p*. Then x =| |[p«+!/(p—1). The integer x will have the same prime 
factors as n if and only if 


(4) II @ - 1)». 


p\|n 
Conversely (3) and (4) imply (1) and (2). Therefore a necessary and sufficient 
condition for (1) to be solvable under the given restriction is (4), the unique 
solution being given by (3). 
If n=k!, (4) is clearly satisfied. An explicit solution of the proposed problem 
is therefore given by 


x = (k!)2/o(R!). 


Solved also by P. T. Bateman, Alfred Brauer, N. J. Fine, William Gustin, 
R. B. Herrera, V. L. Klee, Jr., Emma Lehmer, Leo Moser, Ivan Niven, and 
W. V. Parker. 


Volume of a Simplex in Terms of Its Edges 
4222 [1946, 537]. Proposed by J. H. Butchart, Grinnell College 


If points are numbered and if 12 denotes the distance from 1 to 2, then 


0 122 1 
212 0 1 | = 2L?, 
1 1 0 


where L is the length of the segment. Generalize this for the triangle and tetra- 
hedron showing that the corresponding determinants are —16A? and 288V? 
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respectively, where A is the area of the triangle and V is the volume of the 
tetrahedron. 


Solution by Leo Zippin and Joan Williamson, Queens College. We shall prove 


the following: Let V, be the volume of a simplex with vertices Py, Po, - ++, Pras 
in Euclidean space of n dimensions. If 

A = (433), 4,7 =1,2,---,n+1, 

——2 
is the square matrix of order n+1 with aiz=P,P, and if eis the row vector (1, 
1,---+,1) of dimension n+1 and é’ is the column vector which 1s the transpose of e, 
then 
A eé’ ntian 
0 | = (= 1)°"'2"(nl)'V,. 


In a rectangular codrdinate system let the coérdinates of P; be given by the 
row vector x;= (x, «@,---, x) and let C be the matrix of columns and 
n-+1 rows whose rows are the ~-++1 vectors x;. Then the ordinary determinantal 


expression for V, takes the form 


(1) nV, =|Ce'|. 

Further 

(2) CC’ = B = (8;)), i,g=1,2,---,n+1, 
where 


~. (kh) (k) 
63; = yi oo 
k=l 


If, O being the origin, we put OP?=7j and p=(77, 7, - ++, 741), we have 

(3) rir; cos POP; = > xe = Dj;, 4,9 =1,2,---,n-+I, 
k=1 

and 

(4) D = (dij) = p’e + e’p, 


where d;;=73-+77. Since 

ai; — P,P, = r; ++ r; — 2r.r; cos POP;, 
we have by (3) and (4) 
(5) A=D-—2B. 


If # is the unit matrix of order n+1, we have 


( mle “)( E ') (Coe 5) or ‘) 
0 1/\e O/\-—-p 1 7 € 0} € 0 
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by (5). Therefore 


(6) 


Finally, 


l 
—~ 
«wy 

Q 
Q 
on 
NS 

l 
as 
ow 

by 
oN 
NSE 


(“* 0 ‘) (© 0 
€ 0) 
0 1 070 1 
by (2). Therefore by (6) 


C’ 


€ 


—|—2C ¢| 


=(-1)""2"|c |’ 
n+1in 


= (—1)"""2"(nt)V2 


by (1) 

It is interesting to note that the proof can be considerably simplified if the 
assumption is made that V,>¢0. Then the origin may be taken as the center 
of the circumscribing hyper-sphere, whence 77? =7?,i=1, 2, -- + ,2+1. Then (6) 
is obtained from the matrix equation 


(° )( E ) (“ :) 
e O/\—2r%e 1] — € 0] 

Editorial Note. W. V. Parker calls attention to the proof for the case n=3 
given in Kowalewski, Einfihrung in die Determinantentheorie, pp. 344-350. 


RECENT PUBLICATIONS 


EDITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York, 27, N. Y. and not to any of the 
other editors or officers of the Assoctation. 


Differential and Integral Calculus. By F. D. Murnaghan. Brooklyn, The Remsen 
Press, 1947. 10+502 pages. $5.00. 


In this book one finds an admirable, courageous, and, in the opinion of the 
reviewer, a completely successful attempt to present the calculus correctly, and 
at the same time, in a form intelligible to the beginning student. 

The first departure from the methods to be found in the currently popular 
texts is the lucid explanation of the concept of a real number. Starting with the 
implicit and justifiable assumption that the student’s intuitive notions concern- 
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ing counting numbers, integers, and rational numbers are correct, the author 
gives a brief (13 pages including 46 exercises) discussion of these concepts which 
states and explains the salient facts concerning them, as well as demonstrates 
the inadequacy of the rational number system for certain types of problems. In 
this discussion the student is asked to learn to distinguish between the positive 
integer 5 and the counting number 5, but the text is directed to the student 
and he is not subjected to the hair-splitting subtleties which often puzzle be- 
ginning graduate students. The exercises here are well graded in difficulty rang- 
ing from the first “Can the calculation indicated by the equation x+7=11 be 
performed in counting numbers?” to the last “Show that if the product ab of 
two positive integers is divisible by a prime number ? then either a or 0 (pos- 
sibly both) is divisible by p.” Here and throughout the text hints are given when 
necessary and, in the case of exceptionally difficult problems, a complete solution 
is outlined. 

The next twenty pages are devoted to the concept of a real number which is 
explained by means of nested sequences of rational intervals. Addition and 
multiplication of real numbers are defined and it is proved that x(y+z) =xy+<z, 
but the text is not encumbered with the tedious verification of all of the alge- 
braic relations which define a field. Instead, the most important of these laws 
are stated as exercises. The student at this point cannot be expected to have 
much appreciation of the power of the concept of a real number, nor will he 
have mastered the technique of using this concept. However, after having used 
it many times at judiciously spaced intervals throughout the text even the 
mediocre student should appreciate its value. This technique appears for exam- 
ple in the proofs of the fundamental properties of continuous functions, in the 
proof of the integrability of continuous functions and in showing that local 
boundedness on a finite closed interval implies boundedness over the interval. 

Another innovation consists of treating the concepts of differentiability, 
differential, and derivative, as well as formal drill on differentiation, before 
introducing the concepts of limit and continuous function. This is done by using 
the notion of null function (one whose limit is zero) as the basic idea. 

Beside the topics usually found in a first course in the calculus which is 
designed to go through the differentiation and integration of the trigonometric, 
inverse trigonometric, logarithmic and exponential functions, the text contains 
a chapter on Special Plane Curves and one on Infinite Series and Integrals. 

To the reviewer, who is accustomed to teaching “theory” to freshmen, it 
appears that there is no place in the text where the student gets an overdose of 
the abstract and more difficult parts of the calculus. The purely manipulative 
parts are well interspersed and in all there are over twelve hundred problems. 
It is apparent that the presentation of the calculus as found in this text has been 
well tested by classroom use and that Professor Murnaghan has spent much 
time and thought on the many problems involved in teaching undergraduate 
mathematics. 

NELSON DUNFORD 
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Curso de Andlisis Matemdtico. Tomo II. Por Cristébal de Losada y Puga. Lima, 
Universidad Catélica del Peru, 1947. 214701 pages. $9.50. 


The first volume was reviewed in this MONTHLY, vol. 53 (1946), pp. 268-279. 
The second volume continues in the same careful and clear style as its predeces- 
sor; the printing and illustrations are of the same high quality. 

The volume is divided into three main parts: Series, Geometric A pplications 
of the Differential Calculus, Questions Concerning Integration. The material is in 
general such as is customary in a course in advanced calculus. 

The first part begins with standard material on convergence of series, with 
a chapter on uniform convergence: power series; double series; infinite products. 
The next two chapters are principally devoted to Taylor series in one and 
several variables, with applications. Weierstrass’s nondifferentiable function is 
discussed in detail. 

The second part discusses first plane curves, then space curves, and finally 
surfaces. The exposition is given in logical order rather than the usual textbook 
order, so that topics which are often treated separately as calculus and as 
differential geometry appear together. 

The third part opens with a long chapter on numerical, graphical and me- 
chanical integration. The error involved in Simpson’s rule is discussed. Several 
types of planimeters are described and their theory is given. A chapter on im- 
proper integrals leads the author to give a proof of the transcendence of e. 
Chapters on the manipulation of integrals containing a parameter and on line 
integrals follow. The book ends with a chapter on multiple integrals and their 
transformation. The author gives Schwarz’s example to show that the area 
of a surface cannot be defined as the limit of the areas of inscribed polyhedra. 

R. P. BoAs, JR. 


College Algebra. By M. Richardson. New York, Prentice-Hall, Inc., 1947. 16-+ 
472 pages. $2.85. 


This book appears attractive, not too bulky, and clearly readable, as far as 
the printing and binding are concerned. It pioneers in a new road of explana- 
tion and arrangement of material, which may be a pattern for some courses in 
college algebra in the not too distant future. 

An early definition of the usual mathematical symbols and Greek alphabet 
in the Preface for the Student is most timely and appreciated. An unusual effort 
in The Number System of Algebra (Chapter I) is made to acquaint the student 
with many of our usually accepted procedures and rules of high school algebra. 
To understand and appreciate these will strain the average freshman’s intellect 
a trifle! Those who succeed will be well repaid for their effort. Such a fact as the 
irrationality of the square root of two comes in for several interesting pages of 
comment in this chapter. On page 27 the motivation for the definition of the 
product of two negative numbers is welcome for better college students. Algebra 
is treated as a language, a logical science, a collection of techniques of calculation, a 
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branch of human endeavor, as well as a collection of puzzles in Chapter II. It makes 
good reading material. 

Exponents are appropriately explained in Chapter III. Wise emphasis on 
equations and identities (page 66), generous explanations of coefficient, degree 
of a monomial, and so on, are appreciated by the modern student. A thorough 
introduction to Functions and Graphs (Chapter IV) is followed by a discussion 
of the division algorithm (Chapter V) which makes factoring, as well as the 
least common multiple and highest common factor, in Chapter VI take on more 
meaning. 

The analytic geometry of the linear function with slope and two point ideas 
attached, make Chapter VII read like part of a modern text-book on analytic 
geometry. Verbal problems get an extra dose of explanation before they are 
reached in the exercises. This has considerable merit in this decade of student 
weaknesses with such. In Chapter IX, the negative, zero, and fractional ex- 
ponents come in for ample discussion before radicals are studied in the next 
chapter. Quadratic Equations and Quadratic Functions (Chapter XI) are handled 
thoroughly and Systems of Equations in Two Unknowns follow in the next chap- 
ter. 

The usual treatment of Ratio, Proportion, and Variation in Chapter XIII 
and of Complex Numbers in Chapter XIV are given. In Chapter XV, a nice il- 
lustration of finding an irrational root of a polynomial equated to zero by use 
of synthetic division is given on pages 245 and 246. This required some tedious 
computation but students will appreciate its meaning. Horner’s method was 
made easier by an explanation of linear interpolation. 

Determinants and Elimination Theory of Chapter XVI have an unusually 
thorough treatment for a book of this nature, while Permutations and Combina- 
tions (Chapter XVII) and Probability (Chapter XVIII) remind one of the col- 
lege algebra text-books of two decades ago. (The reviewer does not object to 
this, however.) 

The soldier illustration of Chapter XIX makes mathematical induction take 
on real meaning for every reader. Much can be said in favor of discussing both 
this topic and the binomial theorem at this stage of the student’s mathematical 
knowledge. Next follow Progressions (Chapter X XI), Inequalities (Chapter 
XXII), Logarithms (Chapter XXIII), and Mathematics of Investment (Chapter 
XXIV) with adequate treatments. Few college algebra books give a chapter to 
the Euclidean Algorithm (Chapter XXV), while Partial Fractions (Chapter 
XXVI) and Sertzes (Chapter X XVII) are not uncommon topics for some of the 
older books as well as the newer better books. 

Interpolation and Curve Fitting (Chapter XXVIII) includes the unusual treat- 
ment of the Lagrange interpolation formula, as well as other more common 
topics, apparently well discussed. 

One is overwhelmed with a book of this type if he hopes an ordinary fresh- 
man will digest this material in a usual one semester course. It would seem 
more likely that this material would keep one busy for two semesters and then 
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he and the instructor would be grateful if an acceptable digestion process is 
realized! On the other hand, those topics which normally would be omitted in a 
one semester course will serve as valuable reference material for the student who 
continues with the study of mathematics. 

W. R. HuTCHERSON 


Calculating Machines. By D. R. Hartree. Cambridge, at the University Press; 
New York, The Macmillan Company, 1947. 40 pages. $.75. 


This publication of the inaugural lecture of D. R. Hartree as Plummer Pro- 
fessor of Mathematical Physics in the University of Cambridge carries the sub- 
title, Recent and Prospective Developments and their impact on Mathematical 
Physics. In 35 small pages of text and two pictures (of the ENIAC), Professor 
Hartree provides a brief but comprehensive introduction to some of the prob- 
lems associated with large scale computing machines. 

After a comparison of the relative advantages of analogue and digital ma- 
chines, the types of operations which components of a digital machine must per- 
form are enumerated and discussed. The ENIAC provides examples of parts 
which perform these operations. Inadequacies of present machines and the con- 
sequent developments are mentioned. A set of simultaneous non-linear differ- 
ential equations with two point boundary conditions on which Professor Hartree 
and the ENIAC worked during the summer of 1946 is used to illustrate the 
power of high speed calculating machines. This problem and the problem of 
solving simultaneous linear algebraic equations are discussed later in connection 
with the concept of the simplicity of any particular formulation of a mathemati- 
cal problem; the simplicity of a formulation depends, of course, on the available 
aids to solution. The possibilities of important new lines of research in mathe- 
matics stimulated by shifts in the criteria of simplicity are emphasized. Mathe- 
matical physics will need to adjust to the new criteria of simplicity as well as 
to the possibility of dealing with problems heretofore involving prohibitive 


amounts of calculation. 
K. J. ARNOLD 


NEW BOOKS RECEIVED 


Brief College Algebra. Revised Edition .By W. L. Hart. Boston, D. C. Heath 
and Co., 1947. 7+332 pages. $2.75. 

Handbook of Engineering. Fourth Edition. By L. A. Waterbury. New York, 
John Wiley and Sons, Inc., 1947. 18+386 pages. $2.50. 

Elementary Differential Equations. Third Edition. By L. M. Kells. New York, 
McGraw-Hill Book Co., 1947. 144311 pages. $3.00. 

An Introduction to Analytical Geometry. Vol. II. By A. Robson. Cambridge, 
at the University Press; New York, The Macmillan Company, 1947. 8+-215 
pages. $2.50. 

College Algebra. By M. Richardson. New York, Prentice-Hall, Inc., 1947. 
16+472 pages. $2.85. 
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Elementary Concepts of Mathematics. By B. W. Jones. New York, The Mac- 
millan Company, 1947. 13-+294 pages. $4.00. 

Functions of a Complex Variable. Third Edition. By T. M. Macrobert. Lon- 
don, The Macmillan Company, 1947. 15+390 pages. $4.50. 

Theory of Functions. Revised Edition. By J. F. Ritt. New York, Kings Crown 
Press, 1947. 10-+181 pages. $3.00. 

Lehrbuch der Darstellenden Geometrie. By E. Stiefel. Basel, Birkhauser, 1947. 
173 pages. 28.50 sw.fr. 

Vector and Tensor Analysts. By Louis Brand. New York, John Wiley and 
Sons, Inc., 1947. 9-+439 pages. $5.50. 

A Chapter in the Theory of Numbers. By L. J. Mordell. Cambridge, at the 
University Press; New York, The Macmillan Company, 1947. 31 pages. $0.40. 

Fundamentals of Statistics. By T. L. Kelley. Cambridge, Harvard University 
Press, 1947. 16-+755 pages. $10.00. 

Elements of Mathematical Statistics. By C. V. L. Charlier. Translated and pub- 
lished by J. A. Greenwood (25 Winthrop St., Brooklyn 25, New York), 1947. 
120 pages. $3.00. 

Table of the Bessel Functions Jo(z) and Ji(z) for Complex Arguments. Second 
Edition. Prepared by the Mathematical Tables Project, National Bureau of 
Standards. New York, Columbia University Press, 1947. 44-+403 pages. $7.50. 

Manual of Mathematics and Mechanics. Second Edition. By G. R. Clements 
and L. T. Wilson. New York, McGraw-Hill Book Co., 1947. 9+349 pages. $3.25. 

The Early Work of Willard Gibbs in Applied Mechanics. By L. P. Wheeler, 
E. O. Waters, and S. W. Dudley. New York, Henry Schuman, Inc., 1947. 7+78 
pages. $3.00. 

Elementary Nuclear Theory. By H. A. Bethe. New York, John Wiley and 
Sons, Inc., 1947. 6+147 pages. $2.50. 

The Naming of the Telescope. By E. Rosen. New York, Henry Schuman, Inc., 
1947. 16+110 pages. $2.50. 

Yale Science, the First Hundred Years, 1701-1801. By L. W. McKeehan. 
New York, Henry Schuman, Inc., 1947. 8+-82 pages. $2.50. 

An Introduction to Definitive Philosophy and Basic Psychology. By Theodore 
Van Schelven. Kosmos, Amsterdam, 1947. 112 pages. 

Teorica della Sopravvivensa. By F. A. Insolera. Turin, Giappichelli, Editore 
(Via Vasco 2 ang. Via PO 21, Torino, Italy), 1947. 7+242 pages. 
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CLUBS AND ALLIED ACTIVITIES 


EpDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


EpiTor1aL Nore. A request has come to the Editor of this section for a syllabus or bibliog- 
raphy on the construction of models and other visual aids in mathematics. In the belief that some 
mathematics clubs may be interested in such a syllabus, the Editor is asking those who know of 
sources of information on this material to kindly forward the references to him. A list will be com- 
piled for dissemination to club members upon request. 


CLUB REPORTS, 1946-1947 
Pi Mu Epsilon, Montana State University 


The fraternity made awards to the following outstanding freshman: Virgil 
Naumann, Barbara Dockery and Jean Popham. The mathematics award was 
won by Thomas Joyce and the physics award by Leonard Lust. 

New members are Thomas Joyce and Robert Willson. 

Officer: Director, David Bostwick. 


Mathematics Club, New York University 


In addition to several business meetings, numerous evening socials were 
conducted consisting of highly informative lectures by authorities in various 
fields of mathematical endeavor with accompanying discussion and refresh- 
ments. Among the lecturers were: 

The theory of numbers, by Professor Bernard Friedman 

Nim, by Professor Ralph Phillips 

Some aspects of the concept of necessary and sufficient conditions, by Professor 
Louis Baron. 

Some paradoxes and problems, by Professor Morris Kline. 

Our annual Freshman Mathematics Contest, sponsored and completely ad- 
ministered by student Club members, was held in December. Cash prizes and 
awards of medals were given to the first place winner, Edmund Rosen, and to 
Edward Swell and Harvey Strizak, who were tied for second place. 

Math X, the official spring publication, was a great success. Articles were 
contributed by the undergraduate student body, dealing with mathematical 
topics of interest both to the casual reader and the more exacting technical 
specialist. 

Student tutoring was also conducted every afternoon from two to five o’clock 
by our members as a service to pupils in need of such help. This has proved a 
boon to students and faculty alike. 

The main social event of the year, the annual boat ride to Bear Mountain, 
was held in June. 

The officers for 1946-47 were: President, Bernice Goldberg; Vice-President, 
Selma Ring; Secretary, Claire Weber; Treasurer, Elizabeth Markowitz. 
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The officers elected for 1947-48 are: President, Sid Diamond; Vice-Presi- 
dent, Eric Libori; Secretary, George Rubin; Treasurer, Rhoda Buser; Execu- 
tive council members, Bernice Goldberg, Joseph Alper and Ruth Vure. 


Pi Mu Epsilon, Northwestern University 

The Illinois Beta Chapter of Pt Mu Epsilon held six regular meetings during 
the academic year 1946-47. Programs were as follows: 

Mathematics as a language, by Professor H. T. Davis 

Generalizations of (—1)", by V. C. Harris 

The solar system, by Robert Howerton 

Some theorems on projective geometry, by Miss D. M. De Witt 

Dynamics of our solar system, by Professor Oliver J. Lee. 

Francis Galton: pioneer statistician, by Mr. D. H. Leavens of the Cowles 
Commission for Research in Economics was presented at the initiation banquet 
in February at which time twenty-eight new members were initiated. 

The annual undergraduate mathematical competition was held in May for 
which prizes consisting of books were awarded to Donald MacMillan, James 
Murrin, and Ernest Parker. The program at the last meeting of the year was 
presented by the winners of the contest and consisted of a discussion of the 
problems on this examination. 

In addition to the regular meetings, Pi Mu Epsilon sponsored a “get ac- 
quainted” party in November for all mathematics students. Square dancing 
was the featured attraction of the evening. A joint picnic with the Mathematics 
Department was held in June. 

Officers for 1946-47 were: President, Helen Gray; Vice-president, Roseann 
Grundman; Recording Secretary, Marjorie Smith; Corresponding Secretary, 
James Murrin; Treasurer, George Knapp. Officers for 1947-48 are: President, 
James Murrin; Vice-president, Donald MacMillan; Secretary, Roseann Grund- 
man; Treasurer, Ernest Parker. 


Kappa Mu Epsilon, Washburn Municipal University 

Monthly meetings were held during the year 1946-47 by the Washburn 
Mathematics Society, which became the Kansas Delta Chapter of Kappa Mu 
Epsilon on March 29, 1947. The following programs were given: 

Short cuts in simple mathematics, by Thomas Pirotte, John W. Nipps, Jr., 
and Harold Snider. 

The binary system, by Ernest Dillman 

Chinese rings and other puzzles, by Margaret E. Martinson 

Russian multiplication system, by Mary Fix 

Folding conics, by Frances Breneman 

Tricks with a slide rule, by Dr. Paul Eberhart 

Probability, by Beverly Brown 

Mobius rings, by Harold Snider 

Vectors, by William F. Seigle. 

The history of mathematics in America by Dr. Ralph G. Sanger, Kansas 
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State College, was the title of an address given in March to a joint meeting of the 
Society with a group of mathematics teachers from Topeka and surrounding dis- 
trict schools. 

The installation of the Society as the Kansas Delta Chapter of Kappa Mu 
Epsilon was conducted by Sister Helen Sullivan, O. S. B., National Historian of 
Kappa Mu Epsilon. 

The officers for the year 1946-47 were: President, Terry D. McAdam; Vice- 
president, John W. Nipps; Secretary, Harold Snider; Treasurer, Miss Jean 
Badders; Corresponding Secretary, Miss Frances Breneman. 

Those elected for the year 1947-48 are: President, Thomas Hotchkiss; Vice- 
president, Miss Jean Badders; Secretary, Miss Evelyn Hazlitt; Treasurer, Miss 
Jean Hobble; Corresponding Secretary, Miss Margaret Martinson; Sponsor, 
Miss Laura Z. Greene. 


Mathematics Club, North Texas State Teachers College 


Monthly meetings consisting of special programs, social activities and other 
functions were held by the Mathematics Club of North Texas State Teachers 
College during the year 1946-47. 

The officers for 1947-48 are: President, Billy Workman; Vice-president, 
Kenneth Hannah; Secretary and Treasurer, Jack Standerfer; Reporter, Dan 
Spalding; Historian, Norma Harman; Sponsors, Dr. E. H. Hanson, Dr. J. B. 
Cooke, and Mr. Carl York. 


NEWS AND NOTICES 


EpITED By Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


LECTURES BY DR. SYDNEY GOLDSTEIN 


Dr. Sydney Goldstein, F.R.S., Professor of Mathematics at the University 
of Manchester, England, was presented at the University of Texas in a series of 
four lectures on the mathematics of transonic and supersonic airflow, on De- 
cember 18, 19, and 20, 1947. Dr. Goldstein also delivered the Wright Brothers 
Lecture before the Institute of the Aeronautical Sciences in Washington, D. C., 
on December 17, 1947. Dr. Goldstein is Chairman of the Aeronautical Research 
Council of Great Britain. 


OHIO CONFERENCE ON UNDERGRADUATE MATHEMATICS 


Representatives of twenty liberal arts colleges met at Ohio Wesleyan Uni- 
versity, Saturday, October 25, to hold a symposium on “Professional Problems 
in Teaching Undergraduate Mathematics in Liberal Arts Colleges.” The con- 
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ference was organized by a small committee under the chairmanship of Pro- 
fessor Wayne Dancer of the University of Toledo. There were forty-three per- 
sons present, including representatives from Antioch College, Baldwin-Wallace 
College, Bowling Green State University, Capital University, University of Cin- 
cinnati, University of Dayton, Denison University, Heidelberg College, Hiram 
College, John Carroll University, Kent State University, Kenyon College, 
Marietta College, University of Michigan, Oberlin College, Ohio State Univer- 
sity, Ohio Wesleyan University, University of Toledo, Western College, and 
Xavier University. 

Professor S. A. Rowland presided during the first part of the conference 
when the group discussed the problem presented by the poor preparation in 
algebra of entering freshmen. Colleges which select their students carefully 
escape this problem, but schools which cannot apply selection, especially 
publicly-supported institutions, find that perhaps half the students enrolled in 
mathematics are not prepared to proceed with the traditional course in College 
Algebra. It seems to be common practice to give some sort of placement ex- 
amination, requiring students making lower grades to take a course in inter- 
mediate algebra to correct their deficiency. 

The next part of the discussion concerned the direction of work of superior 
students, Professor F. B. Wiley presiding. It was maintained that we do not 
properly challenge the ability of the better students. In some colleges these 
students are placed in separate sections for their freshman and sophomore 
mathematics, covering the same material as the other classes but doing a better 
job of it. Other ways suggested to develop the abilities of outstanding students 
were: an apprenticeship system in which a few students share the offices and 
certain tutorial duties with the faculty, enrollment in senior seminar courses, and 
encouragement to participate in undergraduate mathematics clubs. “Reading” 
courses seem to be out of vogue. 

In the first part of the afternoon session Professor C. V. Newsom led the dis- 
cussion on the ideal curriculum for a mathematics major. It was thought that 
the normal student specializing in mathematics should first take the customary 
sequence of courses through elementary calculus; then, in his junior and senior 
years study a year of advanced analysis (advanced calculus and differential 
equations), take a year’s work in applications of mathematics (the exact courses 
to depend upon whether his interests lean towards physics, engineering, sta- 
tistics, or teaching), some work in advanced algebra, a course in advanced 
geometry including the synthetic approach, and a course in the foundations or 
fundamental concepts of mathematics. 

The group spent some time in discussing the problem: Should students who 
plan to take only one year of mathematics take the traditional courses in College 
Algebra, Trigonometry, and Analytic Geometry, or would they profit more from 
a one-year survey-type course covering a wider range of material? Although 
none present claimed to have found the complete answer to this question, 
there seems to be a trend toward the survey course for non-technical students. 
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Those with experience recommended that such a course include work on statistics 
and the mathematics of investment. 

Professor Wayne Dancer took the chair for the discussion of opportunities 
for employment of young people who have specialized in mathematics for the 
bachelor’s degree. It was recognized that the liberal arts college is not expected 
to prepare one for a vocation; nevertheless, students who want to major in 
mathematics also want to know how they can use their mathematics after 
graduation. 

It was pointed out that mathematics is excellent training for subsequent 
professional study in many fields, and that an increasing number of professions 
are demanding a knowledge of advanced mathematics of their specialists. Several 
present reported that they had had calls from large industries and the Civil 
Service for college graduates who have majored in mathematics. Some corpora- 
tions prefer to employ for many positions young people with a well-balanced 
liberal education, giving specific training themselves. In such cases a knowledge 
of mathematics is universally desirable. 

To continue the study and discussion of problems raised, the group voted to 
ask the Ohio Section of the Mathematical Association of America to sponsor the 
work of this conference. An annual fall meeting for thi purpose met with gen- 
eral approval. 


PERSONAL ITEMS 


Fritz Herzog of Michigan State College has been promoted to an associate 
professorship. 

Assistant Professor R. C. Hildner of the College of Wooster, Wooster, Ohio, 
has been appointed to an associate professorship at the University of New 
Mexico. 

Dean C. C. Hurd of Allegheny College, Meadville, Pennsylvania, has ac- 
cepted the position of theoretical research engineer at Carbide and Carbon 
Chemicals Corporation, Oak Ridge, Tennessee. 

W. J. Jaffe of Newark College of Engineering has been promoted to an 
assistant professorship. 

Assistant Professor Walter Jennings of Virginia Polytechnic Institute has 
been appointed to an assistant professorship at the Naval Postgraduate School, 
Annapolis, Maryland. 

Associate Professor H. E. Jordan of the University of Kansas has been ap- 
pointed to an associate professorship at Colby College. 

Professor B. W. Jones of Cornell University will be on leave for the current 
academic year and will be at the California Institute of Technology. 

A. R. Kirby of Fordham University has been promoted to an assistant pro- 
fessorship in the School of Medicine. 

Dr. W. J. Kirkham of Oregon State College has been promoted to an asso- 
ciate professorship. 
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Professor H. D. Larsen of the University of New Mexico has been appointed 
to a professorship at Albion College, Albion, Michigan. 

D. H. Lehmer, of the University of California has been promoted to a 
professorship. 

Jerome C. R. Li of Oregon State College has been promoted to an assistant 
professorship. 

Dr. W. S. Loud of the Massachusetts Institute of Technology has been ap- 
pointed to an assistant professorship at the University of Minnesota. 

Dr. A. K. Mitchell of Pratt and Whitney Aircraft Division of United Aircraft 
Corporation has been appointed to an associate professorship at the University 
of Maryland. 

Dr. Josephine Mitchell has been appointed to an assistant professorship at 
Oklahoma A and M College. 

Mr. A. G. Montgomery of the College of St. Thomas has been promoted to 
an assistant professorship. 

Professor F. S. Nowlan of the University of British Columbia has been 
appointed to a visiting professorship at the Chicago Undergraduate Division 
of the University of Illinois for this year. 

Assistant Professor R. E. Johnson of Mt. Holvoke College has been ap- 
pointed to an associate professorship at Smith College. 

Professor Rufus Oldenburger of the Illinois Institute of Technology is on 
leave of absence during the current year to complete a book on applied mathe- 
matics and to work as mathematician for the Woodward Governor Company, 
Rockford, Illinois. 

Assistant Professor S. T. Parker of the University of Louisville has been ap- 
pointed to an assistant professorship at Kansas State College of Agriculture and 
Applied Science. 

Dr. P. K. Rees is now Associate Professor and Acting Head of the Depart- 
ment of Mathematics at Louisiana State University. 

Associate Professor E. J. Purcell of the University of Arizona has been 
promoted to a professorship. 

R. A. Rosenbaum of Reed College has been promoted to an associate pro- 
fessorship. 

Assistant Professor C. E. Sealander of Iowa State College has been ap- 
pointed to an assistant professorship at Ohio State University. 

Abraham Seidenberg of the University of California has been promoted to 
an assistant professorship. 

Assistant Professor W. S. Snyder of the University of Tennessee has been 
promoted to an associate professorship. 

Professor C. F. Stephens of Prairie View University, Prairie View, Texas, 
has been appointed to a professorship at Morgan State College, Baltimore, 
Maryland. 

W. M. Stone has been appointed to an assistant professorship at Oregon 
State College. 
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Otto Szasz of the University of Cincinnati has been promoted to a professor- 
ship. 

H. P. Thielman of Iowa State College has been promoted to a professorship. 

C. H. Vehse of West Virginia University has been promoted to a professor- 
ship. 

Frantisek Wolf of the University of California has been promoted to an 
associate professorship. 

The following appointments to instructorships are announced: 

Barnard College: Grace L. Bolton 

Berea College: Ruth E. Porter 

Haverford College: Dr. D. L. Thomsen 

Los Angeles City College: R. E. Horton 

Modesto Junior College: A. J. Osner 

Oregon State College: J. F. Price, Mrs. Hazel Thurman, Mrs. Evelyn 
Schroeder, R. J. Wise 

Queens College, CCNY: Dr. J. E. Eaton 

Triple Cities College, Syracuse University: E. O. Allen 

University of Alabama: Irma Berkowitz 

University of Buffalo: Jean Lee Blaney, B. J. Clark, F. P. Kowalewski, Jr., 
Jane L. Noller, D. D. Strebe 

University of California, Extension Division: Frank Harary 

University of Michigan: P. S. Jones 

University of Nebraska: Dr. Edwin Halfar, Dr. W. G. Leavitt 

University of Oregon: Mrs. Pearl Van Atta 

University of Tennessee: Ralph Donnell, Clyde Miller, Jack Moshman, 
Frances Street, Dr. R. L. Wilson 

West Virginia University: Thomas Bauserman 

G. W. Evans, a charter member of the Association, died in February, 1947. 

Professor T. W. Wiley died September 1, 1947. 


Mr. A. Z. Skelding wishes to dispose of back volumes of the MONTHLY 
covering a large part of the period from 1916 to date, some bound and some 
unbound. Anyone interested in purchasing such volumes should write for further 
information to Mr. A. Z. Skelding, Actuary, 162 Hamilton Road, Hempstead, 
L.I., N. Y. 


The winner of the prize scholarship in the 1947 William Lowell Putnam 
examination is Mr. William Turanski of the University of Pennsylvania. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Oficial Reports and Communications 
APRIL MEETING OF THE SOUTHEASTERN SECTION 


The annual meeting of the Southeastern Section of the Mathematical Asso- 
ciation of America was held at the University of South Carolina, Columbia, 
S. C., on Friday and Saturday, April 18-19, 1947. Professor Ruth W. Stokes, 
Chairman of the Section, presided at the Friday afternoon and Saturday morn- 
ing meetings, and Professor W. L. Williams presided on Friday evening at the 
informal dinner given in honor of the visiting speaker, Professor L. M. Graves. 

There were one hundred and forty-one present, including the following sev- 
enty-seven members of the Association: Louise Adams, E. A. Bailey, T. A. 
Bancroft, D. F. Barrow, Helen Barton, W. S. Beckwith, R. C. Blackwell, R. V. 
Blair, R. G. Blake, Floyd Bowling, M. G. Boyce, A. T. Brauer, T. C. Carson, 
B. G. Clark, F. E. Clark, E. G. Douglas, Nelle C. Douglas, Jeanette R. Durst, 
L. A. Dyke, F. A. Ficken, R. B. Folsom, Jack Frierson, L. L. Garner, W. H. 
Gaver, L. M. Graves, C. L. Hair, E. A. Hedberg, R. A. Hefner, Erik Hemming- 
sen, P. R. Hill, C. H. Holton, G. B. Huff, L. P. Hutchison, J. A. Hyden, L. W. 
LaGrone, G. B. Lang, J. W. Lasley, Jr., R. J. Levit, Anne L. Lewis, F. A. Lewis, 
R. A. Lytle, G. H. May, W. G. McGavock, S. W. McInnis, W. N. Mebane, Jr., 
H. A. Myer, D. D. Miller, W. B. Moye, H. M. Nahikian, Sara L. Nelson, J. D. 
Novak, Eugene Park, R. I. Pepper, I. E. Perlin, C. G. Phipps, Ellen F. Rasor, 
G. E. Reves, J. O. Reynolds, H. A. Robinson, L. B. Robinson, C. L. Seebeck, 
Jr., D. C. Sheldon, C. Eucebia Shuler, E. L. Stanley, L. W. Stark, A. L. Starrett, 
R. P. Stephens, Ruth W. Stokes, C. F. Strobel, Cora Strong, C. S. Sutton, Mary 
M. Templeton, J. M. Thomas, J. A. Ward, Betty R. Weber, W. L. Williams, 
Y. K. Wong. 

At the business session the following officers were elected for the coming 
year: Chairman, J. W. Cell, North Carolina State College; Vice-Chairman, L. A. 
Dye, The Citadel; Secretary-Treasurer, H. A. Robinson, Agnes Scott College. 
The Section voted to hold its 1948 meeting at The Citadel. 

The program consisted of the following papers: 

1. Generalized differential operators, by Professor L. V. Robinson, University 
of South Carolina. 

Taking for the argument the product of a function of x and the differential operator plus 
another function of x, several expressions involving functions of that argument operating upon 
other functions of x were derived. Likewise, corresponding expressions for inverse functions and 
functions of the inverse of the given argument were derived. 


2. On an equation all of whose roots are real, by Professor Tomlinson Fort, 
University of Georgia, (by title). 


The author discussed a little-known inequality that holds between the coefficients of an equa- 
tion all of whose roots are real, 


3. The concyclic sets of points in the Morley configuration, by Professor L. A. 
Dye, The Citadel. 
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The Morley configuration of a triangle consists of 27 points determined by 18 angle trisectors 
which lie six by six on nine lines. These lines are in three sets of parallels, making angles of 60° 
with one another. There are 144 circles, each of which passes through 4 or 5 of the 27+-3 points of 
the figure. Professor Dye showed that there are 9 triples of Morley points concyclic with some pair 
of vertices of the triangle, and there are 54 other triples which are concyclic with one of the vertices. 
Further, there are 27 quadruples of Morley points which are concyclic with one of the vertices of 
the triangle and 54 other quadruples which are concylic. 


4. The non-existence of a certain type of odd perfect number, by Dr. R. J. Levit, 
University of Georgia. 
In this paper, Doctor Levit showed that no odd perfect number exists with the property that 


each of its prime power factors has a divisor sum which is itself a prime power, though all even 
perfect numbers do possess this property. 


5. Partial fractions with repeated linear factors in the denominator, by Dean 
E. A. Bailey, LaGrange College. 


Dean Bailey demonstrated certain properties of partial fractions, and the algebraic simplifica- 
tion of certain identities. 


6. A function with a finite discontinuity, by Professor J. A. Ward, University 
of Georgia. 


This paper appeared in the March, 1947, issue of this MONTHLY, page 162. 


7. Determination of a polynominal in several indeterminates by a finite set of 
its values, by Mr. F. E. Clark, Duke University. 


Mr. Clark proved that the coefficients of the complete polynomial f of degree p in  indeter- 
minates are linear homogeneous polynomials in the values assumed by f at the set of points whose 
coérdinates are the exponents of the various monomials of f. An application of this result to the 
proof of identities was given. 


8. A novel algorithm at the freshman level, by Professor G. B. Huff, University 
of Georgia. 

The algorithm presented was a device, discovered experimentally, for computing the values of 
a polynomial at a set of evenly spaced values of the arguments. The algorithm and its inverse 
apply to problems in theory of equations, interpolation and summation. Professor Huff stated that 
he had found the device useful as a challenge to enterprising undergraduates. 


9. A geometrical construction for a two star fix, by Professor J. M. Thomas, 
Duke University. 

Professor Thomas gave a ruler and compass construction in the plane for finding latitude and 
longitude from the declinations, Greenwich hour angles, and altitudes of two points on the celestial 
sphere. 


10. Undergraduate mathematics curricula, by Professor L. M. Graves, Uni- 
versity of Chicago. 


In this paper, Professor Graves discussed some principles believed to be advantageous in the 
setting up of a curriculum in mathematics. Among these were: emphasis on the vector point of 
view in trigonometry and analytic geometry, as well as in later courses; emphasis on relations be- 
tween different concepts and methods; and training in logic and postulation methods. Some 
changes and innovations already operating at the University of Chicago were mentioned. 
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11. Exact probabilities for the common tests of statistical hypotheses, by Pro- 
fessor T. A. Bancroft, University of Georgia. 
Certain probability distribution functions were transformed into the incomplete beta-function 


ratio. A general formula and certain special cases derived by Professor Bancroft were given for ob- 
taining values of the incomplete beta-function ratio outside the range of the existing tables. 


12. The jeep problem: a more general solution, by Professor C. G. Phipps, 
University of Florida. 


This paper appeared in the October, 1947, issue of this MONTHLY. 


13. An exact formula for the quoted price of a bond, by Dr. P. M. Hummel and 
Dr. C. L. Seebeck, University of Alabama. 


By the use of present values of future benefits, a formula was established for the quoted price 
of a bond to yield a given rate. 


14. A solution to the bracelet problem, by R. G. Blake, University of Florida. 


A solution of the bracelet problem was given by stringing together x: beads of one kind, x2 of 
a second kind, and so forth. The problem was made to depend upon the number of cyclic permuta- 
tions and upon the consideration of which permutations were symmetric. 


15. Functional analysis, by Professor L. M. Graves. 


After giving illustrative examples of functionals and functional equations, Professor Graves 
reviewed the differential and integral calculus in Banach spaces, and the fundamental theorems on 
implicit functions. A simple device was used to procure a theorem on the extent of the domain of 
functions defined implicitly. This theorem may be applied to show the existence of solutions, satis- 
fying prescribed boundary conditions, of certain classes of nonlinear ordinary or partial differential 
equations. 


16. On Transon’s formula for aberrancy, by Professor J. W. Lasley, Jr., Uni- 
versity of North Carolina. 


Abel Transon in 1841 developed the concept of aberrancy, or deviation, called by him the 
second “affection” of curvature. In his analytical argument, Transon used the inclination of the 
tangent for the independent variable rather than the arc length of the curve. If the latter is used, 
Professor Lasley demonstrated it was possible by means of a one parameter family of equilateral 
hyperbolas to obtain Transon’s formula by direct calculus methods, and ina simpler form. 


17. On the development of the idea of dimension, by Dr. Erik Hemmingsen, 
University of Georgia. 
The development of the concept of dimension was traced from the ideas implied by Euclid to 


the definitions used by the topologist. Each definition discussed was shown to have certain dis- 
advantages. 


18. A derivation of the equations for vibrating string, by Professor F. A. 
Ficken, University of Tennessee. 

Under rather general assumptions, the derivation was examined in order to display what use 
was made of each hypothesis. The longitudinal component of the displacement satisfied an equation 


of Sturm-Liouville type in which each of the variable coefficients was present and had immediate 
physical significance. 
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19. On the characteristic equation of certain matrices, by Professor A. T. 
Brauer, University of North Carolina. 
Professor Brauer gave an algebraic proof of a theorem on matrices obtained by von Mises 


from results in the theory of probability. The paper was published in the Bulletin of the American 
Mathematical Soctety, June, 1947. 


20. Derivation of the impedance circle diagram as a mapping problem, by 
W. R. Mullin, Vanderbilt University, introduced by Professor J. A. Hyden. 


The derivation of the impedance circle diagram for the computation of input impedance of a 
lossless transmission line was accomplished in this paper as a mapping problem rather than from 
electrical considerations, Certain facts concerning transmission lines were shown to follow directly 
from the mathematical derivation with the introduction of a minimum amount of electrical theory. 


21. Determinants whose columns (rows) are given sequences, by Professor I. E. 
Perlin, Georgia School of Technology. 


Professor Perlin proved certain theorems and gave certain interesting examples relative to 
determinants whose columns were composed of given sequences. 


22. A topic of infinite matrices, by Professor Y. K. Wong, University of 
North Carolina. 


This paper dealt with the reducibility of a linear transformation in Hilbert space in relation 
to its inverse. Examples were constructed to show that infinite matrices may have reciprocals 
without the property of reducibility. 


23. The plane projectivity between points connected by an associativity, by 
Professor B. G. Clark, Vanderbilt University. 


Using the fact that the vertices of two triangles in the plane are associated with their opposite 
sides and that two sets of points associated with the same set of lines are projective to each other, 
Professor Clark discussed the various types of non-singular collineations determined by six points 
in their several relative positions. 


24. A plane transformation determined by opposite edges of a tetrahedron, by 
Professor J. M. Clarkson, North Carolina State College, introduced by the 
Secretary. 


Professor Clarkson illustrated a method for a plane transformation by considering a tetra- 
hedron whose three sets of opposite edges were parallel to the codrdinate planes. The equations of 
transformation he used showed that the straight line loci of the xy plane were mapped into hyper- 
bolas on the xz plane. Some of these hyperbolas were composite, and the points of the xy plane 
which caused the breakdown were singular points in the transformation. 


25. Maxima and minima of sums, by Professor Tomlinson Fort, University 
of Georgia, (by title). 


The calculus of variations is concerned with the problem of maxima and minima of definite 
integrals. The definite integral is the limit of a sum. The present paper treats maxima and min- 
ima of sums by methods not dissimilar to those commonly applied to the integral. 


H. A. Roprinson, Secretary 
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MAY MEETING OF THE NEBRASKA SECTION 


The twenty-third meeting of the Nebraska Section of the Mathematical 
Association of America was held at the University of Nebraska, in Lincoln, on 
May 3, 1947. Professor Ralph Hull, Chairman of the Section, presided. 

The attendance was twenty-four, including the following thirteen members 
of the Association: M. A. Basoco, H. W. Becker, E. M. Berry, A. K. Bettinger, 
W. C. Brenke, C. C. Camp, H. M. Cox, J. M. Earl, M. G. Gaba, C. B. Gass, 
E. H. Hadlock, Ralph Hull and Lulu L. Runge. 

At the business meeting the following officers were elected for the coming 
year: Chairman, H. M. Cox, University of Nebraska; Secretary, Lulu L. Runge, 
University of Nebraska. 

The following papers were presented: 

1. An application of the Laplace transformation to the solution of a certain 
boundary value problem, by D. D. Rippe, University of Nebraska, introduced 
by the Chairman. 


The speaker considered the differential equation 


1 
Ox2(x, t) =F Alm, t) t>0,-a<x<a, 
with boundary values 
6(x,0) = 0 —-a<x<a, 6(a,t) = 0(— a, t) >0 
O(a, t) = 2 [ “ox, tae i> 0, 
0 
Q:(a, t) = cl@m — (a, #) | t>0. 


He showed, by applications of the Laplace transformation and especially by the application of the 
theory of the complex inversion integral which arises therein, that it was possible to express the 
solution in the form 


2 
e~*r,/t cos (%nx/a) 
6(x,#) = On| 1 — >) —— 
(x,t) [ 2X rr(1 + 5 + S°rn) sin rp 


where 7, is a root, Zn, of the transendental equation cot =2kz/ca and 6=2k/ca. 


2. On an integral equation with discontinuous kernel, by C. C. Camp, Uni- 
versity of Nebraska. 


Reference was made to the paper by J. D. Tamarkin in Vol. 29 of the Transactions of the 
American Mathematical Society, in which he considered the equation u(x) =p Shs, £)u(é)dé. In 
this the kernel has a jump of one across the line x =£. Recently the author has treated the case 
of such a jump across the secondary diagonal x =1—£ in addition, but in a partial derivative of 
k(x, &). Professor Camp extended the theory to discontinuities in the kernel itself along both di- 
agonals. He showed that, under certain restrictions, the associated expansion theory still holds. 


3. Problems in the algebra and topology of electrical circuits, by H. W. Becker, 
Omaha, Nebraska. 
The speaker showed the importance of the operation a||b=ab/(a+0) in electrical cultures. It 


generates one of an infinite number of functional arithmetics defined by F(a, 6) =a @db. 
The easiest method yet devised for the solution of bridge circuits was established. The transfer 
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conductance G of any branch 6 is the fracto-sum of the G’s of the two component circuits formed 
by opening and shorting any other branch b. That is, 


b'Ns00 + Noo ; 
b’Dooo + Deo 


The enumeration of bridge circuits is made difficult by the possibility of topological identity be- 
tween apparently different configurations, and also of symmetries. Topologically generalized bi- 
nomial coefficients are required, in which the combinations are reduced by any symmetries present. 
Symmetries also create topological products Cn® Cr%Cn-Cn when m=n. The census of all bridge 
circuits of less than thirteen branches, basicor unrestricted, was tabulated under various classifica- 
tions. 


Gp = Goo @ Groo = N2/Do = 


4. A new approach to celestial navigation, by O. C. Collins, University of 
Nebraska, introduced by the Secretary. 


In this paper, it was remarked that for any two stars there exist on the celestial sphere two 
families of ellipse-like loci such that for the one family the sums of the star distances on the sphere 
are constants and for the other family the differences are constants. For special values of the param- 
eters, these loci degenerate into a system of three mutually perpendicular great circles, one of 
which passes through the two star positions and another of which is equidistant from the two star 
positions. A point on the sphere at measured distances from the two star positions may be located 
with respect to the three-great-circle system of those two stars in terms of the lengths of two 
mutually perpendicular great circle arcs, whence its equatorial coérdinates may be found if the 
positions of the stars are known. 


5. Geometry in college, by C. A. Huck, Peru State Teachers College, intro- 
duced by the Chairman. 


The speaker called attention to the increased attendance in mathematics classes following 
World War II. He remarked that, following World War I, mathematical study was placed in an 
unfavorable position, and urged that we now organize to avoid a recurrence of what happened at 
that time. He urged that mathematics be presented as a dynamic force in the development of all 
phases of life. Because of inadequate preparation, high school teachers are not capable of inspiring 
their students to continue the study of mathematics beyond the second year. In order to better 
prepare these teachers, colleges should offer a course in plane geometry, as well as college algebra. 


6. Note on the effect of postponement of college education by war emergency, by 
H. M. Cox, University of Nebraska. 


In this address Professor Cox reviewed the results compiled from the examinations routinely 
administered to all entering sophomore and freshman students, covering subjects such as mathe- 
matics, science, English usage, social studies, science information, and college aptitude. By analysis 
of variance, no significant differences on any one of the tests were found among either men or 
women students when they were grouped by year of graduation, namely 1940 through 1945. 

There were, however, significant differences between the separate groups just described and the 
graduates of high school in 1946. Extreme variations occurred in all groups studied and on all of the 
examinations. The veterans group averaged lower than the normal group of entering freshmen, 
but an exploratory study of the achievement of veterans indicated equal chances of success for 
the older and younger veterans within the age range of 18 to 23. 


7. Sequential analysis in statistics, by Ralph Hull, University of Nebraska. 


Professor Hull gave an expository talk on recent developments in this field, due to Wald 
and others. 
Luiu L. RUNGE, Secretary 
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MAY MEETING OF THE WISCONSIN SECTION 


The fifteenth annual meeting of the Wisconsin Section of the Mathematical 
Association of America was held at the University of Wisconsin, Madison, on 
Saturday, May 3, 1947. Professor R. H. Bruck presided at the morning session, 
Professor R. H. Bardell at the afternoon session, and the Section Chairman, 
Professor H. P. Evans, presided at the business meeting. 

There were forty in attendance, including the following twenty-four members 
of the Association: L. K. Adkins, K. J. Arnold, R. H. Bardell, Leon Battig, 
May M. Beenken, W. W. Begelow, R. H. Bruck, B. H. Colvin, H. P. Evans, 
E.. G. Harrell, J. F. Kenney, S. C. Kleene, R. E. Langer, H. W. March, Morris 
Marden, Sister Mary Felice, F. E. Nemmers, Elli Otteson, G. A. Parkinson, 
H. P. Pettit, G. F. Rose, Abraham Spitzbart, J. I. Vass, and R. L. Wilson. 

At the business meeting, the following officers were elected for the coming 
year: Chairman, R. C. Huffer, Beloit College; Secretary, P. L. Trump, Univer- 
sity of Wisconsin; Program Committee, H. P. Pettit, Marquette University, 
Etylwynn Beckwith, Milwaukee-Downer College, E. G. Harrell, Platteville 
State Teachers College. The executive committee was instructed (1) to keep 
itself and the Section informed concerning proposed general changes in stand- 
ards of mathematical curriculum or of teaching personnel; (2) to codperate 
with other groups in promoting high educational standards in Wisconsin; (3) to 
use every suitable occasion for securing favorable publicity for mathematics in 
Wisconsin. It was voted to accept the invitation of Professor H. H. Conwell of 
Beloit College to hold the next meeting on May 8, 1948 at Beloit. 

The following papers were presented: 

1. Industrial applications of high energy electron accelerators, by Jack Wilson, 
Allis Chalmers Corporation, introduced by Dr. Louis A. Wolf. 


2. The word problem, by Professor S. C. Kleene, University of Wisconsin. 


The problem as proposed was based upon the assumption that a finite set of symbols, such as 
a, 6, l, is given, with words constructed from them, such as abbla. Let a finite number of equations, 
such as bbl =ab, be postulated between parts of words, so that then abbla =aaba, bblb =ablb, and so 
on. Axel Thue in 1914 proposed the problem, to find a method by which one can always decide 
whether two given words are equal. To be certain that one can always decide means that the 
decision must depend solely on the outcome of a computation. Using the theory of computing 
machines given by A. M. Turing in 1936, Emil Post in the March 1947 Journal of Symbolic Logic 
proved that the above problem of Thue is unsolvable. Professor Kleene explained Turing’s and 
Post's methods. The problem proved unsolvable is the same as the word problem for semi-groups, 
and the possibility appears herewith that the word problem for groups may likewise be unsolvable. 


3. Shock hydrodynamics, by Professor J. O. Hirschfelder, University of Wis- 
consin, introduced by Professor H. P. Evans. 


The equations of hydrodynamics for non-viscous fluids were derived from Newton's laws. It 
was shown that, whereas the Lagrangian form of the equations appears to be linear, the Eulerian 
forms are non-linear. In all practical problems it is the Eulerian form which is used. These equa- 
tions permit two types of solutions, namely continuous and discontinuous. The possibility of the 
discontinuities of the solutions is due to the non-linearity of the Eulerian equations. Riemann de- 
veloped a method of characteristics for solving one-dimensional hydrodynamical problems when- 
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ever the solution is continuous. The continuous solutions are characterized by a constancy of the 
entropy for the individual elements of the fluid. If the fluid is compressed, the Riemann character- 
istics come together and the solution becomes discontinuous. The planes of the discontinuities are 
known as shocks. There is a finite and calculable entrophy change of the fluid element in passing 
across the shock. A continuous pressure pulse will develop a discontinuity after a certain length of 
time. The mathematical behavior of the interaction of shock waves is still open for investigation, 
and many strange effects are known experimentally to occur which may be traced directly to the 
non-linearity of the hydrodynamical equations. 
Pau. L. Trump, Secretary 


MAY MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The May Meeting of the Maryland-District of Columbia-Virginia Section 
of the Mathematical Association of America was held at the George Washington 
University, Washington, D. C., on Saturday May 3, 1947. Professor W. K. Mor- 
rill, Chairman of the Section, presided. 

The attendance was sixty including the following forty-two members: T. E. 
Berry, W. E. Bleick, H. H. Campaigne, C. R. Clark, Abraham Cohen, J. F. 
Daley, Alexander Dillingham, J. A. Duerksen, E. J. Finan, N. J. Fine, Ansel 
Fisher, M. K. Fort, Jr., B. C. Getchell, Michael Goldberg, R. A. Good, D. W. 
Hall, G. A. Hedlund, M. A. Hyman, Ernest Johnston, F. E. Johnston, Sidney 
Kaplan, L. M. Kells, V. L. Klee, Jr.. W. D. Lambert, A. E. Landry, Carol V. 
McCamman, Florence M. Mears, A. B. Mewborn, W. K. Morrill, W. H. Norris, 
Jr., E. K. Paxton, C. E. Rhodes, J. N. Rice, E. D. Schell, W. F. Shenton, A. D. 
Sollins, J. H. Taylor, J. Tyler, A. W. Tucker, W. R. Utz, A. L. Whiteman, G. T. 
Whyburn. 

At a business meeting held during the afternoon session the following officers 
were elected for the coming year. Chairman, E. J. Finan, Catholic University; 
Secretary-Treasurer, M. H. Martin, University of Maryland; additional mem- 
bers of the Executive Committee, G. A. Bingley, St. John’s College, and T. W. 
Hatcher, Virginia Polytechnic Institute. It was announced that D. W. Hall, 
University of Maryland, had been elected Sectional Governor. 

The first four of the following papers were read at the morning session. 
Professor Tucker’s paper was read at the afternoon session at the invitation of 
the Section. 

1. A geometrical approach to Frandtl-Meyer flow, by Professor M. H. Martin, 
University of Maryland. 

In two-dimensional, steady, irrotational, isentropic flows for which the velocity potential 
surface ¢=¢(x, y) is a developable surface, the Legendre transformation which carries the partial 
differential equation 

(G? — u*)dz2 — 2Uvbsy + (G? — v*)dyy = 0 


into a linear partial differential equation (Z) breaks down. In the investigation of this exceptional 
type of flow if the developable surface is viewed as the envelope of a parameter family of planes 
¢=ux-+vy—w, where u, v, w are functions of a parameter 7, the following facts are easily estab- 
lished: (1) The curves 4 =u(r), v=v(r) in the hodograph plane are epicycloids, the characteristics of 
(L); (ii) The flow in the physical plane is of Pradtl-Meyer type, the Mach lines being the projec- 
tions of the generators of the developable surface upon the physical plane; (iii) The angle between 
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the direction of flow and a Mach line is the Mach angle; (iv) The equipotential lines are presented 
parametrically by 


Z= Me +2 $(6—a) | 


in which M=W-+72W; where W is an arbitrary function of the parameter 6 (the direction of flow) 
and / is a determined function of 6 having geometrical significance. 


2. Some properties of pointwise periodic transformations, by E. E. Floyd, 
University of Virginia, introduced by the Secretary. 


Let X be a compact metric space and f(X) =X a pointwise periodic transformation on X. We 
say that f on X gives a continuous orbit decomposition at xE X if x;—-x implies lim O(x;) =O(x), 
where O(y) denotes the orbit of y. It is shown that, if «© X isa non-isolated point, then there exists 
a sequence x;—>x such that lim O(x;) =O(x). Using this as a lemma, it is shown that if f does not 
give a continuous orbit decomposition at «GX, then there exists an invariant perfect set K, 
KCX and xE K, such that x;-x, x;€ K, implies lim O(«;) =O(x). 


3. Leonard and Thomas Digges—thetr contribution to practical measurement, 
by Professor W. F. Shenton, American University. 


This study of the lives and mathematical contributions of this father and son team of Eliza- 
bethan mathematicians springs from a consideration of the interesting woodcuts in the copy of the 
1591 Pantometria from the Artemas Martin Library. It shows, by means of lantern slides, the con- 
struction and use of the quadrant, square, and theodolite in working simple surveying problems. 
As to their place in mathematical performance, Mr. Halliwell says “Thomas Digges ranks among 
the first English mathematicians of the sixteenth century. Although he made no great addition of 
science, yet his writings tended more to its cultivation than perhaps all those of other writers on 
the same subjects put together.” 


4. Formulas for numerical quadrature, by Professor E. J. McShane, Univer- 
sity of Virginia. 


By integration of well-known interpolation formulas, numerical quadrature formulas are de- 
veloped for computing y(x) from the tables of y’(x), or of y’’(x), or of both. One of these is useful as 
a check formula when using Simpson’s rule. Another (due to C. B. Morrey) is useful when both y’ 
and y’’ are tabulated; it is easy to use and is more accurate than Simpson’s rule. Another gives the 
second difference of y in terms of y’’. These formulas are combined to furnish a procedure for the 
numerical integration of second-order differential equations, or of systems of such equations. 


5. The use of transformations tn college geometry, by Professor A. W. Tucker, 
Princeton University. 


Elementary transformations and their products can play the unifying role in college geometry 
that elementary functions and their compounds play in college algebra and calculus. Reflections, 
inversions, pole-polar reciprocations, and their products (operating on the material of ordinary 
plane geometry) can be used to construct various geometries that belong naturally to the Erlanger 
Programm of Felix Klein. Reflections generate the displacements and symmetries of the euclidean 
geometry of congruence; reflections and inversions generate the direct and inverse circular trans- 
formations of conformal geometry; reflections and pole-polar reciprocations (in circles) generate 
both the collineations and correlations of projective geometry. Of course, the geometric forms and 
quantities (such as cross-ratio) that are left invariant by a whole group of transformations are pre- 
cisely those preserved by the elementary transformations used to generate the group. The need 
for a transformation to be one-to-one without exception leads to the invention of a single point at 
infinity in conformal geometry and of a line of points at infinity in projective geometry. Certain 
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“subgeometries” of conformal geometry and projective geometry arise very simply from restrictions 
on the transformations that leave the point at infinity fixed, hyperbolic non-euclidean geometry 
from the circular transformations that preserve the interior and circumference of one particular 
“fundamental” circle, affine geometry from the collineations that preserve the line of points at 
infinity, and elliptic non-euclidean geometry from collineations related by central projection to spa- 
tial transformations generated by reflections in planes through the particular center of projection. 


E. J. Finan, Secretary 


MAY MEETING OF THE KENTUCKY SECTION 


The annual meeting of the Kentucky Section of the Mathematical Associa- 
tion of America was held at the University of Kentucky on Saturday, May 10, 
1947. Dr. Guy Stevenson, Chairman of the Section, presided. 

There were fifty-four in attendance, including the following twenty-one 
members of the Association: M. C. Brown, P. P. Boyd, H. H. Downing, Clar- 
ence Ford, A. A. Grau, Charles Hatfield, Sr., Aughtum S. Howard, W. R. 
Hutcherson, S. J. Jasper, E. D. Jenkins, C. G. Latimer, D. J. Myatt, R. 5S. 
Park, Sallie E. Pence, D. W. Pugsley, G. G. Roberts, W. J. Robinson, F. V. 
Rohde, J. H. Simester, D. E. South, Guy Stevenson. 

At the business meeting the following officers were elected for the next year: 
Chairman, D. W. Pugsley, Berea College; Secretary, Sallie E. Pence, University 
of Kentucky. The annual meeting in 1948 is to be held at Berea College. 

The following papers were presented: 


1. Trisection of an angle by means of higher plane curves, by P. P. Boyd, Uni- 
versity of Kentucky. 

Dean Boyd gave two methods for the graphical trisection of an angle by means of higher plane 
curves. He first reduced the problem of the intersection of the type cubic with a conic to the inter- 


section of two conics, and next presented the solution of de Longchamp’s (1888). He concluded by 
mentioning the nature of the problem and the proofs of Klein and Dickson. 


2. Development of the Frenet formulas for N-dimensions, by S. J. Jasper, 
University of Kentucky. 
The well known three dimensional vector forms of the Frenet formulas were extended to a 


flat space of N-dimensions. The speaker developed the method of finding the (V—1) unit normal 
vectors and the (N—1) curvatures associated with these vectors for a curve in N-dimensions. 


3. Contrasting two solutions of a certain problem in modern geometry, by W. R. 
Hutcherson, Berea College. 
Given any triangle ABC, through the three vertices lines AL, BM, and CN were drawn through 
any point O to points L, M, N on the opposite sides. Two proofs were given for the formula 
OL OM 
AL BM 
The first proof was a lengthy one depending upon Ceva’s theorem. The second one was quickly 
accomplished by consideration of the areas of certain triangles. 


ON 
—_- = 1 
* ow 


4. Applications of mathematics in meteorology, by McClellan Cook, Jr., Uni- 
versity of Louisville, introduced by Dr. Stevenson. 
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The speaker discussed practical applications of formulas for forecasting the movement of 
isobars, isallobars, pressure centers, and fronts, and for forecasting the acceleration of pressure sys- 
tems and the intensifications of pressure systems. 


5. The graphic construction of a lunar eclipse, by F. V. Rohde, University of 
Kentucky. 

After defining the astronomical terms involved, the computations necessary for the graphic 
construction of an eclipse from elements, as given in the American Ephemeris and Nautical Al- 
manac, were explained and an actual construction made for the eclipse of June 3, 1947. Eclipse 
limits and the conditions that must be satisfied before a lunar eclipse can occur were discussed 
briefly. 

M. C. Brown, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirtieth Summer Meeting, Madison, Wisconsin, September 6-7, 1948. 

Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, Pennsylvania 
State College, May, 8 1948 

ILLINOIS 

INDIANA 

Iowa, Fairfield, April 16-17, 1948 

KANSAS, Atchison, April 10, 1948 

KENTUCKY, Berea, Kentucky, May, 1948 

Louistana-MississippPi, Lafayette, La., 
April 23-24, 1948 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEw York, April 24, 1948 

MICHIGAN 

MINNESOTA 

MIssouRI 

NEBRASKA, Lincoln, May 1, 1948 

NORTHERN CALIFORNIA 


OHIO 

OKLAHOMA 

Pacitric NORTHWEST, Eugene, Oregon, 
March, 1948 

PHILADELPHIA, Philadelphia, Pa., Nov. 27, 
1948 

Rocky-MounrtTAIN 

SOUTHEASTERN, Charleston, S. C., March 
19-20, 1948 

SOUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN 

TEXAS 

Upper NEw Yorxk State, Schenectady, 
N. Y., May 1, 1948 

WIsconsiNn, Beloit, May 8, 1948 


Have you scon these Wiley books? 


NOMOGRAPHY 


By ALEXANDER 5S. LEVENS 


This is a time-saving, accurate book which shows you short-cut solutions to difficut prob- 
lems of engineering, statistics, or business by means of monographs. It presents the basic 
information on the theory and construction of charts involving straight line scales, curved 
scales and combinations of these elements. The alignment chart is especially stressed. The 
book is crammed with interesting examples. 


December, 1947 


INTRODUCTION TO THE 
THEORY OF EQUATIONS 


By Lois W. GRIFFITHS 


Designed for students with a background in 
differential calculus, this book introduces the 
theory of equations, determinants, and 
matrices. A book that has been tested in the 
classroom, its logical exposition makes it 
suitable for advanced or elementary levels. 


278 pages $3.50 


ADVANCED MATHEMATICS 
FOR ENGINEERS 


By H. W. Reppick and F. H. MILuLer 


The new edition covers those topics in mathe- 
matics essential for an understanding of the 
latest developments in engineering theory 
and practice. It includes discussions of dif- 
ferential equations, operational calculus, 
hyperbolic functions, gamma and Bessel 
functions, vibrating membranes, etc. 


Second edition, 1947 511 pages $5.00 


176 pages 


$3.00 


INTRODUCTION TO 
MATHEMATICAL STATISTICS 


By Pau G. HoEL 


This book is designed to give the reader a 
comprehensive introduction to the theory 
and applications of modern statistical meth- 
ods. Such topics as these are included: 
sampling inspection, non-parametric meth- 
ods, two types of errors, and sequential 
analysis. 


256 pages $3.50 


SEQUENTIAL ANALYSIS 


By ABRAHAM WALD 


The first book-length treatment of an im- 
portant and recently-developed method of 
statistical inference. The book covers the 
general theory of the sequential probability 
ratio test, its applications, and an introduc- 
tion to problems of sequential multi-valued 
decisions and estimates. 


212 pages $4.00 


JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16, N.Y. 


McGRAW-HILL BOOKS 
McGRAW. HIM of unusual interest 


COLLEGE ALGEBRA 
By Frederick S. Nowlan, University of British Columbia. 401 pages, $3.00 


e A comprehensive text for college freshmen. Distinguished by a more detailed and 
careful review of elementary material than is usual, and by the completeness with 


which the subject matter is developed, the book is both mathematically sound and 
easily understandable. 


nA 


ELEMENTARY DIFFERENTIAL EQUATIONS. New third edition 
By Lyman M. Kells, U. S. Naval Academy. 333 pages, $3.00 


e A thorough revision of a standard textbook especially suitable for students of 
engineering and applied sciences. Nearly every article has been clarified, expanded, 
and strengthened. Many new problems have been added. 


ELEMENTS OF NOMOGRAPHY 


By Raymond D. Douglass and Douglas P. Adams, Massachusetts Institute of 
Technology. 215 pages, $3.50 


e Covers the study, understanding, design, creation, and practical use of the align- 
ment diagram. Seven elementary types of diagrams are presented, with repeated 
emphasis on the mathematical foundation of the diagram theory. The treatment 
of the useful circular nomogram as a separate entity is new. 


SAMPLING INSPECTION 
By the Statistical Research Group, Columbia University. OSRD. 395 pages, $5.25 


e Gives a systematic account of certain of the best current inspection practices, 
together with tables and detailed instructions for carrying out these practices. 


SELECTED TECHNIQUES OF STATISTICAL ANALYSIS 
By the Statistical Research Group, Columbia University. OSRD. 440 pages, $6.00 


e Deals with a series of problems which occur frequently in planning, analyzing, 
or interpreting quantitative data. Various techniques appropriate to these problems 
are explained in terms of both general principles and specific procedures. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street New York 18, N.Y. 


Macmillan Mathematics Texts 


COLLEGE 
ALGEBRA 


By E. Richard Heineman 


This text for freshmen contains a thor- 
ough review of high-school algebra with 
more than 2800 carefully graded problems. 
Common errors are discussed to give the 
student an understanding not only of the 
correct methods, but also of the error in 
each incorrect operation. A simplified 
definition of a function and a logical treat- 


ment of graphic solutions are provided. 


359 pages $3.25 


ANALYTIC 
GEOMETRY 


By Roscoe Woods 


The first ten chapters of this book present 
all the material needed for the usual short 
course in analytic geometry, the next five 
chapters provide material for the longer 
courses, and the last three chapters give a 
thorough introduction to solid analytics 
and the concepts needed in the study of 


calculus. 


294 pages $3.00 


ELEMENTARY 
CONCEPTS OF 
MATHEMATICS 


By Burton W. Jones 


For students not intending to specialize in 
mathematics or science, this text is de- 
signed to provide a firmer understanding 
of what mathematics they have had and 
to supply additional training of both use 
and interest. It clarifies the everyday 
mathematical concepts often only dimly 
understood: compound interest, the 
graph, averages, probability and games of 


chance, cause versus coincidence. 


294 pages $4.00 


INTERMEDIATE 
ALGEBRA 


By Underwood, Nelson & Selby 


Presupposing one year of high-school 
mathematics, this text presents a terminal 
course in algebra as well as a foundation 
course for students preparing for more ad- 
vanced college mathematics. Extremely 
simple in style, clear and concise, the book 
maintains a consistent, upward-sloping 


level of difficulty. 


283 pages $2.60 


THE MACMILLAN COMPANY e New York 11 


From a publisher's files... 


ALGEBRA FOR COLLEGE STUDENTS by Britton and Snively (529 
pages, $3.00), which was published in April, 1947, has been the subject of 
much comment by teachers. They mention its “lucidity and precision,” “its 
ample problems,” ‘‘clearly-stated definitions,” and note that “the review 
chapters are particularly good for the veterans. . . .” The first half of the 
text consists of twelve chapters which cover the fundamental ideas of algebra. 
The last half of the book develops the standard topics of the college algebra 
course with stress on important underlying ideas. INTERMEDIATE AL- 
GEBRA (337 pages, $2.00), by Britton and Snively, consists of the first 
twelve chapters of Algebra for College Students, with chapters on Loga- 
rithms, Progressions and the Binomial Theorem, and Systems Involving 


Quadratic Equations. 


MATHEMATICS OF FINANCE, by Northcott (252 pages, $3.00) has 
also received an excellent response, as these comments illustrate: “. . . a 
thorough and well-stated presentation of the problems of finance having 


to do with series... .” “It’s brevity and simplicity are excellent features.” 


The revised edition of PLANE TRIGONOMETRY by Morrill (245 pages, 
$2.50) has been called “a textbook designed to make the student think.” 
“The type, illustrations and clarity of the presentation of material invite the 


student to investigate the content.” 


Planned for Spring 


Ambrose and Lazerowitz—-ELEMENTS OF FORMAL LOGIC 
Larsen—RINEHART MATHEMATICAL TABLES 


Reagan, Ott, and Sigley—COLLEGE ALGEBRA 


(revision ) 


Slobin and Wilbur—FRESHMAN MATHEMATICS 
(revision by C. V. Newsom) 


inehart & Company, Inc. 


& 232 MADISON AVENUE - NEW YORK 16, N. Y. 


Outstanding New Books 


Received with Enthusiasm 


An Introduction to Mechanics 
By J. W. CAMPBELL 


Professor of Mathematics, University of Alberta 
372 Pages Illustrated $4.50 


This outstanding, new text has been exceptionally well received and already widely 
adopted. It is based on more than 20 years of teaching experience and contains numerous 
useful features not provided in the usual text on the subject. 


For third and fourth year intermediate courses in mathematics—it presents an introduc- 
tion to mechancis principles graduated so the student will find it challenging but not 
difficult. It develops the dynamics of a particle from first principles and of a rigid body 
by integration. Statics as a special instance of dynamics is thoroughly treated. 


A typical comment is the following from Professor Violet M. Diller, University of 
Cincinnati—“I believe the format will be appealing to students. Discussions and explana- 
tions are especially lucid. There is an adequate supply of problems with answers, and 
the problems range from the easy to the more difficult.” 


PROJECTIVE AND ANALYTICAL GEOMETRY (Just Published) Todd 


This new text, by an English authority, is designed for the last two years of a college 
course. It shows that projective geometry is not remote from other branches of mathe- 
matics but intimately related to the theory of matrices and the theory of algebraic 
invariants. Algebraic foundations are treated from the outset. While both synthetic 
and algebraic methods are freely used, the algebraic significance of many of the 
theorems is emphasized. An elementary knowledge of matrix algebra is assumed 


throughout. 
289 Pages $4.50 
THEORY & USE OF THE COMPLEX VARIABLE Green 


Introductory account of the complex variable and conformal transformation. Considers 
applications to problems of mathematical physics, aeronautics, and electrical engineering. 
136 Pages $3.75 


THE NOMOGRAM Allcock & Jones 


An English book covering the theory and practical construction of computation charts. 
Principles are ably defined and explained, and the subject is made simple and easy to 


study. 
224 Pages $4.00 
MATHEMATICS FOR RADIO ENGINEERS Mautner 


A practical text on applied mathematics by a research engineer at the DuMont Labo- 
ratories. Covers in considerable detail practically all the mathematics required to solve 
everyday design problems in radio, electronics, radar, and associated fields. 

327 Pages $5.00 


TRIGONOMETRIC AND LOGARITHMIC TABLES Bridge 
A valuable collection of essential tables constantly employed by mathematical workers. 
So arranged that the functions required in any desired calculation can be found quickly 


and effectively. 
83 Pages $ .60 
You are Invited to Send for Examination Copies 


2 West 45th St. PITMAN PUBLISHING 
New York 19 CORPORATION 


NUMBER ONE 
of the 


Herbert Ellsworth Slaught Memorial Papers 


FOURIER’S SERIES 


The Genesis and Evolution of a Theory 


By R. E. LANGER 


(Originally published as Part II of the August-September 1947 
AMERICAN MATHEMATICAL MONTHLY) 


Price: $1 per copy. Send orders to: Secretary-Treasurer, Mathematical 
Association of America, University of Buffalo, Buffalo 14, New York. 


THE CARUS MONOGRAPHS 


No. 1. Calculus of Variations, by Proresson G. A. Buiss. (First Impression, 1925; 
Ohh” Impression, 1927; Third Impression, 1935; Fourth Impression, 


No. 2. Analytic Functions of a Complex Variable, by Proressor D. R. Curtiss. 
O43.) Impression, 1926; Second Impression, 1930; Third Impression, 


No. 3. Mathematical Statistics, by Proressor H. L. Rierz. (First Impression, 1927; 
thy Impression, 1929; Third Impression, 1936; Fourth Impression, 


No. 4. Projective Geometry, by Proressor J. W. Younc. (First Impression, 1930; 
Second Impression, 1938.) 


No. 5. History of Mathematics in America before 1900, by Proressors Davin 
EUGENE SMITH and JEKUTHIEL GinsBuRG. (First Impression, 1934.) 


No. 6. Fourier Series and Orthogonal Polynomials, by PRoFESsoR DUNHAM JACK- 
son. (First Impression, 1941.) 
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THE SCHOLAR IN A SCIENTIFIC WORLD* 
C. C. MACDUFFEE, University of Wisconsin 


1. Introduction. Recorded history began with the scholar. Sometime in that 
great blank period from twenty to six thousand years ago, the art of writing was 
developed so that the scholar could record the legends and history of his nation. 
The scholar was then also the priest and the lawyer and the physician as he has 
been throughout most of recorded history. 

Since earliest times scholars have lived in communities. These communities 
or monasteries, or musea, were the early colleges and universities. They have 
constituted the chief vehicle in the development of civilization. If these little 
bands of scholars had not existed, we should now be in the woods carrying stone 
axes. 

A nation is just about as great as its universities. They are the ganglia in the 
central nervous system of the nation, whence come the nerves that stimulate its 
intellectual, industrial, and political life. Without the leadership of the universi- 
ties, national life would probably continue for a while by inertia but would grad- 
ually slow down and succumb to the competition of rival nations. 

The function of the university as a teaching institution is purely incidental. 
Its principal function is to keep alive the great wealth of knowledge and culture 
that past ages have collected, and to add to that wealth through the encourage- 
ment of scientific research and creative art. Knowledge and art can be kept alive 
only by the creation of scholars, and the scientific horizon can be extended only 
by the creation of scientists. To create scientists and scholars is the primary func- 
tion of the university. : 

This statement of the function of the university is orthodox. It is as old as 
the universities themselves. It is the idea which induced Alexander to establish 
the Museum at Alexandria, the institution which shone out over the ancient 
world for the 600 years of its highest culture and where much of our mathe- 
matics was made. Alexandria was doubtless the greatest university of all time, 
and the burning of its library in 389 might well mark the beginning of the Dark 
Ages. 

The Renaissance was marked by, and was in a very large measure due to, 
the establishment of the great universities in Padua, Paris, and Oxford, and 
soon in many other places. The study of the great legacy of Greece was brought 
into Europe by these universities, where it had been extinct for many years. 
Men had to learn again that it is not evil to think, and that we live in a reason- 
able world. The scientific developments of our generation could not have taken 
place if these medieval universities had not come into being. 


2. Science in Modern America. American universities have progressed amaz- 
ingly in a century, and so has the country. From the position of a backward 
nation we have come to the very front. The opportunity to establish undisputed 
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intellectual leadership is ours. Whether we can maintain this position when the 
influx of German scientists stops remains to be seen. 

As time goes on, and more and more is known of science, archaeology, and 
history, it becomes increasingly difficult to keep some branches of our culture 
from becoming lost. The day has long since passed when one man could have a 
working knowledge of all branches of science. The goal of the philosopher to 
know all things and to correlate them into one harmonious whole now seems very 
difficult of fulfillment. 

The last war has destroyed many of the cultural links between our age and 
the past, particularly by the wanton bombing of the libraries and museums by 
both sides. It has also reduced the number of scholars in Europe so that some 
links that we had with our past are probably now gone forever. We must be will- 
ing to support scholars in all fields without everlastingly measuring their output 
in terms of American dollars. 

Everything that I have said so far is trite and generally admitted, but we in 
the United States do not make it part of our practical thinking. We do not be- 
lieve that the production of scholars is in itself a worthy objective, nor that the 
scholar is worthy of his hire. Our colleges and universities are supported by state 
and private funds, but the stated objective is the instruction of vast numbers 
of young men and women in ways and means of earning a better living than 
their fellows. They are taught citizenship and the American way of life. I am 
not always clear just what this means. Occasionally it seems to be football and 
the cult of the gods and goddesses of Hollywood. 

We are now living in the Age of Science. One might almost say that Science 
has become our national religion. It has revolutionized our daily lives, our knowl- 
edge of the past, and our hopes for the future. Its miracles are commonplace and 
we can perform them ourselves. The researchers in medicine are the angels of 
mercy, and in popular imagination the Atomic Scientists are the devils. 

This elevation of Science to a god-like eminence creates many difficult prob- 
lems for the scientist, who is not primarily interested in becoming a high priest. 
First, everyone wants to be a scientist. Astrologers, numerologists, even religious 
groups, conjure with the name “Science.” On a little higher plane, we have 
Political Science and the Science of Economics, when everyone knows that these 
subjects are not yet truly scientific. Even Psychology has renounced its parent, 
Philosophy, and wishes to be known as a science. 

Everyone is pathetically eager to understand science, and of course most 
persons are unable or unwilling to pay the price in long years of study. Our book 
stores are flooded with books on “Relativity in Five Easy Lessons,” illustrated 
with doodles, and “How to Make an Atomic Bomb.” Even the elementary 
schools have courses in General Science, and eight-year-olds lisp that Einstein 
discovered the relativity of time and space. It is questionable whether sophistry 
at this level does more harm than good, but probably nothing can be done about 
it. It is part of the ritual in the worship of Science. A classic example is the quo- 
tation from the school boy’s paper: “Gravitation was discovered by Sir Isaac 
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Walton while he was digging for hook-worms under an apple tree. It is more 
noticeable in the fall than in the spring.” 

If it were necessary or desirable to draw a fine distinction between the scholar 
on the one hand, and the artist or scientist on the other, it would have to be that 
the scholar is primarily interested in perpetuating the known, the scientist in 
new creation. But they are not independent. New discoveries are now rarely 
made by attic inventors. The creator is so steeped in the knowledge of his prede- 
cessors that he can begin where they left off. Otherwise he merely rediscovers. 

There are fashions and fads in intellectual pursuits as well as in politics or 
clothes. At the time of Socrates in Greece, speculative philosophy was the 
fashion, and so was sculpture in stone. In the Middle Ages about the only outlet 
was theology. There were later periods in which great music was produced; oth- 
ers were notable for great paintings. In sixteenth century Italy there was a re- 
markable flowering of painting and sculpture. It must have been true that the 
people of this period were enthusiastic about art, and that the great painters 
were honored and important people. The result was that the best minds of the 
period were attracted into this field, and that they were stimulated by knowing 
that their work was appreciated. 

In this period lived Leonardo da Vinci, one of the greatest potential scien- 
tists of all time. It has been said that if he had published his scientific discoveries, 
science would have been revelutionized. But he could not have published, for he 
had no sympathetic audience. In his own period he was known and honored as an 
artist, and it is only now in the Age of Science that his scientific thoughts are ap- 
preciated. If he had lived today, it is probable that he would have become a 
great scientist and that his potentialities as an artist would have remained un- 
developed. 

Deans of graduate schools and those who have served on university commit- 
tees of award for scholarships will testify that, by and large, the undergraduate 
records of those who apply for fellowships in mathematics and the natural sci- 
ences excel all others. It is all very well to argue that we need the best minds in 
Sociology and Politics. The fact remains that the country is worshipping at the 
shrine of the Natural Sciences. 


3. Science in the curriculum. There is now a widespread movement in the 
colleges and universities to incorporate some science into the liberal arts pro- 
gram. It seems as if all the weight of logic is in favor of this. We study and ad- 
mire the gems of various older cultures, their stories, poems, songs, pictures, 
statues, and philosophical concepts. Included in the education of the well- 
rounded scholar should be the gems of thought of modern man. These gems are 
largely the processes of thought of the modern scientist. 

But it is not going to be easy to design a curriculum which includes little 
dabs of the sciences without creating a nation of sophomores. This is now being 
done to some extent by the courses in General Science in the grade schools 
where students learn that Newton discovered gravitation by being bonked on 
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the head by an apple. But this does no lasting harm because the better students 
unlearn the fallacies and the poorer ones forget them. But to create a nation of 
college graduates who believe they know all about science from a Basic Course 
in the Physical and Biological Sciences would be a pity. 

There is of course the classic instance of the sweet girl undergraduate who 
sat next to a famous astronomer at a Boston dinner party. She asked him what 
his business was. “I study astronomy,” was the reply. “Oh, you do!”, the girl 
answered in surprise, “Why, I finished that last year!” 

Let us grant that it is no longer possible to deny the natural sciences their 
rightful place in the education of the humanist. There remains the problem of 
what science shall be presented, how it shall be presented, and by whom. 

Clearly the student of the arts is not going to get a very complete course in 
any one scientific subject under this plan. Perhaps he isn’t going to get any 
laboratory work at all. He may get nothing but a huge mass of undigested and 
undigestible facts. If the instructor is an experimental scientist, and is intent 
upon making a chemist or biologist of the student in one semester, it is not dif- 
ficult to imagine a course which would be a veritable monstrosity, capable of 
inducing a permanent allergy on the part of the student victim toward all sci- 
ence. 

Equally unsatisfactory will be the other extreme where the instructor is a 
philosopher who knoweth all things, believeth all things, and seeth through a 
glass darkly. He can clothe the simplest concept in metaphysical terms, which 
mean nothing to anybody. The flights of fancy which such people have indulged 
in, using Relativity and the Heisenberg Principle as justification, are known to 
all of us. 

If science is to be taught in the same spirit as the other humanities, it will be 
taught with the object of exhibiting the thought processes of the scientist. One 
currently studies Art Appreciation without attempting to model in clay, and the 
liberal arts student can gain an insight into modern science without acquiring 
sulfuric acid burns. 

The study of the scientific method, then, is the proper objective for a liberal 
arts course in the sciences. But the scientific method is the mathematical method, 
for the discoveries in science are obtained either by a direct use of known mathe- 
matics, or by the same methods of careful logical thinking to which mathematics 
is the best introduction. Without the scientific method, science becomes mere 
classification and memory. 

Physics is now riding a crest of popularity not unmixed with awe. It will 
have a prominent place in the program. The lecturer will have the choice of 
merely listing the triumphs of Physics, or pulling the curtain a little and showing 
the student how these results were arrived at. Pulling the curtain means using 
mathematics. 

Astronomy is another science which deserves a prominent place in any cul- 
tural course. Unfortunately that seems to be its only place at present, for our 
industrialists have not yet found a means of developing the natural resources of 
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the stars. 

Perhaps I have given an unnecessarily long preamble to a mathematical 
audience before stating my point, which is this: One of the brightest gems in 
the crown of achievement of civilized man is the Differential and Integral Cal- 
culus, and no man has the right to call himself a Humanist if he is completely 
ignorant of its meaning. 

Many members of the Mathematical Association of America are members 
of the curriculum committees of their respective institutions. It is to be hoped 
that they will have enough appreciation of their own subject, and enough knowl- 
edge of the fundamental role which it plays in modern Science, to demand that 
an adequate exposition of the mathematical method be incorporated in every 
generalized university or college course. Plato’s belief in the value of mathemati- 
cal thinking is still justified. In the years to come, Economics and Political Sci- 
ence, even Chemistry and Physics, will change so that our present ideas will seem 
absurd. But, as J. W. A. Young once remarked, in ten thousand years the square 
on the hypotenuse will still equal the sum of the squares on the sides. 


4. The demand for scientists. The production of an adequate number of 
scientists is a problem which is now of great concern to the United States Gov- 
ernment, as well it may be. Recently a five-volume Report to the President on 
Science and Public Policy, by John R. Steelman, was released. The fourth vol- 
ume is devoted to Manpower for Research, and contains a one hundred page 
report by the Cooperative Committee on Science and Mathematics Teaching. 
This Committee is now a standing committee of the American Association for 
the Advancement of Science, under the chairmanship of Professor Lark-Horo- 
vitz, Secretary of the A.A.A.S. Thirteen prominent scientific societies have rep- 
resentatives on this committee. Professor Raleigh Schorling is the representative 
of our Association. 

This is neither the time nor the place to give a detailed account of this re- 
port, but it is to be hoped that eventually it will reach every member of this 
Association. The Government’s aim is directed toward the creation of (1) a 
corps of effective research scientists, and (2) an organized group of discerning 
science educators. The portion of this report written by the Cooperative Com- 
mittee is primarily concerned with the early identification of youth with special 
talent in science and mathematics and with the proper nurture of these gifted 
youth through school, college, and the university. 

It is of course high time that the Government took some interest in solv- 
ing a problem which was to a large extent of its own creation. The short-sighted 
attitude of the Army during the war toward higher education did more damage 
than even a five-volume report to the President can now repair. While Canada 
and Australia and England nurtured their scientists and future scientists, we 
sent our A. S. T. P. boys to the Rapido River and the Anzio Beachhead. 

The shortage of young scientists is indeed alarming. While it is due in large 
part to the cessation of the graduate schools during the war, it is aggravated by 
the great demands for research scientists by the Government and by Industry. 
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The latter has suddenly discovered the science of statistics, for instance. If there 
are enough men to go around, this is all to the good. Scientists are getting bet- 
ter and better salaries, until now the best of them are earning almost as much 
as an average big-league baseball player. Of course when the depression comes 
both Industry and Government will willingly relinquish their scientists to the 
colleges. 

While all of us are in favor of adequate salaries for scientists, we cannot close 
our eyes to the impact of this sellers’ market upon the colleges. A large corpora- 
tion may employ a handful of scientists, whose salaries are an unimportant item 
on its budget. A university with a faculty of hundreds feels this competition 
keenly, and in reality cannot meet it. Older men may elect to remain in their 
teaching positions in spite of offers of increased salaries from Government and 
Industry. The younger men cannot be expected to do this, and they are not do- 
ing it. 

The direct result of this situation may be the deterioration of higher educa- 
tion in the United States. The universities cannot train first-rate scientists with 
second-rate staffs. The fountain of knowledge may be shut off at its source. 

The Government seems at long last to have recognized this state of affairs 
in the Steelman Report, but it remains to be seen if anything effective will be 
done about it. One obvious immediate remedy would be to close down many of 
the overlapping projects now being carried on with lavish expenditure, but we 
may be sure that this will not be done. 


5. The public schools and the training of scientists. As a long-range pro- 
gram, however, the Steelman Report seems excellent in most respects. It 
recognizes that all is not perfect with our elementary and high school systems, 
and considers at length the problem of the early identification of youth with spe- 
cial talent in science and mathematics, and with the proper methods of handling 
them so that this talent may be developed as quickly and completely as possi- 
ble. As the report states, a year or two lost can never be regained, not even if the 
student turns out to be a top-flight scientist. 

I feel sure that at this point the Steelman Report has put a finger squarely 
upon the greatest weakness of our high school system. In the matter of educat- 
ing the average child to become a good citizen, the schools are doing a fine job. 
In training the gifted for leadership, the record is not so good. 

The mass production of high school graduates has had some unexpected 
by-products. We believe so firmly in the equality of men under the law that 
we assume them to be equal emotionally and mentally. At first we tried to 
offer everyone a college preparatory education. Many failed and were frus- 
trated, so this system was considered unsatisfactory. The only obvious way out 
was to water down the contents of the courses to the capacities of the least 
capable, and this has been one of the aspects of “progressive education” during 
the past couple of decades. Since the mountain could not be persuaded to go to 
Mahomet, Mahomet was obliged to go to the mountain. This method may 
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produce citizens but it does not produce scholars. 

For many high school pupils, the education which they receive is quite 
satisfactory. It is all they can absorb, they are not frustrated, and they are 
kept off the streets. They learn citizenship, although it must be admitted that 
their courses on citizenship do not seem to prevent them from littering the 
streets around the school with paper, much as they did before the Social Sci- 
ences were introduced into the high school curriculum. They are indoctrinated 
in the “American Way of Life,” which means a mild contempt for scholarship 
and the belief that football is the only worthy masculine activity. With the 
substitution of swordsmanship for football, we have the way of life of the 
Norman nobles of the Middle Ages. 

It is quite possible that some of these lads would have been frustrated by the 
old fashioned grammar school where grammar was taught instead of Social 
Studies. They will, eventually, be frustrated by life, but they will not take it 
too hard. Extraverts are not easily frustrated. 

The greatest failure of our secondary schools is in their unsympathetic 
handling of the potential scholars. These superior students will be the future 
leaders of America, and their education is of primary importance. Without 
them, our civilization will fall. But they are frequently sensitive creatures, slow 
to mature, and possibly somewhat unlovely in adolescence. They are frequently 
unsympathetically handled by extravert teachers, and many of them are defi- 
nitely frustrated. All they ask is to be allowed to pursue their serious interests 
at their own normal speed, but this is denied them, and they are made to feel 
that this desire is in some way abnormal. Frequently they find no kindred spirit 
even among their teachers. 

European schools, and the American schools of forty years ago, cultivated 
more ground and ploughed it deeper than most of our modern schools. They had 
a curriculum of solid material so that the pupil had to develop at an early age 
the habit of serious study. In the grades he really learned spelling and grammar 
and arithmetic, and with a feeling of accomplishment following effort, came a 
genuine liking for the subjects. In high school he learned two languages, he 
learned to read them and to write them, and he learned their grammar. Possibly 
he learned to speak them. He also learned a little English, Ancient and American 
History, and a dab or two of the sciences. He took Algebra and Geometry as a 
matter of course, and frequently he took four years of mathematics. This was a 
college preparatory course. A student unable to complete this course went as 
far as he could with it. Modern experts say that this was bad, that his entire 
curriculum should have been changed and watered down. I stoutly maintain 
that this judgment is still unproved. 

The colleges of today are facing an almost impossible task in trying to 
make scholars in four years out of unprepared students. What should be a 
leisurely course in College Algebra has become a mad drive to teach high school 
algebra to students who have already passed it at 97% in high school. Of course, 
the casualties are high but the colleges are trying to hold the line. But unless 
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relief comes soon, they will yield, and will spend two years doing what the high 
schools should have done. 

What is the basic cause of this condition, and what is the remedy? I can do 
no better than to quote Dr. John Guy Fowlkes, Dean of the School of Educa- 
tion of the University of Wisconsin, from an address to his faculty last month: 
“More than ever before in the history of our country it is clear that teachers 
in our public schools need to be scholars.” 

It was an evil day when the direction of policy in our schools passed out of 
the hands of the scholars. When the direction of our medical schools shall pass 
from the hands of our doctors of medicine, and the direction of our law schools 
from the hands of our lawyers, they too will become ineffective. 

This state of affairs is clearly due to the great increase in size which our 
school systems have undergone in recent years. There are not enough scholars 
to go around, and there is not enough money available in some local units 
to pay teachers adequately. This is the crux of the whole difficulty. High school 
teaching as a profession must be made more attractive to persons of both sexes 
who have a liking for the scholarly life. 

The obvious answer to this is to increase taxes. We all have seen statistics 
comparing what we pay for cosmetics, tobacco, and liquor with what we pay for 
education. But even without any further increase in total expenditures, many 
schools could, under the administration of scholars, become more effective. Too 
much money is now spent on vocational guidance, bands, plays, card index sys- 
tems, business machines and shop equipment, to say nothing of gymnasia and 
athletic paraphernalia. Now that I have burned my bridges behind me and 
admitted being a reactionary, I might as well state the belief that the damage 
done by basketball and track in the way of enlarged hearts far outweighs the 
benefits to the participants. Death results usually at about the age of fifty. 

The high schools contain many capable and devoted scholars. But they are 
now in the minority, either numerically or politically, and have pretty generally 
lost control of the policy-forming bodies. Scholarship is not now the high ideal 
of the schools. It has been replaced by “Americanism,” which is a rather vague 
concept somewhat beyond my powers of analysis. Probably it is “Wisconsinism” 
in Wisconsin, and “New Yorkism” in New York. It looks to me startlingly like 
“provincialism” everywhere. 

The scholar is a reasonable person. He sees both sides of every problem and 
is quite willing to grant the other fellow every courtesy in an argument. Being 
very realistic, he is not positive that he is always right in every argument, and 
is a bit cautious in his declarations and claims. Moreover, he generally does not 
like an altercation. The scholar, therefore, is frequently an easy opponent for the 
extravert. The extravert knows that he is always right, because he can make 
more noise than his opponent. His beliefs have a basis in self-interest, but the 
extravert honestly does not realize this, and he becomes quite emotional about 
anyone who opposes him. He knows so definitely what he wants, and is so con- 
temptuous of opposition, that he is impressive. Usually he gets his way. 
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As the schools of this country became “big business,” their control passed 
from the hands of the scholars. The buildings became larger, the bus rides be- 
came longer, the frills began to multiply. Athletics and bands became more 
important than studies. Typewriting, shorthand, shop work, millinery, and 
home economics began to drive out the scholarly courses. Every teacher desired 
to become a principal so that he would not have to teach any more but could 
surround himself with secretaries, file clerks, vocational guidance directors, and 
assistant principals. To quote the title of an article in the Wisconsin Journal of 
Education last month, “The principal is an important person.” Nothing was 
said of the importance of the classroom teacher. 

Within the great system of our public schools there are many pressure 
groups working for the furtherance of their own best interests. I do not refer 
to anything so crass as the teachers who struck last winter and tied up many 
schools—it seems to be the American way. But there are groups who are per- 
petually striving for the over-emphasis of their own particular subjects or side 
shows at the expense of scholarly subjects. They do not hesitate to demand, for 
instance, that mathematics be eliminated to make room for political indoctrina- 
tion. 

As might be expected, the proponents of physical education and compulsory 
athletics are the most noisy and unreasonable, for they are the farthest from the 
scholarly type. At present they are pushing a campaign in Illinois to require ath- 
letics in all schools, from the first grade up. In Iowa, the only required subjects 
in high school are American history and government, and physical education. 
As if the farm boys in Illinois and Iowa did not have enough fatiguing work, 
and as if Nature did not keep every small boy in perpetual motion! Large sums 
going to manufacturers of athletic equipment might better be spent for the 
salaries of teachers. 

There was a time when the colleges exercised some control over the secondary 
schools by demanding a measure of accomplishment from entering students, and 
let no one persuade you that the colleges have no right to make such demands. Those 
students who were headed for college had to have adequate instruction. This 
frustrated the pressure groups in the schools, and became the object of a con- 
certed and violent attack. Most legislatures were persuaded to force the state- 
supported colleges to allow the high school principals to decide who is prepared 
for college and who is not. 

This seems to be the critical point at which the scholars completely lost 
control of the schools. Long before this they had ceased to be in the majority 
in their own schools, but they had support from the colleges, most of which 
still remain scholarly institutions. But with the loss of this last restraining 
influence, degeneration has followed rapidly. 


6. Obligations of the Association. The Mathematical Association of America 
was founded in 1916 with the avowed purpose of assisting in promoting the 
interests of mathematics in America. During the thirty-one years of its existence 
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it has been influential and respected. The Young Report on the reorganization 
of mathematics in the secondary schools was and is respected, and there have 
been other projects to our credit. But we must look forward rather than back- 
ward. 

The Association must not be just another pressure group whose only purpose 
is to further the interests of its own members, and I don’t think it has ever been 
such. Mathematics can hold its own in any fair competition. We must, however, 
work for a sane and realistic program of education, a return to the scholarly 
ideal. 

With the great American experiment of mass education we should have no 
quarrel. But this project is being quite adequately handled, and presents no 
critical problem. The adequate education of scholars by scholars is not being 
well handled and needs our best thoughts. Call it the double-track system or 
what you will, there must be some way to give a genuine education to those who 
want it, and to persuade all those who are competent to want it. The ideal of 
scholarship must be made more honorable and more attractive. 

Working alone, the Association can accomplish little. If we make common 
cause with other scholarly and scientific groups, we can be effective. The legis- 
latures and state boards are not as a rule vicious or unfriendly, but they are 
not composed of educational experts and are subject to influence by pressure 
groups. One may believe that they frequently welcome our advice and are glad 
to support us if they have any evidence at all that they are doing the will of the 
people thereby. It is up to us to supply this evidence. 

Just to show that a little effort may produce results, I want to tell you of 
recent happenings in Ohio. About three years ago when Dean Brandeberry of 
the University of Toledo became Chairman of the Ohio Section of the Associa- 
tion, he appointed a committee to see what, if anything, could be done about 
the low state to which mathematics in the state had fallen. No mathematics 
was required for graduation from high school, no mathematics was required for 
admission to many teacher-training institutions, and little if any was taught to 
the future teachers in these institutions. Under the chairmanship of Professor 
F. B. Wiley of Denison University, and later of Professor H. P. Fawcett of the 
College of Education of Ohio State University, this Association committee drew 
up resolutions and detailed programs of study and submitted them to the State 
Department of Education in Columbus. Within the present month the com- 
mittee has learned that in the future one year of high school mathematics will 
be required for graduation. This is not enough of course, but it is a great deal. 

There is some evidence that the anti-scholastic movement in Education, at 
least as it relates to mathematics, is on the wane in most places, and that the 
pendulum is about ready to swing back. Sooner or later this must take place, for 
if it were nothing more, mathematics is the back-bone of science and engineering. 
A little missionary work on our part at this time might prove surprisingly effec- 
tive. 

It seems clear that most of the opposition to mathematics in the schools 
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has been because of the idea that it stood in the way of mass education. I think 
we have no quarrel with mass education provided it does not interfere with the 
training of scholars. Instead of trying to force a high mathematics requirement 
on all schools, I think we should demand instead that those students who are 
going to go to college shall be adequately trained, and that the colleges shall 
have the right to decide whether a student is fitted to enter. If the poor student 
has a right to an education which will not frustrate him, by the same precept 
the talented student has a right to an education which will develop his talents 
as quickly and completely as possible. If the Steelman report is adequately 
implemented by Congress, steps will be taken to see that such an education is 
available. 

With such an education available, the vocational guidance directors will have 
to be fought off so that all capable students will take this program. My daughter, 
who is now taking a college preparatory course in high school, has with con- 
siderable effort withstood the pressure of a vocational guidance director who 
insists that her course is not well balanced and that she should take home eco- 
nomics. 

The matter of adequate training for teachers of mathematics is now a critical 
problem. In some Teachers Colleges practically none at all is required. At the 
University of Wisconsin, 15 semester hours beyond the calculus is necessary for 
the University Teachers Certificate. A joint committee of the Association and 
the National Council of Teachers of Mathematics is now considering the prob- 
lem of training for teachers, and will soon have some suggestions to offer. 

But experience in Wisconsin proves that a high paper requirement is not 
enough to ensure adequately trained and scholarly teachers. The number of 
students working for a Teachers Certificate with mathematics as a major has 
dropped everywhere in recent years. Thus the University of Michigan with 
20,500 students has 5 who are looking forward to teaching mathematics in high 
school. There has not been a single student teacher in physics at Michigan during 
the last five semesters. 

While the official requirements for high school teachers are high in these 
states, the actual teaching is being done by teachers with temporary permits 
who may have no qualifications at all. The only alternative would be to close 
the schools. It is rather futile, then, to talk of raising the price of tickets when the 
multitude crawls in under the tent. 


7. Conclusion. All of these considerations lead us back to our original text: 
Scholars are important persons. They are more important than principals, than 
athletic coaches, than vocational guidance directors. Scholars are worthy of 
public respect, and should occupy a respected social position in this country 
as they do in most other countries. They should be given adequate salaries so 
that they can live as well as the physicians and lawyers, whose equals in public 
esteem they should be. The schools should be under the direction and manage- 
ment of the scholars, and the growing gap in both prestige and salary between 
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the principal and the teacher should be closed. 

If such a conversion of the American people could take place, our school 
problems, and most of our political, economic, and social problems as well, would 
be solved. It is of course an idle dream. But scholars have always been dreamers, 
for only their dreams have made life endurable for them. And only those small 
bits of their dreams which have come to pass have made life endurable for the 


rest of the world. 


RECENT PROGRESS IN COMPRESSIBLE FLUID THEORY 
RUFUS ISAACS, North American Aviation, Inc. 


1. Introduction. Modern technical developments have made the need for a 
workable theory of compressible fluids imperative. The classical techniques that 
have at times yielded successful solutions to similar applied problems here fall 
way short of the requirements. Let us survey this situation and analyze the na- 
ture of the difficulties which cause it. 

We confine our attention to two-dimensional irrotational flows of non- 
viscous fluids. If the assumption of incompressibility is added, the classical de- 
velopment leads rapidly to a harmonious theory whose salient points are the 
following: 

A. The stream and potential functions satisfy differential equations for 
which the boundary value problem admits of a unique solution. 

B. These differential equations are linear and homogeneous. Thus linear 
combinations of solutions give further solutions. Usually there exist basic se- 
quences of solutions so that an arbitrary solution may be formed from the 
limits of linear combinations of them. 

C. Each differential equation is a Laplace equation. Thus solutions may be 
put into correspondence with analytic functions of a complex variable by the 


operation: 
“Take the imaginary part.” (1) 


Aspect A continues to hold for a larger class of problems. In fact, for any 
problem amenable to differential equation treatment, mathematical uniqueness 
should follow from physical uniqueness if the mathematical problem is correctly 
formulated from the (necessarily idealized) physical situation. Aspects B and 
C each lead us into well-studied mathematical domains, and it is not surprising 
that incompressible fluid theory should be rich in effective, and often elegant, 
results. 

But even with such advantages, all the troubles of the applied mathemati- 
cian are not dispelled. The boundary value problem in practice consists in being 
given certain numerical data and being required to supply other such data with 
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a (sometimes tacitly) prescribed degree of accuracy. The only means possessed 
by men to make the transition are the common arithmetic operations on in- 
tegers. Thus the method is reduced to finding a program of such operations. 

This can often be done. For example, we may dot the domain of the sought 
function with a lattice of points and replace the function by a set of numbers, 
one at each point. The differential equation is replaced by a suitable difference 
equation. The problem is replaced (usually) by an algebraic one where we have 
an unknown for each lattice point. If the original differential equations are linear, 
so will be the algebraic ones for the unknowns. Then we possess the required 
program of arithmetic operations. 

The drawback to such methods is that the number of operations may be 
enormous; so much so, in fact, that the time and labor required may exceed the 
economic value of the solution. With such advantages as B and C present, the 
amount of labor can sometimes be reduced into the practical range by utilizing 
existing known properties and tabulations of functions. But even in cases where 
the pure mathematician has supplied a sophisticated approach with impeccable 
convergence proofs, the numerical calculation may still be prodigious.* 

The most promising remedy, in the author’s opinion, lies in the use of mod- 
ern computing devices such as punch card machines, the Automatic Sequence 
Controlled Calculator at Harvard University, or Aniac, the Bell Telephone 
Computer. The principle of these machines is to compound arithmetic calcula- 
tors so as to carry through a program of operations automatically; that is, the 
result of one operation can appear in the data of the next. Thus vast new pos- 
sibilities in applied mathematics are opened up. 

For non-linear problems there may be a still more fundamental difficulty. 
Even if the resources are at hand for carrying out a vast program of arithmetic 
operations, there is still the primary problem of formulating the program. The 
usual devices, some of which we have mentioned, no longer suffice. In fact, some- 
times even the general qualitative nature of the solution may be obscure. Thus 
there are two stages in the difficulties of compressible fluid theory; only recently 
has effective progress been made in overcoming them. In the ensuing para- 
graphs, we outline the main steps. 


2. The main steps. First we recall some terms. The potential is that function 
whose gradient is the velocity of flow. It exists when the flow is trrotational. De- 
scriptively, this term means that small regions of fluid do not rotate; precisely 
it means the vanishing of a certain line integral for all closed curves. The dy- 
namical justification of irrotationality can be found in the classic researches 
of Helmholtz. The chief property of the stream function is that it is constant 
along the stream lines; hence its knowledge leads to a picture of the flow pat- 
tern. 


* For example, let the skeptic attempt the alternating procedure of Schwarz with two slowly 
convergent infinite series. See Courant-Hilbert, Methoden der Mathematischen Physik, T. II, p. 
264. 
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For an incompressible fluid the stream function y and the potential function 
@ each satisfy Laplace’s equation. In fact ¢+7) is a monogenic function of 
x—1y, where x, y are the cartesian coérdinates in the plane of the flow. 

For the incompressible case we must assume an equation of state, which we 
take to be 


pb =A + ap! (2) 


where # is the pressure, p the density, and A, o, and & are constants. The equa- 
tions satisfied by ¢ and w are 
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together with 


a = [ay — 3(k — 1)(62+4,)] (5) 


()=1- = —() wv: + V3]. (6) 
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Here a is the local velocity of sound; a) and pp mean a and p at zero velocity. 
It is apparent that these equations are not only non-linear, but complicated. 
However, the conveniences of aspects B and C may be restored by means of the 
so-called hodograph plane. This plane is one in which the horizontal and vertical 
velocity components u and v are the codrdinates instead of x and y. The func- 
tions @ and y may be regarded as functions of u and v, and hence the stream 
and equipotential lines may be depicted in the hodograph plane. This gives rise 
to a flow pattern (the hodograph), generally quite different in appearance from 
that in the physical plane (7.e., the x, y plane). For the incompressible case, ¢ 
and y are harmonic in the hodograph plane and so it appears to offer little ad- 
vantage. But, as Chaplygin [1] has shown, for compressible fluids the equations 
become linear in the hodograph plane. 

Bergman [3, 5, 7] modifies this idea (in the subsonic case) by using what he 
terms the pseudo-logarithmic plane instead of the hodograph plane. Here the 
coérdinates are \ and @ where 
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V V 2941/2 
M (the Mach number) = —|1 — 3(k — 1) (—) | ; 
ao 


ao 
V (velocity of flow) = (uw? + v?)1/2, 


and @ is the angle which the flow velocity makes with the horizontal axis. 
The equation for Y now assumes the form 


Yr + Yoo + 4NY = 0 (8) 
where 
k 4 
N=-— eri Mw 
8 (1— M3? 


Bergman has developed a theory of operators which define a correspondence 
between analytic functions of complex variables and the solutions of certain 
second order partial differential equations [2, 4]. Thus it is the analogue of the 
operator (1) for harmonic functions. Applying the appropriate operator to (8) 
yields the following result: 

Let g be an arbitrary analytic function. Put 


Z=z— 20 
Z 
gl(Z) = g(Z), ginl(Z) -{ gln-11(z) dz, 
0 
Then 


YO, #) = Sahl — MAYA + HER = Nan-1H0-] g(Z) 
2 (2n)! 
+O omens |t 
n=1 22") 
is a solution of (8). 
In (9) the sequence of functions Q™ is defined as follows: 


ny 
(20 + IQA) = — <9.) — af F(a)Q™(a)da (n=0,1,-++), (10) 


(0) 
Qa) = 1; 
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F(\) = Toa = Te [5 — (1 + 6h)T? — (5 — 4h) 744+ (1 4+202)T8]. = (11) 


The function F is fully defined by the conjunction of (7) and (11). 


3. Remarks. Thus the problem is solved in the sense that methods of solu- 
tion have been found. These methods bear an obvious analogy to the incom- 
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pressible case. The chief computational task needed to open the way toward 
numerical usage is the evaluation of the OQ™. But these can be tabulated once 
and for all; with their aid all subsonic (and with modifications, supersonic) 
flows can be found. 

One way of handling the problem is to replace the derivative and integral 
expressions in (10) by suitable interpolative formulas. The computation can 
then be done by mechanical devices of the type described earlier. For details 
of the technique, see [8]. 

Once the Q™ are available, we can construct the aggregate of flow patterns. 
Let us suppose ourselves faced with a particular problem, for example, the flow 
around a given obstacle. For the incompressible case we solve this problem by 
one of the known methods and thus find the appropriate analytic function g. 
Using the operator (9) we can obtain the flow in the pseudo-logarithmic plane. 
A routine procedure |6| enables us to pass to the physical plane. The result is a 
flow about an obstacle slightly distorted from the given one. By making a 
suitable counterdistortion at the outset it is possible to obtain the true pattern. 


References 


1. Chaplygin, S. A., On Gas Jets. Sci. Mem. Moscow Univ. Math. Phy. Sect.; vol. 21 (1902) 
pp. 1-121 (Eng. trans. pub. by Brown Univ., (1944)) (also NACA TN No. 1063 (1944)). 

2. Bergman, S., Zur Theorie der Funktionen, die eine partielle Differentialgleichung befried- 
igen, I; Recueil Mathematique, new series, vol. 2 (1937), pp. 1169-1198. 

3. Bergman, S., A Formula for the Stream Function of Certain Flows; Proc. Nat. Acad. Sci., 
vol. 29 (1943) pp. 276-281. 

4. Bergman, S., Certain Classes of Analytic Functions of Two Real Variables and their 
Properties, Trans. Am. Math. Soc., vol. 57 (1945), pp. 299-331. 

5. Bergman, S., On Two-dimensional Flows of Compressible Fluids, NACA TN No. 972 (1945). 

6. Bergman, S., Graphical and Analytical Methods for the Determination of a Flow of a 
Compressible Fluid around an Obstacle, NACA TN No. 973 (1945). 

7. Bergman, S., On Supersonic and Partially Supersonic Flows. NACA TN No. 1096 (1946). 

8. Numerical Determination by Use of Special Computational Devices of an Integral Oper- 
ator in the Theory of Compressible Fluids. 

I. Stefan Bergman and Leonard Greenstone, Determination of the Coefficients of the Integral 
Operator by the use of Punch Card Machines, Journ. Math. and Phys., Vol. 25, pp. 1-9 (1946). 

II. Rufus Isaacs, Determination of the Coefficients of the Integral Operator by Interpolatory 
Means. M.I.T. Journ. Math. and Phy. (In Press), Ibid., Vol. 26, pp. 165-181 (1917). 


THE TEACHING FELLOW PROGRAM AT MICHIGAN 
P. S. JONES, University of Michigan 


The employment of part-time teaching assistants or fellows is now a wide- 
spread and necessary practice. It should be continued beyond this period of staff 
shortages for the sake of the teacher-training of future instructors and profes- 
sors as well as for the sake of financial aid to struggling scholars. 

In the October, 1946, issue of the Montruty B. W. Jones [1] summarized 
the replies to an inquiry which he addressed to several colleges and universities 
concerning their supervision of teaching assistants. At that time a revised and 
expanded program for the supervision and training of the teaching fellows in 
mathematics was being instituted at the University of Michigan. It is hoped 
that an account of this program at the beginning of its second year may be of 
interest, and may draw forth exchanges of information about similar programs. 

The class of fellowships entitled “teaching fellowships” was established at 
the University of Michigan in 1932 to be filled by graduate students who “ex- 
hibit both research capacity and teaching ability.” It was stated at that time 
that “the Graduate School assumes a supervisory function with respect to the 
inservice teacher-training which each department by its appointment of teach- 
ing fellows obligates itself to perform” [2]. With the sudden growth of the 
Mathematics Department’s teaching fellow group to thirty-five in 1946-47 and 
forty-five in 1947-48 it became necessary to revise and expand the previously 
existing teacher-training program. The objectives of this program were con- 
sidered to be: (1) to provide for the welfare of freshmen and sophomore students 
by maintaining a high quality of instruction, (2) to serve thereby the best inter- 
ests of the University as an educational institution, (3) to help the teaching 
fellow, frequently inexperienced and sometimes lacking in confidence, by mak- 
ing his present job easier, and by providing training in the work to which many 
of his later years will probably be devoted. 

The program for this year consists of three major parts, namely: (1) regular 
group lecture and discussion meetings, (2) a “consultation service,” (3) class- 
room “visitations” followed by individual conferences. This is in general the 
same as last year’s program, modified, however, in many details as the result 
of the suggestions, and vigorous, interested, and cooperative criticisms of last 
year’s teaching fellows. 

The group meetings are of two types, weekly meetings of the entire group 
and less frequent meetings of those teaching a particular course. At the weekly 
meetings of the entire group such topics as the following, some taking more and 
some less than one meeting, will be discussed: (a) administrative details of 
course schedules, texts, attendance rules and grading at this University, (b) gen- 
eral classroom teaching hints and advice, (c) different methods of teaching 
(e.g., lecture, heuristic, and board work or laboratory methods), (d) suggestions 
for planning aclass hour (e.g., read the text, seek to show a motivation for your 
discussion, select examples, try to provide some variety in your procedure within 
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each class hour and from day to day), (e) typical student errors and teaching 
trouble spots to be anticipated, (f) the nature, sources, and use of enrichment 
materials (e.g., historical ideas, models, applications or connections with other 
fields), (g) how to prepare, give and correct examinations. The word “discussed” 
was used advisedly in connection with these meetings because the group is 
encouraged to present questions, points of disagreement, or alternative pro- 
cedures at any time. Actually our problem here, at the outset, was to limit dis- 
cussions and digressions, not to encourage them. However, democratic pro- 
cedures and discussions, properly controlled, increase interest and bring out 
profitable variations in viewpoint. After the topics of most significance for 
classroom application have been covered, the general meetings will be held less 
frequently and will consist of talks by faculty members, movies and slide films, 
criticisms of texts and the curriculum, and consideration of the literature of 
collegiate teaching. 

The small groups, each of which includes those teaching a particular subject, 
consider the schedule for that course, what topics, if any, are optional, specific 
errors and teaching problems encountered in that course, the motivation and 
development of particular topics, devices and materials that may be used in 
the next few weeks of classes. Each of these groups meets once every four 
weeks. 

The consultation service is represented by the posting of a rather complete 
schedule of office hours by the sponsor or supervisor. (He has no official title, but 
from the resemblance in function and name to a popular comic strip character, 
he has been termed “Available.”) During these hours he checks, before they are 
administered, the first two or three examinations given by the new fellows, dis- 
cusses with them the observations made upon visits to their classes, and more 
than this, tries to answer, as they are brought in, all types of questions ranging 
from “When and where do we get paid?” to “Why does the author of this text 
present his ideas this way?,” and “What should one do for (or to) students who 
cheat, are absent unduly, are misclassified ?” 

As the third major part of this program, the supervisor attempts to visit, 
at least twice, each time for a full hour, the class of each teaching fellow, and 
to discuss his observations with the fellow soon after the visit. A more ambitious 
visiting program might be desirable but seems impossible now in terms of the 
time available. The entire program is administered by one person. An allowance 
is made for the time required to supervise the teaching fellows in determining 
his class load. 

A minor feature of the program has been the grouping together of the teach- 
ing fellows’ offices and the stocking of a nearby cupboard with old and new 
standard textbooks, teacher’s handbooks, such as J. W. Cell, Engineering 
Problems Illustrating Mathematics, R. C. Yates, Curves, historical works by 
D. E. Smith, Florian Cajori, and R. C. Archibald, works related to teaching, 
such as Seidlin, A Critical Study of the Teaching of Elementary College Mathe- 
matics, Felix Klein, Elementary Mathematics from the Advanced Standpotnt, 
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Pélya, How to Solve It, copies of pertinent articles from the MONTHLY, such as 
Campbell, “Advice to the Graduate Assistant” [3], “survey” texts such as those 
by Dresden, Cooley, et al., Merriman, Richardson, and finally some of the 
thought-provoking new texts such as Murnaghan’s Analytic Geometry and Al- 
bert’s College Algebra. 

To evaluate the success of this program is difficult. One can not measure 
effectively how good the teaching has been, let alone know how much worse it 
might have been without such a program. The replies found on questionnaires 
filled out anonymously by the teaching fellows at the end of each semester indi- 
cated that by a large majority (but not unanimously) they felt all three phases 
of the program were helpful and worthwhile. The general meetings were con- 
sidered least valuable. We are trying to correct those features of them which 
drew the most criticism. The general feeling with regard to “visitations” was 
that though a little unpleasant they were helpful and an especially good idea 
for the other teaching fellows. It is of interest that on several occasions people 
have asked for more visits. The supervisor feels that the program has at least 
resulted in an interest in and thought for teaching and curricular problems 
which, combined with the recognition of teaching as a real job in itself, have 
produced a desirable high morale among the teaching fellow group. 
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THE SHORT-CUT PROBLEM 
CHANDLER DAVIS, Harvard University 


1. Introduction. The following problem in plane geometry concerns the 
shortest path from one point to another along a network of streets. To make the 
problem definite, let the streets be a family of straight lines, arbitrary in position 
and direction, infinite in length, and finite in number. 

We will use the following notation. Let axes be chosen so the starting point 
O is at (—1, 0) and the destination O’ at (1, 0); it is of course assumed that at 
least one line passes through each of these points. We will discuss properties of 
paths from O to O’, composed entirely of segments of the given lines. Let the 
angle from the positive x direction to the direction of a line a be designated by 
6(a), where the function @ has values in the range —7 <0 Sz. If we are consider- 
ing using a segment of a as part of a path from O to O’, we will understand (a) 
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to have the value corresponding to that sense in which we consider traversing a. 
It may happen that we will want to give the angle of a, not with respect to the 
x direction, but with respect to the direction AB; in this case we write 042(a). 
Thus, for example, @(a) =0(4.B)+642(a) mod 27. 


Cz 


Fig. 1 Fig. 2 


Consider a line from the given family such that O and O’ do not lie on op- 
posite sides of it. Clearly the shortest path does not cross it, and we may for 
most purposes eliminate all parts of the plane on one side of it. After we have 
eliminated such irrelevant regions, we are left with a region like that in Figure 1, 
that is, a convex polygon, which however need not be closed. Call the segments 
of this polygon above the x-axis, a1, a2, - + +, @;, taken in order from O to O’; 
similarly call the segments below the x-axis b;, be, - - - , b;. We have immediately 


w > O(a) > O(a2) > +++ > O(a;) > — 
— a7 <0(bi) < 6(b2) < +++ < 0(b;) <7 
(a1) 2 0, 6(a;) $0 
A(1) $0, = 6(8;) 2 0 
6(a1) _- 6(b1) Sr 
_ 0(a;) + 6(b;) < T. 
Those lines which are not of either type a or } we will call J-lines. In general the 
shortest path will include /-lines as well as a and 0-lines. 
A line m will be called reflex if 0(m) >6(a1) and 6(m) >6(b;), or if 0(m) <O{b1) 
and 6(m) <@(a;). Otherwise m will be called direct. Note that all “boundary” 


lines (types a and 0) are direct. 
The theorem to be proved can now be stated in the following form. 


THEOREM. The shortest path from O to O' includes no reflex segments.* 


* This theorem, more general than the author’s earlier result, is due to J. T. Tate, Jr., of 
Princeton. 
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2. Two lemmas. 


LEMMA 1. Suppose we have two alternative two-segment paths ABD and ACD 
from point A to point D, with 04n(AB)>0, Oan(AC) <0. Suppose further that 
Oav(AB) <@4n(CD). Then if ACD is shorter than ABD we must have 04p(AC) 
>O64n(BD). 

For, suppose instead 64n(AC) S04n(BD). (See Figure 2.) Take the line 
through B parallel to AC; it meets CD in C’, which lies between C and D (or 
coincides with D). Then comparing the lengths of the paths, we have ACD 
>ABC’D2ABD, which proves the Lemma. 

This Lemma and its various equivalent forms (for example, that in which 
94p(AC) is taken less than 04p(BD), and 64n(CD) <@4p(AB) is proved) will be 
used frequently in what follows. 


LemMA 2. The first l-segment of a shortest path from O to O' cannot be reflex. 
Suppose without loss of generality that the path leaves O along the upper 


boundary segments a), a2, +--+, d,. Then let it leave a, at A along the reflex 
segment A P;, so that 0(A P1) <6(b:) <0, 0(A Pi) <@(a;). From P; it proceeds along 
l-lines through points P2, P3, ---, P,, B, where B lies on the boundary. Then, 
6(PiP2) >0, 6(P2P3) <0, -- -. (See Figure 3.) For, if the lines do not alternate 


in this way between positive and negative 6, then obviously one of them is 
crossed more than once by the path in question. 


Fig. 3 


Now let P;P. meet 0; at U, and imagine a line drawn from O to A. The 
path OA P, is shorter than the actual path Oajaz2 - - - a,A P, hence by hypothesis 
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shorter than OUP; also 60p,(OU) >6or,(APi). Hence Lemma 1, when applied 
to quadrilateral OA P,U, gives 8op,(P1P2) >90r,(OA) >Oori(ay); 0(PiP2) >0(a,). 

Similarly, we take the intersection V of P2P3 with a, and apply Lemma 1 to 
quadrilateral A VP2P; to obtain 6(P2P;) <@(APi). Successive applications of 
Lemma Ii give 6(P3P4) >6(P:P2), 6(P4P3s) <0(P2P3), 6(PsPs) >6(P3P,1), cee, 

Take first the case where v is odd; B must lie on an a-line, say a,. Since 
P,_1P,' is reflex from the inequalities derived above, and a, is direct, 6(P,-1P,) 
<0(a,); also we know that 6(P,B) >6(P,-2P,_-1). Then the assumption that the 
chosen path gives the shortest distance from P,_, to B leads, by Lemma 1, to 
a contradiction. 

If on the other hand pv is even, B lies on a D-line, 5). In the event that 6(P,_;P,) 
>6(b,) we prove a contradiction as in the preceding case; so take 0(P,_,P,) 
<6(b,). P,P, clearly meets a; in some point W above the x-axis, and applica- 
tion of Lemma 1 to quadrilateral P,WO’B, in which 0(P,W) S6(BO’) and 
6(P,B) <0(WO’), gives a contradiction. (That part of the chosen path between 
B and O’ has been replaced by the construction of a single straight line.) 

Lemma 2 is therefore proved; note that the cases y<3, though apparently 
not covered, are actually obtained by the same method. 


3. The main theorem. The theorem now follows immediately by induction 
on the number 1 of J-segments in the path in question. For if 7 =1 then Lemma 
2 is equivalent to the theorem. Also suppose the theorem true for all m which 
are less than or equal to ~—1, and consider a path having x J-segments. The 
first segment AP; on which this path leaves a boundary (say the a-boundary) 
is, by Lemma 2, direct; thus 0(A P1) =min {6(d1), 6(a:) I. But the portion of the 
path between A and O’ must be a shortest path for those two points. Consider 
the short-cut problem related to A and O’; AP, will now be a boundary line, so 
there will be at most (x—1) J-segments in this new problem. By the induction 
hypothesis, no segment is reflex with respect to AO’; but any segment reflex 
with respect to OO’ would be so with respect to AO’, so the theorem is proved. 

It is clear that the proof has nowhere used the fact that the boundary is 
made up of straight-line segments; it could equally well be any convex curve, 
not necessarily closed, through O and O’. (All J-lines must still be straight.) 

The following further problem has been suggested by J. T. Tate, Jr. Given 
some particular figure as boundary, to find for each point in the interior the 
maximum and minimum angles of lines through that point which can for some 
configuration of J-lines be portions of shortest paths. For some points these 
maximum and minimum conditions will be sharper than those obtained by the 
present theorem; indeed there can be points through which no shortest path can 
pass. 


THE CHAUVENET PRIZE FOR MATHEMATICAL EXPOSITION 


The Chauvenet Prize for Mathematical Exposition has been awarded to 
Professor P. R. Halmos of the Institute for Advanced Study for his paper en- 
titled “The Foundations of Probability,” published in this MonTHLY for Novem- 
ber, 1944. This most recent award of the Prize “for a noteworthy expository 
paper published in English by a member of the Association” covers the three- 
year period, 1944—’46. 

The Association first established the Chauvenet Prize in 1925. At that time 
it was specified that the award was to be made every five years for the best 
article of an expository character dealing with some mathematical topic, writ- 
ten by a member of the Association and published in English during the five 
calendar years preceding the award. The Prize was not to be awarded for books. 
Originally the amount of the award was fixed at one hundred dollars. 

At a later date it was decided to award the Prize every three years, and the 
amount was changed to fifty dollars. In 1942, it was further specified that only 
such papers would be considered as “came within the range of profitable reading 
of Association members.” 

The publication program of the Association recognizes the importance of 
expository writing. The editors of the MONTHLY welcome short expository arti- 
cles that treat mathematical concepts of modern importance. Longer manu- 
scripts may be submitted to the Committee on the Slaught Memorial Papers 
or to the Editorial Committee on the Carus Monographs. 


ERRATA, VOLUME 54 


The following errata in Volume 54 have been called to the attention of the 
editors: 

H. E. Salzer, The approximation of numbers as sums of reciprocals. 

p. 135, at the bottom of the page, replace 


1 b 1 
a; + a; y 


a; — a; 


W. C. G. Fraser, An tnverston formula for an integral related to Duirtchlet 
series. 

p. 586: The location of the author should be given as Rensselaer Polytechnic 
Institute instead of Rutgers University. 

Kurt Godel, What is Cantor’s Continuum Problem? 

pp. 515-525: In the footnotes 1, 2, 20, 23 and in the first line of p. 521 the 
numbers of the footnotes quoted should read: 14, 15, 17, 20, 23, 26 instead of 12, 
13, 14, 17, 19, 21, respectively. 

In footnote 29, J.c. 6 should be replaced by I/.c.°. 

In the second line of p. 524 II; should be replaced by II. 

In the fifth line of p. 525 the word “at” should be replaced by “are.” 
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MATHEMATICAL NOTES 


EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


ROTATION OF THE TANGENT TO A HYPOCYCLOID 
J. H. Butcuart, Arizona State College 


A surprising number of the properties of hypocycloids are related to the 
turning of the tangent, as the point of contact R between the rolling circle r 
and the fixed circle f moves from the cusp A to the position determined by the 
parametric angle 6. If C is the center of r and X is the point describing the 
hypocycloid, then the tangent to the hypocycloid at X always passes through 
S, the point of 7 opposite R. Also, from the equality of arcs RX and RA of randf 
respectively, we have angle XCR equal to a@/b, where a and 0 are radii of f 
and 7 respectively. Then angle XSR is a@/2b, which means that the tangent 
SX has turned from its initial direction OA through the angle 7 = (2b—a)6/20. 
The motion of the supporting point S about its circle s, accompanied by the uni- 
form rotation of the line SX, determines this family of lines whose envelope is 
seen to be some hypocycloid or epicycloid. 

We may evaluate 7 for a deltoid upon replacing a by 30, thus obtaining 
—6/2. To identify the envelope of the Simson line, we may take S on the nine- 
point circle. Then we know (N. A. Court, College Geometry, p. 116) that the 
Simson line rotates half as fast in the opposite sense as S moves about the nine- 
point center. It would be hard to imagine a simpler proof for the famous theo- 
rem that the envelope of the Simson lines of a fixed triangle is a deltoid having 
the nine-point circle of the triangle as inscribed circle. 

For the astroid, a equals 40, and r becomes —6. Now S bisects the radius OR 
of f, and the tangent may be drawn joining the projections of R on the perpen- 
dicular cusp tangents. Then X is the projection of R on this tangent. The proof 
lies in noting that angle X SR is 20 and angle XCR is 40. This not only furnishes 
a neat construction for the astroid but also proves very simply the textbook 
proposition concerning the constancy of the length of the segment intercepted 
by the axes on the tangent. 

If a=20, the hypocycloid has two cusps and 7 vanishes, proving that the 
curve reduces to a diameter of f. If a=b, then r=0/2. Then S moves on f oppo- 
site R and the hypocycloid of one cusp reduces to the single point A. The gen- 
eral point of an epicycloid can be found by reflecting the point of the correspond- 
ing hypocycloid across the tangent at R. Thus the cardioid is the reflection of A 
across the variable tangent to f. 

The deltoid has many interesting properties, some of which can be ap- 
proached very directly from the present point of view. For instance, if the roll- 
ing curve r’ has radius b’=2a/3, the point marked on r’ and starting from A 
traces the same curve formed by letting }=a/3. To prove this, note that cor- 
responding to this value of b’, r’=6/4, and OS’ is —OR/3. Then angle P.S’R 
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is 30/4, where the moving point P is the projection of R on S’P. If S is such that 
OS is OR/3, it is the center of r’ and angle PSR is 36/2, which shows that the 
arc RP of r’ equals arc RA of f. That this point P coincides with a point of the 
deltoid with b=a/3 may be shown by drawing OT, where T is on f and angle 
AOT is —6/2. Let U be such that OU =OT/3. Since angle UOS is 36/2, S’P 
passes through this same point U of the circle s on SS’ as diameter. Thus angle 
T UP is 36/4, which implies that the line UP is a tangent to the deltoid gener- 
ated by the circle on UT as diameter. Since UT and SR make numerically equal 
angles with S’U, the projections of R and T on this line coincide, which com- 
pletes the proof. A result which is obvious at this point is the fact that the chord 
which f determines on the normal at P is trisected by P. 

Another well known result which follows easily at this stage is the theorem 
that the segment determined on the tangent to one branch of the deltoid by 
the other two branches is constant. For angle PSR is 30/2, so that SP is tangent 
to one branch at X, where X is the projection of Ron SP. When ¢’ starts rolling 
with P at A, the point Q of r’ opposite P lies on the deltoid and therefore stays 
on the same curve as’ rolls. Thus the segment PQ referred to in this proposition 
is a diameter of the circle r’. Also RP and RQ are perpendicular normals to the 
deltoid and S’P and S’Q are perpendicular tangents. We can accordingly an- 
nounce the following results: Two of the normals from any point of f to the 
deltoid are orthogonal, and the feet of the three normals are collinear. Likewise, 
the intersection of orthogonal tangents to the deltoid describes the circle s (the 
orthoptic of the deltoid). 


CLASSROOM NOTES 


EDITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


A GENERALIZATION OF THE RATIO TEST FOR SERIES 


R. J. Durrin, Carnegie Institute of Technology 


While teaching the chapter on series in the calculus, it occurred to the 
writer that the ratio test and the alternating series test could formally be com- 
bined into a single test. Thus, according to the ratio test, a series ai1-tade+ --: 
(whose terms have like signs) is convergent if 0San4:/anS7r where 0<r<1. 
According to the alternating series test, a series is convergent if a,—0 and 
—1S4n41/a,S0. Is it possible, then, to combine these two tests into a single 
test which is valid regardless of the signs of the terms a;, and which is more gen- 
eral than the ratio test for general series which states that convergence follows 
if OS | @n41/an| Sr where 0<r <1? An affirmative answer is given by the follow- 
ing result: 
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THEOREM 1. A series a;t+a2+ +--+ of real numbers is convergent if a,—0 and 
if the ratios An41/Qn Satisfy the inequality —1San41/anSr where 0<r <1. 


The following proof of this theorem should be comprehensible to many ele- 
mentary students. Denote the ratio a;4:/a; by z, so -1S2S7<1. If gisa nega- 
tive number, then 1+z=1—|z|. Furthermore 1—r$1++1r. Forming the product 
of these relations between positive numbers gives 


(1) (+2)(1-—n) s(1—|e|/)Q4+n. 


The same inequality holds if zg is positive or zero because in this case 1+z2<1-+,7 
and 1—rsi- [z|. Denoting (1+7)/(1—r) by k we can express (1) in the form 


| 1+ ayy1/a;| Sk — | aj41/a;|). 
Multiplying through by | a;| 
(2) | a; + aj41| S B(| a3| — | a1] ). 
Let Rinn =Am+Om4i+ - ee +n—-1+Gn. Then 
2Rmn = am + (Qin + Om-+1) + ie (Qn—1 + Qn) + Qn, OF 


2| Rmn| S| a@m| + | m+ amir] +--+ + | Gna + an| + | an| 
S| am| + (| am | — | agi] ) +++ + R([ anal — | an]) +] an 
= (1+ &)| am| + (1 — &)| an | 
< (1+ &)| an]. 


By hypothesis dmn—0 as m—>, so Rmn—0 independent of . Thus by the 
Cauchy-sequence criterion for convergence it follows that the series converges. 
If Sis the sum of the series then the above inequality gives | S | S | ay| /(1—r). 
Note that this inequality includes the well known inequalities for geometric 
series and alternating series. 
We now give a generalization which allows the a, to be complex numbers. 


THEOREM 2. A sertes ditde+ +--+ of complex numbers ts convergent if a,—0 
and tf the ratios Gn41/Qn lite in or on a polygon which ts contained tn the closed unit 
circle, and which touches the circle at one and only one point w, and w¥1. 


Proof. Again denoting the ratio by z we see that 1—|s| is the shortest dis- 
tance from z to the unit circle and that |w—z| is the distance from z to the 
point w on the unit circle. It is geometrically obvious that there is a constant 
k>1 (dependent on the shape of the polygon) such that |w—z| Sk(1—|s|). 
Thus 


(3) | wa; — djy1| S R({ a;| —| a1] ). 


But (w—1)Rnn=—Gm+ > ™ (wa; —a;41) + wan. 


n—-1 
| — 1] | Ron] S| am] + D2 (| es] —| esa]) +] an] S (1+ 2] an. 
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This completes the proof. 

It is of some interest to obtain an inequality for the sum of the series in terms 
of the shape of the polygon. The relation |w—z| =k(1—|z|) for >1 defines a 
closed curve L of points z. If gz=x+7y and w=a-+10b the above relation becomes 
{ (x —a)?2-++(y—b)?} 1/2 —k —R(x?+-y?)1/2, The number of points of intersection of 
L with the straight line y=c is the same as the number of points of intersection 
of the curve y= { (x —a)?-+d?} V2 and the curve ye=k—k(x?+c?)"/? where 
d=b—c. If neither d nor c are zero y; is concave upward and ‘Ye is concave down- 
ward so these curves may intersect in at most two points. If d=0 then 4, is an 
angle function opening upward so if c+0 the curve ye could intersect y; at most 
twice. If c is also zero then ye is an angle function opening downward but with 
slopes differing from that of 1, so ye and 4; could intersect at most twice. The 
remaining case is symmetrical. Thus Z can intersect a line parallel to the x-axis 
in at most two points. Using a rotated codrdinate system does not change the 
form of the equation of Z but only the values of a and 6. Thus LZ can intersect 
any straight line in at most two points, in other words L is a convex curve. 

Let g; be the distance of the jth vertex of the polygon to the circle and let h; 
be the distance to the point w. Let k=max h,/g;=h/g (excluding the vertex 
at w). Clearly the points z’ of the interior of Z satisfy the relation | w—2| 
<k(1- |z’|) so the vertices of the polygon cannot lie outside Z. Moreover, 
since L is convex the sides of the polygon must lie inside ZL. Thus we may use this 
value of k in the proof of Theorem 2 and obtain 


THEOREM 3. If S ts the sum of the series ayt+ae+ +--+, then it follows that 
| S| $(1+h/g)|a|/|w—1]. 


Two suggested extensions of Theorem 2 are false. It is not permissible to 
have more than one vertex of the polygon touch the circle. It is not permissible 
to have the ratios lie within a circle inside but tangent to the unit circle. 

The proof of the following theorem parallels that of Theorem 2. 


THEOREM 4. A sertes ay +a2+ +--+ of quaternions 1s convergent tf a,—0 and 
if the ratios Qn410;,' lie in or on a four polyhedron which is contained in the closed 
unit four sphere, and which touches the sphere at one and only one point w, and 
wl. 


DERIVATION OF THE NORMAL FORM OF THE EQUATION 
OF THE STRAIGHT LINE 


KENNETH May, Carleton College 


The derivations of the normal form of the equation of the straight line which 
appear most frequently in elementary texts are based on the slope-intercept 
form, point-slope form, or on projection. The derivation from the intercept 
form, although less often found, has advantages of greater simplicity, sym- 
metry and easy extension to three dimensions, It requires merely the observa- 
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tion that in all cases where the intercepts exist they are given by 
a=p/cosa and b= p/sina, 


where * is the always positive length of the normal from the origin to the line 
and a is the positive angle through which the positive x-axis must be rotated 
to coincide with the positive direction on this normal. Substitution in the inter- 
cept form yields the normal form in a single step. Lines parallel to one of the 
axes or passing through the origin require, as usual, special treatment. 

Similarly, the normal form of the equation of the plane in space may be de- 
rived from the intercept form by noting that each intercept (when it exists) is 
equal to the length of the normal from the origin to the plane divided by the 
corresponding direction cosine. The analogy may be emphasized by defining, 
for the two dimensional case, a second angle between the y-axis and the normal 
to the line. 

These derivations are easy for the student to understand and remember. 
They facilitate unified treatment of plane and solid analytics in an elementary 
course without requiring explicit discussion of direction cosines in the plane. 
They lend themselves to efforts toward developing the student’s appreciation 
of mathematical form in general and of the similarities between spaces of dif- 
ferent dimensions in particular. 


THE ELLIPSE AS A CIRCLE WITH A MOVING CENTER 
F. H. Youne, Oregon State College 


Our purpose is to examine the possibility of exhibiting the ellipse as the locus 
of a point on a rotating circle with a center moving on the focal axis. This condi- 
tion may be satisfied if we can express the ellipse in the form («—x’)?+y?=)?, 
for the symmetry of the figure requires that the radius be equal in length to ), 
half the minor axis. Throughout this discussion we shall assume that a>0. 


Fig. 1 


In order to have x’ move in such a way as to fit the ellipse x?/a?+-y?/b?=1, 
we must let x’ =kx so that x?(1—k)*/b?+-y?/b?=1 where b?/(1—k)?=a?, whence 
k=(a—b)/a. 
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Further, x/=x—0 cos 0, but since x’=[(a—b)/a|x, then «=a cos 6. Also, 
y=b sin 6. Hence x’=kx=(a—b) cos 9. Therefore, (x’, 0), the center of the 
moving circle moves on the focal axis with simple harmonic motion over the 
range —(a—b)<x’S(a—b) as @ increases constantly. Conversely, any such 
moving circle generates an unique ellipse, for the radius is of fixed length, 0. 

Let us now examine some of the properties revealed by this method of 
analysis of the ellipse. First, observe that the parametric equations x =a cos 9; 
y=b sin @'can refer to the parameter 6, the angle the moving radius makes with 
the focal axis. 

Consider next the situation arising when the radius is extended in the direc- 
tion 0-+-7 to give a point (x1, 1) lying the distance b-++c from (x, y) on the given 
ellipse. The point (x1, y,) then has the coordinates y; = —c sin 6 and x1 =x’—¢ cos 
6=(a—b) cos 8—c cos 0 =(a—b—c) cos 6. Eliminating 9 by squaring and adding, 
we obtain y?/c?+-x?/(a—b—c)?=1, again an ellipse, provided b-++c#a. In the 
particular case in which b+c=a, we find that x=(a—b—c) cos 6=0 and 
y = (b—a) sin 6, and as # goes from 0 to 27, we generate that section of the y-axis 
such that —(a—b) SyS(a—b). If b+c>a, and we continue our assumption 
that a>b, then c>a—b>0; hence |a—b—c| >c and our resulting locus is an 
ellipse whose major axis lies along the y-axis. It is interesting to note that if 
c=a, we have our original ellipse with the axes interchanged. 

Notice now that the slope of the generating radius is ay/bx. Hence, the radius 
is normal to the ellipse only at the endpoints of the axes. This result gives the 
answer to the problem of the type of curve generated by a normal of fixed length 
N moving about the ellipse. For a fixed N, b—a remains unchanged. Thus, x’ 
moves in the same manner as for the original ellipse, and the radius is now 
b-+N. If (x1, y;) lies on an ellipse, its distance from (x’, 0) is 0+, and the line 


Fig. 2 


joining these points is distinct from the normal. This requires the circle of radius 
N with center at (x1, yi) to be tangent to the ellipse externally in one place and 
to cut it in another, a contradiction. Hence, the curve generated by the moving 
normal is definitely not an ellipse. This can similarly be shown if N is measured 
in from the ellipse. 
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So far we have constrained 6 to be smaller than a. What results if we have 
our circle still moving on the x-axis, but >a? This offers no difficulty, for from 
the relationship that x’ =(a—b) cos 0, we can see that the center of the moving 
circle now must move from [—(b—a), 0] to [(—a), 0], as 6 increases positively, 
in describing the upper half of the ellipse whose equation is x«?/a?-+y?/b?=1, 
b>a. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
FE, 806. Proposed by Leo Moser, University of Manitoba 


Lewis Carroll once proposed the following problem. 

“Two travellers spent from 2 o’clock till 9 in walking along a level road, 
up a hill, and home again; their pace on the level being x miles per hour, up hill 
y, and down hill 2y. Find the distance walked.” 

In the original problem x and y were given integers. Deduce the solution to 
the original problem without a priori knowledge of what these integers are. 


E807. Proposed by R. V. Andree, University of Wisconsin 


An elliptical endgate of a reservoir is to be mounted with the minor axis 
parallel to the water’s surface and in such a manner that it will turn about a 
horizontal axis in the plane of the gate. Where should this axis be placed so that 
the gate will not tend to rotate in either direction when the water level is at a 
given distance above the top of the gate? Generalize to a gate of any shape. 


E 808. Proposed by Victor Thébault, Tennie, Sarthe, France 
Show that the number 
N = 19000458461599776807277716631 


is a perfect cube and that the twenty-eight numbers which are formed by cyclic 
permutations of its digits are all divisible by the cube root of N. 


E 809. Proposed by P. L. Chessin, New York, N. Y. 
Show that }°°., 2-@+)/~ diverges. 
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FE 810. Proposed by J. H. Butchart, Arizona State College 


Find the sum of the infinite series consisting of the following terms: the 
radius of the unit circle, the arc intercepted by the central angle x, the arc of 
the involute corresponding to this arc, the arc of the involute constructed on 
the first involute, and so on indefinitely. 


SOLUTIONS 
The Case of the Playful Children 


E 776 [1947, 339]. Proposed by L. R. Ford, Illinois Institute of Technology 


“Are those your children that I hear playing in the garden?” asked the 
visitor. 

“There are really four families of children,” replied the host. “Mine is the 
largest, my brother’s family is smaller, my sister’s is smaller still, and my cous- 
in’s is the smallest of all. They are playing drop the handkerchief,” he went on; 
“they prefer baseball but there are not enough children to make two teams. 
Curiously enough,” he mused, “the product of the numbers in the four groups is 
my house number, which you saw when you came in.” 

“I am something of a mathematician,” said the visitor, “let me see whether 
I can find the numbers of children in the various families.” After figuring for a 
time he said, “I need more information. Does your cousin’s family consist of a 
single child?” The host answered his question, whereupon the visitor said, 
“Knowing your house number and knowing the answer to my question, I can 
now deduce the exact number of children in each family.” 

How many children were there in each of the four families? 


I. Solution by Monte Dernham, San Francisco. The scene changes to 221B 
Baker Street. 

“Well, Holmes, how on earth did you deduce 5, 4, 3, 2 children in the respec- 
tive families? How could you guess that the house number was 120?” 

“My dear fellow,” answered Holmes, lighting his clay pipe, “as you know, 
there were not enough children all told to make up two nines; so it was obvious 
from the first that the smallest of the four families could not include more than 
two children. After a little figuring, I soon discovered that for two children in 
the cousin’s family our inquiry would be restricted to seven possible products, 
only one of which, 120, might also fit the case of a single child. Consequently,” 
he went on to explain, “had the house number been anything but 120, the 
visitor, familiar with the number and confessedly ‘something of a mathemati- 
cian,’ would have known without the need of more information whether the cousin 
had one or two children. 

“It is equally clear,” Sherlock Holmes continued, “that if the reply to his 
question had been ‘Yes’ our visitor would have been confronted with an ‘am- 
biguous case’; you see, there might have been 8, 5, 3, 1 children in the respective 
families, or again, 6, 5, 4, 1. But, since he was enabled to ‘deduce the exact num- 
ber of children in each family,’ it is plain that the answer he received was ‘No,’ 
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consistent with but a single admissible combination. Rather elementary, my 
dear Watson!” 


II. Solution by N. J. Fine, University of Pennsylvania. Let N be the house 
number, a<b<c<d the numbers of children in the four families. Since a+) 
+c+d<18, we have the bounds 1SaS2, 25084. Since the visitor asked 
whether a=1 or 2, N must have at least two admissible representations, with 
a=1anda=2. 

Using a=1 we have c+d=16—), whence 


4cd = (¢ + d)? — d —c)? S (16 — 9)? — 1. 


It follows that cd $48, 42, 35 for b=2, 3, 4 respectively, so that N = bcd $140. 
Now using a=2, N22-3-4-5=120. Hence 12005 N 5140. Now if WN is not 
divisible by 5, N22-3-4-6=144>140. If N is not divisible by 8, N22-3-5-6 
= 180>140. Thus WN is divisible by 40, from which V = 120. 
There are two admissible factorizations of 120 with a=1: 


120 = 1-4-5-6 = 1-3-5-8. 
There is only one with a=2: 
120 = 2-3-4-5. 


If the answer to the visitor’s equestion had been a=1, he could not have ob- 
tained a unique solution. Hence 


a= 2, b = 3, c = 4, d = 5, 


Also solved by Murray Barbour, Max Beberman, Barney Bissinger, Ruth 
Campbell, J. L. Connors, R. E. Crane, J. S. Cromelin, J. H. Ferguson, C. W. 
Foard, C. O. Hines, William Kruskal, J. M. McLynn, Leo Moser, M. L. Oneil, 
Bart Park, C. F. Pinzka, W. M. Rust, Jr., G. W. Walker, Maud Willey, and 
R. H. Wilson, Jr. 


The n-Kings Problem 
E 777 [1947, 340]. Proposed by C. R. Perisho, Nebraska Wesleyan University 


Find the number of permutations of objects with the restriction that in 
no arrangement may an object be adjacent to either of its neighbors in the orig- 
inal order. 


Note by Leo Moser, University of Manitoba. This problem is solved by I. 
Kaplansky in his paper Symbolic solution of certain problems in permutations, 
Bull. Amer. Math. Soc., vol. 50 (1944), pp. 911-913. The symbolic solution 
given there does not lend itself to expression by a simple explicit formula. As 
Kaplansky points out, the problem may be formulated as follows: In how many 
ways can 7 kings be placed on an x by chess board, one on each row and 
column, so that no two attack each other? 
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Equal Shortest Paths 
E 778 (1947, 340]. Proposed by Victor Thébault, Tennie, Sarthe, France 


For a given tetrahedron ABCD, find the point P in space such that the 
shortest paths separating P from each of the vertices A, B, C, D, after having 
touched the opposite faces BCD, CDA, DAB, ABC, are equal to each other. 


Solution by G. W. Walker, Buffalo, N. Y. Locate A’, the reflection of the 
vertex A across the plane of the opposite face, BCD, and locate B’, C’, and D’ 
similarly. Then the shortest path from P to A touching the plane BCD will equal 
the distance PA’. (If O is the point of contact of the path with the plane, then 
PO+0A =PO+0A’ is a minimum when PA’ is a straight line.) Thus the prob- 
lem is simply to find the circumcenter P of the tetrahedron A’B’C’D’. 


Editorial Note. It should be noted that the above solution tacitly assumes 
that the circumcenter of A’B’C'D’ is inside, or on a face, of ABCD. Under 
similar restrictions the corresponding problem in the plane is solved in an 
analogous fashion. 


A Divisibility Problem 
E 779 |1947, 340]. Proposed by P. A. Pizé, San Juan, Puerto Rico 
Let x, y, 2 be three positive integers and set 
a=x-+ 4, b=x+2, c=x+t+y+e. 
Show that for any prime exponent p> 2, 
(ab)? — (cx)? — (yz)? 
is divisible by the product pabcxyz. 


Solution by N. J. Fine, University of Pennsylvania. Let ab=A, cx=B, 
yz2=C. Then A=B+C. We have 


p—1 
A? — BP? —C? = (A — B) >), A®-*"Bt — CP 


r=0 


p-1 
= cy >, APB — cot 


r=0 


p—2 
= cyan + Br-1+ AB)” AP-r-?Br-1 — (A — By} 


r=] 


p—2 
= cfan + Br-} + AB), Apa 2Br-l 


r=] 


— > (— y(? | Saris 
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p—2 p—2 p- 1 
— ABC} » Av-r-2Br-1 — » (— »*( )arrspm 
rv 


r=uz] r=] 


p—2 p-1 
= ABC Y, Avrtpi44 ~ (— y*( )t. 
r=] v 
But, for 1SrSp-—1 and p an odd prime, 
—1 — 1 —1 
Or) )- Ca) = — Co) atm 
r r r—i1 r—i1 
p—-i1 
(7) = = 0 aod 2), 


ee) 


is divisible by p, and the theorem follows. 

Also solved by Murray Barbour, P. A. Clement, F. J. Duarte, Leo Moser, 
and G. W. Walker. Clement pointed out that a calculation, taking x=y=z=1, 
shows the necessity of requiring p>2. 


Hence 


so that each factor 


Cutting Out a Lampshade 
E 780 [1947, 340]. Proposed by G. Pélya, Stanford University 


A lampshade has the shape of a frustum of a right circular cone. Its perimeter 
is P at the bottom, p at the top, and its slant height is s. Show that such a lamp- 
shade can be cut out in one piece from a rectangular sheet of paper with dimen- 
sions 


P and s+ p(P — $)/8s. 


You can even save paper for a flap to glue the ends together, except in the limit- 
ing case where P=, when not a bit of paper is wasted. 


Solution by Joseph Rosenbaum, Milford School, Conn. The lampshade cannot 
always be cut out in one piece from the given rectangle. One would suspect this 
conclusion from a consideration of the extreme case where p=0 and P=2rs. 
Here the shade is a circular disc of radius s, and obviously cannot be cut out in 
one piece from the rectangle, one of whose dimensions is now equal to s. 

In order to obtain the facts for non-extreme situations we shall consider the 
two cases P—pSms and P—p>rs. It will be shown that in the first case the con- 
struction of the problem 1s always possible, but 1n the second case the construction 
as possible 1f and only if 
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0 nee frea(e A ZAI/CS4)- 9 


Let us, for the present, consider the piece for the shade as a sector of a cir- 
cular ring, with R and 7 as the outer and inner radii, and @ as half the central 
angle. It is easily shown that for the first case, a is non-obtuse. When 0<a<7/2, 
the piece can be cut from a rectangle ABCD as shown in Figure 1, the piece be- 
ing LFGAIJE. 


Here we have 


P = arc EFG > AB. 


Also, from Maclaurin’s expansion of cos x, 
f(a) = a?/2 —1+ cosa 2 0. 
Now, setting R=s+r, P=2aR, p=2ar, we have 
s+ p(P — p)/8s — R+7rcosa = rf(a) = 0, 


or 
s+ p(P — p)/8s = R-—rcosa = BC. 


Thus, for 0<a<7/2, the dimensions of the given rectangle are never less than 
those of ABCD, and the lampshade can be cut out in one piece in the shape of 
a sector of a circular ring. It is easily shown that the given rectangle similarly 
suffices for the extreme cases where a=0 (that is, where p=P) and a=7/2. 
Thus the first part of the italicized statement is established. 

Let us now consider the second case and still take the piece as a sector of a 
circular ring. Here @ is obtuse and the piece can be cut from a rectangle ABCD 
as shown in Figure 2. The dimensions of the rectangle ABCD are now 2R and 
R+R cos(#—a). Hence, for the given rectangle to be adequate, it is necessary 
and sufficient that 


s+ p(P — p)/8s 2 R+ Roos (4 — a). 
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Substituting, as above, for the several quantities, but leaving the second R in- 
tact, this becomes 
ro?/2 = r+ Roos (r¥ — a) 
or 
r/R = [2 cos (x — a)]/(a? — 2). 
This, expressed in terms of the given quantities, is the condition (1) above. 


D CG 


Fig, 2 


It finally remains to show that the dimensions of the circumscribed rec- 
tangle 4 BCD do not decrease when the piece which is cut out has any shape 
other than a sector of a circular ring. Toward this end we first observe that the 
general admissible shape for the piece in question is defined as follows: 

Let M and N be any two points respectively on the lower and the upper cir- 
cumferences of the frustum, and let Z be any path, on the surface, joining M/ to 
N. If ZL has no points in common with the circumferences other than VM and UN, 
and if Z does not cross itself, and if Z is such that when the surface is cut along 
L and then flattened out, the resulting plane figure has no overlapping areas, 
then this plane figure is an admissible shape for the piece. (The last condition 
on L is necessitated by the fact that without it the piece cannot be cut from 
any plane sheet. That such pieces may exist is readily discovered by models.) 

It is obvious that the above includes all admissible shapes, and it is further 
obvious that in any such shape a part of the perimeter of the piece will be the 
outer arc of the previous sector, and thus the dimensions of the corresponding 
rectangle cannot be less than those for the sector. This establishes the second 
part of the italicized statement. 

Also solved, partially, by Ragnar Dybvik, R. B. Herrera, Irene Price, and the 
proposer. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4275 [1947, 601]. Corrected. Proposed by Raymond Redheffer, Massachu- 
setts Institute of Technology, Cambridge 


Let a; represent any set of points in the complex plane, with sole limit-point 
at infinity, while 6; are any complex numbers. Prove there exists an integral 
function f(z) such that f(a;) = 0. 


4285. Proposed by H. N. Davis, Victor Erikson, and Robert Nathans, United 
States Army 

A full reel of film (thickness 7) of original diameter A is being wound onto an 
empty spool of original radius @ and rotating at a uniform angular velocity w. 
How long does it take to unwind the first spool if its inner diameter 1s also a? 


4286. Proposed by H. F. Sandham, Trinity College, Dublin, Ireland 


Prove that 
° cos x2 — cos x ; 
ax = 27) 
0 


x 
where y is Euler’s constant. 


4287. Proposed by C. R. Phelps, Ruigers University 


Show that for any given integer k>1, there are an infinite number of per- 
fect kth powers which cannot be written as the sum of a prime and a kth 
power. (This disproves a conjecture of Hardy and Wright, Introduction to the 
Theory of Numbers, p. 19.) 


4288. Proposed by J. W. Campbell, University of Alberta 


In his Messenger Lecture on Probability (A. S. Eddington, New Pathways 
in Science, 1935, p. 121) Eddington referred to the following problem: If A, B, 
C, D each speak the truth once in three times (independently), and A affirms 
that B denies that C declares that D is a liar, what is the probability that D 
was telling the truth. He used the Exclusion Method of Solution and arrived at 
the numerical result 25/71. 

Prove that the correct probability is 13/41, and that this is also the probabil- 
ity that each of A, B, and C told the truth. 
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4289. Proposed by J. T. Culbertson, Southwestern University, Georgetown, 
Texas 

Let C be any finite class of 2 similar objects (7>1) and call any subclass 
of C a singular class if it contains only one of the ~ objects and call it a plural 
class if it contains more than one of the 1 objects. Also let any set of classes 
consisting of C and all the singular subclasses of C, together with any other sub- 
classes of C (or none other at all) be defined as a classification of C. Thus any 
classification has r members where 7 <r <2", and there are M=2"—n—2 sub- 
classes of C, each of which may or may not belong to any particular classifica- 
tion (all the plural subclasses except C itself). Therefore there are 2™ classifica- 
tions of C. 

Let K be any classification of C and a and b any two objects in C. By inter- 
changing a and 6 we get a classification K’ which may or may not be identical 
with K. Let us call K’ an interchange of K. Also let this relation be transitive, 
that is, if K, K’ and K”’ are any three classifications of C, and K’ is an inter- 
change of K, and K”’ is an interchange of K’, then K”’ is an interchange of K. 
Then any two or more classifications are defined as structurally similar if and 
only if any one of them is an interchange of each of the others. 

The set of all classifications structurally similar to any given classification 
is an a-set, e.g., when 2=3 there are 4 a-sets. 

The problem is: How many a-sets does C have; that is, how many struc- 
turally different sets of classifications are there for any such class of ” objects? 


SOLUTIONS 
Squares Constructed Within A Triangle 

3990 [1941, 214]. Proposed by V. Thébault, Tennie, Sarthe, France 

Let A’, B’, C’ be the centers of squares BCA{A3, CA BiB}, ABC,C; constructed 
interiorly on the sides of triangle ABC with the centroid G and the angle V of 
Brocard. If cot V=7/4, show that: (1) The centers A’’, B’’, C’’ of the squares 
constructed interiorly on the sides of A’B’C’ lie on a straight line through G. 
(2) The angle V’ of Brocard of A’B’C’ is such that cot V’=2. (3) The straight 
lines joining A, B, C respectively to the midpoints of A{A3, B{B3, CjCz are paral- 
lel. (4) The distance of the circumcenter from the orthocenter of the orthic 
triangle is equal to one-fourth of the perimeter of the last triangle. 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France.* Letting S repre- 
sent the area of triangle ABC we have 


B’C’? = AB”? + AC’ — 2AB’-AC’ cos B’AC’ = (b? + c? — 2be sin A)/2 
= (b? + c? — 4S)/2. 


* Translated and checked by O. J. Ramler, Catholic University of America, Washington, 
D.C. 
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If (A’B’C’) denotes the area of triangle A’B’C’, 
(A’B’'C’) = (OB'C’) + (OC’A’) + (OA'B’), 
where O is the circumcenter of ABC. Hence 
2(A’B'C’') = R? >> (cos C — sin C)(cos B — sin B) sin A 
= R?> > (sin 2A — sin? A) = S(2 — cot V), 

where R is the circumradius of A BC. The normal coérdinates of A’, B’, C’ are 

var = a/2, xp = b(sin C — cos C)/2, xo = c(sin B — cos B)/2, 

yar = a(sin C — cos C)/2, yp = 6/2, yor = c(sin A — cos A)/2, 

gar = a(sin B — cos B)/2, gp = b(sin A — cos A)/2, gor = 6/2. 
Whence 

war + Xp + xo = My, yar + yar + yor = he, = Bar + BB + Ber = he, 


where hy, he, hg are the altitudes of ABC. Therefore, 4’B’C’ has G for its cen- 
troid. Since 2(A’B’C’) = S(2—cot V), it follows that A’B’C’ are collinear when 
cot V=2. This proves part (2), for the same relationships hold for triangle 
A’'’B''C"’ in respect to triangle A’B’C’. Hence cot V’=2. 

Now 


A’B’? + BIC? + CA” a+ b?+c? — 6S 
4(A’B’C’) 25(2 — cot V) 


But cot V=(a?+0?+c?)/4S, hence cot V=7/4. 
The midpoints of A{A}, BjB3, CjC, have the normal codrdinates 


a, a(sin C — 2 cos C)/2, a(sin B — 2 cos B)/2, 
b(sin C — 2 cos C)/2, b, b(sin A — 2 cos A)/2, 
c(sin B — 2 cos B)/2, c(sin A — 2 cos A)/2, C. 


The lines joining the midpoints of A;A3, BjB:, CjC; to A, B, C respectively meet 
in the point whose normal coérdinates are given by 


x(sin A — 2 cos A) = y(sin B — 2 cos B) = 2(sinC — 2 cosC). 
These lines will be parallel when 
>> sin A(sin B — 2 cos B)(sin C — 2 cosC) = 0 
or 
7 sin A sin B sinC — 2>> sin? A = 0, 
which reduces to 


a? + 6? + c? = 7S, cot V = 7/4. 
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If H,, H., Hs; are the feet of the altitudes and #’ is the orthocenter of H,H2H3 
(the orthic triangle of ABC) the normal coérdinates of H’ with respect to the 
triangle H,H.H3 are given by 


x cos H; = y cos H. = z cos H3. 


The distance of H’ to BC is proportional to 


cos H, -+ cos H3 cos 2B + cos 2C 
2 cos Hz cos H3 sin (1/2) 7 2 cos 2B cos 2C cos A 


2 cos (B + C) cos (B — C) 
2 cos 2B cos 2C cos A 
hence proportional to cos 2A cos(B—C), since the equation of BC with respect to 


triangle H,A2H3 is y-+z=0. The actual normal coérdinates of H’ in triangle ABC 
are then readily found to be 


xn = — Roos 2A cos (B — C), yu = — Roos 2B cos (C — A), 
Zn = — Roos 2C cos (A — B). 


Now cos 2A cos (B—C) can be represented as 
— ilsin A>) sin 2A + cos A(>_ cos 2A — 1)], and 
a? + $7? + ¢? 


25 
d sin 24 =) and >. cos24—1=2— 5p 


If x, and x» are the distances of the Lemoine point K and of the circumcenter 


O of ABC from BC we have, 


x, = R tan V sin A, Xo = Roos A. 


Hence 
xn — Xo = S cot V(x, — x) /R? 
and 
S cot V 
Xn — t, = ( mT 1) (x4 — Xo). 

Therefore 

H'O a? + $6? + ¢? H'O @#+860+c ScotV 

HK @+0+2—4R? KO 4R2 £2 | 
Now by a known formula OK =R tan V+/cot? V—3 
and 


Scot? V — 3 
R 
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If cot V = 7/4, then 


OH’ _2>, 
4R 


Now 2.8/R is the perimeter of the orthic triangle. Hence OH’ is one-eighth of 
this perimeter instead of one-fourth as stated in the proposal. 


Second Lemoine Point 
4223 [1946, 537]. Proposed by Victor Thébault, Tennie, Sarthe, France. 


In a tetrahedron the harmonic plane of the point Z whose normal coérdi- 
nates are proportional to the radii of the circumcircles of the triangles of the faces 
(second Lemoine point), coincides with the polar plane with respect to the 
circumsphere. 


Solution by R. Goormaghtigh, Bruges, Belgium. Let A142A3A, be the tetra- 
hedron, a;; the length of the edges A,;A,, S; and R; the area and the circum- 
radius of the face opposite to A;. 

The normal coérdinates of ZL being proportional] to Ri, - > - , the barycentric 
coérdinates are proportional to S,Ri, +--+, Or Ges@ssdag, °° 

The barycentric equation of the circumsphere being 


» 0; i002; = 0, 
the polar plane of L is 
Q12013014%1 +--+ = 0 
or 
%1/ 23034049 + +++ = 0 
and this is the equation of the harmonic plane of L. 
Also solved by M. R. Blanchard. 
Central Ellipse of Inertia 
4225 [1946, 594]. Proposed by H. F. Sandham, Trinity College, Ireland 


There are given N points in a plane, the roots of f(z) =0. A conic is con- 
structed with center at the mean center, and is such that the sum of the squares 
of the perpendiculars from the points on to a line through the center is V(V—1) 
times the square of the perpendicular from the center on to a parallel tangent. 
Prove that the foci are given by f(z) =0. 


Solution by Fritz John, New York University. Let the N points 
Zh = Xn + ty k=1,---,M 
be the roots of the equation 


f(z) = 2% — AgN-1 +4 BgN-? —..- = 0. 
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Without restriction of generality we can assume that the mean center O of the 
points is at the origin of the codrdinate system. Then 


ds, =A =0, 
k 


1 
0) Ys, =A —2B = — 2B. 
k 


Let £ be the ellipse with center O such that the sum of the squares of the 
perpendiculars from the z to a line through O is N(N—1) times the square of 
the distance of the line from a parallel tangent of E. Let ux+vy=1 be the 
equation of a tangent of Z. Then the distance of that tangent from the parallel 
diameter is (u?+v*)—/?, and the distance of a point (x, y) from that diameter is 


ux + vy 
Vite | 
The definition of # can then be written 
(2) DX (ux, + vyx)? = N(N — 1), 


which can be interpreted as the equation of £ in tangential codrdinates. 

The foci of E are the intersections of conjugate imaginary isotropic tangents 
of EZ. Here the isotropic tangents are those of slope +7. For an isotropic tangent 
of E of slope +2 we have v=12u, and hence from (2) 


(3) ud. 2x = N(N — 1). 


The equation of that isotropic tangent is then u(x+7y) =1. Its intersection with 
its conjugate imaginary tangent, #(x—7zy) =1, is then represented by the com- 
plex number 


(4) g=x+t+iy= 1/u. 


The two foci of £ are then seen to be represented by the reciprocals of the roots 
of the quadratic equation (3) and are therefore the roots of 


g = —__—___ sz, Sky 


wD —1)% 
which, by use of (1), reduces to 
zg? _ 75 = 0, 
N(N — 1) 


or 


N! 
fN-D (2) = > g2+ (N — 2)!B = 0, 
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so that the proof is complete. 

From its definition # can be seen to be essentially the central ellipse of 
inertia of the z;. (More precisely, the two ellipses are homothetic from O.) 
The statement of the problem can then be reduced to a theorem of Lucas, 
quoted in Appell, Mecanique Rationelle, t. 2, p. 16, ex. 13, and which is repro- 
duced here freely in the notation used above: The roots of f%—®»(z) =0 le on the 
major axis of the central ellipse of inertia of unit masses distributed over the roots 
of f(z) =0. The difference of the squares of the radt of gyration of the masses about 
the principal axes of inertia is (N—1)/4 times the square of the distance of the 
two roots of f%-*(z) =0. 

Also solved by H. E. Fettis and J. H. Simester. 


Regions in which Polynomials Have Absolute Value Not Exceeding Unity 
4229 |1947, 49]. Proposed by Paul Erdiés, Syracuse University 


Let f(z) =2"+ +++ +an, g(z) =2"+ +--+ +5, be two polynomials. Denote 
by A the region where | f(z) | <1 and by B the region where | g(z) | <1. Prove that 
A cannot properly contain B. 


Solution by Tibor Radé, Ohto State University. If P(z)=2*+ ---+1is a poly- 
nomial of degree k= 1, we shall denote by D(P) the open set on which | P(z)| >1, 
and by D*(P) the (obviously unique) unbounded component of D(P). Note that 
D*(P) contains a whole neighborhood of z= , and that the frontier of D*(P) is 
not empty. Our problem is then equivalent to that of proving that D(f) cannot 
be a proper subset of D(g). 

Let us now assume merely that D(f) is a subset of D(g) (not necessarily 
proper), in symbols D(f) CD(g). Then clearly D*(f) CD*(g). Consider the auxil- 
iary function WV(z)=F(z)/G(z) for z€D*(f), where F(z) =[f(z) |" and G(z) 
= |g(z) |". Clearly D(F) =D(f) and D(G) = D(g). Then W(g) is analytic in D*(f), 
and, since | G(z)| =1 on the frontier of D*(f), | ¥(z)| <1 on the frontier of 
D*(f). On the other hand, V(z)—>1 for z—0. By the maximum-modulus theorem 
it follows that W(z)=1 and hence F(z)=G(z) in D*(f) and consequently F(z) 
=G(z) throughout the whole plane. It follows that D({) =D(g) as required. 


Note by Marshall Hall, Ohio State University. If (m, n)=d and m=dm, 
n=dmn, the above proof shows that [f(z) ]}™=[g(z) |]; and since m, and m are 
relatively prime, it follows from the uniqueness of factorization of polynomials 
over a field that there is a polynomial A(z) such that f(z) = [A(z) |™, g(z) = [h(z) }™. 
Thus the relation D(f)CD(g) holds if and only if f(z) and g(z) are positive inte- 
gral powers of the same polynomial h(z). 

Also solved by Robert Breusch, Michael Golomb, Fritz Herzog, and the 
proposer. 

Integers Reproduced in the Right-hand Digits of Their Squares 


4230 [1947, 49]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In every system of numeration in which the base B is divisible by two or more 
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distinct primes but not by 3 or any prime of the form 6#-+1, the numbers which 
have the property that they are reproduced in the right-hand digits of their 
squares are the same as those which are reproduced at the right of their fourth 
powers. (For example: B=10, 762=5776, 764= 33362176.) 


Solution by Fritze Herzog, Michigan State College. The proposal is a special 
case (corresponding to p=3) of the following more general theorem. 

Let p be an odd prime and let B be an integer greater than unity, not divisi- 
ble by # nor by any prime of the form 2+1. In the system of numeration with 
B as base, a number is reproduced in the right-hand digits of its (b-+1)st power 
if and only if it is reproduced in the right-hand digits of its square. 

Let x be a number of m digits. We then have to show that «?+!=x (mod 
B) if and only if x?=x (mod B”). It obviously suffices to show that the first 
congruence implies the second. Let g be any prime factor of B and let g* be the 
highest power of g that divides B. From the first of the above congruences we 
have 


(1) xPtt = x (mod g™), 
and it remains to show that, for all prime factors q of B, 
(2) x? = x (mod q*”). 


Now if (x, g) =1, then we obtain from (1) the relation x?=1 (mod q*”); hence 
the exponent of x modulo q*” is either or 1. But by hypothesis, g is not con- 
gruent to 0 or 1 (mod 9), hence # cannot divide $(q*”) =q*"—!(q—1) and,there- 
fore, we must have x«=1 (mod q*”), which implies (2). On the other hand, if 
x=0 (mod g) we write (1) in the form (x?—1)x=0 (mod q*”) and, since in this 
case (x?—1, g*”) =1, we have x=0 (mod q™), which again implies (2). 

Also solved by Free Jamison and the Proposer. 


Editorial Note. The Proposer remarks that the condition that B be com- 
posite is not necessary for the proof, but if B is prime there are no numbers 
less than B” except 0 and 1 which have the desired property. The proposed 
problem was suggested by a paper appearing in Mathesis. 


Curves Having a Property of the Parabola 
4231 [1947, 49]. Proposed by Paul Nemenyi, Washington State College 


Show that the parabola y=ax"(a 40, ~>0) has the following property: If 
through the vertex any ray is drawn, the ratio of the area of the segment to that 
of the largest inscribed triangle is independent of the direction of the ray. Are 
there other curves with the same property? 


Solution by Arthur Breusch, Amherst College. I. lf y=f(x) =ax"+ bx, n>0, 
n#1, then the area between the curve and the chord joining (0, 0) to (x, y) is 


+ (5 f v2) gyn 
+{— xy — epoet ax’, 
27 J,” 2(n + 1) 
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The area of the largest inscribed triangle is 
+ 3[xif(*) — xf(x)], 
where x f’(«1) =f(«). Therefore «1/x=n/@-"), and the area of the triangle is 
(n — 1)axt! 


Qyrl(n-1) 


The signs will be both + or both — according as 7 is greater than or less than 1. 
The desired ratio is therefore 


grl (n-1) 


n+1 


II. Any curve given by 
(1) ax + By = (yx + by)”, n> 0 


will also have the property; for a rotation of codrdinate axes will reduce this 
equation to the form 7=a%"+)4. 

It can be shown that, under certain restrictions, if y=f(x) is a function 
whose graph has the desired property, then y is given by a relation of the type 
(1). 

ITI. Lemma 1: If the curve given by y=f(x) has the desired property, and if 
f’ (x) and f''(x) exist in 0<x Sh, then f(x) must satisfy in 0<x Sh the functional 


equation 
ff" @az 
(2) f' - x — = ae ’ 
k f af" (x) dz 
where k 1s a constant. 
Proof: Given 
(A) af(s) — 2 f fladde = blag) — afd) 
with 
(B) xf'(x1) = f(x), and k constant. 


Differentiating (A) with respect to x, we have 
xf’ (x) — f(x) = k[aaf’(x) — f(mr)] + RLf(x) — xf’ (a) |doi/dx, 


which by means of (B) reduces to 


sof’ (a) — f(x) = klasf’(x) — f(m)]. 
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From this last equation and equation (A) we can compute 


x? f'(x) — 2af(a) + af "f(w)da J, oe 
= = = 


Hf’) — 70) fees 


0 


(Hf) 


where we have introduced the symbol ¢(x, f) to simplify the notation. Placing 
this value of x; in equation (B) we obtain (2). 
IV. Lemma 2: If f(x) satisfies (2), then g(x) =af(x)+bx does likewise. 
Proof: g’’(x) =af’’(x), therefore (x, g) = (x, f). Also g’=b-+af’. Therefore 


Thus if y=f(x)=Ax+Bx"+Cxi+ --- satisfies (2), then 5=flx) =x" Ede 


+--+ does likewise, with b=C/B,r+1, s¥1. 

V. Lemma 3: If f(x) satisfies (2) and is a sum of more than one non-linear 
terms: f(x) =x’-+-bx*+terms of higher degree with r<s, rA~1, s¥1, 6X0, then s 
must equal 2r—1. 

Proof: By direct computation we obtain 


r s(s — 1) 
r+i* G4 pe-)* 
- +1 S — 
$(x, f) = 
s—1 
1+) yet fo ee 
r— 
r , (s — 1)(s — 7) port pee 


= —— X —_—__-_-eeeeee- eeraeernneeee 
r+1 (r+ 1)(s + 1)(7 — 1) 
Substituting this in (2) and simplifying, we have 


= (a) 40-9 (— 5 a) ? Ganernecb mr | 


oo @ ® 


Comparing coefficients, we find 
r rr (s— 1)(s—7) sre-1 


kt-\(r af. 1)*-1 oo kt—l(r af. 1)r-1 5 |. 1 ker + 1)s-2 
Upon eliminating k and stmplifying we obtain 
(2r +1 — s)r-n/G-D — (s+ 1) = 0. 


For a fixed positive value of 71, call the left member of this equation g(s). 
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Then 


2rv+i-s 
g'(s) — romnyen)| — 1+ 1. log ri — 1, 


~— 


2r+i-s je 
—_———— log r . 


r—1 


g'"(s) =: y(s—1r)/(r—-1) E 2 |. 
Since the quantities in brackets are linear in s, therefore g’’(s) can vanish only 
once, g’(s) only twice, and g(s) only three times for — © <s<+ ©; but it is easily 
seen that g(r) = g(1) = g(2r —1) =0, and since r<s and s#1, s must be 27 —1. 

Corollary: If f(x)=x’'-+bx*+terms of higher degree, satisfies (2), and af 
r<s, sA1, and r<i, then b must be 0; for 2r—1 would be less than r. 

VI. Theorem: If f(x) =x'+ +++ (r¥1) has no linear term and satisfies (2), 
and if f(x) is either regular in the neighborhood of x =O, or of the form, x* times a 
regular function, with r>0, then y=af(x)+bx is connected with x by a relation 
of the form (1). 

Proof: If r<i1, then f(x) has only the term x’, and therefore y=ax'+bx, 
which is of the form (1). If r>1, then #=x"(1+ -- +) =x" times a regular func- 
tion of x. Then j/"=x(1+ ---)=a regular function of x with non-vanishing 
derivative at x =0. Therefore x is also a regular function of #1/": 


x = g(f) = pt + higher powers of 4. 


Since g(f) must satisfy equation (2), and since 1/r<1, the only other possible 
term is a linear one: 


a= lr + BS, (x — BY)" = 5, 
and finally 


y — bx\" 
y= aytbx=a( ep ) + ba 
a 
which is again of form (1). 

VII. If f’(%) does not exist everywhere in 0<x<h, then its graph may have 
the prescribed property even though x and y are not connected as in (1). For 
example, y=|x—1| —1. 

Also solved (first part) by R. P. Peterson, Jr., and the Proposer. 


RECENT PUBLICATIONS 


EDITED BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Plane Trigonometry. By E. B. Mode. New York, Prentice-Hall, Inc., 1947. 
10+216 pages. $2.40. 


This enlargement and revision of an earlier lithoprinted work contains sev- 
eral features that should make it appeal to students and teachers alike. One of 
these is the set of three supplementary chapters on Approximate Computation, 
Logarithms, and The Slide Rule. The author refers frequently to the first two 
of these chapters and suggests that they be taken up before the main body of 
the text, and it might have been preferable to place them at the beginning of 
the book. 

In addition to an adequate treatment of the solution of triangles, the author 
has indicated various other applications of the trigonometric functions. His 
introductory chapter contains a discussion of angles measured in degrees, radi- 
ans, and mils, and radian measure is encountered frequently in the following 
chapters. The trigonometric functions are defined for the general angle and 
followed by the definitions for the angles of a right triangle. An unusual feature 
of the book is the use of the concept of even function and odd function in the 
derivation of several of the properties of the trigonometric functions. 

The good features of this book are somewhat counterbalanced by a few un- 
desirable ones. At least twice one finds “sin” at the end of one line and “@” (or 
“8”) at the beginning of the next. The section entitled “A common error” might 
better have been omitted. It seems unfortunate to suggest such a possibility 
and the explanation given is far from convincing. 

E. S. SOKOLNIKOFF 


Proceedings of the First Canadian Mathematical Congress. The University of 
Toronto Press, 1946. 44+367 pages. $3.25. 


The First Canadian Mathematical Congress was held in Toronto during the 
week beginning on June 17, 1945. The papers presented at the meetings of this 
Congress, the program, the list of those who registered, and the Minutes of the 
General Meeting are published in the Proceedings. 

The Congress encompassed a wide range of subjects. Four papers were 
devoted to a Discussion of Secondary School Mathematics, five to a Symposium 
on Statistics, four to a Discussion of Engineering Mathematics, two to a Discus- 
sion on Research and Graduate Work in Canada and six to Short Research Papers. 
Of the other papers presented, nineteen in number, thirteen were chiefly ex- 
pository in nature and dealt with topics in both pure and applied mathematics. 
The remaining six were less technical in scope and might be characterized as 
dealing with the role of mathematics in various educational programs. 
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In view of the wide range of topics covered, and the interesting way in which 
they are presented, these Proceedings should be of interest to a wide circle of 
readers. 

H. P. Evans 


Intermediate Algebra for Colleges. By E. B. Miller. New York, the Ronald 
Press Co., 1947. 10+361 pages. $2.50. 


In every respect, this is a traditional, elementary algebra text. The recent 
trend to bring some of the basic concepts from foundations and abstract algebra 
into the educational picture at an ever earlier stage has been disregarded com- 
pletely in this text. In the form, as well as in the content of the book, there ap- 
pears to be no very marked liaison with advanced courses. 

The author’s aims include a careful and accurate exposition, with no sparing 
of detail. These aims seem for the most part to have been achieved. Detail, es- 
pecially, has in fact become a nemesis. For example, the policy of including a mul- 
titude of negative hints may serve only to befuddle the student and to in- 
crease his already great capacity for inventing wrong procedures. Furthermore, 
the emphasis on techniques (which is heralded in the preface) has taken the form 
of cookbook-like sets of rules. This must sacrifice concept for the sake of method, 
and conceal the fact that algebra is based on a compact set of principles. Is the 
student then likely to reason his way through a problem? I fear that, on the 
contrary, he will have been encouraged to seek a pigeonhole in which the au- 
thor has obligingly stored instructions for the situation at hand. 

Certain features of the book might be attractive to some pedagogical tastes. 
For example, in the interests of plausibility, each formal proof is preceded by 
the treatment of a special case, and certain topics dealing with negative numbers 
are accompanied by counterparts from everyday experience, thus serving to 
shield the student from their frightening abstract character. “Story” problems 
are given considerable play throughout the book. In one chapter, there is a 
classified treatment of digit problems, “How old is Mary?” problems, coin prob- 
lems, lever problems, work problems, and several other standard types. 

The chapter on equations and their solution is quite well done. 

This book seems to be directed at the student who must be nursed along, 
who finds logical thinking difficult, and who has little resourcefulness or imagi- 
nation. 


G. F. Rost 


Eléments de Calcul Infinitésimal. By Adrien Grosrey. Paris, Gauthier-Villars, 
1945. 192 pages. 280 Fr. 


This book is intended for use by young technical students in the cantonal 
schools of Switzerland rather than for college or university students. It is, 
nevertheless, on about the same level as the majority of calculus texts used in 
colleges in the United States. The treatment is much more concise, however, and 
the exercises are fewer in number and appear only at the ends of the chapters. 
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Fundamental concepts are treated quite briefly and the main emphasis is 
on techniques and applications rather than theory. Limits and continuity, for 
example, are disposed of in the first chapter of ten pages. The definition of a limit 
given in this chapter is unsatisfactory since, in common with many calculus 
texts, the “limit of a variable” is defined without reference to either a sequence 
or a function. The usual theorems on limits are stated without proof. 

The second chapter disposes of the derivative, rules for differentiation, and 
differentiation of the elementary functions—all in fourteen pages. The succeed- 
ing chapters cover all the topics usually taken up in courses in elementary cal- 
culus plus brief discussions of Fourier series, curvilinear integrals, and the graph- 
ical solution of equations. 

Many of the demonstrations given in this text should be regarded only as 
making plausible the theorems which they purport to prove. Perhaps one should 
not be overly critical of this, however, in view of the purpose of the book and 
since the author admits freely in the preface that his exposition contains gaps 


and that some of the demonstrations are lacking in rigor. 
H. P. EvANs 


NEW BOOKS RECEIVED 


College Algebra. By F. S. Nowlan. New York, McGraw-Hill Book Co., 1947, 
14+371 pages. $3.00. 

Intermediate Algebra. By R. S. Underwood, T. R. Nelson, and S. Selby. 
New York, The Macmillan Company, 1947. 7+283 pages. $2.60. 

Five-figure Tables of Trigonometrical Functions. Prepared by H. M. Nautical 
Almanac Office. London, 1947. $4.00. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and. other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Mathematics Club, Adelphi College 


The projects for the last years had two aims. One was to give the mathe- 
matics majors insights into the various professions which are open to them. 
Representatives of the different professions spoke to the club in successive meet- 
ings and answered the questions which arose. The second aim was to arrange 
joint meetings with the mathematics clubs of neighbor colleges and universities. 
Since Adelphi College lies within the metropolitan area of New York City there 
are many contacts within easy reach. 

The outstanding events of the last academic year were two joint meetings 


1948] CLUBS AND ALLIED ACTIVITIES 179 


with the David Eugene Smith Mathematics Club of Teachers College of Columbia 
University. In December the Adelphi Mathematics Club went to Teachers Col- 
lege and Professor H. von Baravalle gave his demonstration of moving skew 
curves with string models. In the spring the Teachers College Mathematics 
Club came to Adelphi and Professor W. D. Reeve spoke on the topic, The future 
of mathematics education in America. 

The officers for 1945-46 were: President, Miss Alice Lawson; Secretary- 
Treasurer, Miss Agnes Cook. The newly elected officers for 1946-47 are: Presi- 
dent, Miss Elsie Novy; Secretary-Treasurer, John Brull; Faculty Advisor, Pro- 
fessor H. V. Baravalle. 


Pi Mu Epsilon, Ohio State University 


During the Winter and Spring Quarters, Ohio Alpha chapter sponsored a 
series of five informal meetings, at which topics intended to be of interest es- 
pecially to undergraduate mathematics students were discussed. Topics and 
speakers were: 

Infinite sequences, by Professor Tibor Rado 

A problem on squares, by W. R. Scott 

The tsoperimetric problem, by Professor E. J. Mickle 

Certain geometric constructions, by Dr. L. H. Miller 

Infinity, by Dr. R. L. Swain. 

Average attendance at these meetings was approximately 50, most of them 
freshman and sophomores. 

At a special meeting in February, problems comprising the Rasor Scholarship 
Examination, open to students not past first quarter calculus, were discussed by 
Professor Marshall Hall, Jr., and by Professor Mickle. Winners were announced, 
and B. L. Stradley, Vice President of Ohio State University, presented the 
awards, including a first prize of $50, won by Donald R. Kibbey. 

In May the chapter sponsored a competition open to students not higher 
than third quarter freshman level. A committee consisting of Professor Hall, 
Mr. Herbert C. Parrish, and Mr. H. M. Fliess devised an examination. At the 
last meeting of the year, the problems constituting the examination were dis- 
cussed by Mr. Parrish and Mr. Byron B. Dressler. Professor Hall announced the 
winners and presented the awards, including a first prize of $35 and a second 
prize of $15 won by Richard Rubenstein and Donald Ray McElwain, respec- 
tively. 

At the annual initiation in May, Professor E. L. Pitcher of Lehigh Univer- 
sity spoke, his topic being Quadratic Analysis. A total of 32 new members were 
initiated. At the banquet following the initiation, Professor Pitcher spoke 
briefly on The ham sandwich problem. 

Officers for 1946-47 were: Director, William R. Scott; Vice-Director, Lan- 
don A. Colquitt; Secretary, D. Ransom Whitney. 

Officers elected for 1947-48 are: Director, Ray E. Kidder; Vice-Director, 
Byron B. Dressler; Secretary, Faye Mozelle Rankin. 


180 CLUBS AND ALLIED ACTIVITIES [March, 


Mathematics Club, Case Institute of Technology 


Five meetings were held during the year 1946-47; the speakers and their 
topics are as follows: 

The harmonic analyser, by Professor S. W. McCuskey 

Prime numbers, by B. Herzog 

Numerical methods, by Professor O. E. Brown 

Summability, by Professor L. J. Green 

From Zeno’s paradox to pursuit curves in modern warfare, by Dean Emeritus 
T. M. Focke. 

The President of the Club was B. Herzog and the Faculty Adviser was Pro- 
fessor Max Morris. 


Mathematics Club, Oberlin College 


Bi-monthly meetings were held in the Physics building, the new location of 
the Mathematics Department. As had been the custom in former years, tea 
and cookies were served at the beginning of each regular meeting. Programs 
consisted of the following speeches: 

The Mébius strip, by Ruth Berger 

Linkages and straight lines, by Robert Graves 

Hyperspace, by Frank Marzocco 

Non-Euclhidean Geometry, by Peter Manos 

Soap bubbles, by Nancy Lowell 

Opportunities for careers in mathematics, by Artha Jean Burington 

Nomograms, by Margaret Waugh 

Postulates of relativity, by Lester Arnold 

Diphantine analysis, by Jean Wyre 

Continued fractions, by Charlotte Peters 

Postulational systems, by Elizabeth MacKay 

Derangements, by Rosalind Monastersky. 

In addition to the twelve regular meetings, two special meetings were held. 
Professor and Mrs. R. W. Wagner invited the Club to their home for a Christ- 
mas party. Mathematical charades drew dramatic and mathematical ingenuity 
into peculiar combinations. The annual banquet was open to all interested in 
mathematics. Professor L. M. Graves of the University of Chicago discussed 
The spectra of proof. Eighty guests attended the banquet. 

Officers for 1946-47 were: President, Charlotte Peters; Vice-President, Frank 
Marzocco; Secretary-treasurer, Ruth Berger; Social Chairman, Artha Jean 
Burington; Publicity Chairman, Rosalind Monastersky; Faculty Advisor, Pro- 
fessor R. W. Wagner. . 

Officers elected for 1947-48 are: President, Lester Arnold; Vice-President 
Ruth Berger; Secretary-treasurer, Mary Wright; Social Chairman, Rosalind 
Monastersky; Publicity Chairman, Quentin Darmstadt; Faculty Advisor, Pro- 
fessor E. P. Vance. 
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Mathematics Club, Stanford University 


The first postwar meetings of the Stanford Mathematics Club was held in Feb- 
ruary, 1947. It was decided that the Club should meet every three or four weeks, 
and that, in general, at each meeting an elementary and a more advanced talk 
should be given. Three meetings were held, at which the following papers were 
presented: . 

A theorem of Mertens, by Professor H. M. Bacon 

Some problems in aerodynamics, by Professor J. G. Herriot 

A pplication of geometrical optics to the calculus of variations, by Dr. R. Wein- 
stock 

Infinite sets, by Burnett Meyer 

Geometric maxima and minima, by George Crane. 

On May 17, a picnic was held at Searsville Lake with an attendance of about 
forty. During the year a new constitution was drawn up and adopted. 

The officers for the year were: President, Albert Novikoff; Secretary-treas- 
urer, Burnett Meyer; Faculty Adviser, Professor J. G. Herriot. 


NEWS AND NOTICES 


EDITED BY EpITH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 


The Annual Meeting of the National Council of Teachers of Mathematics 
will be held in Indianapolis, Indiana, on April 2-3, 1948. Headquarters will be at 
the Hotel Claypool. 


THE MATHEMATICS MAGAZINE 


The Mathematics Magazine desires to call attention to a series of articles 
which will begin in its March—April issue. These articles will describe the gen- 
eral content of various courses in mathematics in terms that can be easily fol- 
lowed by the general reader. Articles on the more advanced courses will require 
of the untrained reader the reading of the preceding articles of the series. 

The subscription price of The Mathematics Magazine is $3.00. Subscrip- 
tions should be sent to Professor Glenn James, University of California, Los 
Angeles 24, California. 


TENTH INTERNATIONAL CONGRESS OF PHILOSOPHY 


The Tenth International Congress of Philosophy will be held at Amsterdam, 
August 11-18, 1948. Information about the Congress and application forms for 
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membership may be obtained from Professor Dr. E. W. Beth, Bern Zweerskade 
231, Amsterdam Z, Holland. 


STATISTICAL SESSIONS AT ALABAMA POLYTECHNIC INSTITUTE 


Professor G. W. Snedecor, President of the American Statistical Association 
and Research Professor of Statistics at Iowa State College, will be Visiting Re- 
search Professor of Statistics at Alabama Polytechnic Institute during the Spring 
Quarter, from March 22 to June 4, 1948. Professor Snedecor will lecture on Sta- 
tistical Experimental Design and will be available for statistical consultations. 

The newly formed Statistical Laboratory at A. P. I. will also offer a course 
in Survey Sampling during the Spring Quarter to be taught by the Director, 
Professor T. A. Bancroft. Conferences in applied statistics for research workers 
in the lower southeastern states are being scheduled during the time of Professor 
Snedecor’s visit. 


PERSONAL ITEMS 


Dr. Leo A. Aroian of Hunter College has been promoted to an assistant pro- 
fessorship. 

Associate Professor H. G. Ayre of Western Illinois State College has been 
promoted to a professorship and has become Director of the General College 
Division. 

Assistant Professor S. Louise Beasley of Drury College has been appointed 
to an assistant professorship at Carleton College. 

Assistant Professor W. R. Callahan of Northeastern University has been 
appointed to an assistant professorship of applied mechanics at New York 
University. 

Dr. W. B. Caton of the University of Maine has been appointed to an assist- 
ant professorship at Washington State College. 

Assistant Professor Francis L. Celauro of Lehigh University has been ap- 
pointed Assistant Professor of Mathematics at the Newark College of Engineer- 
ing. 

Professor W. W. S. Claytor of Hampton Institute has been appointed to an 
associate professorship at Howard University. 

Dr. J. D. Elder of the University of Michigan has been appointed to an as- 
sociate professorship at St. Louis University. 

Professor William Findlay of McMaster University has retired with the title 
of Professor Emeritus. 

Dr. G. E. Forsythe of Boeing Aircraft Company has been appointed to an 
assistant professorship in meteorology at the University of California. 

Dr. W. C. G. Fraser of Dartmouth College has been appointed to an assistant 
professorship at Rensselaer Polytechnic Institute. 

Dr. H. E. Goheen of the Office of Research and Inventions, Navy Depart- 
ment, has been appointed to an assistant professorship at the University of 
Delaware. 
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Assistant Professor W. W. Gutzman of the United States Naval Postgradu- 
ate School has been appointed to a professorship at the University of South 
Dakota. 

Assistant Professor Coleman Herpel of Pennsylvania State College, Altoona, 
Pennsylvania has been promoted to an associate professorship. 

Assistant Professor I. M. Hostetter of Oregon State College has been pro- 
moted to an associate professorship. 

Professor A. E. Johns of McMaster University has been appointed Head of 
the Department of Mathematics. 

Mr. Sidney Kaplan of the Bureau of the Census has joined the Numerical 
Analysis Section of the Naval Ordnance Laboratory. In addition, he is serving 
as part-time lecturer in mathematics at the Catholic University of America. 

Associate Professor P. E. Lewis of Oklahoma Agricultural and Mechanical 
College has been appointed to an assistant professorship at North Carolina 
State College. 

Mr. H. C. McKenzie of the University of Wisconsin has been appointed 
to an assistant professorship at Western State College, Gunnison, Colorado. 

Professor H. F. MacNeish of Brooklyn College has been appointed to a visit- 
ing professorship at the University of Miami. 

Mr. C. J. Maloney has been appointed Chief, Statistics Branch, Camp De- 
trick, Frederick, Maryland. 

Mr. B. L. Miller of Swarthmore College has accepted a position as physicist 
with the Bartol Research Foundation, Franklin Institute. 

Mr. B. L. Moyls of Harvard University has been appointed Lecturer at the 
University of British Columbia. 

Dr. E. N. Nilson of Pratt and Whitney Aircraft has accepted a position 
as analytical engineer at United Aircraft Corporation, East Hartford, Connecti- 
cut. 

Assistant Professor J. M. H. Olmsted of the University of Minnesota has 
been promoted to an associate professorship. 

Mr. R. R. Reynolds of Oklahoma Agricultural and Mechanical College has 
been promoted to an assistant professorship. 

Dr. L. D. Rodabaugh of the Bureau of the Census has been appointed to an 
associate professorship at Southern Illinois University. 

Mr. Peter Scherk of the University of Saskatchewan has been promoted to an 
associate professorship. 

Professor Joseph Seidlin of Alfred University has been appointed Dean of 
the Graduate School. 

Associate Professor J. Shibli of Pennsylvania State College has been pro- 
moted to a professorship. 

Mr. E. J. Specht of the University of Minnesota has been appointed to a pro- 
fessorship at Emmanuel Missionary College. 

Assistant Professor E. C. Stopher of State Teachers College, Brockport, 
New York, has been appointed to an assistant professorship at Miami Univer- 
sity. 
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Mr. H. W. Syer of Boston University has been promoted to an assistant pro- 
fessorship. 

Mr. John Todd, who is on leave of absence from Kings College, University of 
London, has been appointed to the staff of the National Bureau of Standards’ 
Institute of Numerical Analysis. 

Mrs. John Todd (Dr. Olga Taussky) is a guest worker at the National Bu- 
reau of Standards. 

Dr. A. H. Van Tuyl of Stanford University has accepted a position as mathe- 
matician with the Naval Ordnance Laboratory, White Oak, Silver Spring, 
Maryland. 

Associate Professor Alexander Weinstein of Carnegie Institute of Technology 
has accepted appointments as senior associate at the Naval Ordnance Labora- 
tory and professor at the University of Maryland. 

Assistant Professor J. J. Wheeler of the University of Kansas has retired with 
the title of Associate Professor Emeritus. 

The following appointments to instructorships are announced: 

Bethany College: Miss Catherine E. Moser 

University of Chicago: Mr. I. R. Hershner 

Hunter College: Mr. M. E. White 

Johns Hopkins University: Mr. George Shapiro, Mr. D. R. Waterman 

Oregon State College: Miss Ella Mae Sowder 

University of Texas: Mr. W. L. Shepherd 

Mr. James W. Dappert, a civil engineer of Taylorville, Illinois and a charter 
member of the Association, died December 10, 1947 at the age of eighty-eight 
years. 

Assistant Professor U. P. Davis of the University of Florida died February 9, 
1947. 

Professor E. E. DeCou of the University of Oregon died October 15, 1947. 
He was a charter member of the Association. 

Professor J. C. Fitterer of Colorado School of Mines died on March 12, 1947. 
He was a charter member of the Association. 

Professor Emeritus William Gillespie of Princeton University died Septem- 
ber 13, 1947, at the age of seventy-six years. 

Dr. A. M. Harding, formerly president and professor of mathematics and 
astronomy of the University of Arkansas, died December 24, 1947. 

Emeritus Professor G. H. Hardy of Cambridge University, Cambridge, Eng- 
land died December 1, 1947. He was the winner of the Chauvenet Prize for the 
period 1929-1931. 

Dr. A. N. Whitehead, professor of philosophy emeritus of Harvard Univer- 
sity, died December 30, 1947. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
THE THIRTY-FIRST ANNUAL MEETING OF THE ASSOCIATION 


The thirty-first annual meeting of the Mathematical Association of America 
was held at the University of Georgia, Athens, Georgia, on Thursday, January 1, 
1948, in conjunction with the annual meeting of the American Mathematical 
Society. About three hundred and thirty-six persons attended the meetings, 
including the following one hundred and ninety members of the Association: 
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OUISE ApDAMs, High Point College 
. W. Apkisson, University of Arkansas 

. P. AGNEw, Cornell University 

. E. ALBERT, University of Tennessee 

. B. ALLENDOERFER, Haverford College 

. A. BalLEy, La Grange College 

. H. Batu, U. S. Naval Academy 

. C. BARNES, North Georgia College 

BARR, University of Wyoming 

. F. Barrow, University of Georgia 

. M. Beatty, Ohio State University 

BECKENBACH, U.C.L.A. 

. S. BECKWITH, University of Georgia 

BEGLE, Yale University 

BICKERSTAFF, University of Mississippi 

. C, BLACKWELL, Furman University 

. G. BLAKE, University of Florida 

BLUMENTHAL, University of Missouri 

ANLEY BOLKs, Purdue University 

. Boyce, Vanderbilt University 

. BRADSHAW, University of Michigan 

. BRAUER, University of North Carolina 

. BRAY, Rice Institute 

FOSTER Brooks, Kent State University 

J. W. Brown, Clemson College 

N. R. Bryan, University of Maine 

R. S. BurtncTon, Bureau of Ordnance, Navy 
Department 

L. P. Burton, University of Alabama 

L. E. Busu, College of St. Thomas 

MARGARET C, BYRNE, St. Joseph’s College for 
Women 

S. S. Carrns, Syracuse University 

Ir1s CALLAWAY, University of Georgia 

E. A. CAMERON, University of North Carolina 

C. C. Camp, University of Nebraska 

VIRGINIA CARLTON, Centenary College 

W. B. Carver, Cornell University 

RANDOLPH CuHuRCH, U.S. Naval Postgraduate 
School 

R. V. CHURCHILL, University of Michigan 
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E. CuarK, Duke University 

. C. Cowen, Jr., University of Georgia 
. B. CoLeman, Presbyterian College 
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A. Court, University of Oklahoma 

. H. H. Cow es, Pratt Institute 

. CurRIE, Louisiana State University 

. Curry, Pennsylvania State College 

. Curtiss, National Bureau of Standards 
. Densow, Naval Postgraduate School 

. Diamonp, Oklahoma A & M 

. DonErR, Alabama Polytechnic Institute 
LE C. Douctas, University of South Caro- 
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. DownIinG, University of Kentucky 

. DurEN, Jr., Tulane University 

. Dye, The Citadel 

E. D. EavEs, University of Tennessee 

F, A. FicKen, University of Tennessee 

FLoyp FIELD, Georgia Tech. 

L. R. Forp, Illinois Institute of Technology 

TOMLINSON Fort, University of Georgia 

J. S. FRAME, Michigan State College 

Gorpon FULLER, Alabama Polytechnic Insti- 
tute 

H. K. FutmMeEr, Georgia Tech 

W. A. GaGER, University of Florida 

H. M. Geuman, University of Buffalo 

M. E. Gituis, Blue Mountain College 

J. W. Givens, University of Tennessee 

Mary A. Gorns, Marshall College 

J. S. Gop, Bucknell University 

MIcHAEL GOLDBERG, Bureau of Ordnance, 
Navy Department 

M. O. GonzaALEz, University of Alabama 

S. T. GormsEn, University of Florida 

W. H. GorttscHALKk, Institute for Advanced 
Study 

S. H. Gou.tp, Purdue University 

WALTER GRAHAM, Vanderbilt University 

Dorotuy GREEN, Huntingdon College 
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R. E. GREENWOOD, University of Texas 

W. C. GrirFitTH, Centenary College 

W. S. Gustin, Indiana University 

D. W. Hatt, University of Maryland 

E. A. HEDBERG, University of South Carolina 

G. A. HEpLunD, University of Virginia 

R. E. Henry, Newark College, Rutgers Univer- 
sity 

G. W. HEss, Howard College 

E. H. C. HitpEBRaANDT, Northwestern Univer- 

sity 

T. H. HitpEBRANDT, University of Michigan 

P. R. Hix, Jr., University of Georgia 

Ernar Hite, Yale University 

C. H. Hotton, Georgia Tech. 

C. W. Hoox, Georgia Tech. 

G. B. Hurr, University of Georgia 

ELAINE HUNDERTMARK, Florida State Univer- 
sity 

W. R. Hutcuerson, Berea College 

L. C. Hutcurinson, Polytechnic Institute of 
Brooklyn 

R. O. Hutcuinson, Tennessee Polytechnic In- 
stitute 

E. D. JEnKins, Kent State University 

W. L. Jounson, Mississippi Southern College 

K. R. Jones, NEPA Project, Oak Ridge, Ten- 
nessee 

L. O. Jones, William Jewell College 

H. T. Karnes, Louisiana State University 

. J. KEmpner, University of Colorado 

.R. Kine, University of Pennsylvania 

. W. Koxomoor, University of Florida 

. L. Krai, Pennsylvania State 

. E. Lampen, Hope College 

. E. Lanpry, Catholic University of America 

G. B. LANG, University of Florida 

GILLIE A. LaREw, Randolph-Macon Woman’s 
College 

C. G. LaTIMER, Emory University 

H. L. LEg, University of Tennessee 

SoLoMON LEFSCHETZ, Princeton University 

R. J. Levit, University of Georgia 

D. C. Lewis, University of Maryland 

. A. Lewis, University of Alabama 

. H. LuNpDBERG, Vanderbilt University 

. A. LyTLe, University of South Carolina 

. C. MacDvuFFe£E, University of Wisconsin 

. L. MackIE, University of North Carolina 

. C. Mappox, Northwestern State College 

. D. MANCILL, University of Alabama 

. E. MARKLE, University of Detroit 

. A. Martin, Georgia Tech 
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W. T. Martin, Massachusetts Institute of 
Technology 

W. L. Massey, University of Chattanooga 

Etna B. McBripE, Memphis State College 

Dorotuy McCoy, Belhaven College 

S. W. McInnis, University of Florida 

E. J. McSHanE, University of Virginia 

L. E. MEHLENBACHER, University of Detroit 

. MELVILLE, Clark University 

. MESERVE, University of Illinois 

. MEYER, University of Florida 

. MILLER, University of Tennessee 

. Moore, Emory University 

. Moore, U. S. Naval Academy 

. Move, Georgia Teachers College 

RA L. NELSON, Georgia State College for 

Women 

P,. F. NEmenyi, Naval Ordnance Laboratory 

C. V. NEwsom, Oberlin College 

MABEL I. NowLAn, Trailways Bus 

E. B. OcpEN, Union College 

MorRIs OsTROFSKY, Duquesne University 

E. R. Ott, Rutgers University 

F. W. Owens, Pennsylvania State College 

Helen B. OwEns, Pennsylvania State College 

W. V. ParkKER, University of Georgia 

I. E. PeErtin, Georgia Tech. 

R. B. PryMaLe, Mercer University 

W. G. PoLiarRD, Oak Ridge Institute of Nu- 
clear Studies 

G. B. PricE, University of Kansas 

J. F. Ranpotpu, Oberlin College 

ELLEN Rasor, University of South Carolina 

ADRIENNE S. Ray, University of Alabama 

L. M. ReaGan, University of Wichita 

A. W. REcuT, University of Denver 

Mina REEs, Office of Naval Research 

P. K. Rees, Louisiana State University 

G. E. Reves, The Citadel 

RIDER, Washington University 

INEHART, Case Inst. of Technology 

OBERTS, Duke University 

OBINSON, Agnes Scott College 

OBINSON, University of South Carolina 

Rosinson, Centre College (Kentucky) 

oL S. Scott, St. Petersburg Junior College 

. C. Scott, East Carolina Teachers College 

. E. SEWELL, U. S. Army 

. C. SHELDON, Clemson College 

. M. Smeson, University of Florida 
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A. L. StaRRETT, Georgia School of Technology HENRY VAN ENGEN, Iowa State Teachers 


R. P. STEPHENS, University of Georgia T. L. WaDE, Florida State University 

RutTH W. STOKEs, Syracuse University A. D. WaLuLacE, Tulane University 

J. L. SynGE, Carnegie Institute of Technology J. A. WaRp, University of Georgia 

OTTO SzAsz, University of Cincinnati BETTY R. WEBER, University of South Carolina 
J. S. Taytor, University of Pittsburgh K. W. WEGNER, Carleton College 

H. P. Turetman, Iowa State College G. T. WHYBURN, University of Virginia 

J. M. THomas, Duke University W. L. WittraMs, University of South Carolina 
Joun Topp, National Bureau of Standards R. L. Witson, University of Tennessee 


H. C. TRIMBLE, Florida State University 


Rooms for members of the organizations and their families were provided in 
three of the University dormitories and meals were served in the cafeteria in 
Snelling Hall. 

On Monday, members of the University faculty conducted tours of ante- 
bellum homes in Athens. Tea was served in Lyndon Hall on Tuesday after- 
noon by the ladies of the Department of Mathematics of the University of 
Georgia. On Tuesday evening a program of piano and violin music was pre- 
sented in the University Chapel by Miss Despy Karlas and Mr. Robert Harri- 
son, of the University’s Department of Music. On Wednesday, the Department 
of Fine Arts offered an Art Exhibit in the Fine Arts Building, featuring selec- 
tions from the paintings of Mr. Lamar Dodd and the collection of American 
paintings donated to the University of Georgia by Mr. Alfred Holbrook. 

A dinner for members of the two organizations was held at 8 p.m. on Wednes- 
day in Snelling Hall. Professor Tomlinson Fort, acting as toastmaster, 
sketched the history of Mathematics at the University of Georgia, and intro- 
duced the members of its Department of Mathematics. President Harmon W. 
Caldwell of the University welcomed the visiting organizations and spoke of the 
recent expansion of the University. After vocal solos by James Griffith, accom- 
panied by Byron Walker, talks on Applied Mathematics were given by Profes- 
sor J. L. Synge, Dr. J. H: Curtiss, and Professor H. B. Phillips. An amusing skit, 
entitled “Applied Mathematics” was presented by the members of the Depart- 
ment of Mathematics and their families. Professor Fort modestly appeared in 
answer to shouts of “Author! Author!” Group singing led by Professor J. S. 
Frame ushered in the New Year with the singing of the traditional Auld Lang 
Syne. 

At the dinner resolutions were presented by Professor R. P. Agnew and 
adopted by a rising vote expressing profound appreciation to the members of 
the University of Georgia for their gracious hospitality. 

The sessions of the American Mathematical Society were held from Monday 
to Wednesday, December 29-31, 1947. The twenty-first Josiah Willard Gibbs 
Lecture was delivered by Professor P. M. Morse of the Massachusetts Institute 
of Technology on Monday evening, the title being “Mathematical problems in 
operations research.” On Tuesday afternoon, Professor E. F. Beckenbach, of 
the University of California at Los Angeles, gave an address by invitation on 
“Convex functions.” Professor T. H. Hildebrandt of the University of Michigan 
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gave the retiring presidential address on Wednesday morning on the subject: 


“Integration in abstract spaces.” 


The Mathematical Association held its sessions on Thursday morning and 
afternoon in the auditorium of Connor Hall. The program was arranged by the 
following committee: Walter Leighton, Chairman, Herbert Busemann, and 


J. A. Cooley. 


FIRST SESSION OF THE ASSOCIATION 


Retiring presidential address: “The scholar in a scientific world,” by Profes- 
sor C. C. MacDuffee, University of Wisconsin. 
“On the moduli of the roots of the derivative of a polynomial,” by Professor 


H. E. Bray, The Rice Institute. 


“Some applications of topology,” by Professor P. A. Smith, Columbia Uni- 


versity. 


SECOND SESSION OF THE ASSOCIATION 


“Opportunities for advanced study offered by the Oak Ridge Institute of 
Nuclear Studies,” by Dr. W. G. Pollard, Oak Ridge Institute of Nuclear Studies. 
“The Mathematician in civil service,” by Dr. J. H. Curtiss, National Bureau 


of Standards. 


Symposium: “College entrance requirements in mathematics.” Moderator: 


Professor C. V. Newsom, Oberlin College. 


(a) “The problem from the point of view of the university teacher,” by Pro- 
fessor A. J. Kempner, University of Colorado. 

(b) “The problem from the point of view of the secondary school teacher,” by 
Professor Carl N. Shuster, State Teachers College, Trenton, New Jersey. 


MEETING OF THE BOARD OF GOVERNORS 


The Board met on Wednesday at 2:30 p.m. in Lyndon Hall. Seventeen mem- 
bers of the Board were present. Among the more important items of business 


transacted were the following. 


The one hundred and twenty-two persons listed below, were elected to mem- 


bership on applications duly certified. 


JANE AMMERMAN, B.S.(Duke Univ.)  Instr., 
Newark Coll. of Rutgers Univ., Newark, 
N. J. 

H. M. ANDERSON, Ph.M. (Univ. of Wis.) Asst. 
Prof., Gustavus Adolphus Coll., St. Peter, 
Minn. 

Fay AUFENBERG, B.S. in Engg. (Univ. of Mich.) 
Asst., Univ. of Ill., Navy Pier, Chicago, 
Ill. 

W. G. Babe, B.S. (Calif. Inst. of Tech.) Teach- 
ing Asst., Univ. of Calif. at Los Angeles, 
Los Angeles, Calif. 


H. H. Barnett, A.B. (Univ. of Kansas) Asst. 
Instr., Univ. of Kansas, Lawrence, Kans. 

WINIFRED V. BERGLUND, M.A. (Northwestern 
Univ.) Instr., Univ. of Ill., Navy Pier, 
Chicago, IIl. 

Cot. W. W. BESSELL, JR., C.E. (Rensselaer 
Poly. Inst.) Prof., U. S. Military Acad., 
West Point, N. Y. 

LAURA BLAKELEY, MA. (George Peabody Coll.) 
Teacher, Dayton High School, Dayton, 
Ky. 
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C. F. BRuMFIEL, S.M. (Univ. of Chicago) 306 
N. Talley St., Muncie, Ind. 

J. A. CARPENTER, A.B.(Univ. of North Caro- 
lina) Actuarial Clerk, Pilot Life Insur- 
ance Co., Greensboro, N. C. 

SISTER M. Rose AGNES CAvVANAGH, M.A. 
(Catholic Univ. of America) Instr., Salve 
Regina Coll., Newport, R. I. 

G. B. CHARLESWworRTH, M.A. (Cambridge Univ.) 
Instr., Hofstra Coll., Hempstead, N. Y. 

B. B. Crarx, B.S.(Univ. of New Mexico) 
Grad. Student, Oberlin Coll., Oberlin, 
Ohio 

J. J. Crarx, M.A.(New York Univ.) 
‘Adelphi Coll., Garden City, N. Y. 

MARGARET L. Comstock, B.A. (Marygrove 
Coll.) Instr., Univ. of Detroit, Detroit, 
Mich. 

V. F. Cow inG, Ph.D. (Rice Inst.) 
Lehigh Univ., Bethlehem, Pa. 

MARJorIE L. Crort, M.A. (Loyola Univ.) In- 
str., Univ. of Ill., Navy Pier, Chicago, Il. 

RutH L. Davips, B.Sc.(New Jersey Coll. for 
Women) Instr., Newark Coll. of Rutgers 
Univ., Newark, N. J. 

H. F. DeFrancesco, B.E.E.(Univ. of Va.) 
Grad. Student, Univ. of Virginia, Char- 
lottesville, Va. 

Max EpseE.u, B.S.(Coll. of the City of New 
York) 698 Ashford St., Brooklyn 7, N. Y. 

P. L. Evans, M.S. (Kansas State Coll.) Asst. 
Prof., Kent State Univ., Kent. Ohio 

D. J. Ewy, A.B.(Univ. of Calif). Instr., 
Bethel Coll., North Newton, Kans. 

E. E. FLoyp, B.A. in Educ. (Univ. of Ala.) 
Student, Univ. of Virginia, Charlottesville, 
Va. 

KATHERINE S. Foote, M.S.(Louisiana State 
Univ.) Critic Teacher, Miss. Southern 
Coll., Hattiesburg, Miss. 

J. W. Gappum, M.A.(Univ. of Mo.)  Instr., 
Univ. of Mo., Columbia, Mo. 

E. A. GoopHuE, M.S.(Mo. School of Mines) 
Asso. Prof., Missouri School of Mines, 
Rolla, Mo. 

DoroTtHy E. GREEN, M.A.(George Peabody 
Coll.) Chm. of Math. Dept., Huntingdon 
Coll., Montgomery, Ala. 

R. L. GREENE, B.E.E. (Clarkson Coll.) Instr., 
Clarkson Coll., Potsdam, N. Y. 

MADELEINE GRENARD, A.M. (Univ. of Nebr.) 
Instr., Univ. of Ill., Navy Pier, Chicago, 
Ill. 


Instr., 


Asst. Prof., 
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K. L. HANKERSON, M.S. in Educ. (Univ. of 
North Dakota) Asst. Prof., Univ. of 
N. D., Grand Forks, N. D. 

DOROTHEA HARDER, M.A.(Univ. of Wash.) 
Instr., State Coll. of Wash., Pullman, 
Wash. 

H. J. Harrjge, Architecture (Cooper Union) 
Civil Eng. (Coll. of the City of New York) 
P.O. Box 746, Jacksonville Beach, Fla. 

R. E. Henry, M.Sc.(New York Univ.) Asso. 
Prof., Newark Coll. of Rutgers Univ., New, 
ark, N. J. 

RosE L. HornackEK, M.A.(Loyola Univ.) In- 
str., Univ. of Ill., Navy Pier, Chicago, III. 

HELEN P. HorrmMan, M.S. (Univ. of Ill.) In- 
str., Yankton Coll., Yankton, S. D. 

R. A. HueEston, Jr., M.A.(Brown) Instr., 
Chauncy Hall School, Boston, Mass. 
Burrowes Hunt, A.B.(Princeton) Grad. 

Student, Univ. of Colorado, Boulder, Colo. 

K. R. Jones, M.S.(Univ. of Mich.) Asso. 
Physicist, NEPA Project, Oak Ridge, 
Tenn. 

J. A. KERALLA, B.S. (Coll. of William & Mary) 
Research Div., Elec. Storage Battery Co. 
(Exide), 1154 Sanger St., Phila., Pa. 

E. G. Krume, Student, Calif. Inst. of Tech., 
Pasadena, Calif. 

E. H. Kines.ey, B.S.(Central YMCA Coll.) 
Lecturer, Roosevelt Coll., Chicago, Il. 
Cetia E. Kriotz, M.A.(Nebr. State Univ.) 

Instr., Wash. State Coll., Pullman, Wash. 

S. G. KNEALE, A.B. (Univ. of Kansas) Asst. 
Instr., Univ. of Kansas, Lawrence, Kans. 

Davip Kotter, M.A.(Columbia Univ.) Asst. 
Prof., Mohawk Coll., Utica 5, N. Y. 

OBERT KruGER, B.A.(Univ. of Nebr.) Prof., 
St. John’s Coll., Winfield, Kans. 

Rose LARIVIERE, B.A.(McGill Univ.) Instr., 
Univ. of Ill., Navy Pier, Chicago, II. 

Ora F. LatHamM, M.A.(Univ. of Ill.) Instr., 
Univ. of Ill., Navy Pier, Chicago, Il. 

B. E. LAwreEncE, B.S. (Calif. Inst. of Tech.) 
Supervisor, Analysis Group, USNOTS, 
Inyokern, Calif. 

H. S. Levin, S.B. (Univ. of Chicago) Instr., 
Univ. of Ill., Navy Pier, Chicago, II. 
JosErH Levitt, B.M.E.(Cooper Union) In- 

str., Univ. of Ill., Navy Pier, Chicago, III. 

GENE Levy, M.A. (Univ. of Okla.) Chm. of 
Math. Dept., College of Ozarks, Clarks- 
ville, Ark. 
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SISTER MAry TERESINE LEwis, Ph.D. (Catho- 
lic Univ. of America) Instr., Fontbonne 
Coll., St. Louis 5, Mo. 

MARGARET LiEcuTy, B.A. (Oberlin Coll.) In- 
str., Penn. State Undergrad. Center, Hazle- 
ton, Pa. 

WALTER LycuE, M.A. (Univ. of Minn.) Hd. of 
Math. Dept., Wartburg Coll., Waverly, 
Iowa 

G. E. MARKLE, M.Sc. (Univ. of Detroit), M.A. 
(Univ. of Mich.) Asst. Prof., Univ. of De- 
troit, Detroit, Mich. 

MARGARET E, MartTINsoN, A.B. (Washburn 
Municipal Univ.) Instr., Washburn 
Univ., Topeka, Kans. 

R. H. Mason, A.M. (Syracuse Univ.)  Instr., 
Univ. of Fla., Gainesville, Fla. 

D. W. Matvack, B.A. (Grinnell Coll.) Mathe- 
matician, North American Aviation, Inc., 
3008-B 3rd St., Santa Monica, Calif. 

June M. McArtwey, B.A.(D’Youville Coll.) 
Instr., Univ. of Buffalo, Buffalo, N. Y. 

W. H. McBripe, M.S. (Univ. of North Dakota) 
Instr., Univ. of N. D., Grand Forks, N. D. 

J. A. McGratt, B.S. (Mich. Coll. of M. & T.) 
Instr., Univ. of Detroit, Detroit, Mich. 

J. J. McLaucuiin, M.A. (Univ. of Mich.) 
Chm. of Dept., Wisconsin State Teachers 
Coll., River Falls, Wis. 

ELAINE E. MEyER, B.A.(Huron Coll.) Hd. of 
Math. Dept., Vermillion Public High 
School, Vermillion, S. D. 

E. W. MontTROLL, Ph.D. (Univ. of Pittsburgh) 
Asst. Prof., Univ. of Pittsburgh, Pitts- 
burgh 13, Pa. 

R. C. Moureau, B.Sc.(U. S. Naval Acad.) 
Instr., Univ. of Ill, Navy Pier, Chicago, 
Ill. 

NicHOLAS MussELMAN, M.A.(Mich. State) 
Instr., Michigan State College, East Lan- 
sing, Mich. 

W. H. NEEzy, M.S. (Univ. of Southern Calif.) 
Asst. Prof., Texas Christian Univ., Fort 
Worth, Tex. 

T. A. NELson, M.Ed. (Univ. of Maryland) In- 
str., Muhlenberg Coll., Allentown, Pa. 
GracE M. Notan, M.A.(Loyola Univ.) In- 

str., Univ. of Ill., Navy Pier, Chicago, II. 

R. W. Oescu, M.A. (Univ. of Ill.) Asst. Prof., 
Trinity Univ., San Antonio, Tex. 

F, R. OnnsorG, B.A. (St. Thomas Coll.) Stu- 
dent, Univ. of Minn., St. Paul, Minn. 
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C. E. Ousen, B.S. (U. S. Naval Acad.)  Instr., 
Univ. of [ll., Navy Pier, Chicago, III. 

C. L. Otson, Student, George Pepperdine Coll., 
Los Angeles, Calif. 

T. B. OnpRaAK, B.A. (St. Procopius Coll.) In- 
str., Univ. of Ill., Navy Pier, Chicago, II. 

HyMAN ORLIN, B.B.A. (Coll. of the City of New 
York) Jr. Mathematician, U. S. Coast & 
Geodetic Survey, Washington, D. C. 

Morris Ostrorsky, Ph.D.(Univ. of Wis.) 
Prof., Duquesne Univ., Pittsburgh, Pa. 

C. G. Precxuam, M.S.(Univ. of Ill.) Asst. 
Prof., Univ. of Dayton, Dayton, Ohio 

CapT. WILLIAM PENNINGTON, AC, 928 Johns 
Rd., Augusta, Ga.. 

J. C. Peterson, M.S. in Ed. (Univ. of North 
Dakota) Instr., Univ. of N. D., Grand 
Forks, N. D. 

Mary Pettus, M.A.(Univ. of Chicago) 
Prof., Lander Coll., Greenwood, S. C. 
MARGARET M. Prausiap, A.B. (Kansas Univ.) 
Grad. Student, Kansas Univ., Lawrence, 

Kans. 

D. W. PounpER, B.A.(Univ. of Toronto) 
Grad. Asst., Ill. Inst. of Tech., Chicago, III. 

BEULAH PROTSMAN, Community High School, 
Blue Island, Il. 

R. M. RAnkrn, M.A. (Univ. of Chicago) Prof. 
Mo. School of Mines, Rolla, Mo. 

J. G. REnno, M.S. (Mich. State Coll.) Grad. 
Asst., Univ. of Wis., Madison, Wis. 

J. D. Riwey, A.B.(Park Coll.) Asst. Instr., 
Univ. of Kansas, Lawrence, Kans. 

P. A. RoGnuigE, M.S. (Univ. of N. D.) Asso. 
Prof., Univ. of N. D., Grand Forks, N. D. 

HANAN Rusin, A.B. (New York Univ.) Instr., 
New York Univ., New York, N. Y. 

H. J. Ryser, M.A. (Wisconsin) Univ. of Wis., 
Madison, Wis. 

A. H. Sarno, M.S. (Coll. of the City of New 
York) Instr., St. John’s Univ., Brooklyn, 
N. Y. 

ROBERT SCHATTEN, Ph.D.(Columbia Univ.) 
Asso. Prof., Univ. of Kansas, Lawrence, 
Kans. 

CEcIL SCHWARTZ, B.S. (Miss. State Coll.) In- 
str., Univ. of Ill., Navy Pier, Chicago, Il. 

Caro S. Scott, M.A. (Western Reserve Univ.) 
St. Petersburg Jr. Coll., St. Petersburg, 
Fla. 

HELEN W. Sears, M.A. (Loyola Univ.) Instr., 
Univ. of Ill., Navy Pier, Chicago, Il. 
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C. F. Sepasta, M.A. (Univ. of Pittsburgh) In- 
str., Univ. of Pittsburgh, Ellsworth Cen- 
ter, Pittsburgh, Pa. 

BERNARD SHERAK, M.A.(Cornell) Instr., Rut- 
gers Univ., Newark Coll., Newark, N. J. 

I. W. SILVERSTEN, B.A. (Brooklyn Coll.) Su- 
pervisor, Babcock & Wilcox Co., New York, 
N. Y. 

ALBERT SOGLIN, B.E. (Chicago Teachers Coll.) 
Student, Ill. Inst. of Tech., Chicago, Il. 

HERBERT SoLtomon, M.A.(Columbia Univ.) 
Special Lecturer, Newark Coll. of Engg., 
Newark, N. J. 

FLORENCE N. SOLOMONT, B.A. (Radcliffe) 312 
Hammond Pond Parkway, Chestnut Hill. 
67, Mass. 

G. A. SpoonER, B.S. (Teachers Coll. of Conn.) 
Asst. Instr., Teachers Coll., New Britain, 
Conn. 

P. C. Sqgurres, Ph.D. (Princeton Univ.) Asst. 
Prof., Sampson Coll., Sampson, N. Y. 
Lots B. STELLING, B.S. (Univ. of Chicago) In- 

str., Univ. of Ill., Navy Pier, Chicago, II. 

R. G. STONEHAM, Sc.M. (Brown Univ.) Teach- 
ing Asst., Univ. of Calif., Berkeley, Calif. 

W. B. STOVALL, JR., B.S. (Univ. of Fla.) Grad. 
Fellow, Univ. of Fla., Gainesville, Fla. 

FLORENCE SWALLOW, M.A. (Univ. of Ill.) In- 
str., North Dakota Agric. Coll., Fargo, N. D. 

D. T. TEoporo, B.S. (Univ. of Mich.) Instr., 
Univ. of Detroit, Detroit, Mich. 

L. O. THomeson, B.S. (New River State Coll.) 
Instr., Univ. of Detroit, Detroit, Mich. 
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D. L. THOMSEN, JR., Ph.D.(Mass. Inst. of 
Tech.) Instr., Haverford Coll., Haver- 
ford, Pa. 

R. R. TOWNSEND, B.S. (Muhlenberg Coll.) In- 
str., Penn. State Coll., Schuylkill Under- 
grad. Center, Pottsville, Pa. 

A. T. Srreet, M.A.(Northwestern Univ.) 
Asso. Prof., Roosevelt Coll., Chicago, Ill. 

I. F. WAGNER, Jr., M.S. (Virginia Poly Inst.) 
Instr., Univ. of Va., Charlottesville, Va. 

F, A. WALLACE, M.S. (Univ. of Florida) Instr., 
Jacksonville Jr. Coll., Jacksonville, Fla. 

E. H. WanG, Diploma Engineer, Techn. (Univ., 
Vienna) Instr., Univ. of Cincinnati, Cin- 
cinnati, Ohio 

Marion L. WEsT, Student, Univ. of Tulsa, 
Tulsa, Okla. 


‘CHRISTINE WESTGATE, M.S. (Univ. of Chicago) 


Instr., Univ. of N. D., Grafton, N. D. 

M. E. Waite, B.A.(Wesleyan Univ.) Instr., 
Hunter Coll., New York City, N. Y. 

R. M. WuitTmMore, M.A. (Univ. of Texas) Asst. 
Prof., Southwestern Univ., Georgetown, 
Tex. 

G. T. WituiaMs, Brookhaven National Lab., 
Upton, N. Y. ; 

C. C. Witson, B.Ed. (Chicago Teachers Coll.) 
Instr., Univ. of Ill., Navy Pier, Chicago, 
Ill. 

J. L. ZeEmmeEr, Jr., M.S.(Tulane Univ.) Grad. 
Asst., Univ. of Wis., Madison, Wis. 

L. J. ZIMMERMAN, B.A. (Goshen Coll.) 
Goshen Coll., Goshen, Ind. 


Instr., 


The Secretary reported the death of the following members of the Associa- 


tion: 


H. M. AcKLey, Professor, Western Michigan College. (February 9, 1947) 

H. G. Avers, Chief Mathematician, U. S. Coast and Geodetic Survey. (January 19, 1947) 
ETTORE BorToLorti, Professor, University of Bologna, Italy. (February 17, 1947) 

J. F. BuTLER, Associate Professor, University of Detroit. (February 18, 1947) 

C. C. Carter, Attorney, Bluffs, Illinois. (May 5, 1947) 

J. W. DapreErt, Civil Engineer, Taylorville, Illinois. (December 10, 1947) 

E. E. DECou, Professor Emeritus, University of Oregon. (October 15, 1947) 

G. W. Evans, Retired, Charlestown High School, Charlestown, Massachusetts. (February, 1947) 
B. F. FINKEL, Professor Emeritus, Drury College. (February 5, 1947) 

J. C. Firterer, Professor, Colorado School of Mines. (March 12, 1947) 

WILLIAM GILLESPIE, Professor Emeritus, Princeton University. (September 13, 1947) 

G. H. Harpy, Professor Emeritus, Cambridge University, England. (December 1, 1947) 
Cora B. HENNEL, Professor, Indiana University. (June 26, 1947) 

BERNARD Mason, Instructor in Physics, Hofstra College. (August 25, 1947) 

W. A. Moopy, Professor Emeritus, Bowdoin College. (February 3, 1947) 

WILLIAM ORANGE, Professor, Los Angeles City College. (December 9, 1946) 
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B. L. Remick, Professor Emeritus, Kansas State College. (March 18, 1947) 

W. C. Rurus, Professor of Astronomy, University of Michigan. (September 21, 1946) 
W. T. Saort, Professor, Oklahoma Baptist University. (February 19, 1947) 

S. A. SINGER, Professor, Capital University. (April 25, 1947) . 
G. L. WINKELMANN, Reverend, St. John’s University, Minnesota. (January 23, 1947) 


The Board voted to accept the invitations of Ohio State University to hold 
the Annual Meeting of 1948 at Columbus, Ohio. It was also voted to hold the 
Annual Meeting of 1949 in New York City. 

On nomination by the Executive Committee, the Board voted to elect W. B. 
Carver a member of the Finance Committee for the four years, 1948-51. The 
Board approved the appointment by President Ford of a Nominating Commit- 
tee for 1948 consisting of W. B. Carver, G. C. Evans, and C. C. MacDuffee, 
Chairman. President Ford also announced the appointment of E. J. McShane 
as a member of the Council of the American Association for the Advancement 
of Science for the two-year term 1948-49. 

The retiring Secretary-Treasurer, W. B. Carver, was requested to express to 
the President of Cornell University the thanks of the Association for having 
contributed office space to the Association for the past five years. 

Arrangements were authorized for the printing and distribution of the 
Eighth Carus Monograph, “Rings,” by N. H. McCoy. 

On the nomination of the Editor-in-Chief, C. V. Newsom, the Board elected 
the following Associate Editors of the MoNnTHLY for the year 1948: 


C. B. ALLENDOERFER H. P. Evans L. F. OLLMANN 

E. F. BECKENBACH HowarpD EvEs R. F. RINEHART 

L. M. BLUMENTHAL G. E. Hay EpitH R. SCHNECKENBURGER 
N. B. CONKWRIGHT N. H. McCoy E. P. STARKE 

H.S. M. CoxETER W. T. MARTIN E. P. VANCE 


ANNUAL BUSINESS MEETING OF THE ASSOCIATION 


The annual business meeting of the Association was held on Thursday at 
2:30 p.m., in Connor Hall, with President Ford presiding. 

The tellers, H. E. Bray and P. K. Rees, announced the following results of 
the balloting for officers: 

Saunders MacLane, University of Chicago, was elected First Vice-President 
for the two-years 1948-49. 

C. R. Adams, Brown University, and W. L. Ayres, Purdue University, were 
elected Governors at Large for the three-year term 1948-50. 

Announcement was made of the award of the Chauvenet Prize for the years 
1944—46 to Professor P. R. Halmos of the Institute for Advanced Study for his 
paper: “The Foundations of Probability,” this MoNnTHLY, Vol. 51 (1944), pp. 
493-510. The Committee on the Chauvenet Prize consisted of R. P. Agnew, 
chairman, R. W. Barnard, and R. P. Boas, Jr. 

On motion of C. G. Latimer and W. L. Duren, the following resloution was 
unanimously adopted: 
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Whereas, Professor W. B. Carver has just completed a five-year period as 
Secretary-Treasurer of the Association, and 

Whereas, this was preceded by a two-year term as President and also by a 
five-year term as Editor-in-Chief of the MONTHLY, 

Be it resolved, that the Mathematical Association of America hereby ex- 
presses to Professor Carver its profound thanks for the long, devoted, and effi- 
cient services which he has so freely given to this Association. His efforts during 
the difficult periods in which he has held office, have contributed in large meas- 
ure to the functioning of the Association. 

At the conclusion of the symposium on “College entrance requirements in 
mathematics,” a resolution was adopted requesting the Board of Governors to 
study in cooperation with the National Council of Teachers of Mathematics and 
with other groups, the problem of the maintenance of standards in the prepara- 
tion of students for college, including the study of certification of teachers, 
teacher-training programs, and curricular questions. 

H. M. GEuMAN, Secretary-Treasurer 


MAY MEETING OF THE ILLINOIS SECTION 


The twenty-sixth annual meeting of the Illinois Section of the Mathematical 
Association of America was held at Wheaton College, Wheaton, Illinois, on Fri- 
day and Saturday, May 9-10, 1947. Professor C. N. Mills of Normal University 
presided at all sessions. 

There were sixty-seven in attendance including the following thirty-seven 
members of the Association: D. L. Arenson, H. G. Ayre, J. K. Baumbart, S. F. 
Bibb, G. M. Bloom, Fanny W. Boyce, B. K. Brown, Laura Christman, E. G. H. 
Comfort, J. J. Corliss, W. H. Coulter, L. R. Ford, D. M. Friedlen, J. W. Giv- 
ens, G. D. Gore, E. D. Hellinger, M. R. Hestenes, E. H. C. Hildebrandt, Nor- 
bert Kaufman, E. C. Kiefer, R. A. Kliphardt, W. C. Krathwohl, A. T. Lonseth, 
C. T. McCormick, Karl Menger, C. N. Mills, C. W. Moran, H. E. Nelson, Rufus 
Oldenberger, Margaret Olmsted, Gordon Pall, H. A. Poppen, W. T. Reid, Haim 
Reingold, M. Anice Seybold, Malcolm Smith, and L. R. Wilcox. 

The officers for 1947-48 were elected as follows: Chairman, J. J. Corliss, 
Navy Pier, Chicago; Vice-Chairman, W. C. Krathwohl, Illinois Institute of 
Technology; Secretary, Earl C. Kiefer, Millikin University. The meetings for 
1948 are scheduled to be held at the Illinois Institute of Technology, Chicago, 
on Friday and Saturday, May 8—9, 1948. A resolutions committee composed of 
L. R. Ford, Clyde McCormick, and Margaret Olmsted was appointed by the 
Chairman, and reported at the business meeting on Saturday morning. 

The following papers were presented: 


1. Some construction problems with quadratic forms, by Dr. Gordon Pall, IIli- 
nois Institute of Technology. 


A genus of integral quadratic forms can be characterized by its determinant, index, and the 
residue of one of its forms modulo 8d, where d is the determinant and & is the product of the distinct 
odd primes in the determinant. Conversely, a series of theorems of which the following is one of the 
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simplest can be proved: Let 21, d and 7 be given integers, (—1)‘d >0, 0 <i <n, and let p bea form 
with an integral matrix such that the determinant of p is congruent to d (mod 8d), and such that 


IT eo(o) = (— 1), 
pi2d 


where g is a non-zero integer. Then we can construct an n-ary integral form f of determinant d and 
index 7, satisfying f= (mod 8dkq) except that if 2 is even, p is the double of a non-classic form, and 
if d is odd, then the modulus is 4dkg. As an immediate application we have a completely elementary 
proof of the theorem of Siegel that if one form represents another congruencially for every modulus, 
and in the field of reals, then some form in the same genus as the first represents the second form 
integrally. 


2. Artin’s treatment of the gamma function, by Margaret.S. Matchett, IIli- 
nois Institute of Technology, presented by Dr. L. R. Ford. 


The Gamma Function can be characterized uniquely by the conditions that I'(1) =1, I'(*+1) 
=xI'(x), and that I'(«-+1) is logarithmically convex. The function I'(x) = /fe~%?—dt is shown to 
satisfy these conditions. It is then shown that the conditions cited, and the existence of a function 
satisfying them, imply that 

. (n — 1) ln 
lim ——————___________— 
no x(x -+1)+++ (x +n —1) 


exists, and that any function satisfying the conditions is equal to this expression. 


3. The beginning teacher, by Dr. Haim Reingold, Illinois Institute of Tech- 
nology. 


Due to the increased registration in American universities there is a large increase in the num- 
ber of students taking mathematics. This has brought about a shortage of qualified instructors, 
and a large proportion of college mathematics classes throughout the country is being taught by 
graduate students, high school teachers, and others. Professor Reingold discussed the problems and 
difficulties which face these beginning teachers. 


4. Elasticity of demand and supply, a general study, by Dr. Lewis A. Maver- 
ick, Southern Illinois Normal University, introduced by Dr. Hj G. Ayre. 


(The writer distributed to the audience a mimeographed exposition. This he did not read in 
full, but spoke from it, indicating the nature and significance of the study.) 

There are here gathered together, from sundry sources, contributions to one or another aspect 
of elasticity. An explanation is given of the significance to economists of this concept. Several sim- 
ple curves are employed to represent demand and supply; and for each the elasticity is investi- 
gated. General (non-economic) functions are examined. Functions of constant elasticity are of par- 
ticular interest, they appear on log-log paper as straight lines; they may be employed to show 
“the” elasticity (the average elasticity) between two given points, and may profitably be fitted, by 
least squares, when more than two points are given. An empirical procedure is suggested for draw- 
ing a demand curve of “reasonable” or “not improbable” shape through a single point. 


5. Some aspects of the theory of traffic control, by Dr. L. R. Wilcox, Illinois 
Institute of Technology. 


The mathematical theory of “progressive” periodic traffic light networks on a rectangular lat- 
tice is developed. The concept of a network admitting non-stop travel at some speed in both direc- 
tions along each path is formulated mathematically. The relation thus defined between (a) the 
geometric pattern of paths and intersections, (b) the behavior of the control lights and (c) the ef- 
fective speeds along the various paths, is completely determined. Thus all lattices of intersections 
are found which admit the existence of suitable settings under (b) for which speeds (c) may be 
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found. For each such lattice, all settings of the lights admitting speeds (c) are determined, and for 
each such setting all speeds are found. 

The condition on (a) is shown to be the commensurability of certain distances. A necessary 
condition on (b) is the equality of the periods of all the lights. Necessary and sufficient conditions 
on (b) and (c) are so formulated that either (b) or (c) may be presented within determined limita 
tions and the other found. 

The theory of periodic sets of real numbers which are sums of intervals is the basic mathe- 
matical tool, since such sets characterize (b) completely. The relations connecting (b) and (c) re- 
sult from the solution of certain simultaneous congruences. 


6. The Life of Florian Cajori, by Dr. H. T. Davis, Northwestern University, 
introduced by Dr. C. N. Mills. 


The speaker was in a class under Dr. Cajori when in college. He gave many highlights of 
Cajori’s teaching, as well as an historic biography. 


7. Special cryptoform, by Mr. W. H. Coulter, Decatur, Illinois. 


Mr. Coulter presented problem E-751 with a number of remarks and observations regarding 
such problems. 


8. Practical computational methods for the solution of equations, by Dr. Rufus 
Oldenberger, Illinois Institute of Technology. 


The methods of solving ordinary differential equations with constant coefficients, and the 
corresponding algebraic equations'as taught in the colleges and universities, are too tedious and 
complicated for the engineer who needs to obtain his solution in a few minutes. The author has 
found that certain simple techniques involving modified synthetic division processes save a tre- 
mendous amount of time over well known methods. A typical involved known method is that of 
Graeffe’s for finding the complex roots of an algebraic equation. If we teach simpler methods, 
the average engineer, who today does not use differential equations, may be encouraged to em- 
ploy mathematics beyond the calculus, and will find that he can do his work much more efficiently 
by combining mathematical analysis with experiment. Teachers of mathematics are largely to 
blame for industry’s failure to make more use of it. Instead of teaching many ways of solving many 
problems, thus confusing the student, we should emphasize the solution of a few types which are 
sure to occur in all fields of technical work. 


9. Self dual postulates in projective geometry, by Dr. Karl Menger, Illinois In- 
stitute of Technology. 


While the geometry of the projective plane satisfies the principle of duality, the traditional 
postulates which form its foundation are not self-dual. For example, the duals of the postulates 
that there are three non-collinear points, and that there are at least three points on each line (i.e., 
the statements that there are three non-current lines and at least three lines on each point) are not 
among the postulates because they can be derived from them. The following four self-dual inde- 
pendent propositions are equivalent to the traditional foundation of projective geometry: [. There 
ts at least one line on every two points, and at least one point on every two lines. 11. No two points are on 
two lines. III. There are two points pi, p2and two lines li, le such that p; is on 1; if and only if i=j. IV. 
There are two points, p, q and two lines 1, m such that the intersection of land mis on the join of p and 
q. We obtain all the classical projective planes except Fano’s seven-point-plane with three points 
on each line, if we replace III and IV by III*. III*. There exist three non-collinear points p1, po, ps 
and three non-concurrent lines |i, Iz, ls such that p; is on 1; if and only if i=7. The laws of Desargues 
and Pappus are capable of self-dual formulations. Moreover, one can formulate a self-dual founda- 
tion of the geometry of the three-dimensional projective space in terms of points, lines, and planes. 
(Cf. Reports of a Mathematical Colloquium, Notre Dame, issue 8, 1947). 


E. C. KIEFER, Secretary 
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MAY MEETING OF THE MINNESOTA SECTION 


The annual meeting of the Minnesota Section of the Mathematical Associa- 
tion of America was held at the State Teachers College in St. Cloud, Minnesota, 
on Saturday, May 10, 1947. Two sessions were held in the forenoon, one at lunch- 
eon, and one in the afternoon. Sister M. Seraphim Gibbons, Professors C. O. 
Bemis, W. L. Hard, and K. H. Bracewell presided at the respective sessions. 

Eighty persons attended the meeting, including the following twenty-nine 
members of the Association: K. H. Bracewell, R. W. Brink, L. E. Bush, W. H. 
Bussey, R. H. Cameron, E. J. Camp, C. S. Carlson, H. D. Colson, Walter Flem- 
ing, Gladys Gibbens, Sister M. Seraphim Gibbons, H. W. Godderz, W. L. 
Hart, D. A. Johnson, G. K. Kalisch, S. L. Mason, Kenneth May, Sister M. 
Joanne Muggli, M. J. Norris, J. M. H. Olmsted, Sister Claudette Scoblic, L. W. 
Sheridan, F. C. Smith, Marion Smith, R. C. Staley, F. J. Taylor, Takashi 
Terami, Ella Throp, and K. W. Wegner. 

The following officers were elected for the coming year: Chairman, H. L.Tur- 
rittin, University of Minnesota; Secretary, L. E. Bush, College of St. Thomas; 
Executive committee, E. J. Camp, Macelaster College; Kenneth May, Carleton 
College; Charles Hatfield, Jr., University of Minn. 

A tribute covering the life, work, and character of Professor Dunham Jack- 
son, who died November 6, 1946, was read by Professor Bussey. A tribute cov- 
ering the life, work, and character of The Reverend Gilbert L. Winkelmann, 
who died January 23, 1947, was read by Professor Taylor. Announcement was 
made of the election of Professor L. E. Bush, College of St. Thomas, as Sectional 
Governor for the term beginning July 1, 1947. 

The Executive Committee was instructed to prepare a set of by-laws for the 
Section, to be presented for approval at the 1948 meeting of the Section. The 
Committee was further instructed to consider the advisability of enlarging the 
Section to include parts of the neighboring States, not now included in any Sec- 
tion of the Association. 

By invitation of the Executive Committee, Professor Kenneth May deliv- 
ered an address at the second morning session. The title of his address was Prob- 
abilities of Certain Election Results. 

The speaker discussed the probability of a minority victory in an indirect or 
representative election. Given 7 districts, in each of which m votes were cast for 
one of the other of the two parties according to uniform independent distribu- 
tions, it is desired to find the probability that one or the other party win a ma- 
jority of the districts with a minority of the total popular vote. For small values 
of m and 2, classical enumerative methods suffice. For large values of m and n, 
results can be obtained by utilizing character functions and Bernstein’s central 
limit theorem. For three districts, the probability was shown to increase from 
3/32 for m =3, rapidly approaching 1/8 with increasing m. Other values and for- 
mulas were found to complete the borders of a table of the probability as a func- 
tion of m and n. With increasing m and n, the probability was shown to approach 
1/6 rapidly. 
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In addition to the lecture by Professor May, the following five papers were 
presented: 

1. Vector operations as matrices, by Mr. Chih-yi Wang, University of Min- 
nesota, introduced by Professor John M. H. Olmsted. 


This paper was devoted to the representation of the gradient, diverence, and curl operators by 
means of the matric operators 


ee) 0 0 ee) 
Ox Oz oy 
ee) 0 ee) 0 ee) 0 
oy Ox Oy a2 02 Ox 
0 ee) 0 
— _-— — 0 
02 oy Ox 


respectively. It was shown that this representation permits a simple proof of the invariance of these 
concepts under a transformation from one rectangular coordinate system to another with the same 
orientation of axes, and their convenience was demonstrated for establishing familiar identities 
such as those involving the divergence of the curl, and curl of the curl. 


2. Some aspects of systems of partial differential equations, Sister Joanne Mug- 
gli, The College of Benedict, introduced by Sister Claudette Schoblic. 


The solution of the system of partial differential equations Dju=f;(x:, + - + , %n), where 
Otrtiet seetd, 


Dy = —--———> 4=1,2,---,k 
‘ aut _ axi™ ( >“) ’ ) 
was considered. The monomial m; was defined by m; =x! oe xe, By use of the algebra of classes, 


recursion formulas were obtained to express aJl the monomials which are multiples of at least one 
m,; but separated into classes so that there is no overlapping of monomials. These recursion formulas 
Jead to an explicit classification of either principal or parametric derivatives. From the formula for 
the principal derivatives, the integrability conditions are directly given, and from the formula for 
the parametric derivatives the arbitrary part of the solution is indicated. 


3. A statistical study of the frequency and intensity of storm centers, by Profes- 
sor L. W. Sheridan, The College of St. Thomas. 

This was a presentation of the results of a study made as an aid to weather forecasting over re- 
gions critical to military operations during World War II. The study was illustrated by slides show- 
ing charts marked with the frequency and intensity distributions of centers of low pressure over the 
area investigated. 


4. Representations of real numbers by sequences of integers, by Professor M. J. 
Norris, The College of St. Thomas. 


The problem of finding a one-to-one mapping f of the real numbers into the family of infinite 
sequences of integers, such that given a natural number WN and a real number «x there exists an 
e>0, such that f(y) does not differ from f(x) in the first N positions when y differs from x by less 
than e was proposed. After imposing the Cartesian product topology on the family of sequences, the 
question was readily answered in the negative. 


5. Some remarks on Makeham’s Law, by Professor Franklin C. Smith, The 
College of St. Thomas. 


After discussing the general problems of approximating mortality statistics with simple mathe- 
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matical functions, the author presented three famous approximations, known as Gompertz’s law, 
Makeham’s First Law, and Makeham’s Second Law. Special attention was given to Makeham’s 
First Law and the importance of this law from a practical point of view was stressed. 


6. Ptolemy's Theorem, by Professor (Emeritus) W. E. Brooke, University of 
Minnesota. 

A proof was given for the theorem: In any quadrilateral inscribed in a circle, the product of the 
diagonals is equal to the product of two opposite sides plus the product of the other two opposite 


sides. The following problem was proposed and solved: To construct the circle through two given 
points and through the extremities of a diameter of a given circle. 


7. A correlation of elementary methods of solving differential equations, by 
Professor Neil Lockwood, Duluth State Teachers College (introduced by the 
Secretary). 

The speaker started with the principle that if any operations, such as taking the derivative 
and multiplying by a constant, follow the commutative, associative, distributive, and other ele- 
mentary laws of algebra, then these operations follow all the laws of algebra which depend upon 
these elementary laws, and the symbols of such operations may be treated as if they were ordinary 
algebraic quantities. It was shown how, by the methods of operators, a large number of types of 
solutions of differential equations which heretofore seem to have been treated as unconnected top- 
ics or as “lucky guesses” may be developed as a unified whole. Among other things, a simple @ priorz 
derivation was given for the Euler-d’Alembert solution of linear differential equations with con- 
stant coefficients, the method of undetermined coefficients, the method of variation of parameters, 
and the method of solution by infinite series. 


The meeting concluded with a panel discussion on the training of secondary 
school teachers of mathematics. The members of the panel were Professor Ken- 
neth Wegner, Carleton College, Moderator; Professor C. S. Carlson, St. Olaf 
College; Professor C. O. Bemis, St. Cloud State Teachers College; Sister M. 
Seraphim Gibbons, The College of St. Catherine. After brief statements by the 
members of the panel, the audience engaged in a lively discussion of the prob- 
lem. 

L. E. Busu, Secretary 


MAY MEETING OF THE UPPER NEW YORK STATE SECTION 


The annual meeting of the Upper New York State Section of the Mathe- 
matical Association of America was held at the University of Rochester, Roches- 
ter, New York, on Saturday, May 10, 1947. Dean W. H. Durfee of Hobart Col- 
lege presided at the morning session, and Professor C. W. Watkeys of the Uni- 
versity of Rochester presided at the afternoon session. 

About one hundred persons were present, including the following forty-one 
members of the Association: R. P. Agnew, R. G. Albert, E. B. Allen, H. T. R. 
Aude, P. R. Bartram, Dorothy L. Bernstein, William Betz, F. J. H. Burkett, 
S. S. Cairns, I. S. Carroll, W. B. Carver, Rachel Davison, F. F. Decker, E. J. 
Downie, Walter H. Durfee, C. W. Foard, A. H. Fox, A. S. Gale, H. M. Gehman, 
B. H. Gere, N. G. Gunderson, May N. Harwood, L. L. Lowenstein, R. R. R. 
Luckey, Sister Mary Michael (Maloney), L. L. Merrill, Harriet F. Montague, 
C. W. Munshower, W. V. Nevins, B. C. Patterson, L. R. Polan, Harry Pollard, 
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M. A. Scheier, Wladimir Seidel, Joseph Seidlin, Ruth W. Stokes, Mary C. 
Suffa, A. K. Waltz, J. F. Wardwell, C. W. Watkeys, G. M. Wing. 

The following officers were elected: Chairman, D. S. Morse, Union College; 
Vice-Chairman, E. B. Allen, Rensselaer Polytechnic Institute; Secretary, C. W. 
Munshower, Colgate University. It was agreed to hold the 1948 meeting at 
Union College, Schenectady, New York, the 1949 meeting at the University of 
Buffalo, and the 1950 meeting at Syracuse University. 

The following papers were presented: 


1. Electronic digital calculators, By Dr. R. D. O’Neil, Eastman Kodak Co., 
introduced by Professor Seidel. 


The present era, the speaker said, is witnessing a development of automatic calculators which 
will have a profound effect upon the evolution of mathematics and its applications. These calcula- 
tors will relieve the mathematician of the burden of arithmetical computation, and will enable him 
to solve problems which would be impracticable to handle by any other available means. The prin- 
cipal features of the calculators are extreme speed, accuracy, flexibility, and the ability to handle 
a complete problem automatically. The designers of these computers have presented the mathe- 
matician with new responsibilities. He must develop new computing techniques which are better 
suited to automatic computation, and he must modify his research methods to take better advan- 
tage of the help which the computer offers. 


2. Absolutely and completely monotonic functions, by Professor Harry Pol- 
lard, Cornell University. 


A function is absolutely monotonic on an interval if it and all its derivatives are non-negative 
there; for example, f(x) =sin“x, (0 $«<1). Such a function is necessarily analytic in the interval. 
A function is completely monotonic on an interval if (—1)*f (x) =0 there; if f(«) is completely mono- 
tonic on (a, b), then f (—x) is absolutely monotonic on (—b, —a); for example a~*, a>0 are com- 
pletely monotonic on (0, «). A function f(x) is completely monotonic on (0, ©) if, representable in 
the form f(x) =/ o¢ “da(t), where a(#) is increasing. The connection with the famous moment 
problem of Hansdorff was discussed. A function is completely convex if (—1)* f@® («)=0 for all &; 
the Taylor series for such a function necessarily converges for all x, and hence represents an entire 
function. 


3. Eccentricity and slope, by Professor Harriet F. Montague, the University 
of Buffalo. 


The author establishes a correspondence between lines of slope m passing through the origin, 
and families of conics of eccentricity e=m with axes along the coordinate axes and with centers (in 
the case of the central conics) at the origin, or vertices (in the case of the parabolas) at the origin. 
Lines of positive slope are associated with families of conics with foci on the x-axis; lines of nega- 
tive slope are associated with families of conics with foci on the y-axis. The x-axis is associated with 
a family of circles with the centers at the origin. For the sake of symmetry, the lines of the slope 
+1 are associated with double families of parabolas. A particular member of any family of conics 
is determined by a pair of points on the associated line at a fixed distance from the origin. Special 
attention is given to intersections of the conics associated with lines whose slopes are reciprocals. 


4. Familiarity and understanding in mathematics, by Professor S. S. Cairns, 
Syracuse University. 
Familiarity, rather than understanding, is cultivated by most of our mathematical instruc- 


tion in schools and colleges. Even the best students generally learn to do problems without know- 
ing why the methods work; for technical skill is easier to teach, easier to grade and more useful in 
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outside applications than is the underlying theory. In the case of arithmetic, it is necessary to teach 
technique to children who are too young to appreciate theoretic considerations. The decimal sys- 
tem of notation is regarded by most people as something established by divine decree, rather than 
as a result of biological accident. With only the most elementary algebraic concepts, one can ap- 
proach an understanding of arithmetic through a study of the four fundamental operations as they 
might be developed by creatures with eight or twelve (and so on) fingers instead of ten. One can 
then proceed to justify these techniques in terms of a general base. Other arithmetical devices, 
similarly studied, lead to amusing elementary consequences. 


5. The present mathematical situation and next steps in the teaching of mathe- 
matics, by Dr. William Betz, Rochester, N. Y. 


The speaker stated that the mathematical scene is still characterized by a confusion of aims, of 
content, and of organization. The fundamental thesis of the educator is that “academic” mathe- 
matics of the usual type is largely “non-functional,” and that it does not “meet the needs” of the 
vast majority of our young people. The real cause of the present breakdown must be located in a 
widespread educational opportunism which is without an adequate philosophy in dealing with the 
problems of mass education. Among the most obvious steps needed to correct the present situation 
are the following: a nation-wide publicity campaign exposing the folly and danger of current polli- 
cies; a clear and authoritative analysis of the real meaning of “functional competence in mathe- 
matics”; the general adoption of a “two-track program” in secondary mathematics; the planning 
of a continuous curriculum in secondary mathematics, which shall give due attention to under- 
standing, significant application, and mastery. 


6. Panel discussion: Some problems relating to mathematics in New York Col- 
leges, by Professor Wladimir Seidel, the University of Rochester, Chairman; 
Professor J. M. Synnerdahl, Canisius College: Professor K. E. Bush, Mohawk 
College; Professor D. E. Kibbey, Syracuse University. 

Several problems of the urban college were enumerated by the first speaker. Mr. Bush de- 
scribed several of the courses of instruction in mathematics in the Associated Colleges of Upper 
New York. He stated that engineering seemed to be the preferred field, and that about three-quar- 
ters of the students were studying mathematics. He outlined a number of problems which may arise 
when the students transfer to other institutions. Dr. Kibbey pointed out that the Associated Col- 
leges and the branch colleges of Syracuse University will feed more students into the advanced 
courses of the established institutions, and increase the present demand for competent instructors; 
he predicted enlarged enrollments in such courses as advanced calculus, and raised the question of 
whether these courses meet the needs of students. Finally, Professor Kibbey discussed the possibil- 
ity of teaching beginning students some of the fundamental concepts of mathematics to give them 
some sense of the structure of the science. A general discussion followed. 


C. W. MUNSHOWER, Secretary 


MAY MEETING OF THE INDIANA SECTION 


The spring meeting of the Indiana Section of the Mathematical Association 
of America was held at Purdue University, Lafayette, Indiana on May 16-17, 
1947. On Friday evening sixty members and guests attended a dinner in honor 
of President and Mrs. L. R. Ford. After the dinner Professor Ford gave a lec- 
ture entitled Some Remarkable Theorems About Areas. 

Eighty-one persons attended the meetings, including the following thirty 
members of the Association: W. L. Ayres, L. G. Black, Stanley Bolks, I. W. 
Burr, G. E. Carscallen, K. W. Crain, P. D. Edwards, L. R. Ford, E. L. Godfrey, 
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Michael Golomb, G. H. Graves, W. R. Hardman, C. T. Hazard, H. K. Hughes, 
Rufus Isaacs, H. F. S. Jonah, M. W. Keller, E. L. Klinger, M. M. Lemme, F. C. 
Leone, G. T. Miller, P. M. Nastucoff, Ivan Niven, P. M. Pepper, J. C. Polley, 
C. K. Robbins, M. E. Shanks, L. S. Shively, R. B. Stone, M.S. Webster, K. P. 
Williams. . 

Professor G. H, Graves, Chairman, presided at the business meeting. Pro- 
fessor P. M. Pepper, Notre Dame, was elected Secretary-Treasurer to succeed 
Professor M. W. Keller who resigned after serving for six years. It was decided 
to hold a fall meeting again on October 17, 1947 at Ball State Teachers College, 
Muncie, Indiana, in conjunction with the fall meeting of the Indiana Academy 
of Science. 

The following papers were presented: 


1. Geometries and their terminology, by Sister Gertrude Marie, O.S.F., Marian 
College. 


In this discussion the speaker traced in parallel the evolution and naming of the various types 
of geometry, and the history and significance of the names. The purpose of the study was to con- 
tribute to an evaluation of current geometric terminology on scientific and linguistic grounds. 


2. A five significant figure slide rule for plane and spherical trigonometry, by 
Professor P. M. Pepper, University of Notre Dame. 

Professor Pepper demonstrated a slide rule for performing the computations of plane and 
spherical trigonometry with an accuracy comparable to that obtained by using five-place logarith- 
mic tables. Besides performing all the usual operations, the speaker illustrated how the rule could 
be used as a five-place table of reciprocals of numbers, of natural trigonometric functions, of loga- 
rithms of numbers, and of logarithms of the trigonometric functions. 


3. A simple proof that m is irrational, by Professor Ivan Niven, Purdue Uni- 
versity. 


The results obtained in this paper were published in The Bulletin of the American Mathematical 
Society, vol. 53, p. 509. 


4. Remarks on the construction of tables of functions, by R. D. Gordon, Indi- 
ana University, introduced by Professor K. P. Williams. 
The speaker discussed briefly the principal devices which make possible the constuction of fi- 


nite tables so as to accommodate “infinitely many” possible calculations. He also indicated how 
this subject could be introduced in elementary courses. 


5. A congruence on the sums of powers, by Gordon Overholtzer, Indiana Uni- 
versity, introduced by Professor M. W. Keller. 


The methods of investigation of the Schur derivate of a sequence were applied to the summa- 
tion of the Ath powers (& being any integer) of the integers from 1 to p* (p an odd prime) in a single 
residue class modulo p. 


6. Functional iterates of half-order, by Professor Rufus Isaacs, University of 
Notre Dame. 


Let g be a functional mapping any set £ into itself. Professor Isaacs discussed the existence of a 
function f of similar type such that for all x in EZ, one obtains f(f(x)) =g(~). The speaker showed 
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that the existence criterion is that each linkage can be classified either into a matable pair or as self- 
matable. 


7. Some consequences of Sterling's formula for log T(z), by Professor H. K. 
Hughes, Purdue University. 
In this paper, the speaker derived some series developments which he had occasion to use. The 
function 
(az + a)T(6z + 3) 
I(yz + ¢)¥(dz + d) 
is typical of those developed. Here a, 8, y, 6 are positive and such that a+f=y+46, and a, b, c, d 
are any real or complex numbers such that a+0=c-+d. This function was expanded in the form of 
a factorial series multiplied by an exponential factor. The results obtained follow from Sterling’s 
formula for log I'(z). 


M. W. KELLER, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirtieth Summer Meeting, Madison, Wisconsin, September 6-7, 1948. 

Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MovuntTain, Pennsylvania NEBRASKA, University of Nebraska, Lin- 


State College, May 8, 1948 

ILLINOIS, Illinois Institute of Technology, 
Chicago, May 14-15, 1948 

INDIANA, Purdue University, West La- 
fayette, May 8, 1948 

Iowa, Fairfield, April 16-17, 1948 

Kansas, Atchison, April 10, 1948 

KENTUCKY, Berea, May, 1948 

LovuISIANA-MISSISSIPPI, Southwestern Lou- 
isiana Institute, Lafayette, La., April 23- 
24, 1948 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, United States Naval Academy, 
Annapolis, Maryland, May 8, 1948 

METROPOLITAN NEw YorK, Washington 
Irving High School, April 24, 1948 

MICHIGAN, University of Michigan, Ann 
Arbor, April 3, 1948 

Minnesota, College of St. Thomas, St. 
Paul, May 8, 1948 

MissourI, University of Kansas City, 
Kansas City, April 23, 1948 


coln, May 1, 1948 

NORTHERN CALIFORNIA 

Oxu10, Ohio State University, Columbus, 
April 3, 1948 

OKLAHOMA 

Paciric NORTHWEST, Eugene, Oregon, 
March 26-27, 1948 

PHILADELPHIA, Philadelphia, Pa., Nov. 27, 
1948 

Rocxy Mountain, April 23-24, 1948 

SOUTHEASTERN, The Citadel, Charleston, 
South Carolina, March 19-20, 1948 

SOUTHERN CALIFORNIA, Redlands, March 
13, 1948 

SOUTHWESTERN, New Mexico Highlands 
University, Las Vegas, New Mexico, 
May 3-6, 1948 

Texas, Rice Institute, Houston, April 23~ 
24, 1948 © 

UrrerR NEw Yorx StTatTE, Schenectady, 
May 1, 1948 

Wisconsin, Beloit, May 8, 1948 
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ATHEMATICS 


D. GC. HEATH 
AND 
COMPANY 


Boston 
New York 
Chicago 
Atlanta 
San Francisco 
Dallas 


London 


ESSENTIALS OF 
ANALYTIC 
GEOMETRY 


By CURTISS amd MOULTON 


A rigorous course in plane analytic geometry with chap- 
ters on solid analytic geometry for courses preparatory to 
calculus and engineering courses. Based on the authors’ 
earlier Analytic Geometry, with several chapters omitted 
and the remaining chapters either rewritten or revised. 
Starred sections indicate optional omission to adapt the 
book for use in a 3-hour course. 


269 pages (239 pages of text) $2.80 


MATHEMATICS 


OF INVEST MENT 
hind Edition 


By WILLIAM L. HART 


THE THEORY AND APPLICATIONS OF ANNUITIES CER- 
TAIN AND THE MATHEMATICAL ASPECTS OF LIFE IN- 
SURANCE 


This revision aims at adapting all major sections of the 
material to the needs and the ability of the typical stu- 
dent in a college of business administration. In supple- 
mentary content, it tests the ability and arouses the in- 
terest of the student with substantial mathematical train- 
ing. 

312 pages (275 pages of text) $3.00 

With tables: 440 pages (275 pages of text) $4.00 
Tables separately : 128 pages $1.75 

Also bound with ESSENTIALS OF COLLEGE ALGEBRA, 
two W. L. HART books in one convenient volume, 
complete with the new tables: 704 pages (508 pages of 
text) $4.75 


Have you scon these Wiley books? 


NOMOGRAPHY 


By ALEXANDER S. LEVENS 


This is a time-saving, accurate book which shows you short-cut solutions to difhcut prob- 
lems of engineering, statistics, or business by means of monographs. It presents the basic 
information on the theory and construction of charts involving straight line scales, curved 
scales and combinations of these elements. The alignment chart is especially stressed. The 
book is crammed with interesting examples. 


December, 1947 


INTRODUCTION TO THE 
THEORY OF EQUATIONS 


By Lois W. GrirrirHs 


Designed for students with a background in 
differential calculus, this book introduces the 
theory of equations, determinants, and 
matrices. A book that has been tested in the 
classroom, its logical exposition makes it 
suitable for advanced or elementary levels. 


278 pages $3.50 


ADVANCED MATHEMATICS 
FOR ENGINEERS 


By H. W. Reppick and F. H. MItier 


The new edition covers those topics in mathe- 
matics essential for an understanding of the 
latest developments in engineering theory 
and practice. It includes discussions of dif- 
ferential equations, operational calculus, 
hyperbolic functions, gamma and Bessel 
functions, vibrating membranes, etc. 


Second edition, 1947 511 pages $5.00 


176 pages 


$3.00 


INTRODUCTION TO 
MATHEMATICAL STATISTICS 


By Paut G. Hoe. 


This book is designed to give the reader a 
comprehensive introduction to the theory 
and applications of modern statistical meth- 
ods. Such topics as these are included: 
sampling inspection, non-parametric meth- 
ods, two types of errors, and sequential 
analysis. 


256 pages $3.50 


SEQUENTIAL ANALYSIS 


By ABRAHAM WALD 


The first book-length treatment of an im- 
portant and recently-developed method of 
statistical inference. The book covers the 
general theory of the sequential probability 
ratio test, its applications, and an introduc- 
tion to problems of sequential multi-valued 
decisions and estimates. 


212 pages $4.00 


JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16, NY. 


4 Jimoly McGraw-Hill Books. 


SOLID GEOMETRY 
By James Sutherland Frame, Michigan State College. Ready in spring 


® Departing from the traditional treatment of solid geometry as a 
succession of formal propositions and proofs, this text aims to pre- 
pare the student for college work in mathematics and engineering. 
It is based on plane geometry and elementary algebra, and includes 
carefully stated assumptions, stimulating oral questions, and well- 
assorted written exercises. A distinctive feature is a simplified method 
of drawing three dimensional figures in orthographic perspective with 
a patented trimetric ruler supplied with the book. 


COLLEGE ALGEBRA 


By Frederick S. Nowlan, University of British Columbia. 401 pages, 
$3.00 


© A comprehensive text for college freshmen. Distinguished by a 
more detailed and careful review of elementary material than 1s 
usual, and by the comprehensiveness with which the subject matter 
is developed, the book is both mathematically sound and easy to under- 
stand. 


ELEMENTS OF NOMOGRAPHY 


By Raymond D. Douglass and Douglas P. Adams, Massachusetts 
Institute of Technology. 209 pages, $3.50 


® Deals with the study, understanding, creation, and practical use 
of the alignment chart, of which this book presents seven elementary 
types. A feature is the inclusion of the useful circular nomograph 
as a separate entity. A large number of the diagrams are presented 
in natural size. 


PLANE AND SPHERICAL TRIGONOMETRY 


By Lyman M. Kells, Willis F. Kern and James R. Bland, Umited 
States Naval Academy. Second edition. 401 pages, $2.50. With tables, 
$3.25. Tables alone, $1.00 


® This is a simple, logically arranged text in which the topics are 
so spaced that each is mastered in its turn. Features of the book are 
the carefully graded exercises, the treatment of synthetic division, 
the chapter on the slide rule, the abridged methods of multiplication 
and division, and the proposed model form for logarithmic computa- 
tion. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


Basic Mathematics for 
War and Industry By DAUS, GLEASON & WHYBURN 


This text provides a complete, accurate, and well-integrated treatment of 
all the essentials of arithmetic, algebra, geometry, trigonometry, solid 
geometry and spherical trigonometry. The book contains 770 problems, 


and a separate protractor is in the back cover of each book. $2.50 


Analytic Geometry 
and Calculus By RANDOLPH & KAC 


In this text analytic geometry and calculus are treated in such a way 
that each complements the other. Integration is introduced early in the 
book and, in the first chapters, a review is given of some of the funda- 


mental algebraic notions, such as inequalities and absolute values. $4.50 


College 
Algebra By PAUL R. RIDER 


This clear and comprehensive treatment of the subject includes a thor- 
ough review of the topics of elementary algebra. The book contains a 
liberal supply of selected and graded problems. The Alternate Edition 


offers a new supply of selected and graded exercises. $2.75 


Methods of 
Algebraic Geometry, Vol. I By HODGE & PEDOE 


This is the first volume of a work designed to provide a convenient ac- 
count of the foundations and methods of modern algebraic geometry. 
The first part of Volume I deals with pure algebra, the basic notions, 
the theory of matrices and a study of algebraic equations. ‘The second 
part deals with the definition and basic properties of projective space 


in n dimensions. Cambridge University Press. $6.50 


THE MACMILLAN COMPANY ° NEW YORK 11 


Rinehart Mathematical Tables 


HAROLD D. LARSEN 
Albion College 


This new book is based on an extensive survey made by the publisher, the compiler, and 
their editorial consultant, which indicated the tables most often needed in mathematics 
and engineering. Rinehart Mathematical Tables is thus designed for maximum usability 
in these fields. 


Contents: Parr ONE—Greek Alphabet. Weights and Measures. Miscellaneous Physical Constants. 
Important Mathematical Constants. Formulas from Algebra. Formulas from Geometry. Formulas from 
Trigonometry. Hyperbolic Functions. Formulas from Plane Analytic Geometry. Formulas from Solid 
Analytical Geometry. Curves for Reference. Derivatives. Indefinite Integrals. Definite Integrals. 
Series. PART Two—Five-Place Common Logarithms of Numbers. Natural Trigonometric Functions. 
Logarithms of Trigonometric Functions (Five Place). Powers, Roots, and Reciprocals. Four-place 
Common Logarithms of Numbers. Natural Trigonometric Functions for Decimal Fractions of a De- 
gree. Common Logarithms of Trigonometric Functions for Decimal Fractions of Degrees. Degrees, 
Minutes, and Seconds to Radians. Natural Values of the Trigonometric Functions for Angles 
in Radians. Radians to Degrees, Minutes, and Seconds. Common Logarithms of the Trigonometric 
Functions for Angles in Radians. Natural Trigonometric Functions for Selected Angles. Common_ 
Logarithms of Factorials. Four-place Natural Logarithms. Values and Logarithms of Exponential 
Functions. Values of Hyperbolic Functions. Amount of 1 at Compound Interest. Present Value 
of 1 at Compound Interest. Amount of 1 per Annum at Compound Interest. Present Value of 1 per 
Aonum at Compound Interest. American Experience Table of Mortality. 


Prob. 256 pp. Ready in Summer. Prob. $1.50 


Rinehart & Company, Inc. + New York 


Ylew and important books 


SCARBOROUGH-WAGNER: Fundamentals of Statistics 


A clear, concise presentation of the fundamental principles and tech- 
niques of statistical analysis, together with some of the more important 
ideas and methods of elementary mathematical statistics. 


KINDLE-MILLER: Statics 


Designed especially for early introduction so that the student may co- 
ordinate his knowledge of mechanics and mathematics. Developed from 
four fundamental principles: (1) action and reaction; (2) transmissi- 
bility of a force; (3) vector addition of forces; (4) static equilibrium. 


ROSENBACH-WHITMAN-MOSKOVITZ: 
Mathematical Tables 


Forty-six tables, comprehensive in scope and superior in usability. Ade- 
quate for use in all branches of college mathematics. 


BOSTON 17 NEW YORK II Gunn and. Company. 


CHICAGO 16 ATLANTA 3 DALLAS | COLUMBUS 16 SAN FRANCISCO 3 TORONTO 5 


Announcing a new book 


COLLEGE PHYSICS Part 1 
Mechanics, Heat, and Sound 
(one semester) app. 400 pages 
June 1947 $3.50 


COLLEGE PHYSICS Part 2 
Electricity, Magnetism, and 
Optics 

(one semester) app. 400 pages 
Janvary 1948 $3.50 


COLLEGE PHYSICS (complete) 
Mechanics, Heat and Sound 
Electricity, 
Optics 

(two semesters) app. 800 pages 
January 1948 


Magnetism, and 


$6.00 


COLLEGE PHYSICS 


by FRANCIS W. SEARS 


Professor of Physics, Massachusetts Institute of Technology 


and MARK W. ZEMANSKY 


Associate Professor of Physics, College of the City of New York 


Teachers of college physics who have regrettad that they were 
unable to adopt the three-volume series of Sears’ PRINCIPLES 
OF PHYSICS because of its use of calculus throughout, will 
welcome this adaptation and revision by Professor Mark W. 
Zemansky of the College of the City of New York.,. 


Those parts of the original text that came within the scope of 
intermediate physics and which were therefore treated with the 
aid of calculus, have been either removed or rewritten in simpler 
form. COLLEGE PHYSICS consists exclusively of material 
suitable for first-year college students whose mathematical 
preparation goes no further than algebra and the elements of 
trigonometry. The total number of topics has also been reduced 
so that a complete course in general physics may be covered in 
one year. 
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PROBABILITIES OF CERTAIN ELECTION RESULTS 
KENNETH MAY, Carleton College* 


1. Introduction. In any indirect electoral system or in the election of any 
representative body, the results will not in general correspond exactly to the 
votes of the electorate. In particular, it is possible for a candidate or a party to 
win a majority of the electors or representatives with a minority of the popular 
vote. What is the probability of such a result?} The answer depends, of course, 
upon many factors, including the method of election, the number of districts, 
voters and parties, and the frequency distributions of election outcomes in the 
districts. 

In this paper we confine ourselves to certain simple cases inorder to suggest 
a tentative answer to the above question. We assume u districts, m voters per 
district, and two parties. In each district all voters cast votes for one or the 
other party according to uniform, independent distributions. Ties are excluded 
by taking m and n odd. We are interested in P(m, n), the probability that the 
party which wins the majority of the districts gains only a minority of the total 
vote mn. Expressions are found for P(m, x), P(m, 3), P(3, »), P(«, n), and 
P(m, «). The results are summarized in the last section. 


2. Preliminary results. Let x; be the vote of one of the parties in the jth 
district. The vote of the other party is m—x;. Since the problem is symmetric 
with respect to the two parties, we need to consider only the x;. We assume that 
x; takes integral values 0 Sx;Sm, with equal probabilities 1/(m+1). The small- 
est x; to win a district is w=(m+1)/2. The party’s total vote is X= ) tx;. 

Let y; be defined as follows: y;=0 when x;<y and y;=1 when x;2y. Then 
the number of districts won is Y= >-"y,, and the minimum number of districts 
for a majority of the districts is y= (m+1)/2. The greatest X for which X <mn/2 
is given by X =(mn—1)/2=2uy—y—v. On the other hand, in order to win a 
majority of the districts it is necessary to have at least u votes in at least pv dis- 
tricts. Hence the minimum total vote for which it is possible to win a majority 
of the districts is given by X =u». Thus the probability that the party wins a 
majority of the districts with a minority of the total vote is the probability of 
the simultaneous occurrence of X SX SX and Y2p. Since the other party has 
an equal chance of winning in the same way, we have P(m, n) =2P(XSXSX, 
V2p). 

The problem may be restated in classical terms as follows: Given n urns, in 
each of which are m+1 balls marked 0, 1, 2, +++, m—1, m; when a ball is 
drawn from each, what is the probability that the sum of the numbers drawn is 
less than mn/2 (or greater than mn/2) while at the same time the number of 


* Presented in part to the Minnesota Section of the Mathematical Association of America at 
St. Cloud, Minnesota, May 10, 1947. 

+ The question was proposed to the author by Professor G. L. Field of the Department of 
Government, Wayne University. The writer is indebted to Professors J. Neyman and H. Lewy of 
the University of California for helpful suggestions. 
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balls drawn with markings greater than m/2 is greater than 2/2 (or less than 
n/2). The problem is also equivalent to finding the number of compositions 
(partitions where account is taken of the order of the parts) of all numbers 
between X and X into 7 parts greater than or equal to zero and less than or 
equal to m and such that at least v parts will be at least equal to u. 

An interesting quantity is the minimum total vote with which a majority 
of the districts can be won. We have X =ywvy=(m+1)(n+1)/4 and X/mn=} 
+(m+n+1)/4mn. Evidently the minimum proportion of the total vote is 
larger than.} but approaches this value as m and n become large. For values of 
m and n of the order usually encountered in elections, it is thus possible, although 
obviously unlikely, that a party may win a majority of the districts with only 
slightly more than one quarter of the popular vote. The result may be gen- 
eralized. In order to win more than rn of the districts, a party must get at least 
([m/2]+1) votes in at least ([rm]+1) districts, where the square bracket indi- 
cates the largest integer less than or equal to its argument. The minimum pro- 
portion of the total vote will be ([m/ 2]+1)([rn]+1) /mn, a quantity which is 
greater than 7/2 and- approaches it with increasing m and n. Hence it is possible 
to win an r-majority (for example a 2/3 majority) with only slightly more than 
r/2 (for example 1/3) of the popular vote. 


3. Three districts. For small values of m and n, the desired probability can 
be found by classical enumerative methods. Since there are m+1=2y equally 
likely outcomes in each of ” independent districts, there are (2u)" equally likely 
outcomes for the whole election. If we can enumerate F(m, m), the number of 
favorable cases for one of the parties, the required probability will be given by 
P(m, n)=2F(m, n)/(2u)". Various systematic arrangements of the favorable 
cases may be used to evaluate F(m, n). A convenient method is to arrange the 
favorable outcomes according to the party’s total vote, which varies from X 
to X. If we designate by F,(m, n) the number of favorable cases for a total 
vote of atk (k=0, 1, 2,---, D where D=X—X=pv—p-—p), then F(m, n) 
= a0 0 Fi(m, nN). 

These observations enable us to find a simple formula for P(m, 3). For n=3, 
we have »=2, X=2u, X =3u—2, and D=y-—2. For a favorable case the party 
must win just two of the districts. Consider a favorable case in which the party’s 
total vote is 2u-+k. We can achieve a favorable distribution of these votes by 
assigning pu votes to each of two of the districts and then distributing the remain- 
ing k votes in any way over the three districts. The two districts can be chosen in 
3 ways. The number of ways of distributing k votes to 3 districts is (*}*).* 
‘Since & is always less than p for the favorable cases, none of these distributions 
can lead either to duplication in counting or to the assignment of more than m 
votes to a district. Hence 


2+ hk k=u-2 (2 + k 
F,(m, 3) = 3( . } and F(m,3)=3 >) ( . ). 
k=0 


* W. A. Whitworth, Choice and Chance, N. Y., 1927, p. 97. 
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By a well known identity,* the summation reduces to ("f'). It follows that 


(1) = 


4. The general case. Pleasing arrays result from the arrangement of the 
favorable cases according to the total vote and the number of districts having u 
or more votes. But for all except the smallest values of m and n it is more con- 
venient to use a method originally due to Euler. Consider the generating func- 
tion f(z) =(14+2s+22+2-+ +--+ +2"-1+2)", In the expansion of f(z), before 
collecting terms, each term arises from a choice of one term from each of the 
n factors. If we let the choice of 2*/ in the jth factor correspond to a vote of x; 
in the jth district, there will be a one-to-one correspondence between the elec- 
tion outcomes and the terms of the uncollected expansion. We wish to enumer- 
ate those terms in which the exponents of z are less than X and which at the 
same time are obtained by choosing from the factors at least » terms whose 
exponents are at least uw. The generating function may be rewritten as follows: 


(2) fo = Z(" (<=) = 


This form of f(z) corresponds to an arrangement of the election outcomes accord- 
ing to the number of districts in which the party has a majority. The terms 
arising from a given correspond to outcomes in which exactly p of the dis- 
tricts have m or more votes. We wish to count those terms which arise from 
p=v and whose exponents are less than or equal to X. In fact, 


s=X 


F(m, n) = > Cs, 
onk 


where C, is defined by 
p=n 1 — of XN s= mn 
(3) 2 (")( : ys = DS Coz? 
p=v p s=py 
In order to evaluate C,, we consider 


1— gh\n r= —1)0 
(4) ( y= Se 


1—¢g¢ 7=0 


A comparison of (4) and (3) shows that C,= >, ( ” ) H1,_»y, where the summation 
p 


* (488) Soe4cFt8*1) (Ibid., p. 79.) 
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extends over p satisfying ySpSs/y. Hence 


a=X p= [8 /y] | n- 
(5) F(m, n) = > » ( ie 

8=ppP —=y p 
where the square bracket indicates the greatest integer contained in the argu- 
ment. Reversing the order of summation in (5) and introducing new subscripts 
defined by p=v-+7 and s—pu=r, we find 


(6) F(m, 0) - > ( " = H,. 


i=0 y+ r=0 


The summation involving H, may be evaluated by expanding (4) in the form 


M = aG-ar= {a i(" )ent {x("* - ‘ye, 


The desired terms may be obtained by multiplying the first term in the first 
bracket by the first D—iu terms in the second bracket, the second term in the 
first bracket by the first D—(i+1)u terms of the second bracket, and so on, 
the process stopping with the last term in the first bracket for which juSD—uip. 
Hence 


(8) A, ars (1) ( ") mogine (* +i- ‘) 


r=0 j=0 t=0 b 
;} tae 


n+D—(i+j)u* 
nN 


nm 


The summation over ¢ reduces to ( 2y means of the identity 


used in Section 3. With this simplification, (6), (8). and the remarks at the be- 
ginning of Section 3 imply that P(m, 2) is given b: ihe expression 


1 9 1D Iu] 1D Iul-4 {Vf a (n+ D—G+pu 
9 —1) ; . 


It can easily be verified that (9) reduces to 1) for n=3. For m=3, it re- 
duces to 


| 1 a i Son n 
10 P(3, n) = —— ) i ) ( ), 
2?n-1 j=0 .9=0 \ ptis \7 


For particular values of m and n, other special formulas may be derived, but 
none of these results are convenient for large values of the arguments. 


5. Large number of voters in each district. Let u;=x,;/m, where x; is defined 
as in Section 2. Then u;>4 is equivalent to a majority in the jth district, and 
>? uj<n/2 is equivalent to a minority total vote. Let P; be the probability 
of a favorable case in which u,;>4 for j=1, 2,---+,k, and u;<# for j>k. Since 
n 


") P;, is the probability of the favor- 


we can choose & districts in ") ways, 
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able cases in which just Rk of the districts have a majority. Hence 


(11) P(m,n) = 2 = ( , ) Pr 


k=y 


where P; is the probability that the variables determine a point lying in the 
region R, defined by >-7? uj<n/2, 4<u;S1 (jSk), OSuj;<h (j>k). As m 
becomes large, the probability law of the u; approaches the continuous uniform 
distribution between zero and one. Hence P; approaches the volume of the 2 
dimensional region R,, and P(, 2) will be given by (11) with P; replaced by 
the volume of R,. 

In order to find the volume of R; we perform the translation u;=a;+3 (Sh), 
uj=a; (j>k). The equations defining the region become ) fa;<(n—k)/2, 
0Sa;S} for all j. Evidently R; is now the region under the hyperplane with 
intercepts (1—k)/2 and within the hypercube bounded by the axis hyperplanes 
and the hyperplanes a;=4. The planes a;=3 divide the region into a number of 
similar regions. Let V; (4=0, 1, 2 ++ +,m—k—1) stand for the volume of the 
region given by >? a;<(n—k)/2, a;>4 for j Si, and a;>0 for j>7. There are 

. equal regions of this type in each of which at least 1 of the a; exceed 3. 
We desire the volume of the region under the plane for which none of the a; 
exceeds 4. The situation is exactly analogous to that covered by Whitworth’s 
Proposition XIV.* Hence we may write 


( nN ; n 
Vol. Ry = Vo — nV +( \r- o£ (04 aa 
is of 2 1 

(12) iy 


+ (, —k-+ Yen 


To evaluate V;, we move the origin to the point a;=4 for 71 and a;=0 for 
j>1. The region is now bounded by the axis hyperplanes and the hyperplane 
with intercepts (1—k—1i)/2. A simple iterated integration shows that the 
volumes is given by (n—k—4)tA2"n! Substituting this value for V; in (12), we 
have 


(13) Vol. Ri = - > Co" )o — k— 1)" 


ny | i=0 


Replacing P; in the right member of (11) by this expression for Vol. R; we get a 
formula for P(», 2) which, after the introduction of new indices of summation 


* Tbid., p. 73 ff. 

} This result may be found analytically by constructing, with the aid of Fourier integrals, 
a function which takes the value 1 in the region R; and zero elsewhere. Integration of this function 
over the whole space yields (13). 
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defined by r=n—k-—7z and _ reduces to 


(14) P(o,n)=—— SE (- ye(" )( ” )r 


27-1n) r=1 s=( s+r 


6. Large numbers of districts. In order to find P(m, ) we apply a central 
limit theorem to the X and Y of Section 2. We consider the normalized variables 
X — E(X) Y — &(Y) 
eee | 


£, = —————. and m= 
Ox OY 


where E( ) signifies the mathematical expectation and o stands for the standard 
deviation. It can easily be shown that R, the correlation coefficient of £, and 7a, 
is independent of . In fact it equals the correlation coefficient of x; and y,. The 
definition of R and the probability law of the x; assumed in Section 2 yield 


v3 
V4? — 1 

From a central limit theorem due to Bernstein* we know that as n—>0 the 
joint elementary probability law of & and 7, tends uniformly to the law 


(15) R= 


e7 (8 -2REn+92) /2(1—R*) | 


1 
2rv/1 — R? 


Hence the probability of the point (&,, 72)-lying in any region will approach the 
integral of ® over the region. But from the probability law assumed for x; and 
the definition of y; it follows that E(X) =n€(x;) =mn/2 and E(Y) =n€(y,) =n/2. 
Hence &, <0 is equivalent to a minority total vote, and 7,>0 is equivalent to a 
majority of the districts. Hence P(m, n) is the probability of &,/n,<0, and 
P(m, ©) is the integral of ® over the region £/y <0. The integration yields 


(16) ®(f, 1) = 


1 1 
(17) P(m, ©) = 77 T arctan (R/+/1 — R?). 
Tv 
Making use of (15), we have 
1 1 
(18) P(m, ©) = 7 — — arctan (ur»/3/~7u? — 1). 
Tv 


7. Summary. In the following table are displayed numerical values of 
P(m, n) for certain values of w and v. The numbers in parentheses indicate the 
formulas used for the computations. 


*S. N. Bernstein, Theory of Probability, Moscow, 1934 (in Russian), pp. 241 ff., 317 ff. 
Bernstein gives a simple sufficient condition on the moments which is easily seen to be satisfied in 
this case. See, alternatively, J. V. Uspensky, Introduction to Mathematical Probability, N. Y., 
1937, pp. 318 ff. 
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The stability of P(m, 7) is striking. It appears to be an increasing function of 
its arguments, but the slow rate of increase suggests that it would be difficult 
to prove this conjecture. For moderate values of m and 1 it is sensibly equal to 
1/6. It is hard to say how more realistic hypotheses would affect the results. 


2 | 3/32 .117 .126-.131 --+ (10) --- .148 
3 1.411 .132 .140 .145 159 
4 | .117 .137 .145 .149 162 
5 | .120 .139 .147 .154 164 
o | 1/8 .143 .150 .154 --- (14) «++ 1/6 


Dropping the assumption of independence should make the probability smaller, 
but the introduction of a more centrally concentrated probability distribution 
would make it larger, since unfair outcomes are more likely for nearly even 
elections. On the basis of the simple case here considered, the best we can do is 
to suggest that for the values of m and x usually encountered the probability is 
of the order of 1/6. 


THE QUADRILATERALS OF PASCAL’S HEXAGRAM 
W. H. BUNCH, Nyssa, Oregon 


1. Introduction. Pascal’s hexagram has inspired more interest and investi- 
gation than almost any other geometric configuration. Many intriguing figures 
have been found and brought from their hiding places in the background of 
this hexagram. Pascal’s famous theorem states that if a hexagon is inscribed in 
a conic the three pairs of opposite sides meet in three points on a straight line. 
This theorem was first published by Pascal on a little placard in 1640 when he 
was sixteen years old [1]. This line is known as Pascal’s line, and we shall call 
the points on the line Pascal points. 

Steiner was the first to direct attention to the complete hexagram formed by 
joining the six points on a conic in every way. In this there are sixty Pascal 
lines passing by four’s through each of the forty-five Pascal points. Steiner also 
showed that the sixty Pascal lines pass by three’s through twenty g points which 
may be divided into ten pairs such that the members of each pair are harmonic 
conjugates with respect to the conic, and these g points lie four by four on fif- 
teen lines [2]. 

Kirkman extended Steiner’s theorem to show that the Pascal lines intersect 
three by three, not only in Steiner’s twenty g points but also in sixty other h 
points [3]. Cayley and Salmon showed that there are twenty G lines, each of 
which pass through one g and three h points, and that these G lines pass four by 
four through fifteen.z points. Various proofs and demonstrations of these theo- 
rems on Pascal’s hexagram as well as additional properties have been discussed 
by, Salmon [4], Cayley [5], Veronese [6], Cremona [7], and Christine Ladd 

8 |. 

Brianchon developed the dual of Pascal’s theorem by the method of polar 
reciprocals. His theorem states that the three lines joining the three pairs of op- 
posite vertices of a hexagon circumscribed about a conic meet in a point. This 
point is the pole of a Pascal line and is known as a Brianchon point. The three 
lines are the polars of three Pascal points on a line and we shall call them 
Brianchon lines. The complete figure connected with this theorem contains sixty 
Brianchon points and forty-five Brianchon lines. Ann and Elizabeth Linton 
made some remarkable drawings of the results mentioned above [9], and the 
author made a study of the hexagram with certain elements in motion, and 
used the machinery thus set up to make certain straight line constructions on 
unicursal cubics [10]. 

The purpose of this paper is to show that the 60 Pascal lines form 15 distinct 
quadrilaterals whose vertices are Pascal points and whose diagonals are the 45 
Brianchon lines. We shall also show the relationship of these quadrilaterals to 
the results obtained by others. 


2. Notation. We shall designate the six vertices of the hexagon by the digits 
1, 2, 3, 4, 5, and 6. The notation, 12, will mean the line joining points 1 and 2, 
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and 12,45 will be the intersection of lines 12 and 45. Any such combination 
representing the intersection of nonconsecutive sides will be a Pascal point. If 
we choose any permutation of the six digits, say, 354126, then pair the first 
and second with the fourth and fifth positions, 35,12, and the second and third 
with the fifth and sixth, 54,26, and the third and fourth with the sixth and first 
positions, 41,63, we have three points on a Pascal line. We shall, therefore, 
designate a Pascal line by the permutation which locates the three points on that 
line. 


3. The main theorems. 


THEOREM 1. The sixty Pascal lines are divided into fifteen sets of four lines, 
such that each set forms a quadrilateral whose six vertices are Pascal points, and 
the quadrtlaterals are distinct in the sense that no Pascal line ts used to form the 
side of more than one quadrilateral. 


Proof. Consider the Pascal lines, (a) 123456, (b) 213546, (c) 132465, and (d) 
624351. We find that the six points 12,45; 23,56; 34,61; 13,46; 35,62; and 24, 
51 are the only points on all four lines. Also two and only two of these lines meet 
‘in each point. Hence the four lines form a quadrilateral whose vertices are the 
given points. We shall call this quad. A. 

This accounts for two Pascal lines through each point, but there are four. 
We need now to investigate the other two lines through any vertex, and we 
choose 12,45. These lines are (e) 123546 and (f) 213456. The two lines which 
form a quadrilateral with these are (g) 132564 and (h) 625341. We shall call this 
quad. B. If we investigate quad. B in the same manner as we did quad. A, we 
find that these two quadrilaterals have only one vertex in common. The 
similarity of the hexagram now shows that the six vertices of a quadrilateral 
serve, one each, as the vertices of six other separate quadrilaterals. Each Pascal 
line is therefore used in only one quadrilateral. 

We shall call this group of fifteen quadrilaterals the a@ collection. The six 
quadrilaterals which have one vertex each in common with quad. A, we shall 
call the a; collection for quad. A. We shall call the eight which have no common 
vertices with quad. A the ae collection for quad. A. We shall also define a closed 
set of quadrilaterals to mean a set of three quadrilaterals, any two of which 
have only one common vertex, and all three of which have a pair of opposite 
vertices confined to three points. 


THEOREM 2. Any quadrilateral of the a collection forms three closed sets with 
the quadrilaterals of its o collection, and the a collection contains fifteen closed sets. 


Proof. The four lines (i) 314625, (j) 341652, (k) 651342, and (1) 615324 form 
a quadrilateral which we shall call quad. C. Quads. A and B have the common 
point 12,45. Quads. B and C have the common point 14,25, and A and C have 
15,24 in common. The first two of these points do not lie on the same Pascal 
line, hence they are opposite vertices of quad. B. Likewise the second and third 
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are opposite for quad. C and the first and third for quad. A. Therefore, quads. 
A, B, and C form a closed set. We may notice that the three points that deter- 
mine a closed set are formed by the same four digits, and that any two are 
formed from the third by permuting pairs of digits across the comma. The 
number of combinations of six things used four at a time is fifteen, which is the 
number of closed sets possible in the a collection. Since each quadrilateral has 
three pairs of opposite vertices it is a member of three closed sets. 


THEOREM 3. The 45 diagonals of the 15 quadrilaterals of the a collection are the 
45 Brianchon lines which are the duals of the 45 Pascal points. 


Proof. The proof of this theorem follows almost immediately from the theo- 
rem from projective geometry on the inscribed quadrilateral. If we choose the 
quadrilateral whose vertices are the points 1, 2, 4, and 5, then the pairs of 
tangents through 2 and 5, and 1 and 4 meet on a line through 15,24 and 12,45. 
But this line is both a Brianchon line and a diagonal of quad. A. 

Now we shall define an open set of quadrilaterals to be a set of three, no 
two of which have common vertices, but the nine diagonals of the set must 
meet by three’s in three points such that one diagonal from each quadrilateral 
passes through each point. 


THEOREM 4. Each quadrilateral of the a collection 1s a member of four open sets 
and there are twenty such sets in the a collection, 


Proof. We shall introduce a notation here that we shall call a dual notation- 
In this notation the six digits represent the six tangents to the conic at the 
respective vertices of the hexagon. Then the notation, 123456, gives the three 
Brianchon lines through a point; these lines are the duals of the three Pascal 
points on a line determined by the same notation. Choose now a pair of opposite 
vertices on quad. A, such as 12,45 and 24,51. If we apply the theorem on the 
inscribed quadrilateral again, we find the diagonal joining these points to be, in 
dual notation, 25,41. This is exactly the same as the standard notation for the 
third Pascal point which, with the two above, determines a closed set of quad- 
rilaterals. By reversing this scheme we may find a pair of opposite vertices on a 
quadrilateral from a given diagonal. Then by writing the Pascal lines through 
these, and selecting the ones that have common Pascal points, we can find a 
quadrilateral from a given diagonal. 

Starting in dual notation with the diagonal of quad. A, that is, 52,41, we 
build the permutation 143256 which gives three diagonals that meet in a point. 
Each diagonal is from a different quadrilateral. The first, 14,25, is from quad. 
A, the second, 43,56, is from one we shall call quad. D, and 32,61 is from quad. 
E. In the following table the first three rows give these three quadrilaterals in 
standard notation. Rows 4, 5, and 6 give their vertices with their opposite ver- 
tices paired in parentheses. Rows 7, 8, and 9 give their diagonals in dual nota- 
tion with each set of diagonals directly below the vertices they connect. Row 10 
gives the permutations which show that these diagonals meet in three points. 
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TABLE I 
1. Quad. A. 123456, 213546, 132465, 624351. 
2. Quad. D. 451362, 541632, 461352, 641532. 
3. Quad. Z. 314265, 134625, 364215, 634125. 
4. Quad. A. (12, 45—24, 51), (23, 56—35, 62), (34, 61—13, 46). 
5. Quad. D. (45, 36—64, 53), (24, 13—41, 32), (16, 25—15, 26). 
6. Quad. BE. (31, 26—63, 21), (15, 46—14, 56), (24, 53—25, 34). 
7. Quad. A. 14, 25, 36, 25, 14, 36, 
8. Ouad. D. 43, 56, 43, 12, 56, 12. 
9. Quad. FE. 32, 61, 54, 16, 45, 32. 
10. 143256, 634521, 145632, 


A comparison of the vertices in rows 4, 5, and 6 of the table shows that 
quads. A, D, and # have no common vertices. And since their diagonals meet 
in three points such that one diagonal from each quadrilateral passes through 
each of the three points, they form an open set. Since the points where the di- 
agonals meet are the Brianchon points, four of these points lie on each diagonal 
and each quadrilateral is a member of four open sets. Quads. D and E are mem- 
bers of the a collection for quad. A; hence we may state that the az collection 
is divided into four pairs and that each pair forms an open set with quad. A. 
Since there are sixty Brianchon points and three are used in each open set, there 
are twenty open sets in the a collection of quadrilaterals. 

We shall now show a correspondence between these sets of quadrilaterals 
and the results obtained by Steiner, Kirkman, Cayley, and Salmon. Salmon used 
the notation, 

12.45.36 
65.23.14, 
34.16.25 


to represent the three Pascal lines, 123654, 163452, and 143256, which intersect 
in a Steiner g point [4]. We notice that each row and each double column con- 
tains all six digits in such a way that each two rows represent a Pascal line. The 
dual notation for the three Brianchon points in Table I, row 10, is the same as 
these. Hence the nine diagonals of the quadrilaterals in an open set intersect 
by three’s in three points on a straight line, and this line is the polar of a Steiner 


g point. 
The notation for a Kirkman h point is 
41.35.62 
52.64.31. 
63.51.24 


Here each row and the first column only contain all six digits without repetition, 
and the three Pascal lines are 146253, 251364, and 415362. The three h points 
on a Salmon-Cayley G line are the ones just given and 


65.13.42 16.42.53 
34.26.15 and 4 23.51.46. 
21.35.46 54.26.31 
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The notation for the Steiner point on this line is set up by using the first column 
from each of these. We must also notice that the lines 14,52 and so forth, which 
make up the first columns, are not duplicated in the notation for any of the h 
points. Six of the fifteen lines joining the six points on a conic are used in forming 
any Pascal line. Three Pascal lines are formed without the use of these six. The 
three thus formed meet in an h point which is said to correspond to the Pascal 
line formed by the first six. 

In the following table the capital letters represent the quadrilaterals of the 
a, collection for quad. A. The first column of six digits is composed of the Pascal 
lines which make up those quadrilaterals. The second column contains the h 
points which correspond to the Pascal lines. The small letters with subscripts 
are used to identify Pascal lines and rows in the notation for a Kirkman h point. 


TABLE II 
ta 41.35.62—a, a 41.62.35 —a; 
hg  123456(52.64.31—hi go 132465 63.45.12 
24 63 .51.24—q 14 52.16.43 —cz 
A A 

i 52.34.61 —ag Ia 36.45.12 —ay 
ge 213546) 41.65.23—dy I 6243514 52.13.46 —by 
ha 36.42.15 —«a 1 14.56.23 —c, 

f 3.61.52 ea. 

fi— 4513624 65.32.41 Qi— 3142654 61.25.34 

12.46.35 45.36.21 

rs .13.24—g1 24.35 

5416324 34.26.15 —Iy bi— 134625; 23.65.14 

21.35.46—4 12.63 

E 

43.51.62 32.14.65 

di— 4613525 56.32.41 a— 364215 16.25.34 

12.45.36 5.31.26 
65.31.42 23.51.46—e 
€:— 6415324 34.52.61 6341254 16.42.35 —d, 
12.63.54 45 .13.62—f; 


A study of Table II shows a certain correspondence. The digits in the rows 
a;, b;, and c, of the # point correspond to Pascal 123456 in quad. A, and they 
have the same permutations, respectively, as the Pascal lines ai, 01, and ¢ in 
quad. E. The fourth line in quad. Z has no such correspondence, but its cor- 
responding h point has the same relationship to Pascal lines d;, e, and f, of 
quad. D. Again, the h point corresponding to the fourth line of quad. D has 
rows, £1, 41, 41, whose permutations are the same as those of lines £1, 4, and 14 
of quad. A. This open set of quadrilaterals forms a complete cycle of these cor- 
respondences. The three /# points thus chosen lie on the same G line, and the g 
point formed by their first columns lies on the same line. Also the nine diagonals 


1948] THE QUADRILATERALS OF PASCAL’S HEXAGRAM 215 


of this open set are concurrent by three’s on the polar reciprocal of this same g 
point. We also find that one hk point from each quadrilateral of this open set lies 
on the same Pascal line through this g point, and there are three such groupings 
in the set. Hence the twelve h points corresponding to the twelve Pascal lines 
in an open set lie by three’s on four lines through a g point. We have thus set up 
a direct correspondence between an open set of quadrilaterals and a G line and 
also a g point. 

By making a table similar to Table II for the entire ae.collection, we find that 
quad. A holds the same relationship to each of the four open sets in its a collec- 
tion. The four G lines corresponding to these four sets meet in an 7 point. The 
four g points, however, do not lie on an J line. (Salmon’s proof is sufficient 
[4].) Now if we examine the twelve Pascal lines that make up the open set 
A, D, E, we find that the three that are not identified in the Table by a letter 
with subscript, 1, meet in a g point. These are the three that correspond to three 
h points on a G line. We also find the other nine lines divided into three collec- 
tions of three each, such that lines 1, f;, and c, meet in an h point as do the 
collections gi, €1, di, and fy, b,, dy. These four points determine a G line. The 
corresponding collections of lines determined by the other open sets, identified 
by subscripts 2, 3, and 4, respectively, each determine aG line in the same way. 
The four g points so determined lie on an J line but the four G lines do not pass 
through an 7 point. | 

We may now state that the four open sets of an a collection for any quad- 
rilateral determine four g points on an J line and correspond to four G lines 
through an 7 point. There are fifteen quadrilaterals, fifteen a collections, fif- 
teen J lines, and fifteen z points. Again, since any open set of three quadrilaterals 
is a member of three a collections and each collection determines a different I 
line and corresponds to a different 7 point, while the set in each case determines 
the same g point and corresponds to the same G line, there are three TJ lines 
through each g point and three 7 points on each G line. It might be of interest to 
add that the g point determined by an open set and the one corresponding to an 
open set are harmonic conjugates with respect to the conic. 

In order to make a further study of the a@ collection we shall designate a 
quadrilateral by a letter and by the dual notation for one of its diagonals. For 
the members of the ae collection we shall choose the diagonal that passes through 
one of the four Brianchon points on diagonal 14,25 of quad. A. The ae collection, 
paired as suggested above then becomes: (D—43,56; E—32,61), (F—13,56; 
G— 32,64), (Di: —35,64; E,—13,26), and (7,—35,61; Gi—34,26). We now no- 
tice a different grouping of four pairs. The notations for quads. D and D, are 
formed by the same four digits; hence they have a common vertex and the 
diagonals here represented both come from that vertex. The same is true of the 
other pairs, H, A, and F, F, and G, Gi. 

If we consider the diagonals 15,42 and 12,45 of quads. B and C, and the 
Brianchon lines that meet in four points on each of them, we find that the pairs 
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D, FE, and D,, E meet on 15, 42. Hence, the four lines D, E,, D1, and E form a 
quadrilateral, two nonconsecutive vertices of which are Pascal points; two are 
Brianchon points on 14,25; and two are Brianchon points on 15,42. Similarly 
we may show that F, G, Fi, and G,; form a quadrilateral with two vertices in 
Pascal points, two in Brianchon points on 14,52 and two on 12,54. The other 
four Brianchon points, two on 15,42 and two'on 12,54, also serve as vertices 
for a similar quadrilateral and the other two vertices are Pascal points. The 
six Pascal points used in these three quadrilaterals all lie on line 36. Line 36 is 
the dual of point 36 and the three quadrilaterals above with their properties 
may be obtained by dualizing the closed set of quads. A, B, and C, and by em- 
ploying Theorems 5 and 6. 


THEOREM 5. The three diagonals, one from each quadrilateral of a closed set, 
which passes through the three points which are each common vertices of two members 
of the set, form a triangle in which each vertex is the pole of the opposite side with 
respect to the given conic. 


Proof. The vertices of the triangle formed by the diagonals of quads. A, B, 
and Care the Pascal points 12,45, 24,51, and 25,41. The dual notation for any 
one of these points gives the Brianchon line which passes through the other two. 
This follows from the theorem on the inscribed quadrilateral. 


THEOREM 6. The six diagonals, two from each quadrilateral of a closed set, which 
do not pass through a vertex common to two members of the set, are concurrent. 


Proof. In dual notation, the diagonals ef quad. A which are determined by 
vertices which are not common to a vertex of quads. B or C are 25,36 and 14,36. 
Likewise those of quad. B, determined by vertices which are not common to a 
vertex of quads. A or C, are 15,36 and 24,36, and those of quad. Care 12,36 and 
45,36. We now notice that these diagonals all pass through the point 36. 

The diagonals of quad. A are 14,25, 14,36, and 36,25. If one of these is given 
we may separate the notation for it at the comma, and use the two digits not 
used in its notation with each half to form the notation for the other two. Thus 
if the given diagonal is 14,25, the other two must contain the point 36 in their 
notations. Since the notation for the diagonals of Theorem 5 are formed by the 
same four digits, the notation for the other six diagonals in the set must each con- 
tain the other two digits in such a way as to represent a point. 

This theorem sets up a one to one correspondence between the fifteen closed 
sets and the fifteen points 36 and 12, and so on. We may therefore designate a 
closed set by the notation for the point which corresponds to it. 

The Kirkman h point, 


15.34.26 
42.56.13, 
36.14.25 


corresponding to the Pascal line 123456 of quad. A lies on the Pascal line 314625 
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of quad. C, and, conversely, the / point, 


36.24.15 
12.65.24, 
45.32.16 


corresponding to the last Pascal line lies on the first. The twelve Pascal lines that 
make up a closed set of quadrilaterals may be divided into six pairs so related. 
Since quad. A is a member of three closed sets, each line in quad. A is paired 
with three other lines, one in each set. It follows that these three lines correspond 
to the three / points on the given line of quad. A. Conversely, since one Pascal 
line corresponds to only one h point, the three Pascal lines, one from each set, 
must pass through that # point. The four lines forming quad. A correspond to 
four h points, and the twelve Pascal lines concurrent by three’s in these are 
chosen by two’s from each of the six quadrilaterals of the a; collection for quad. 
A. 

The results that are new in this paper are: 

1. The division of the 60 Pascal lines into distinct collections of four each. 

2. The relationship between these collections, or quadrilaterals. 

3. The correspondence between these quadrilaterals and the results obtained 
by others. 
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NOTES ON COSPHERICAL POINTS 
N. A. COURT, University of Oklahoma 


1. Introduction. Some of the geometrical elements, and some of their‘related 
properties, that have been associated with the tetrahedron [1] that is, with 
four points in space, are here associated with 2 cospherical points. The analogies 
derived are so obvious that, to save space, they will not be pointed out. 


2. Definitions. Consider » points A; (¢=1, 2,---,) on a sphere (0), 
center O, radius R. Let G be the centroid of the 2 given points and k? the sum of 
the squares of the 2(z—1)/2 segments determined by the z points A;. The line 
OG may be called the Euler line of the given points A;. 

The centroids of the 2 given points taken (7#—1) at a time form a new set of 
” points which may be called the medial set of points associated with the ” points 
‘A; The line A,G, joining the point A; to the centroid G, of the remaining 
(7—1) given points may be called a median of the given points A;. The given 
points A; have medians A,G,. 


3. The medial sphere. The points G, Ax, G, are collinear and we have 
GG,:GA,=—1: (7-1). Thus the set of medial points G,, k=1, 2,---, 42, 
associated with the points A; correspond to the points A; in a homothecy 
[G, —(n—1)] having G for center and —(z—1) for homothetic ratio. Since the 
points A; are cospherical, by assumption, we have: The medtal set of. points 
associated with the n given cospherical points A; le on a sphere. 

This sphere may be called the medial sphere of the given points. It will be 
denoted by (Z). 

The point G is the internal center of similitude of the spheres (O), (Z). The 
center L of (L) lies on the Euler line OG and we have 


GO:GL = — (n — 1). 


The radius of (ZL) is equal to R/(m—1). 

The harmonic conjugate M of G for O and L may be called the Monge point 
of the points A;; this is the external center of similitude of the spheres (0), (Z), 
and we have 


ML: MO = 1:(n — 1), 
hence 
(n — 2)MG = 2G0. 


4. The (Q)-sphere of the given points A;. The sphere (Q) having M for 
center and coaxal with (O) and (Z), that is, the external sphere of antisimilitude 
of the latter two spheres will be referred to as the (Q)-sphere of the given points 
A;. The square of its radius will be denoted by gq. 

The two spheres (O), (Z) are inverse with respect to (Q), hence q? is equal to 
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the product of the powers of M for these two spheres, so that 


» = (MO? — RY) ML? — R? 
: (n — 1)? 
(1 — 1)?>ML? — R? 
= (MO? — R?) —_—______—__ ;; 
(n — 1)? 
hence 
MO? — R? 
qd = ee * 
n—tI1 


Thus: Ihe square of the radius of the sphere (Q) of the n given points A; is equal to 
1/(m—1) part of the power of the Monge point with respect to the circumsphere of the 
given potnts. 


5. The (G)-sphere of the points A;. The sphere (G) having G for center and 
coaxial with the spheres (QO), (Z), that is, the internal sphere of antisimilitude of 
the latter two spheres will be referred to as the (G)-sphere of the points A;. 
Let g be the square of the radius of (G). 

By a calculation analogous to the one which yielded the value of g we obtain 


hence 


6. The sum of the powers of the given points. Let N; be the foot of the 
perpendicular from the point A; upon the common radical plane o of the four 
spheres (QO), (Z), (G), (Q). The power 7; of A; for the sphere (Q) is given by the 
relation [3], 


ti, = 2N;A;-MO; 
hence 


>> 15 = 2MO->-~ NGA; 


Now if NV is the foot of the perpendicular from the centroid G upon the radical 
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plane o, we have 
>> NiAg = n- NG; 
hence 
>. 75 = 2MO-n- NG. 


The two spheres (G), (Q) being orthogonal, the power of G for the sphere 
(Q) is equal to g; hence 


£— £0 = 2NG:- MO. 
Therefore 
Dri = n(g — go) = — n2g0o/(n — 1) = k?/(n — 1). 


Thus: The sum of the powers of n cospherical points with respect to their (Q)-sphere 
is equal to 1/(n—1) part of the sum of the squares of the n(n—1)/2 segments de- 
termined by those potnts. 


7. Spheres orthogonal to a fixed sphere. 


THEOREM. The spheres having for diameters the medians of n cospherical points 
are orthogonal to a fixed sphere, namely, the (Q)-sphere of the n given points. 

The points A;, G; are homologous on the two spheres (O), (Z) with respect 
to the internal center of similitude G, hence the point G; and the diametric oppo- 
site C of A; on (O) are homologous points on (LZ) and (O) with respect to the ex- 
ternal center of similitude M. Thus the line MG;C meets (O) in the antihomolo- 
gous point D of G; with respect to M, that is, the points D and G; are inverse 
points with respect to the sphere of antisimilitude (Q) of (O) and (Z). 

The line DA; is perpendicular to CDM, hence DA; lies in the polar plane of 
G; for the sphere (Q), that is, the points A;, G:; are conjugate with respect to 
(Q), and therefore the sphere having A;:G; for diameter is orthogonal to the 


sphere (Q). 


8. Systems of cospherical circles. From the preceding proposition we derive 
the following corollaries. 


THEOREM 1. The spheres having for centers n given cospherical points and 
orthogonal to the (Q)-sphere of these points cut the spheres having for diameters the 
respective medians along n circles lying on the same sphere, namely, the (G)-sphere 
of the given points. 


Indeed, let (A;) be the sphere having A; for center and orthogonal to (Q). 
The spheres (A;), (G), (A;G;) are orthogonal to the same sphere (Q) and their 
centers are collinear. Hence they are coaxal, which proves the proposition. 


THEOREM 2. The polar planes of the median points of n given cospherical points 
with respect to the (Q)-sphere of the latter points cut the spheres having for d1- 
ameters the respective medians along n circles lying on the same sphere, namely, the 
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circumsphere of the given points. 


Indeed, the polar plane of G; for (Q) passes through the points D and A; 
and is perpendicular to the common diametral plane DCAi:GG;LM of the two 
spheres (O) and (A;G;). Moreover, the points D and A; belong both to (O) and 
(A.G;:); hence the polar plane under consideration cuts the two spheres along 
the same circle, which proves the proposition. 


THEOREM 3. The polar planes of n given cospherical points with respect to their 
(Q)-sphere cut the spheres having for diameters the respective medians along n circles 
lying on the same sphere, namely, the medial sphere of the given points. 


The proof is analogous to the proof of the preceding proposition. 
Note. The above propositions are applicable to ” concyclic points. 
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A PROGRAM FOR IMPROVING THE TEACHING OF 
SCIENCE AND MATHEMATICS 


RALEIGH SCHORLING, University of Michigan 


1. Science and Public Policy. The suggestions in this paper stem from a 
recent report that was prepared for the President’s Scientific Research Board. 
The report appears in pages 47 to 149 of the Board’s fourth volume on Science 
and Public Policy, and was provided by the Cooperative Committee on Science 
and Mathematics Teaching. This Committee was created by representatives of 
several scientific societies in 1941 to work on educational problems which no 
single scientific group could solve as well working alone as by cooperative 
action. Another function of the Cooperative Committee has been to serve as a 
forum in which representatives of the scientific societies have been able to state 
the views of their own organizations, and to learn the views of other groups on 
the teaching of science and mathematics at the secondary and elementary levels. 
The Cooperative Committee is now a standing Committee of the American 
Association for the Advancement of Science, and is charged with the responsi- 
bility of giving attention to the problems involved in the teaching of science 
and mathematics at all levels. 
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2. Recent report of the Cooperative Committee.* The Cooperative Com- 
mittee has made a number of reports to the parent organizations, as, for ex- 
ample, “A Report on High School Science and Mathematics in Relation to 
Manpower Problems,” which was published in 1943 and distributed to more than 
12,000 individuals. The most recent report, entitled “The Present Effectiveness 
of Our Schools in the Training of Scientists,” is the one with which this paper 
deals. Volume Four in the series, Science and Public Policy, is devoted to the 
problem of scientific and technical manpower. In considering the sources from 
which future scientists may be drawn, the President’s Scientific Research Board 
was naturally driven to consider the effectiveness of science teaching, not only 
in higher institutions but also in the lower schools. At this point the President’s 
Scientific Research Board turned for aid to the Cooperative Committee. 

Although the hundred-page report contributed by the Cooperative Com- 
mittee is primarily concerned with the early identification of youth with special 
talent in science and mathematics and with the proper nurture of these gifted 
youth through school, college, and university, it had to give careful attention to 
science and mathematics in general education. In fact, the report is unique in 
that it is the first effort to present a picture of what is going on in a subject area 
throughout the educational system from the elementary school through gradu- 
ate work. It indicates the major limitations of the teaching of science and mathe- 
matics at each level, and it suggests possible ways for correcting the deficiencies. 
The Committee spent many hours in study and discussion, and it probably 
comes closer to unanimous agreement on issues, whether they lie in the ele- 
mentary school, in the secondary school, in the college, or in the graduate school, 
than is ordinarily attained by commissions. 

The Committee accepted the sobering assignment of making recommenda- 
tions looking toward the creation of (1) a corps of effective research scientists 


* The present members of the Committee and the societies they represent are: 

American Association of Physics Teachers: K. Lark-Horovitz, Purdue University, and Glen W. 
Warner, Chicago City College. 

American Astronomical Society: Oliver J. Lee, Northwestern University. 

American Institute of Physics: Lloyd W. Taylor, Oberlin College. 

American Society of Zoologists: L. V. Domm, University of Chicago. 

Botanical Society of America: Glenn W. Bladyes, Ohio State University. 

Central Association of Science and Mathematics Teachers: Arthur O. Baker, Cleveland Board of 
Education. 

Division of Chemistry Education of the American Chemical Society: Lawrence L. Quill, Michigan 
State College. 

Executive Committee of the A.A.A.S.: E. C. Stakman, University of Minnesota. 

Geological Society of America: George A. Thiel, University of Minnesota. 

Mathematical Association of America: Raleigh Schorling, University of Michigan. 

National Association of Biology Teachers: Prevo L. Whitaker, Indiana University. 

National Council of Teachers of Mathematics: E. H. C. Hildebrandt, Northwestern University. 

National Science Teachers Association: Morris Meister, Bronx High School of Science. 

Chairman: K. Lark-Horovitz; 

Secretary; R. W. Lefler 
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and (2) an organized group of discerning science educators. The report is based 
on the premise that our people should take such steps as may be necessary to in- 
sure (1) enough competent scientists to do whatever job may be ahead, and (2) 
a voting public that understands and supports the scientists’ role in defense 
and in the design for better living. It should be noted that the second objective 
involves the crucial task of the education of the general public in-the nature and 
function of science in the world of tomorrow. 

This paper represents an attempt to collect the most important recom- 
mendations of the report, and to try to piece them together into a program or 
platform for the teaching of science and mathematics. At this point the reader 
is entitled to a word of caution. Lifting recommendations out of context may 
have done violence to the content intended by the Cooperative Committee. In 
any case, the critical person will wish to check the proposals in this paper with 
the details of the original report. 


3. Program for science and mathematics. In developing a program for 
science and mathematics, this paper considers twenty major problems, described 
usually in the form of situations that imply limitations in our offerings in sci- 
ence and mathematics. First, in the treatment of each item, appears a statement 
of the problem; then a recommendation is given, which seems, at least to the 
writer, to stem from the Committee’s report. 


(1). Some of the crucial problems in the teaching of science and mathe- 
matics are much the same at all levels—elementary, secondary, and collegiate. 
For example, efficiency in the teaching of science and mathematics is everywhere 
cut down by such factors as: (a) inadequate financial support, (b) the lack of 
materials and space, (c) the shortage of competent teachers, (d) undesirable work- 
ing conditions of teachers, (e) the unrealistic programs for teacher education, 
and (f) the lack of good in-service programs. Is it sensible for committees at 
every level and in every subject-matter area to “rediscover America” by work- 
ing as if no one had every done anything on the problem? 

We recommend the appointment of a National Commission on the Teaching 
of Science and Mathematics under the auspices of the American Association for 
the Advancement of Science, representing the scientists, and cooperating with 
agencies such as the American Council on Education, the National Education 
Association and the U. S. Office of Education that represent educators, admin- 
istrators and science teachers (p. 59*). Presumably the suggestion here is that 
the Cooperative Committee be reconstituted to include representatives from. 
other groups that are also concerned about the effectiveness of the teaching of 
science and mathematics in our schools. A second aim no doubt is to guarantee 
continuity of interest in pedagogical and curriculum problems. 


* When page number only is given, the. reference is to Manpower for Research, Volume Four 
of Science and Public Policy, a Report to the President, by John R. Steelman, Chairman, the 
President’s Scientific Research Board, 1947. For sale by the Superintendent of Public Documents. 

_U.S. Government Printing Office, Washington 25, D.C., at 35 cents. 
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(2). The financial support of our schools is wholly inadequate, and suggests 
that as a nation we are operating with a distorted sense of values. We spend 
about 35 billions a year on recreation, tobacco, alcohol, soap, chewing gum, 
beauty aids, crime, and delinquency, but only about one-tenth as much per 
year for education. We shall not have good teaching of science or anything else 
throughout the country until our people correct this situation. We are spending 
about 2 per cent of our annual income for education, whereas England spends a 
much higher percentage, and persistent rumor has it that Russia spends some- 
where between 8 and 10 per cent of her annual income for education. 

We should gear the financial support of public education to our economy. It 
should be a fixed percentage of our national income. The rate should be scien- 
tifically determined and the total amount for education should vary with our 
national income and with the purchasing power of the dollar. It is not sensible 
for us to pay without much complaint nearly 5 per cent of our national income 
for education in times of depression, and then recklessly allow our schools to 
deteriorate by spending less than 2 per cent of our income in prosperous times. 
Our schools need twice as many teachers as we now have and at least three 
times as much financial support. The writer has seen many schools, but never a 
good one that did not cost a lot of money. 


(3). The nation faces a devastating shortage of teachers of science and 
mathematics. The main facts, widely publicized by newspapers, magazines, and 
radio, are: (a) There is a general shortage of teachers, (b) The situation is just 
about hopeless in the early grades of the elementary school. (c) Young people are 
rejecting teaching in the lower schools as a career. (d) Men teachers are disap- 
pearing from the high school. (e) The shortage of competent teachers of science 
and mathematics at the high school level appears to be more critical than in 
other subjects. (f) Young men who might be good material for teaching in col- 
lege and graduate school are being lured into industry, business, and government 
by larger salaries, lighter work, and greater freedom. The report points out that 
in the school year 1946-47, there were about 200,000 students enrolled in 24 
prominent colleges and universities that educate teachers. Of this vast student 
body, only 600 qualified for the teachers certificate in science and mathematics 
(p. 96). It is probable that in certain subjects the shortage of teachers may 
presently be alleviated, but the outlook as regards a sufficient number of 
competent teachers of science and mathematics for high schools is still dark. 
The study quoted above suggests that we may consider the University of 
Michigan as typical of large universities. In the present semester there are about 
20,500 full time students at the University of Michigan. The total enrollment 
in the various sciences is very great. For example, we have 150 graduate students 
in mathematics, and about the same number in physics. We have over 4,000 
elections of undergraduate mathematics courses in the college of Literature, 
Science, and the Arts alone. At present there are 272 seniors who are qualifying 
for majors in the physical and biological sciences. Moreover, the number of 
undergraduate and graduate students majoring in mathematics is a higher per- 
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centage of the total enrollment than it was 10 years ago. Now comes the shock: 
In student teaching, which is, of course, the gateway for teaching in high school, 
we have, in the present semester, the following number of student teachers: 2 
in general science, 5 in mathematics, 0 in biology, 3 in chemistry, 0 in physics. 
Incidentally, the University of Michigan has not had a single student teacher in 
physics at any time during the last five semesters! 

Every national scientific organization should put forth a special effort to 
make the public aware of the facts regarding the teacher shortage. In addition to 
higher salaries, we must realize that salaries and social prestige are not the only 
issues. For example, it is wholly unlikely that we could get or hold enough 
competent teachers of science merely by doubling the salaries of teachers. There 
are about a dozen additional things that we need to do, and most of these things 
relate to the working conditions of teachers. The items were listed and discussed 
in a document entitled “An Evolving Bill of Rights,” first published in 1945. 
Since this statement has been reproduced frequently, we need do no more here 
than list the rights as follows: (a) the right to teach classes that are not too large, 
in general from ten to twenty pupils, (b) the right to have time in the school day 
for planning, (c) the right to a 45-hour week, (d) the right to adequate compensa- 
tion for the full year of fifty-two weeks, (e) the right to an adequate amount of 
helpful and constructive supervision, (f) the right to have good materials and 
enough of them, (g) the right to work in a room that, with the help of students, 
can be made pleasant and appropriate to the tasks to be learned, (h) the right 
to the same personal liberties which other respectable citizens assume for them- 
selves as a matter of course, (i) the right to an internship, (j) the right to a 
realistic program of in-service education, (k) the right to participate in changing 
the curriculum and methods, and in formulating school policies, and (1) the right 
to keep from being lost in the profession.* 


(4). The undergraduate curriculum for the education of teachers, in many 
training institutions, is unrealistic. The report discusses this problem in a num- 
ber of places. Typical limitations are: (a) Too many courses are, in fact, designed 
to select and train specialists in science and mathematics (p. 102). (b) Too often 
prospective teachers of science and mathematics for the lower schools are not 
trained in broad areas that will enable them to do a good job teaching several 
subjects in the early years of teaching in small high schools (p. 103). (c) In 
general, colleges and universities fail to provide a year of professionalized sub- 
ject matter especially designed to meet the needs of the teachers (p. 105). (d) In 
science and mathematics, conventional undergraduate courses provide good 
background for the traditional high school courses, but do not provide ade- 
quately for the newer courses that are emerging to meet the general-education 
needs of pupils or for the close correlation of science and mathematics which is 
needed in the education of talented science students (p. 106). 


* Swords into Ploughshares, p. 37. Superintendent of Public Instruction, Lansing, Michigan, 
1946. 
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The undergraduate training program for teachers of science and mathe- 
matics must be a specifically planned professionalized program (p. 103). While 
the present sequence of science courses may be very satisfactory in the selec- 
tion and training of future science specialists, and not too bad as a training 
program for teachers in large high schools, they fail to give breadth of under- 
standing or comprehension of the interrelationships existing between the many 
specialized fields of science and mathematics. These understandings and rela- 
tionships are essential for teachers in the secondary school, where they must, 
at best, teach in broad areas (p. 103). A fifth year of college training for high 
school teachers is clearly indicated. However, merely adding another year of 
the same type will not meet the needs of persons who begin their teaching in 
small high schools. 


(5). At all levels, schools and higher institutions have failed to provide 
strong in-service programs for teachers. Supervision in the lower schools is dis- 
appearing and in too many cases has become stigmatized or has shifted from 
the local schools to remote institutions and to state departments of education. 
Yet, supervision, when provided in adequate amount and when focused on the 
growth of the teacher on the job, is obviously badly needed in this day when 
even a strong high school may each year have as much as a 25 per cent turn- 
over of teachers, and when advances both in subject matter and professional 
education are great. An important phase of an in-service program is keeping 
materials up-to-date. School boards and administrators need to realize that cur- 
riculum revision is a technical job requiring time and energy. It can not be done 
by tired teachers after school. | 

Higher institutions, as well as public school systems, should provide strong 
in-service programs for teachers. Supervision should be in adequate amounts and 
of the type that the teacher with professional zeal wants. It should focus on 
teacher growth. Plans should be developed for curriculum workshops, confer- 
ences, institutes, summer school instruction, demonstrations, lectures, field 
trips, excursions and conferences for the training of secondary school science and 
mathematics teachers. We need to make provision for science and mathematics 
counsellors throughout the country in each of the fields of mathematics, life 
science, and physical science (p. 59). A bright ray in the picture as regards 
supervision is that an increasing number of colleges and universities, under 
the pressure of heavy enrollments and the consequent increases in staff, are 
becoming seriously concerned about training programs for young and inex- 
perienced instructors. Incidentally, some large universities report that even the 
ahnoying problem of meager equipment can be solved partially by proper 
supervision of the use of such equipment as is available. 


(6). As regards special talent in science and mathematics, our nation has 
not been sagacious in the use of human resources. Among the wasteful policies 
and practices, the report lists the following: the ratio of able youth out of col- 
lege to those in college has been reported as 1 to 1. Thus we seem to lose precious 
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talent because many youth in normal times can not afford higher education. 
Then too, we have no systematic and sure method for the early identification 
of youngsters with a flair for science and mathematics. Nor can we be confident 
that the typical teacher of the early grades with little or no science training can 
spot a youngster with science talent, or that she would be able to design appro- 
priate experiences that would fan the spark of genius. Then, too, high school 
teachers in general can not provide their students with reliable information 
about the science and mathematics needed on jobs and in professional careers, 
for two reasons: (a) the teachers lack knowledge of the applications of science 
and mathematics made in engineering, agriculture, mining, medicine and the 
like, and (b) they do not have the necessary guidance materials. The first guid- 
ance pamphlet geared to a high school subject was published in the November, 
1947, issue of The Mathematics Teacher. Our record when identifying superior 
students who will be highly successful in college is poor, although several in- 
vestigations suggest that it is possible now to identify them with an accuracy 
approximating 85 per cent (p. 124). Failure of talented youth to attend college 
is obviously a costly loss of valuable human resources. In too many cases, 
however, there is a regrettable but unnecessary waste even when talented youth 
do go to college, because many of the ablest of our graduate students and our 
young instructors in colleges and universities waste time and energy in self- 
support. They find themselves confronted with the dilemma of resigning, them- 
selves to a delayed entrance into the profession or struggling with an academic 
overload, with the almost inevitable consequence of hasty and unsatisfactory 
graduate work. The road to research is long, and science is a young man’s game. 
A year or two lost can never be regained, not even if the student turns out to be 
a top-flight scientist. 

To meet the needs of especially talented youth the school must have a con- 
tinuous program of identification and guidance (p. 89). The Cooperative Com- 
mittee discusses with considerable reservation such practices as rapid promotion 
and permission to carry extra studies. It seems to have more faith in performance 
on research projects at the level where the student is operating. It is also asserted 
that science aptitude tests, in conjunction with vocational interest inventories, 
will help to locate the student who should be advised of opportunities for success 
in fields where science is applied or research is utilized. However, the main 
recommendation aimed to stop the wasteful drains on our human resources is 
that we develop a more comprehensive record of the individual student and 
more nearly adequate and more competent guidance service to interpret this 
record intelligently. As regards the waste of precious time and energy of graduate 
students and young instructors, the Cooperative Committee recommends the 
following: “Establish Federal subsistence type scholarships for the scientifically 
gifted as part of a general program to support able and talented youth in all 
fields. This will guarantee the utmost utilization of our scientific manpower 
through collegiate and graduate training” (p. 59). Of special importance is the 
need for making financial provision that will attract and hold teachers in the 
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junior instructional staff. The compensation paid in the laboratories of in- 
dustry and government, particularly to research workers, far exceeds the com- 
pensation of staff members even in the large universities. Basic research in the 
fields of all science, particularly the physical sciences, is carried on in laboratories, 
in industry, and in government to an extent unknown five years ago. The Com- 
mittee also recommends that a large number of post-doctorate fellowships be 
established for: (a) junior staff type such as the National Research Council 
fellowships, and (b) senior staff type such as the Guggenheim fellowships (p. 59). 
The two purposes of the post-doctoral fellowships are (1) to utilize the ability of 
young scientists who have just finished the Ph.D. and are eager to continue with 
basic research problems, and (2) to give older scientists, who frequently have 
too many routine duties in their regular jobs, the opportunity to refresh their 
scientific spirit and to study new methods of science education and research in 
new environments. Science teachers need to be alerted to the drastic possibility 
that the proposed Science Foundation may be established without providing 
fellowships for talented youth. The long delay in passing a bill creating the 
Science Foundation has provided an opportunity to divert money, that would 
be needed to provide fellowships, to other projects. 


(7). The teaching profession has not shown great resourcefulness or utilized 
much imagination in the design of curricula appropriate to the nurture of genius. 
Presumably this is a difficult task for the curriculum builder in any field. It 
certainly is no oversight that the report of the Cooperative Committee devotes 
so little space to practical suggestions as to what schools should do with young- 
sters who are gifted in science and mathematics. We are, therefore, in no position 
to be critical of the typical teacher in an elementary school or high school with 
little or no training in science who may not know what experiences to provide 
for a future scientist. 

A scientific study should be undertaken to collect and perhaps to design 
types of experiences that should be included in a curriculum for our youth with 
scientific aptitudes (p. 81). It is very clear that we do not now have enough 
reliable information to arrive at a sensible solution of this problem. The report 
does suggest that a large city may provide a specialized school of science, as 
for example, the Bronx High School of Science in New York City. In that set-up, 
the entire school can be fitted to the needs and purposes of a selected group of 
students. One might expect that large comprehensive high schools would pro- 
vide at least a few courses of sufficient rigor to challenge the most able. How- 
ever, the education of mentally gifted children as a separate group is one of the 
relatively new programs in public education. Nevertheless, there are a few school 
systems where groups of children with scientific interests meet with specially 
qualified teachers who are sympathetic with the idea of developing special 
talents to a maximum extent, in classrooms equipped to allow the student free- 
dom for individual investigations. It could happen that a comprehensive in- 
vestigation would challenge some of the materials and methods that long have 
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been accepted as a matter of course. Thus, the Cooperative Committee raises 
the question whether the finest algebra and geometry courses of the traditional 
type are the best mathematics courses that can be provided for the future scien- 
tist. In any case, a survey of the type suggested here seems necessary, for cer- 
tainly neither science nor mathematics teachers have ever come to grips with 
the design of curricula that are best for youth with special aptitudes for science 
and mathematics. 


(8). There is vagueness concerning the content of science and mathematics 
courses in general education. To be sure there is also confusion concerning the 
question, “What is the training in art, music, citizenship, and every other field, 
that must be considered a part of general education?” The high school has, 
since the turn of the century, been concerned with general education in that 
it has had the dual responsibility of providing (a) rigorous training for leader- 
ship in science, mathematics, and other learned fields, and (b) good general 
education for better living and for use in the common affairs of life. The rising 
tide of students has swept this problem into the higher institutions. The problem 
of general education is now on the desk of the college teacher, and presumably 
will be in the graduate school day after tomorrow. The present controversy 
among college teachers of science and mathematics as regards early specializa- 
tion is only one phase of a problem that will not be solved until we have a 
definition of general education that is widely accepted. Since the research 
worker should first of all be an educated citizen concerned about human welfare, 
general education is of paramount importance. To many it will seem impossible 
to put anything more into the curriculum buckets that already seem to be over- 
flowing. Perhaps there will be plenty of time to teach all that needs to be 
taught of general education—once we identify what it is. Certain it is that no 
good undergraduate program for the education of teachers can be built until 
the content of general education is defined. 

The content of science and mathematics in general education should be 
determined in a way that will be widely accepted. It may be that we need two 
definitions of general education—one as an essential for citizenship and the 
other appropriate for the well-educated person. Be that as it may, the perplexing 
question is first to identify this content of general education. The task obviously 
would involve comprehensive investigation; and perhaps a National Commis- 
sion on the Teaching of Science and Mathematics, if and when created, will 
make this one of its first projects. It should be noted that a first step has been 
taken in the Second Report of the Commission on Post-War Plans of the 
National Council of Teachers of Mathematics. In that document there are 
identified 29 specific concepts and principles in mathematics that are con- 
sidered essential in the education of all citizens. The task is more urgent at 
the college level, for here the great crowd of hungry guests are already sitting 
at: the table, though the cooks have only started the meal. The Cooperative 
Committee puts the problem in these cautious words: “There is general agree- 
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ment among college teachers of science that our general courses are not as well 
designed in terms of general education as they might be, and that better orienta- 
tion of teachers toward the place of science in general education is of high 
importance” (p. 113). 


(9). There is a tendency for the general courses in science and mathematics 
to become stigmatized. It seems difficult to administer general courses in science 
and mathematics in a way that will make them respectable and desirable. Here 
the attitude of the teacher no doubt is the determining factor. Far too often he 
is by training disposed to give a halo of prestige to the older, traditional, 
sequential courses. This attitude may be due in part to the fact that many of 
our high school teachers have never had a single general course either in high 
school or in college. Then too, teachers do not make clear to students and 
parents that both types of courses—the general and the specialized—are worth- 
while for the pupils who need them, and that they offer different experiences for 
pupils with very different needs. The general courses have not had a good 
program of publicity. There is still another factor that tends to stigmatize the 
general courses. It is the practice, in some schools, of attempting to get homo- 
geneous groups by classifying pupils on the basis of intelligence tests alone. 

Teachers of science and mathematics need to recognize the importance of 
the general courses. Two objectives are involved: (a) a public that will vote 
intelligently on issues involving the role of science in the world today, and (b) a 
more abundant and meaningful life for the citizen. Teachers need to reject the 
fallacy that there is a conflict between general education and the rigorous train- 
ing of the future scientist. We are not dealing with an either/or proposition. 
Both tasks must be done and done extremely well. Every department of science 
and of mathematics should include some teachers who see clearly the function 
of the general.courses. 


(10). The offering in science and mathematics in the small high school is 
pathetically meager. Many persons do not realize that more than two-thirds of 
all high schools are small, with certainly fewer than 200 students and probably 
fewer than 8 teachers. Such small high schools enroll in all more than a million 
pupils. In many schools the offering in science and mathematics is limited to 
the traditional sequential courses designed for college preparation, in spite of 
the fact that a very small fraction of the graduates ever enter college. On the 
other hand, some small high schools offer only the general courses in science 
and mathematics and still others provide no science and mathematics at all ina 
particular grade. 

The Cooperative Committee has made three suggestions. In the first place, 
the small school can enrich its offerings by teaching simultaneously in small 
classes of perhaps only a half a dozen students two courses on different levels— 
one on the level of general education, and one providing a rigorous course fot 
the future science specialist. A second suggestion is to cycle the course in science 
and mathematics. Physics does not need to be taught every year in order for a 
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student, with reasonable planning, to pick it up before graduation. Finally, 
courses in mathematics may be provided for gifted students by correspondence 
courses that are now serviced by more than 80 higher institutions. 


(11). Efficiency of instruction in science and mathematics in grades 1-6 is 
low. Science instruction at all levels leaves much to be desired. The Coopera- 
tive Committee includes some distinguished scientists who are no less critical 
of advanced courses in their own fields than they are of science in the lower 
grades. However, it is of the greatest importance that the foundation in science 
instruction be solid. Therefore, the following indictments are cited: (a) Science 
instruction is in many schools incidental. (b) It too often neglects the natural 
phenomena that surround the child. (c) The science and mathematics materials 
are not geared to each other. (d) In arithmetic there is often not sufficient effort 
to teach meaning—often pupils do not understand what they are doing even 
when they get the correct answers. (e) The general level of competence in arith- 
metic is very low (p. 63). (f) Basic concepts and principles are taught by reading 
and verbalizing, rather than through the varied experiences with the materials 
in the immediate environment. (g) Symbols and generalizations too often run 
ahead of experience. (h) In many schools there is no list of specific objectives for 
the school year (p. 66). (1) The method of science is not in the spotlight. (j) The 
science and mathematics work of these grades is not planned with the teachers 
of the next six higher grades to form a 12-year unit of continuous, systematic 
instruction. 

More assistance to classroom teachers must be provided through the use of 
supervisors, science consultants, and others, who are able to design or recast 
curriculum materials and to integrate science with other subject areas. School 
boards might well employ competent teachers of science and mathematics in the 
summer months to build source units and otherwise organize the curriculum in 
science and mathematics. Another suggestion is to allow competent teachers 
time in the school day to plan the units of work. All of these suggestions are 
important for the reason that the undergraduate curriculum so seldom teaches 
prospective teachers how to collect and organize instructional materials. It may 
be that this task requires a degree of maturity and an amount of experience 
quite beyond the undergraduate. In any event, some teacher-training institu- 
tions should provide for at least one year of graduate work in which ample 
courses in science and mathematics are offered to meet the needs of the teacher 
instead of the research scientists. | 


(12). The main goal of science and mathematics in the junior high school 
grades has not been recognized. In both science and mathematics the offerings 
in these grades have been characterized by great variation. A good illustration 
is to be found in the case of mathematics for the ninth school year. In adjacent 
towns one may find the following offerings in small high schools: School A offers 
only general mathematics; school B provides only algebra; school C teaches a 
diluted algebra; school D requires pupils to elect commercial arithmetic; school 
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E teaches agriculture mathematics only; and school F teaches no mathematics 
at all in order to cut down failures! While this illustration is a bit extreme, the 
picture of science offered in grades 7 and 8 would also be shocking. 

Grades 7, 8, and 9 provide the crucial years for achieving the objectives of 
general education. Most of the youngsters at this age level are still in school, 
where they can be taught those things which society deems essential. The general 
courses have greater flexibility, and therefore may include a greater variety of 
activities to meet the needs of varied interests and abilities. The foregoing 
statement does not imply that all ninth grade students should be enrolled in 
general mathematics and general science. A goodly fraction of the students will 
have achieved functional competence in mathematics by the end of the eighth 
school year. Moreover, the future scientist is almost certain, by that time, to 
want more organization, more rigor, more continuity than can be or should be 
provided in the general courses. In brief, the beginning of the ninth year is the 
time for differentiation of courses and classification of students. In the ninth 
grade we should operate a double track, at least, in mathematics and in science. 


(13). As regards senior high school, no one should assume that all is well 
with the traditional courses in science and mathematics. In most schools they 
are woefully out of date as regards both content'and method. The inertia is 
largely due, as has been pointed out earlier, to the fact that teachers are not 
given time in the school day or employed in the summer nionths to do the 
technical and arduous task of curriculum revision. 

Science and mathematics teachers should check the content and method of 
the traditional sequential courses with the recommendations that have long been 
advocated in the reports of our national committees. We will do well to follow 
the example of the industrialists and meet new needs with improved materials, 
and with more efficient methods. We should recognize that future scientists are 
not desirious that we make these courses easy. Moreover, the traditional 
sequential courses should be reserved for the pupils who can profit by such 
courses. The unique values of the traditional courses can not.be achieved by a 
constant gearing down. Failure should, for the most part, be avoided by guiding 
pupils to appropriate general courses. 


(14). The science and mathematics courses in the junior college have been 
allowed to develop without much design. These courses have grown up like 
Topsy, and, as concerns the sequential courses, largely in imitation of freshman 
and sophomore courses in the colleges. On the other hand, an inspection of the 
great variety of new general courses suggests that a systematic evaluation might 
uncover many courses that are superficial and lacking in specific objectives. The 
junior college, or perhaps better, the community college, is now undergoing its 
second great spurt of growth. Witness the fact that more than one-fourth of the 
institutions of higher learning are junior colleges. In the fall of 1946 there were 
119,000 new students enrolled in junior colleges as compared to 163,000 new 
students in colleges of arts and sciences, and 269,000 in universities and large 
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institutions of complex organization (p. 111). The evidence that the community 
college is here to stay and that it will play an important part in public education 
is completely convincing. It is clear that national organizations can not afford to 
neglect the science and and mathematics of so large a group of college students. 

We need to provide science and mathematics courses for three very different 
types of students enrolled in the community college. It is assumed that the 
community college provides educational opportunities which otherwise might 
be inaccessible to a large number of educatable youth. In that case the three 
types of courses called for are: (a) courses that attempt to guarantee youngsters 
competence in mathematics and science as regards the content of general educa- 
tion for all who can possibly achieve it, (b) courses that provide certain science 
and mathematics competencies needed by students who have a desire 'to follow 
specific vocational interests, and (c) rigorous sequential courses in science and 
mathematics for students who plan a career in science or mathematics. As a 
minimum it would seem that the community college should offer (1) at least a 
year of mathematics and of science which is general in appeal, flexible in purpose, 
challenging in content, and functional in outcome, (2) a one-year pre-vocational 
course consisting of units that correlate materials from mathematics, physics, 
and industrial arts, and (3) ample provision for the student with a major inter- 
est in science and mathematics. 


(15). Too often college courses are geared to the needs of the future special- 
ist, to the neglect of the general student body. whose main interest is in the 
science and mathematics of general education. This, in the judgment of the 
Cooperative Committee, is one of the main weaknesses of the science and 
mathematics programs in the colleges. This criticism seems valid also for many 
other undergraduate courses—even in the social studies, as, for example, sociol- 
ogy, psychology, and economics. Perhaps the freshman courses are’ the worst 
offenders, although there have been some sincere efforts, such as those at 
Columbia, Chicago, and Harvard, to design courses that would provide the 
science and mathematics of general education for the educated person. How- 
ever, the typical freshman course in mathematics, when evaluated in terms of 
the needs of women, for example, suggests that we still have a long way to go. 

A department of science and mathematics in a college needs to give careful 
attention to its functions as a service unit to other departments—medicine, 
economics, etc. Quoting directly from the report: 


In many of the large State universities and institutions of complex organization, the 
science departments are largely service departments for the professional schools. In 
many Cases it is not the ability of the student but his membership in a professional group 
which determines the type of science offering the student has to take. The insistence of 
many professions that every student, during his college career, be exposed to every branch 
of the natural sciences, produces an antiscientific attitude on the part of the student who 
does not understand basic principles but is forced to assimilate superficially an agglomera- 
tion of facts and formulas. It produces a frustration on the part of the science teacher who 
is unable to hold and inspire the majority of his students (p. 118). 
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In an earlier section, the reader’s attention was called to the controversy among 
college teachers of science and mathematics as regards early specialization. 
Perhaps a precise identification of the elements of science and mathematics in 
general education will go a long way in resolving this difficulty. In the mean- 
time, the able and interested student should have the opportunity of starting 
courses in his special field as early as he knows what his field is, and certainly 
by the beginning of the second year of college (p. 123). A drastic indictment of 
science and mathematics in the colleges is that “In a great many institutions 
departmentalized instruction is so rigorous that scientific progress is impeded 
by it” (p. 127). To solve this problem, the Cooperative Committee suggests that 
“ Advances can be expected at the borderline of the sciences and special attention 
should be given to the creation of strong departments in universities to cover 
overlapping fields of science such as meteorology, geophysics, geochemistry, 
biophysics, radiobiology, and to develop these newly recognized fundamental 
areas. These borderline fields have been developed by capable individuals, 
partly self-trained, but they merit the attention of the curriculum planners and 
justify specially trained scientific personnel for further fundamental work in 
these areas” (p. 127). 


(16). The rapid expansion of enrollments in graduate work is creating serious 
problems. The discussion here will treat lightly such aspects of the situation as 
inadequate material and lack of space. There are certain problems stemming 
from heavy enrollments that will not be solved easily and probably not very 
soon. Such problems may be illustrated by-the following: (1) With fewer con- 
tacts, desirable student-professor relationships are now more difficult to build. 
(2) There is a lack of competent supervision in the classroom and laboratory. 
(3) It is even more difficult than in the past to give teaching the full attention 
which it deserves by placing the most experienced, capable, and inspiring mem- 
bers of the staff in charge of the all-important task of introducing the beginning 
students to science (p. 117). (4) The value of the master’s degree is being de- 
flated. In this paper we shall discuss only the problems concerning the master’s 
degree and the need for supervision. 

The vast up-surge in enrollment makes the definition of the master’s degree 
one of the major problems of the graduate school. There are two attacks on the 
master’s degree, and curiously enough, they come from opposite directions. In 
the first place, some scientists insist that the master’s degree is no longer a good 
screening device for selecting the competent research worker. This is due not 
only to lack of uniformity in requirements for the master’s degree, but to gear- 
ing down of standards under the pressure of large enrollments. The other criti- 
cism is expressed by those who recognize that in many institutions the master’s 
degree has for some time been, to no small extent, a teacher’s degree. This does 
not imply that the curriculum in such institutions has been especially designed 
to serve the needs of prospective teachers, but rather that a goodly fraction of 
the graduates, if they continued their education, turn out to be teachers, espe- 
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cially in the lower schools. As regards the master’s degree, the Cooperative 
Committee recommends: A master’s degree designed as a powerful screening 
device for the doctoral candidate that would require evidence of research ability, 
the competence to find and evaluate the literature bearing on a given piece of re- 
search, the discerning mind to choose significant problems of investigation, and 
the ability to devise effective means of solving such problems. It is hoped that 
if graduate schools define the degree of master of science as proposed in this 
report, that a truly professional master’s degree will also be made available to 
teachers. Indeed it might be feasible and desirable to challenge a teacher to 
strive for two master’s degrees: (a) A master’s degree (M.A. in Education) 
given upon the completion of a curriculum that represents a conscientious effort 
to meet the needs of future teachers, especially in elementary and secondary 
schools. Under sensible administration this degree need’ not turn out to be a 
stigmatized “cheap” degree, for in that case the teachers would be selected for 
high competence on the total college record which obviously would include 
many courses in which future research workers would also be enrolled. (b) A 
master’s degree, perhaps called Master’s Degree in Professional Education, to be 
awarded to educators who have completed two years of graduate work, and who 
have convincingly demonstrated that they are master teachers or highly skilled 
practitioners in other phases of professional education. The argument is that 
sooner or later we must differentiate between the competent teacher of science 
and mathematics and the mere transient and the utterly incompetent. 

(17). One of the low spots is the training now offered in statistical methods. 
The Committee on Applied Mathematical Statistics* reports that: “There has 
been an unprecedented growth of interest in the use of statistical methods during 
the past 10 years, which has caught the American educational system unpre- 
pared. ... There is a shortage of adequately trained statisticians in both aca- 
demic and non-academic categories and a more severe shortage is expected... . 
The shortage of training facilities for mathematical and especially for applied 
statisticians is critical....” 

Mathematics departments of colleges should provide the kind of statistical 
training as a service to other departments that will bridge the gap between 
theory and applications. Operating as a service unit, the mathematics depart- 
ment of a college should provide statistical training needed for students whose 
major interest is in other fields. The problem will not be solved by requiring 
students in these various fields to take one or two courses of theoretical statistics. 
Rather the department of mathematics needs to provide types of statistical 
training that will bridge the gap between theory and the applications in these 
fields. Undergraduate courses even in the social studies are becoming more 
systematic and therefore more statistical. Undergraduates to an increasing de- 


* “Personnel and Training Problems Created by the Recent Growth of Applied Statistics in 
the United States,” a report by the Committee on Applied Mathematical Statistics, National 
Research Council, Reprint and Circular Series, No. 128, May 1947. For a summary of this report, 
refer to this MONTHLY, vol. 54, 1947, p. 525. 
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gree are not prepared to deal with the statistical problems that they encounter. 
Neither the college nor the high school is doing a good job in meeting this need. 
Some one should analyze the statistics needed in the undergraduate courses. In 
all probability a full semester of high school training in statistics—an elective— 
would be indicated. If this should turn out to be the case, colleges might well 
encourage the strong high schools to offer a semester in statistics. Finally, col- 
leges and universities should keep an eye on the rapid development in statistics 
and should realize that the demand for persons well trained in statistics is likely 
to exceed the supply in the years immediately ahead. 


(18). It is inefficient and uneconomical for a teacher of science to spend an 
excessive amount of time as a technician or as a serviceman for his own ap- 
paratus. It is generally recognized that teachers in all subjects waste precious 
time doing clerical tasks that should go into instruction. However, the fact that 
time and effort is wasted by science instructors on repairing and rebuilding 
apparatus is not realized by most administrators. Moreover, in high school 
courses these tasks should be done by selected students with a bit of special 
training, and by hired technicians at the college and university level, for the 
reason that in the learning stage such work may provide valuable experiences. 
Incidentally, our schools probably do not give students enough of the practice 
in leadership they would get by appearing before a class or a group with re- 
sponsibility for such specific tasks. 

In high school, college and university, we need to utilize trained assistants 
and hired technicians to increase the efficiency of science teachers. Prospective 
‘teachers of the high school, if they are going to teach students the skills of a 
technician, must themselves learn to repair, design and rebuild pieces of equip- 
ment and this means they must be able to use glass blowing techniques, hand 
tools, and some machine tools. Quoting from the report: 

It is especially important under the conditions now existing in graduate schools that 
adequate technician services be available. Otherwise those who are directing the research 

of graduate students will be immersed in a mass of detail which will materially reduce the 

number of students whom they can supervise. In addition to machinists, and glass blowers 

for the physical sciences, and technical assistants for the biological sciences, both now re- 

quire electronics aids of the type which did much of the development and all of the servic- 

ing of radar and communications equipment during the war. The new electrical techniques 

are as important in the physiology laboratory as in the physics laboratory. Because they 


are new, the necessity for that type of technician is not yet recognized by many university 
administrators, who will have to realize their importance (p. 138). 


(19). The scientific approach to problems is not given enough emphasis. It 
is reasonable to assume that the scientific method would be about the last thing 
to be neglected in courses in science. This, however, does not seem to be true. 
Throughout the report, whether the discussion deals with science in the early 
grades of the elementary school, or with the advanced courses in the college, 
there is the implied criticism that the main objective of science instruction 1s 
not being achieved to the extent desired. Let us consider this sample quotation: 
“The scientific approach to problems of the nature of man should occupy a cen- 
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tral role both in the courses offered in general education and those offered to 
science specialists. In the former, insufficient stress is now laid on the objectivity 
of scientific approach and the method of scientific analysis. An accumulation of 
facts, no matter how well stated or numbered, fails to provide the student with 
the tools he so urgently needs, namely those of searching inquiry, critical anal- 
ysis, and unbiased conclusions” (p. 114). 

In the science courses at all levels, both in general education and in the 
training of the future scientist, there should be an emphasis on the method of 
science. It is understandable that there might be a neglect of the techniques of 
scientific method in general courses in science and mathematics. However, the 
following quotation implies that the scientific method is not even given adequate 
attention in the traditional sequential courses. “In courses for science specialists 
the scientific method usually appears by implication and in time some students 
acquire it as second nature. But frequently a conscious and explicit exposition 
of the scientific approach and its implication is lacking. More effort should be 
spent in clarifying the nature of scientific thought and its historic development 
and the cooperative aspects of investigations, the free nature of exchange of 
ideas and findings, and the important effects of scientific discoveries on our 
society” (p. 114). Finally it is recommended that courses be given in which a 
conscious effort is made to clarify the nature of scientific thought, the coopera- 
tive aspects of scientific investigations, the ethical implications of the free 
exchange of ideas and the important effects of scientific discoveries on society. 
We also recommend that courses be required in the history of scientific thought, 
in the philosophy of science and in general philosophy, so that the science 
specialist may recognize the social implications of scientific endeavor (p. 143). 
The growth of interest in a college course on the Foundations of Mathematics 
is to be commended. ' 


(20). As regards efficiency of science instruction, the ceiling is low, for we do 
not know the answer to many of our problems in science education. A host of 
systematic studies are needed to provide the data from which sensible solu- 
tions may evolve. These studies, now so urgently needed, require funds and per- 
sonnel far greater than any existing organization can provide. The task is beyond 
what any higher institution or any single national society can do. 

Some national organization should be set up to study the problems in science 
education in a systematic, a comprehensive, and a reliable manner. There are 
at least two possibilities. In the first place there is the hope that the National 
Science Foundation, if and when created, will make available the funds and the 
personnel to undertake the necessary investigations. In the second place, the 
Cooperative Committee is recommending that a National Commission on the 
Teaching of Science and Mathematics be created. Some form of cooperative 
action on matters relating to science education by the national societies is 
clearly indicated, and almost certain to prove useful. In the event that the 
Science Research Foundation is not established, cooperative action would seem 
to be a necessity. 


MATHEMATICAL NOTES 
EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


RATIONAL SOLUTIONS OF A DIOPHANTINE EQUATION 
P, A. Carts, University of Pennsylvania 


1, Introduction. It is the purpose of this paper to find a general non-trivial 
rational solution of the diophantine equation 


(1) w+ v2 + wi — 3uvw = x? + y’, 
The result, though readily obtained, is believed to be new. 

First it may be remarked that if u-+v+w=0, or if uw=v=w, then x+y=0. 
Conversely, if x+y=0, either u-+v+w=0, or u=v=w. The latter result comes 
from the fact that the quadratic factor of u®-+v'-+w* —3uvw is a definite form. 
Such solutions are trivial and will be ignored in this: discussion. 

The substitutions, u=r—s, v=r+s, w=r-+4t, transform (1) into 

(37 + £)(@? + 357) = x8 + iy’, 
If t=s=0, then u=v=w. Hence it will be assumed that is<0. 


2. Solution. Multiply the above transformed equation by 4 for the sake 
of convenience. Then (1) may be written thus: 


4(3r + é)( + 35") = (a+ y)[(2% — y)? + 3y?]. 


This equation will be satisfied in rational numbers if the following system of 
equations is satisfied in rational numbers: 


b(3r + t) = q(x + 9), 
2g(t + s/—3) = (a + bV—3) (2x — y + yV/—3), 
2(a + b/—3)(t — s\/—3) = p(2x — y — yV—3). 


This system will be satisfied if 


(2) Spr + pt = qx + qy, 

(3) 2qt = 2ax — ay — 3by, 
(4) 2qs = ay + 2bx — by, 
(5) 2at + 6bs = 2px — py, 

(6) py = las — 20t. 


Here x, y, 7, Ss, £ are to be found. Assume however, for the moment, that 
these values are known, i.e., assume that (37+4)(#?+3s?) =x*+y%. Then the 
following values, 

p = 2 + 65%, 
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q = 2x? — xy + 9’), 
a= 2ix — ty + 3sy, 
b = 2sx — ty — sy, 


satisfy the system of equations, as can readily be seen by substitution. Hence, to 
find the general solution of (1), it will suffice to solve the system of equations for 
Xx, VY, 1, S, o. 

Now write equation (3) thus: 


2pgt = a(2px — py) — 3b(py). 
Substitute in this equation from (5) and (6). Then 
2pqgt = 2a*t + 6b%t, 


whence, since ¢#0, pg =a?+3b?. 
Similarly, (4) will be satisfied by (5) and (6) with pg=a?+30?, since 50. 
From (5), making use of (6), we get . 


px = (a — b)t+ (a4 3b)s. 
Now write (2) thus: 
3p°r + pt = q(px t+ py). 
In this equation substitute the values of px and py already known. Then 
3p*r + pt = g(a — 3b)t+ 4(3a + 3b)s, 
whence 
3p7r = (aq — 3bq — 2)t + q(3a + 3b)s. 
Here let =3cp? and s=dp?. Since #0, we have 0. Then 
r = acg — 3bcq — cp* + adgq + bdg. 
These values for ¢ and s, when substituted in the equation found for px, give 
x = 3acp — 3bcp + adp + 3bdp, 
and, similarly, from (6), 
y = ladp — 6bcd. 
Hence, 
“u=r—s= acq — 3bcq — cp? — dp? + adq + bdg, 
v=r+s = acq — 3bcq — cp? + dp? + adq + bag, 
w=r+t = acq — 3bcq + 2cp? + adq + bddg, 
x = 3acp — 3bcp + adp + 3bdp, 
y = 2Zadp — 6bep, 
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where pg =a’?+30?. 
As a special case, the values a=1, b= —1, p=q=2, give the neat identity: 


(c — d)® + (c+ d)? + (4c)? — 12c(c? — d?) =. (3c — d)? + (3c + d)3. 


ON A CONTACT TRANSFORMATION THEOREM 
Huan-Tinc Kuo, National Wuhan University, Wuchang, China 


The aim of this paper is to give a vectorial proof of the following classic con- 
tact transformation theorem. 


THEOREM. Given a surface S and a fixed point O; join the point O to any point 
M of the surface S, and pass a plane OMN through OM and the normal MN to 
the surface S at the point M. In the plane OMN draw through the point O a per- 
pendicular to the line OM, and lay off on it a length OP =OM. The point P de- 
scribes a surface X, which is called the apsidal surface to the given surface S. The 
transformation 1s a contact transformation, and the relation between the surfaces 
Sand 21s a reciprocal one. When the given surface S ts an ellipsoid and the point 
O ts tts center, the surface X is Fresnel’s wave surface. 


Proof. Take O as the origin of a system of rectangular coordinates. Let the 
coordinates of M and P be x, y, 2 and X, Y, Z respectively. Then obviously 
we have 


(1) xX + VY + 22 =0, 

(2) X? 4+ V?4Z? = x? + y? + 2%, 
x y Z 

(3) X YY Z\=0. 
Pb qi 


Differentiating (1) and (2), transposing, and dividing by —W/x?+y?+2? or 
/ X24. V24-Z?, we get 


xdX + ydY + 2dZ _ Xdx + Vdy + Zdz 


(4) TSS EF ORS SS? 
ViKi by? + 3? V/X? + Y?+ 2? 
(5) XdX + VdY + ZdZ _ «dx + ydy + ede 


VXI V?+L? Jat + yf a? 
Let us denote the vectors (dx, dy, dz) and (dX, dY, dZ) by a and A respec- 
tively. Using OM and OP as the first and the second axes of a rectangular system, 


and denoting the components of a and A referred to this system of coordinates 
by a1, @2, ag and A;, As, As respectively, we have from (4) and (5) 


Ai = — do, As» = 1. 
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Thus 
&A1 + QoA2 = — G10, + aoa, = 0. 


Consequently the projection of (dx, dy, dz) on the plane MOP is perpendicular to 
the projection of (dX, dY, dZ) on this same plane. But the vector (dx, dy, dz) 
always lies on the tangent plane at M, hence the projection of (dx, dy, dz) on 
the plane MOP is along the line of intersection of MOP and the tangent at MV. 
It follows that the tangent plane at P is perpendicular to the tangent plane at 
i. Thus the transformation is a contact transformation. Obviously the normal 
at P is on the plane MOP, and we have 


x Yy 8 
(6) X Y Zl=0. 
P QO-1 


By (1), (2), (3) and (6) we know the transformation is-a reciprocal one. To find 
P and Q we use the equation /P-+qQ+1=0 and the equation (6). 


CLASSROOM NOTES 


Epitep By C. B, ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


GENERALIZATION, SPECIALIZATION, ANALOGY* 
GEorGE Pérya, Stanford University 


My personal opinion is that the choice of problems and their discussion in 
class must be, first and foremost, instructive. I shall be in a better position to 
explain the meaning of the word “instructive” after an example. I take as an 
example the proof of the best known theorem of elementary geometry, the 
theorem of Pythagoras. The proof on which I shall comment is not new; it is 
due to Euclid himself (Elements VI, 31). 

1. We consider a right triangle with sides a, b and c, of which the first, a, is 
the. hypotenuse. We wish to show that 


(1) a = §? + ¢?, 


This aim suggests that we describe squares on the three sides of our right tri- 
angle. And so we arrive at the not unfamiliar part I of our compound figure. 


* Presented at the summer meeting of the Mathematical Association of America, New Haven, 
Conn., September 1, 1947, 
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(The reader should draw the parts of this figure as they arise, in order to see it 
in the making.) 


analogy {I } 


Fig. I, II and III 


2. Discoveries, even very modest discoveries, need some remark, the recog- 
nition of some relation. We can discover the following proof by observing the 
analogy between the familiar part I of our compound figure and the scarcely less 
familiar part II: the same right triangle that arises in I is divided in II into two 
parts by the altitude perpendicular to the hypotenuse. . : 

3. Perhaps, you fail to perceive the analogy between Figures I and II. Thi 
analogy, however, can be made quite explicit by a common generalization of I 
and II which is expressed by Figure III. There we find again the same right 
triangle, and on its three sides three polygons are described which are similar to 
each other but arbitrary otherwise. 

4, The area of the square described on the hypotenuse in Figure I is a?. The 
area of the irregular polygon described on the hypotenuse in Figure III can be 
put equal to da’; the factor is determined as the ratio of two given areas. Yet 
then, it follows from the similarity of the three polygons described on the sides 
a, 6 and c of the triangle in Figure III that their areas are equal to \a?, AD? and 
Ac’, respectively. 

Now, if the equation (1) should be true (as stated by the theorem that we 
wish to prove), then also the following would be true: 


(2) Na? = AB? + Ac?, 
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In fact, very little algebra is needed to derive (2) from (1). Now, (2) represents 
a generalization of the original theorem of Pythagoras: If three similar polygons 
are described on the three sides of a right triangle, the one described on the hy- 
potenuse is equal 1n area to the sum of the two others. 

It is instructive to observe that this generalization is equivalent to the special 
case from which we started. In fact, we can derive the equations (1) and (2) 
from each other, by multiplying or dividing by \ (which is, as the ratio of two 
areas, different from 0). 

5. The general theorem expressed by (2) is equivalent not only to the special 
case (1), but to any other special case. Therefore, if any such special case 
should turn out to be obvious, the general case would be demonstrated. 

Now, trying to specialize usefully, we look around for a suitable special case. 
Indeed Figure II represents such a case. In fact, the right triangle described on 
its own hypotenuse is similar to the two other triangles described on the two 
legs, as is well known and easy to see. And, obviously,.the area of the whole 
triangle is equal to the sum of its two parts. And so, the theorem of Pythagoras 
has been proved. 

6. I took the liberty of presenting the foregoing reasoning so broadly be- 
cause, in almost all its phases, it is so eminently instructive. A case is instructive 
if we can learn from its something applicable to other cases, and the more in- 
structive the wider the range of possible applications. Now, from the foregoing 
example we can learn the use of such fundamental mental operations as gen- 
eralization, specialization and the perception of*analogies. There is perhaps no 
discovery either in elementary or in advanced mathematics or, for that matter, 
in any other subject that could do without these operations, especially without 
analogy. 

The foregoing example shows how we can ascend by generalization from a 
special case, as from the one represented by Figure I, to a more general situation 
as to that of Figure III, and redescend hence by specialization to an analogous 
case, as to that of Figure II. It shows also the fact, so usual in mathematics and 
still so surprising to the beginner, or to the philosopher who takes himself for 
advanced, that the general case can be logically equivalent to a special case. 
Our example shows, naively and suggestively, how generalization, specialization 
and analogy are naturally combined in the effort to attain the desired solution. 
Observe that only a minimum of preliminary knowledge is needed to understand 
fully the foregoing reasoning. And then we can really regret that mathematics 
teachers usually do not emphasize such things and neglect such excellent 
opportunities to teach their students to think.* 


* The author’s views are presented more fully in his booklet, How to Solve It (Princeton, 5th 
enlarged printing 1948). For more about generalization, specialization and analogy see the sections 
starting on pp. 97, 164 and 37. 
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AREAS OF PLANE FIGURES 


Ho1-CHEUNG PANG, Provincial Canton Technical High School, China 


1. Triangles. A well known formula of analytic geometry states that the area 
of a triangle whose vertices are P1(%1, v1), Po(x2, ye), Ps(xs, ys) is given by: 


(1) Area (PiPoP3sP1) = 3(x1ye — 291 + %2y3 — XaVe + H38V1 — £192). 


If the passage around the triangle places the interior of the triangle on the left, 
(1) gives a positive result; the opposite direction of passage gives a negative 
result. 

This area may also be computed by the following rule: 

(a) Write down the vertices in two rows in the order P1P2P3P1 


Xi X22 X 1 
Ya Yo Ys Yi 


(b) Multiply each abscissa by the ordinate of the following column and add, 
Siving: Liyo+X2Vs +X V1. 

(c) Multiply each ordinate by the abscissa of the following column and add, 
QivINg: X21 +X3ye+H1ye. 

(d) Subtract the result of (c) from that of (b) and divide by 2. This gives 
the result in formula (1). 


2. Other polygons. This rule equally well gives the areas of polygons of all 
descriptions. The proof consists of dividing the polygon into triangles, and 
applying the above rule to each triangle dropping out terms which cancel. As 
an illustration consider quadrilateral P,P:P3P4P:. Divide the quadrilateral into 


P, (X5,%) 


P, (Xs () F(X, » Yo) 
Fig. 1 


the triangles P,P2P3P: and PiP3P.,P; and write down the coordinates of the 
two triangles in two sets: 
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Pi PoP 3Pi PiP3P Pi 
V1 Xo Xe xy V1 3 V4 M1 
V1 Yo Ya YI Yt. Ys Ya YI 


Applying the above rule to each triangle we see that the last part of the result 
obtained from the first triangle, namely x3y,;—x1y3 cancels with the first part 
of the result obtained from the second triangle, namely yry3—%3y,. So we can 
combine the two sets of coordinates into a third one, namely: 


Pi P2P3P4P 
H1 Ye %3 X4 X11 
Yr Yeo Ya Ya .¥1 
and apply the above rule to find the area of the quadrilateral with the following 
caution in step (a): 
(a’) Write down the coordinates of the vertices in an order agreeing with that 
established by passing continuously around the perimeter. 
This proof generalizes at once to any non-self-intersecting polygon—whether 


convex or not. When the polygon intersects itself the procedure gives a result 
whose interpretation is suggested by the example: 


Py (Xg »Ys) 


PS (X45) 


\ 


P.(X.,Y) P, (X41 Yq) - 
Fig. 2 


Following the arrows around the perimeter we note that 7 and 8 and also 12 
and 13 cancel with each other. The area given by the rule represents the sums 
of the areas of: 


APiM;MoP1 + APsM3M 5Ps + APoMiM3P2 + APsM1iMiPs + AP3M2M,P3 
+. 2(Pentagon M,M.M.M,;M3M)). 
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3. Closed curves. Through a limiting process the rule gives a formula for the 
area bounded by a closed curve. For example divide the arc of the first quadrant 


Fig. 3 


of an ellipse into 7 divisions, equal or unequal. Let P; and P41 be two consecu- 
tive points of division, and apply the rule to the polygon Pi: ++ PiPijs:+:: 
BOP,. We have the array: | 

xi(=a) +++ a x + Awi(= 4441) > °° Snpi(=0) 0 @ 

yi(=0) +++ ye ye tb Ayil=Ye41) ++ Yngr(=5) 0 0 


So Area Py +--+ P,BOP,=} D021 x:(yi+Ays) —yi(4i+Ax,). The limit of this 
area gives the area of the quadrant of the ellipse. Hence from the fundamental 
theorem of calculus: 


172 
(2) Area Quadrant of Ellipse = a f xdy — ydx. 
; Pl 


This formula immediately generalizes to give the area of any closed curve as 
a line integral around its boundary, C: 


1 
(3) Area = — f xdy — ydx. 
2J7¢ 


This result, of course, is a standard one, but it is usually proved in a different 
fashion. 


4. Polar coérdinates. In polar codrdinates the area of the triangle OP,P20 
where P; is (pi, 61) and Pe is (p2, 62) is given by: 


(4) Area OP,P0 = $p1p2 sin (0. - 61). 
Hence the area of any polygon of n sides is 
1 2 ; 
(5) Area PiP2°:> P,P, = — > PiPin1 SIN (Oe41 _ 6;) 
j=l 


assuming (Pn41, An+1) is (p1, 01). 
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Passing to the case of a curve, we have that the area between radii whose 
polar angles are a and 6 is given by 


1 n 
Area = 7 lim » FACE + Api) sin A6;] 


nO f221 


1 m 1 n 
= —lim >) pAb; + —lim >) p:ApiAd; 


2 2-0 jan] 2 n90 fend 


1 B 
(6) = a f p7dé. 


For limz.9 (sin x/x) =1 and Ap,A@; is an infinitesimal of higher order than the 
first. 


PuilptAp,> 0; + A@,) 


. P €P;, 9,) 


P, (Pp, »9,) 


Fig. 4 


CORRECTION 
In the article, A Problem of Collinear Points, by H. S. M. Coxeter, this 
MONTHLY, vol. 55, p. 27 the first displayed formula should read: 


x3 + yi + 23 = xyz = 0. 


ELEMENTARY PROBLEMS AND SOLUTIONS . 


EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Depariment, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
FE 811. Proposed by H. D. Larsen, Albion College, Michigan 


A, B, and C participate in a novel dart game, the targets consisting of three 
small balloons marked A, B, and C, respectively. At each turn one dart is thrown, 
the order of the turns being determined in advance by drawing lots. As soon as 
a balloon is hit and destroyed, the owner of that balloon is eliminated from the 
game. The balloons are placed in such a manner that there is no danger of de- 
stroying a balloon by a dart aimed at another balloon. It is known by all par- 
ticipants that A can hit a balloon 4 out of 5 times, B 3 out of 5 times, and C 2 
out of 5 times; this knowledge is used by each player to his best advantage. 
What is each contestant’s chance of winning the game? 


E 812. Proposed by Monte Dernham, San Francisco, California 


Find the shortest perimeter common to two different primitive Pythagorean 
triangles. 


F, 813. Proposed by C. W. Trigg, Los Angeles City College, California 


Let S be the sum of the integer elements of a magic square of order three, 
and let D be the value of the square considered as a determinant. Show that 
D/S is an integer. 


_E 814. Proposed by Sidney Kravitz, New York, New York 


Given the curve y =e*/x. Consider all areas under the curve, over the x-axis, 
and between two ordinates one unit apart. Locate the boundary lines of the 
area which is a minimum. 


E 815. Proposed by J. S. Miller, Dillard University 
A marble rolls in a hemispherical bowl. Find its period. 
SOLUTIONS 
Another Ball in a Vase Problem 


E 781 [1947, 412]. Proposed by P. D. Thomas, Navy Department, Washington, 
D.C. 


A heavy ball is gently dropped into a vase full of water. A section through the 
vertical axis of the vase is a semiellipse, the height being the semimajor axis, 
the diameter being then the minor axis. The size of the ball is such as to cause 


248 
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the maximum displacement. (1) Find the radius of. the ball. (2) Show that the 
plane of the circle of tangency bisects the height of the submerged segment 
of the ball. (See E 687 [1946, 334].) 


Solution by the Proposer. Let the semimajor and semiminor axes of the semi- 
ellipse be a and 5b respectively. Let the major and minor axes be the x and y 
axes, and C the origin. Then a point P on the ellipse has coordinates 


P: (x, b/1 — «/a?). 


The normal at P meets the x-axis in the point 


a’ —_— b2 
G: ( X, 0). 
a” 
The radius R of the variable ball is equal to GP; that is 
(1) GP = R= b/1+ (8 — a) a2/at. 


The height h of the segment of the ball submerged is CG+R, or 
(2) h=CG+ R = (a? — 5%) x/a? + R, 


where R is given by (1). The volume of a spherical segment is 
V = rh®(3R — h)/3, 

whence 

(3) dV /dx = wh[(2R — h)dh/dx + hdR/dx}. 


The second factor of (3), with the values of R, h, dR/dx, dh/dx obtained from 
(1) and (2), becomes 


abV/1 + (6? — a?) 2/04 = (a? + 0?) ar, 
whence we find 
max = ab/(a? + 3b)1/?, 
and therefore from (1) 
Riax = b(a? + b?)/a(a? + 36?)1/?, 
Computing h from (2) we find 
h = 2ab/(a? + 3b7)1/? = 2xmex, 


which shows that the plane of the circle of tangency bisects the height / of the 
submerged spherical segment. 
Also solved by Ragnar Dybvik. 
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Numbers of the Form x?--kxy-+y? 


E 782 [1947, 412]. Proposed by Joseph Rosenbaum, The Milford School, 
Connecticut 


Show that the product of two numbers each of the form x?+kxy+y?, where 
k, x, y are integers, & fixed, is also of that form. If x and y are relatively prime, 
are all factors of x*?-+kxy+y? also of the same form? 


Solution by Leo Moser, Universtty of Manitoba. The first part is verified by 
the identity 


(a? + kab + b?)(c? + ked + d*) = x? + kay + y?, 
where 
x = ac — bd, y = ad + bc + kbd. 


The question is answered in the negative by taking x=4, k=4, y=5. Then 

a? + key + y? = 121. 
But we cannot have 

a? + 4ab + 5? = 11 

inasmuch as 

a?=0 or 1 (mod 4), 
and thus 

a? + 4ab + 6?=0,1, or 2 (mod 4). 


Also solved, in part, by the proposer. 


Enumeration of Triangles 
E 783 [1947, 412.] Proposed by C. D. Olds, San Jose State College 


Given a parallelogram and its diagonals. Let each side of the parallelogram 
be divided into 2 equal parts and let lines be drawn through the points of divi- 
sion, parallel to the sides and to the diagonals of the parallelogram. Find the 
total number of triangles in the resulting figure. 


Editorial Note. L. S. Shively pointed out that this essentially is the same as 
problem 3264 (of this MonTHLY), which he proposed, and whose solution can 
be“found on p. 212 of Vol. 35 (1928). Leo Moser stated that the problem has 
been treated (at least for special values of 2) by several puzzlers. Thus, on p. 86 
of Mathematics Clubs and Recreations by S. I. Jones, is found the case where 
n=3, with the incorrect solution 150. The number of triangles for the general 
case is 


{123 + 18%? + 4n — 1+ (— 1)*}/4. 
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Salt Solutions 
E 785 [1947, 412]. Proposed by R. J. Walker, Cornell University 


Each of m—1 tanks, 7), ---, T,-1, holds V gallons of water, and an ath tank, 
T,, holds V gallons of a salt solution containing M pounds of salt. Liquid 
is circulated at the rate of g gallons per minute from 7, to Tn-1, Ta 
to Tne, >> +, To to 71, 71 to T,. How much salt is in T, after ¢ minutes? 


Solution by Norman Miller, Queen’s University, Ontario. Suppose that tank 
T; contains x; pounds of salt t minutes after the beginning of the operation. In 
At minutes thereafter 7; receives from JTi41 gxiz;At/V pounds and loses to 
T;~-1 gx:Ai/V pounds, correct to infinitesimals of higher order. This leads to the 
differential equation dx;/dt = g(xi41—x:)/V, or (D+k)xi=kxix1, where k=g/V. 
The complete set of equations is 


(D + ka = kay 
(D+ B)axe = kag 


(D + k)x, = kx 


(1) 


From (1), by differentiation and substitution, we obtain the following equa- 
tions, each in one dependent variable: 


(2) (D + k)"x; = kx, 4=1,2,---,n. 
The set (2) is to be solved subject to the initial conditions: x1.=xe= --- 
=%,-1=0, Xn = M, when t=0. 

The auxiliary equation of (2) is (D-+K)"=k”, whose roots are 0, kR(w—1), 
k(w?—1), +--+, R(w®-!—1), where 1, w, w?, ---,w%! are the u nth roots of 
unity. It follows that 


| i=1 
The first equation of (1) gives x2 in terms of the same constants: 


n 
. o 
Xo = >» wi leek (ot 1) t 
j=] 
and similarly for x3, - + + , %,. The last equation is 


n 
Ln = Dy WED De eho "Dt, 


t==1 


To find the c’s we have when ¢=0, 


> 6 =0 


t=] 
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(3) i=l 


n 
SS wl Dire, = M 


t=1 


By using the properties 1++-w-+w?+ +--+ +w*!=0, w*=1, we get from (3), by 
addition, c= M/n. By multiplying the equations of (3) in order by 1,,w?, - °°, 
w"~! and adding, we get c, =w""1M/n. By using multipliers 1, w?, wt, - + -,w%""), 
we get Cr,-1=w""M/n, etc. Finally, c=wM/n. It follows that 


tn = (M/n) Dy eke oe 


t=1 
n—-I 
_ (M/n) E 4. en kt > ete). 
dex] 


Of the terms in the summation, those equidistant from the ends are either real 
or conjugate imaginaries. Hence the sum is real and can be expressed without 
the use of imaginaries. Thus, for 2 =2, 3, 4, the values of x, reduce to 


ae = (M/2)[1 + e-*t¥], | 
x3 = (M/3)[1 + 2e-*0#/2 cos (x/3 gt/2V)], 
x4 = (M/2)e-9*#!V (cos gt/V-+ cosh gt/V). 
Also solved by Joseph Rosenbaum (partially), Dagnar Dybvik, Hugh 


Stelson, and the proposer. 
The proposer showed that 


Xn = (M/n)(1 + 2Q) if mn = 2m+ 1, 
Xn = (M/n) (1 + e77@#/¥ + 20) if 2 = 2m + 2, 
where 
Q = D5 et Hees 2ri/n)otl¥ cos [(sin 2nj/n)gt/V |. 
j=l 


In either case x, (and also x1, %2, - °° , Xn—1) approaches M/n as ¢ increases. 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or resulis in readily accessible sources should not be proposed for this de- 
pariment. 


PROBLEMS FOR SOLUTION 
4290. Proposed by P. T. Bateman, Yale University 


The function —log |2 sin he| has the Fourier series 
cosx-+4cos2x+icos3x+---. 
Prove that no partial sum of the series is ever less than —1. 


4291. Proposed by J. P. Ballantine, University of Washington, Seattle 


2 3--- a» 

1 2-+-+-n—1 

O 1---n—2 
0 0 O--- 1 


Consider the square array with 1’s down the principal diagonal, increasing 
consecutive integers above the diagonal, and zeros below. (a) How many dif- 
ferent paths of 1+j—2 steps are possible from the 1 in the upper left corner to 
the element in the 7th row and jth column, j 27, without passing through any 
zero element? 

(b) Define the value of each path as the product of the elements through 
which the path passes, not counting the terminal elements. Show that the sum 
of the values of all the paths in (a) is the coefficient of (tan x)#“#! in the (j-+4 
—2)nd derivative of tan x with respect to x, expressed in terms of tan x. 


4292. Proposed by R. Goormaghtigh, Bruges, Belgium 


If’s and p are the arc length and the radius of curvature of a plane curve I 
at a variable point M, and if it be required that s have a constant ratio to the 
distance of M from a fixed point, then I must be a cycloidal curve and 
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\ and a being constants. 
Prove that, in the case of a twisted curve, the condition is 
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2 
nist — pt = ( fasta), 
T 


t being the radius of torsion of T at M. 
4293. Proposed by H. F. Sandham, Trinity College, Ireland 


2 


n® 


» 
1 
4294. Proposed by Victor Thébault, Tennie, Sarthe, France 


The lines joining the orthocenter of a triangle to the points of intersection of 
the medians with the nine-point circle (other than the mid-points of the sides), 
pass through the vertices of parabolas tangent to two sides of the triangle and 
having the third side for chord of contact. 


SOLUTIONS 


Feuerbach Hyperbola 
4169 [1946, 103]. Corrected. Proposed by Victor Thébault, Tennie, Sarthe, France 


The tangents at the vertices A, B, C of a given triangle to its Feuerbach hy- 
perbola form a triangle whose conjugate circle is tangent to the nine-point circle 
of ABC at its Feuerbach point. ~ 


Solution by the Proposer.* 


I. Lemma: The polar circle |1]| of a triangle A;ByCi circumscribed about an 
equilateral hyperbola (H) and the nine-poini circle of the iriangle ABC, having as 
its vertices the points of contact of BiCi, CiA1, A1B1, are tangent at the center w of 


(H).t 


Since the equilateral hyperbola (#) is inscribed in triangle A;B1C, and cir- 
cumscribed about triangle ABC, its center w is on the polar circle () of A1BiC; 
and on the nine-point circle (Os) of triangle ABC. The two circles (h) and (Os) 
are tangent at w, for if they had another point w’ in common, there would exist 
a second equilateral hyperbola (H’) passing through A, B, C and inscribed in 
A1BiCi, which is impossible. | 

Note. If (#1) varies, remaining inscribed in triangle 41B1Ci, the polar circle 
(h) of A,BiC, is the envelope of the circle (O») of the triangle ABC of the points 
of contact. If (H) varies, remaining circumscribed about ABC, the circle (Os) 
of ABC is the envelope of the polar circle (h) of the triangle formed by the 
tangent lines at A, B, C. 


* Translated and checked by W. E. Byrne, Virginia Military Institute. 
1 V. Thébault, Mathesis, t. LIV, Supplément, p. 38. 
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Il. THEOREM: The cevians [2] of an arbitrary point Q of the equilateral hyper- 
bola (H) circumscribed about a triangle ABC meet the sides BC, CA, AB at D, E, 
F. If the sides B'C', C'A', A'B' of the orthic triangle A'B'C’ of ABC cut the sides 
EF, FD, DE of triangle DEF at M, N, P, the triangle MNP 1s circumscribed 
about the hyperbola (H) touching it at A, B, C, and its polar circle (h) 1s tangent to 
the nine-point circle (Os) of triangle ABC at the center w of (fH). 


If the point Q varies on the equilateral hyperbola (4), to a new position Q; 
there corresponds a triangle D,E,Fi, the sides of which pass through the points 
M, N, P [3]. The tangents of (H) at A, B, C, which correspond to three par- 
ticular positions of the point Q, pass through M, N, P. Hence the triangle 
MNP is circumscribed about (H) at A, B, C. From the preceding lemma we 
conclude that the polar circle (h) of triangle MNP is tangent to the nine-point 
circle (O9) of triangle ABC at the center w of (H). Thus the theorem is proved. 

Note. Triangle MNP, the vertices of which are at finite distance, is obtuse- 
angled.* Hence circle (k) is always real. 

III. The Feuerbach hyperbola (H) [4], corresponding to the incenter or to 
one of the three excenters of triangle ABC, contains not only the orthocenter 
but the corresponding Gergonne point as well. For each Feuerbach hyperbola 
of triangle ABC the triangle MNP has as its vertices the points of intersection 
of the sides B’C’, C'A’, A’B’ of the orthic triangle with the sides EF, FD, DE 
of the pedal triangle of the incenter (or excenter) with respect to ABC. Triangle 
MNP is circumscribed about (H) at A, B, C, and its polar circle (h) is tangent to 
the nine-point circle (O,) of ABC at the center'w of (H), that is, at the Feuer- 
bach point associated with the incircle (or excircle). It is also known that the 
incircle (or excircle) is the polar circle (hk) of MNP.ft Our question 4169 leads 
therefore to a possibly new demonstration of Feuerbach’s theorem: In every 
triangle the incircle and the excircles are tangent to the nine-potnt circle. 

We may extend our results by proving the following: 


IV. THEOREM: The polar circle of a triangle A,B,C; circumscribed about an 
equilateral hyperbola (H), of center w, is orthogonal to the circle circumscribed 
about the triangle aBy, whose vertices are symmetric to w with respect to BiCi, Ci1A1, 
A1By. , 


If we consider a circle (C), the center of which is the orthocenter Hi of tri- 
angle A;B,Ci, the locus of points P in its plane such that the circle passing 
through the points symmetric to P with respect to BiCi, C1A1, A1B1 is orthogonal 
to (C) consists of the circumcircle of A1B,C; and of another circle of center Hy. 
The radius of this latter circle (Hj, «), which is the proper locus of P, may be 
determined in the following manner. (Hi, 0) cuts BiC; at the points S, S’ of 
intersection of B,C, and the circle of center 41 orthogonal to (C). Let r designate 
the radius of (C). If A/ is the foot of the altitude A; on BiGi, we have 


* Ad. Mineur, Mathesis, 1937, p. 434. 
¢ C. Servais, Mathesis, 1915, p. 134. 


256 ADVANCED PROBLEMS AND SOLUTIONS [April, 


SA, =A — 7 —AAL 
o = HS =A — AA, + Midi -r 
= 2HA;:H3A1 — r = 2p. —~r 
where p is the radius of the polar circle of A1BiC;. Hence, if we consider a point 
P of a circle (C) having as its center the orthocenter AH; of a triangle A,B,C, 
and.as its radius 7, the circle passing through the points a, 8, y symmetric to P 
with respect to BiCi, CyA1, A1B, is orthogonal to the circle (Hj, a). As a special 
case we conclude that if P is a point of the polar circle (Zi, p) of A1BiCi, the cir- 
cle aBy is orthogonal to (Hj, p). In other words: the circumcircle of triangle 
aby, where a, 8, y are the symmetric points of the center w of the equilateral 
hyperbola inscribed in triangle A1BiC;, with respect to BiCi, C:A1, A1Bu, is orthog- 
onal to the polar circle of 41BiC. 
By combining Theorems 2 and 4, we obtain the following: 


THEOREM: The tangents ai the vertices A, B, C of.a triangle ABC to any of tis 
four Feuerbach hyperbolas form a triangle A ;B,C, whose polar circle is tangent 
to the nine-point circle of ABC at the corresponding Feuerbach point o and is orthog- 
onal to the circumcircle of triangle aSy, the vertices of which are the points sym- 
metric to @ with respect to ByCi, CiA1, A1B3. 


Note. In general, a triangle A1BiC; being given, the locus of the points P in 
its plane such that the circle passing through the points symmetric to P with 
respect to BiCi, CiA1, AiB; is orthogonal-to a fixed circle (C) is a bicircular 
quartic (K) circumscribed about A1B,C;. (K) intersects the circumcircle of 
A,B,C; at the focus P of the parabola of directrix PH, inscribed in A,B,C. 
(K) intersects B,C, at the points in which the circle of center A, orthogonal to 
(C), cuts B,C,. If (C) is orthogonal to the circumcircle of A1B,Ci, (K) passes 
through the orthocenter Hy of A1B,C;. If the center.of (C) is the orthocenter Ai, 
the quartic degenerates as was stated above. 


Notes by the translator. 


1. Court, College Geometry, p. 155. 

2. Court, College Geometry, p. 128. 

3. The point M is the pole of BC with respect to (4). If a conic T is circumscribed about a 
triangle ABC the necessary and sufficient condition that the pole of BC with respect to T lie on the 
side B’C’ of the orthic triangle is that the conic I be an equilateral hyperbola. 

4. The equilateral hyperbola determined by the three vertices of a triangle ABC and the in- 
center (or one of the excenters) is called the Feuerbach hyperbola of ABC. There are four of them. 
The Gergonne point is the point common to the lines drawn from the vertices A, B, C to the points 
of contact of the incircle (or of the excircle) with the opposite sides of ABC. Usually, in American 
texts, only the Gergonne point associated with the incircle is known by that name. 


Arc with a Maximum Property 
4232 [1947, 49]. Proposed by H. D. Ruderman, New York City 
A:(0, 0) and B: (0, ~) are joined by the straight line segment AB and a curve 
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II to enclose a region of area s. Let k represent the length of II from A to B. Find 
the equation of II such that the ratio s/k? is a maximum. 


Solution by Abraham Miller, Washington, D. C. Let II’ be the reflection of II 
with respect to AB, and consider the resulting closed curve II+II’. Its area, 2s, 
cannot exceed the area of a circle of circumference 2k (radius k/a). That is, 
2s<k?/a or s/k? Sim. The equality sign holds if and only if II-+II’ is a circle, 
and in this case s/k? is a maximum. Hence II is a semicircle with AB as diameter, 
the equation being 

w+ y? — wy = 0. 
Also solved by R. C. Buck, R. Lessard, H. J. Zimmerberg, and the Proposer. 


Determinant Divisible by.a Power of x—1 


4235 [1947, 112]. Proposed by Irving Kaplansky, University of Chicago, and 
D. C. Lewis, University of New Hampshire. 


Show that the determinant 


(x—1)/1 («#7 —1)/2 oo + (4% — 1)/n 
(x?—1)/2 (#8 — 1)/3 see (omtt — 1)/(n + 1): 


(x* — 1)/n (art? — 1)/(m + 1) + (a?e? — 1)/(2n — 1) 
is a constant times (2 —1)””. 


Solution by Fritz Herzog, Michigan State College. We shall first prove the 
following: 


THEOREM. Let fi(x), fo(x), > + *, fn(x), gi(%), golx),-° +, gn(x) be 2n poly- 
nomials and let oi;(x) = [7f:(u)g;(u)du. Then the determinant | bis(xe) | vanishes at 
«=a with a mulirplicaty of at least n?. 


We have to show that, if F(x) denotes the given determinant, F(a) =0 for 
OSk<n?. Using the well-known method of differentiating a determinant (by 
rows, say), we obtain 


(1) F(x) =X [hl/(halhel- + bn] | 657°C) |, 


where >, is taken over all sets of non-negative integers 1, ke, +--+, Rn with 
Ritket+t +++ +ka=k. Let F(x) =Gi(%)+Hi(x), where Gi(x) consists of those 
terms in (1) in which at least one of the k; is zero and H;(x) of those in which all 
k; are positive. Since ¢:;(a) =0 we have at once G;(a) =0 (which completes the 
proof when 0Sk<n). We shall now show that A;(x) =0 identically in x and 
may henceforth omit the variable x in our.notation. 

Since @4 =fig; we have fori,j7=1,2,--++-,nandk;21 


(2) 6 = TV [st AV(sled re; , 
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where >) is taken over all non-negative values of s; and ¢; with s;+i;:=k:—1. 
Substituting (2) .for the elements of | bij"? | in each term of (1) that enters 
into H;, we obtain a determinant each element of whose ith row is written as a 
sum of k; terms. Thus we can write this determinant as a sum of kiko - ++ Rn 
determinants and arrive, after further simplifications, at the following expression 
for H k: 

(#1) (8n) 


ki fi fn | (5) | 


(3) X (Sita t 1) ee (Sa t+ ta + 1) Si! ° . Sn lt! - ° tn! 
where >» is taken over all sets of non-negative integers 51, 52, ° °°, Sny t1, be, 
, tn with yo i(se-+t,) =k—n. 

Those terms in (3) in which at least two ¢; are equal vanish. In the remaining 
terms (in which the #; are distinct) at least two s; are equal to one another, since 
otherwise kR—n = >. 4(s;-+¢,) 2n(n—1), which contradicts k<n*. These remain- 
ing terms of (3) can now be paired according to the following principle: In any 
such term of (3), let m be the smallest index for which s» equals one of the other 
s; and let r(>m) be the smallest index for which s,=s,. Then we associate with 
this term the one with the same values of the s; and the #;, except that the values 
of t,, and #, are interchanged. It is easily seen that this constitutes actually a 
pairing of the remaining terms of (3) and that the sum of the members of each 
such pair vanishes. This completes the proof of the Theorem. 

We now put fi(x) =gi(x) =x}, i=1, 2, +--+, m, and a=1; we obtain ¢:;(x) 
= (x#+i-1—1)/(4+j—1) and hence, by the Theorem, the determinant given in 
the problem is divisible by (x—1)*’. It is easily verified that each term in the ex- 
pansion of this determinant is a polynomial of degree n? and thus we obtain 
| (x#+7-1—1)/+j- 1)| =A,(*x—1)” , where A,= | 1/(i+j- 1)| depends on n 
only. 

Remarks: 1. The Theorem, proved in the above solution, is a generalization 
of Problem 2 of Part I of the. Putnam Mathematical Competition for 1946 (see 
this MontTHLY, vol. 53 (1946), p. 484). 

2. The value of the constant A, is given by 


n—1 
A,=1; 9 An= JE (27+ 1) (Con), om = 2,3, ++ 


r=l 


Also solved by R. P. Brady, H. E. Bray, Robert Breusch, William Gustin, 
W. J. Harrington, Ivan Niven, J. W. Popow, J. T. Tate, Jr. F. Underwood, 
John Williamson, and the Proposer. 


Editorial Note. Most of the other solvers found transformations to establish 
the equality of the given determinant with the determinant | (*%—1)*1/ (i+j 
— 1)|, whence the proof follows immediately. 
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Stern’s Diatomic Series 
4236 [1947, 112]. Proposed by H. D. Grossman, New Vork City 


Write down two 1’s, then a 2 between them, then a 3 between any two num- 
bers whose sum is 3, then a 4 between any two numbers whose sum is 4, and so 
forth. Prove that the number of n’s written down is ¢(m), (n>1, ¢@ is Euler’s 
totient). 


Solution by Leo Moser and R. Steinberg, University of Toronto. The sequence 
obtained after the n’s have been inserted is precisely the sequence of denomi- 
nators in the Farey series F,,. Since F,, consists of all irreducible fractions from 0 
to 1, inclusive, with denominators not exceeding n, it will contain ¢(m) irreduci- 
ble fractions with denominator n, so that this will be sufficient to prove the 
theorem. 

If h/k, h''/k’', h'/k' are three successive terms of F,, and if h’’/k"’ occurs in 
F, but not in Fy, then h+h'’=h"’ and k+k’=k’’. (See Hardy and Wright, 
The Theory of Numbers, second edition, p. 25.) Thus in going from F,_; to F, 
we insert terms with denominator n exactly between those terms whose de- 
nominators sum to n. Hence, by induction, our statement is proved. 

Also solved by P. T. Bateman, Howard Eves, William Gustin, L. M. Kelly, 
Y.S. Luan, and Ivan Niven. 


Editorial Note. Howard Eves remarks that the sequences here obtained were 
investigated by Stern in the Journal fiir Mathematik, v. 55, p. 193. The present 
result is one of many interesting facts proved by Stern. Further study of these 
sequences was made by D. H. Lehmer, who obtained a curious tie-up with the 
famous Fibonacci series. Some of Lehmer’s results may be found in this 
Monta ty [1929, 59-67]. 

These sequences are also closely related to those treated by Williams and 
Browne, A Family of Integers and a T heorem on Circles (this Montuty, 1947, 
534-536). Theorem 7 of this article applies, with almost no change, as a proof of 
the present problem. 


RECENT PUBLICATIONS 


EDITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Compléments de Géométrie Plane. By R. Deaux. Bruxelles, Maison D’Edition 
A. de Boeck, 1945. 7+150 pages. 45 Fr. 


This small book of 156 pages is devoted to materials comprising that which 
is generally called College Geometry in America. Its avowed purpose is to help 
prepare the participants in the competitive examinations for admission to the 
Polytechnical Faculties of Mons. The three chapters are entitled: I Properties 
of segments of lines, II Properties of circles, and III Two geometric transforma- 
tions. Among the topics treated in Chapter I are the usual theorems of Mébius, 
of Menelaus and Ceva, and those of Papus, Pascal and Brianchon (with respect 
to the circle). Signed segments, areas of triangles, and angles are used consist- 
ently. A rather complete discussion of cross-ratio is given and applications are 
made to problems of concurrence of lines and collinearity of points and to proofs 
of Desargues’ theorem and its dual. In Chapter II are considered the theorems 
concerning poles and polars with respect to a circle, radical and antiradical axes, 
orthogonality of circles and pencils of circles. In Chapter III are treated the 
similarity transformations and inversion in quite complete detail. 

Probably the most important part of the text is that devoted to problems, 
of which there are 383, grouped according to the sections in the text proper. 
These vary from quite easy examples of the theory to rather difficult problems. 

In general one may say that the text covers considerable, but not all, of 
the usual topics in College Geometry, but at the same time includes topics often 
relegated to a chapter on metric applications in our Synthetic Projective Geom- 
etries. Definitions of terms are carefully made, and theorems accurately demon- 
strated. 

V. G. GROVE 


Introduction a la Géométrie des Nombres Complexes. By R. Deaux. Bruxelles, 
Maison D’Edition A. de Boeck, 1947. 163 pages. 100 Fr. 


The chief purpose of this book, as the author explains, is to exploit the use of 
complex numbers as a tool for geometric investigations. The material in the first 
part of the book has been used by the author in a course for electrical engineers, 
and this flavor can be observed in some of the choice of material. However, the 
writer has chosen to keep the book definitely in the realm of pure geometry 
rather than to delve into applications, and only a fraction of the material would 
be of great interest to the engineer. 

The first chapter lays the basic groundwork for the discussion, including 
the usual geometric interpretation of algebraic operations on complex numbers, 
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and the relation of complex numbers to vectors in the plane. After a brief dis- 
cussion of the algebraic forms of such simple transformations as reflection, rota- 
tion, translation and inversion, the chapter concludes with a consideration of 
cross ratio. This includes a study of the geometric meaning of harmonic division 
in the complex plane, and construction problems related to harmonic division 
and harmonic quadrangles. 

In chapter two the techniques developed are applied to problems in plane 
analytic geometry, and two main topics are selected for consideration. The first 
is a study of curves that can be generated as a sum of two vectors from a com- 
mon point, each rotating at constant speed. These are shown to coincide with 
the cycloidal curves which are described by a fixed point of a moving circular 
disc as it rolls without slipping on a fixed circle. In particular, the ellipse is 
shown to be such a curve, and the relation of the geometric properties of the 
ellipse to the generating vectors developed. The second main topic is that of 
unicursal curves, that is, curves whose complex equation may be written para- 
metrically as a quotient of polynomials in the real variable t. Special emphasis 
is laid on the cases when the polynomials are linear or quadratic. These curves 
include the straight line, the circle, all the conics, the unicursal bicircular quar- 
tics, and the unicursal circular cubics. Various geometric properties of the 
curves, such as center and foci of the conics, and double points of the cubics 
and quartics are neatly obtained in terms of the parametric representations. 

Chapter three is.devoted to a detailed discussion of the direct circular trans- 
formations or homographies and a somewhat less complete consideration of the 
indirect circular transformations of antihomographies. 

It is assumed in the book that the reader has a working knowledge of 
projective geometry, since the author draws on this freely in places. A more ex- 
plicit reference to some of the results thus assumed from projective geometry 
in a few places would add clarity for the casual reader. The book as a whole 
seems clearly written and typographical errors surprisingly few. While naturally 
the material considered is not new, the development is interesting, and the book 
should be a welcome addition to other literature in the field. 

S. B. JACKSON 


Elements of Symbolic Logic. By Hans Reichenbach. The Macmillan Company, 
1947. 13+444 pages. $5.00. 


This book is intended as a college textbook for a first course in logic. Since 
the emphasis is more on general ideas, than on the techniques of manipulating 
symbolic formulas, the work would probably be more suited for a first course in 
a philosophy, than in a mathematics, department. But it might reasonably be 
put on a reading list for advanced mathematical students of logic, along with 
the more recent works of Carnap: mathematicians approach philosophical ideas 
diffidently, and late in life. 

Roughly the first half of the book is taken up with an exposition of the 
propositional calculus, the lower calculi of predicates and of classes, and the 
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higher calculus of predicates. This part follows essentially the usual treatment 
of these topics. A beginning mathematical student (if he knew German) might 
find it more agreeable to become acquainted with this material through the ele- 
gant deductive presentation of Hilbert and Ackermann’s Grundziige der Theo- 
retischen Logik. But even here the author sometimes illuminates his topics by 
flashes of original philosophical insight—so that the mature student will find at 
least something to learn from these pages. 

The remainder of the book is taken up with the analysis of conversational 
language, and with modalities. In connection with the analysis of conversational 
language, the author makes the point that the analysis offered by traditional 
grammar is artificial and inadequate. This inadequacy of traditional grammar 
rests in turn on the fact that the first grammarians were of a generation trained 
in the inadequate logic of Aristotle: for there is an intimate connection between 
logic and grammar. Theauthorattemptstoreform traditional grammar inthe spirit 
of modern logic. While much of his discussion here is admittedly exploratory and 
tentative, he makes some contributions which seem to be of permanent value, 
particularly in his application to conversational language of Russell’s theory of 
descriptions, and in his treatment of the tenses of verbs (which is an extension 
of an analysis given by Jespersen). On the other hand, in some cases, the author 
introduces notation which slavishly imitates terms used in ordinary language, 
but without giving adequate rules for manipulating such symbols: he sometimes, 
so to speak, merely translates difficult words of English into symbolic language. 
An example of this is the notation “@*,” which is introduced on page 287 to 
symbolize the reflexive “this” of English (as when we say, “This sentence con- 
sists of six words”). It is clear, that the symbol introduced in this way cannot 
be governed by the same rules that are assumed for ordinary substantives; for 
example, from the two true sentences 


“This sentence is written in roman type, and contains at least twelve words” 
and 


“This sentence contains at most seven words” 
we cannot deduce the false sentence 


“This sentence contains at most seven words, and at ledst twelve words.” 


If any light is to be thrown on the use of the reflexive “this” of conversational 
language, exact rules must be laid down which govern its usage; it is not suffi- 
cient merely to replace “this” by another symbol “0*.” 

» The final chapter, which is concerned with modalities, presents an original 
view of this subject—but a view which is rather close to the views of Carnap, in 
that, in order to define “necessity,” use is made of the notion of provability. A 
specific criticism of the ideas of this chapter will be found in the last paragraph 
of the review. 

The book is written from the point of view of logical empiricism, a philo- 
sophical position which holds that a proposition is meaningful only if it is veri- 
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fiable as true or false, and that two propositions have the same meaning if they 
obtain the same verification, as true or false, for all possible observations. The 
author applies the general point of view of empiricism in a forceful manner: as 
in the passage on page 356, for example, “we do not wish to say that physical 
necessity is due to invisible forces tying things together, or that it is a law of 
reason projected into nature, or whatever else has been subtly devised by cer- 
tain metaphysicians.” Or, to take another example, the brilliant analysis, in 
terms of grammar, on page 273, of some of the grand philosophical systems of 
the past: “Disregarding the arbitrariness in the choice of the argument-object 
has led to an unfortunate absolutism in certain philosophical systems. Thus 
materialism seems to be guilty of an absolutism of thing-arguments; other 
philosophical systems are on the search for absolute argument-things in the 
construction of substances beyond material things. On the other hand, insight 
into the arbitrariness of the argument has led to the mistake of denying the 
existence of things. ... We theretore do not agree with philosophical systems 
that want to abolish things; instead, we consider the definition of the argument- 
object a matter of volitional decision.” 

It is unfortunate that a work so remarkable for philosophical common sense, 
should suffer from grave technical deficiencies. At many points statements are 
made, which can hardly stand up under rational examination. In some places 
the text is almost incomprehensible because of a lack of precision in the intro- 
duction of defined terms. 

These technical inadequacies are perhaps best. illustrated by consideration 
of the definition, on page 369, of an original nomological statement: “An original 
nomological statement is an all-statement that is demonstrably true, fully ex- 
haustive, and universal.” We notice, in the first place, that the condition that 
the statement be an all-statement has little force, since, if A is any state- 
ment without free variables, then A is equivalent to (x)A. Moreover, if we 
turn back to page 264, to consult the definition of “universal statement,” we 
find it asserted that a statement is not a universal statement if it can be writ- 
ten in a tautologically equivalent form which contains an individual-term. 
Since for every two statements A and B, however, A is tautologically equivalent 
to A -(BDB), we conclude that no statement A is universal (since we can al- 
ways choose B so that it contains an individual-term)—from which it would fol-. 
low that original nomological statements themselves do not exist! 

J. C. C. McKINsEy 


A Chapter in the Theory of Numbers. By L. J. Mordell. Cambridge, at the Uni- 
versity Press; New York, The Macmillan Company, 1947, 31 pages. $.40. 


This little book contains Professor Mordell’s inaugural lecture at the Uni- 
versity of Cambridge, on the equation y?=x?-+-k. The solution of this equation, 
in integers or rationals x and y, is an example, perhaps on a par with Fermat’s 
x" -+-y" = 2", of a problem which, at first merely difficult or barren, has ultimately 
led to interesting and significant developments. 
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A survey is first made of contributions to the equation by Bachet (1621, 
= —2 and 17, in rational x, y), Fermat (1657, k = —2 and 4, in integers), Euler 
(1738), and others. Fermat’s claim to have discovered a “beautiful and subtle 
method which enabled him to solve such questions in integers,” is to be doubted 
as regards the general equation. Thus, Mordell suggests Fermat could hardly 
have obtained Nagell’s result (1930) that y?—17 =x? has integral solutions only 
for y=3, 4, 5, 9, 23, 282, 375, and 378661. The first of several examples proved 
to have no integral solutions, by properties of particular binary quadratic forms 
and elementary congruences, was that of Lebesgue (1869) who wrote the equa- 
tion for R=7 as y?+1=(x+2)(x%?—2x+4), and observed that x+2 must be 
positive and of the form 4n-+3. Euler solved ay?—kf?=x* by assuming that 
yVatf[Vk=(pVatqvk)*, whence y=ap'+3kpq?, f=3ap%q+fe; and recog- 
nized (without knowing why) that in some cases this assumption fails to give all 
solutions in integers. The first rigorous proofs of results of some generality were 
given in 1875, by Pepin, using the Gaussian theory of binary quadratic forms. 

A lucid account is given of the bearing on the problem of unique factorization 
in the quadratic field R(+/k), and of the connection (suggested above in Euler’s 
example) with the representation of 1 by a binary cubic form. One of the illus- 
trations chosen is R(+/6), where it is stated there is unique factorization, since 
the class-number h=1. This worried the reviewer for a while, since there are 
two classes of binary quadratic forms (%?—6y? and 2x?—3-?) of this determi- 
nant, but serves to illustrate the no longer one-one correspondence between classes 
of forms and of ideals when —1 is not a norm. Then there are twice as many 
classes of forms as of ideals. SS 

The problem of solving in integers the slightly more general equation 
Ey?=Ax3+Bx?+Cx-+D is reduced to that of solving a finite number of equa- 
tions of the form ax'+4bx*y-+ 6cx?y?-+4dxy' + ey!=1. Applying Thue’s Theorem 
(1908) it follows that Ey? =Ax°+Bx?+Cx+D has (unless the right member has 
a repeated factor) only a firiite number of integral solutions. Mordell’s attempt 
to extend this to y?=Axt-+ --- +E led him to discover his “basis theorem” for 
the rational points of a general cubic curve, previously conjectured by Poincaré. 
Weil’s generalization to curves of genus p and Siegel’s generalization of Thue’s 
Theorem soon followed. The work of Delaunay and Nagell giving bounds to the 
number of integral solutions, and Fueter’s examples of equations with no ra- 
tional solutions, are mentioned. 

This makes an interesting, well-written chapter in the Theory of Numbers, 
which, in view of the author’s concluding remarks, is not yet closed. 

GORDON PALL 


NEW BOOKS RECEIVED 


Analytic Geometry. By R. S. Underwood and F. W. Sparks, Boston, Hough- 
ton Mifflin Co., 1947.10-+225 pages. $2.75. 
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Newtonian Society, Lehigh University 


The Newtonian Society, freshman honorary mathematics society at Lehigh 
University, held five meetings during the school year 1946-47. 

Speakers and topics were: 

Curve fitting, by Professor V. V. Latshaw 

Euler's formula and the regular polyhedra, by Professor R. R. Stoll 

Mapping, by Professor J. O. Chellevold 

What 1s a number?, by Professor T. Hailperin 

Officers for the year were: President, D. N. Love; Vice-President-Treasurer, 
J. M. Christie; Secretary, H. Dowling. 


NEWS AND NOTICES 
EDITED By Ep1tH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


AAAS. CENTENNIAL CELEBRATION 


Dr. Harlow Shapley, Chairman of the Centennial Policy Committee, has 
announced that the Centennial Celebration of the American Association for the 
Advancement of Science will be held on September 13-17, 1948 in Washington, 
_D. C. The keynote of the Centenary will be “One World of Science.” . 


SEVENTH INTERNATIONAL CONGRESS OF APPLIED MECHANICS 


The Seventh International Congress of Applied Mechanics will be held at 
the. Imperial College of Science and Technology, South Kensington, London, 
England, on September 5-11, 1948. 

Applications and other material concerning the Congress may be secured by 
writing to the Secretary of the American Mathematical Society, University of 
Pennsylvania, Philadelphia 4, Pennsylvania. 


BACK COPIES OF THE “MONTHLY” 


During the past two years, the membership of the Association has grown 
at such a rapid rate that it has been difficult to estimate in advance the proper 
number of copies of the MONTHLY which were to be printed each month. 

As a result, the office of the Association finds that it is lacking sufficient 
copies of the MontTuH iy for 1946 (especially January, May, June-July and 
August-September), 1947 (especially January and December) and January 
1948. 

The Association will be glad to refund postage to any member who wishes to 
dispose of the above-mentioned numbers of the MonTHLY by contributing them 
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to the Association. Mail to: Mathematical Association of America, University 
of Buffalo, Buffalo 14, New York. 


PERSONAL ITEMS 


The Duodecimal Society of America has conferred the 1948 Annual Award 
upon Mr. H. C. Robert of Atlanta, Georgia. 

The Institute of Mathematical Statistics has announced the election of the 
following officers: Professor Abraham Wald, head of the Department of Mathe- 
matical Statistics of Columbia University, as president; Dr. Churchill Eisenhart, 
chief of the Statistical Engineering Laboratory of the National Bureau of Stand- 
ards, as a vice-president; Professor Henry Scheffé of the University of California 
at Los Angeles, as a vice-president. 

The Royal Society of London has awarded the Copley Medal to the late 
Professor Emeritus G. H. Hardy of the University of Cambridge for his part in 
the development of mathematical analysis in Britain during the last thirty 
years. 

Associate Director Joseph Slepian of Westinghouse Research Laboratories 
has received the Edison medal for 1947 from the American Institute of Electrical 
Engineers. 

Professor Hassler Whitney of Harvard University received from Yale Uni- 
versity in 1947 an honorary doctorate of science. 

‘Professor R. L. Wilder of the University of Michigan has been elected vice- 
president of Section A of the American Association for the Advancement of 
Science. “. 

Associate Professor J. W. T. Youngs of Indiana University has received a 
Guggenheim fellowship. | 

Associate Professor E. W. Anderson of Iowa State College of Agriculture 
and Mechanic Arts has been promoted to a research professorship in mechanical 
engineering and a professorship in mathematics. 

Assistant Professor H. G. Apostle of Amherst College has been appointed 
to an assistant professorship in the Department of Philosophy of the University 
of Chicago. 

Mr. L. C. Bagby of the Jam Handy Corporation has been appointed to a pro- 
fessorship at the Lawrence Institute of Technology, Detroit, Michigan. 

Mr. J..W. Beach, Iowa State College of Agriculture and Mechanic Arts, 
has been promoted to an assistant professorship. 

Professor Arne Beurling will be a visiting lecturer at Harvard University for 
the coming academic year. 

Mr. F. E. Bortle, Iowa State College of Agriculture and Mechanic Arts, 
has been promoted to an assistant professorship. 

Associate Professor A. T. Brauer of the University of North Carolina has 
been promoted to a professorship. 

Assistant Professor A. B. Brown of Queens College has been promoted to an 
associate professorship. 
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Professor C. L. Buxton is serving as Director of the Malone Branch of Clark- 
son College of Technology. 

Professor Henri Cartan of the University of Paris is a visiting lecturer at 
Harvard University this term. 

Mr. P. T. Copp is now a research engineer with the Hays Corporation, Mich- 
igan City, Indiana. 

Dr. C. L. Dolph, University of Michigan, has been promoted to an assistant 
professorship. 

Professor Philip Franklin of the Massachusetts Institute of Technology is 
also serving as visiting lecturer on mathematical physics at Harvard University 
during the current spring term. 

Assistant Professor G. N. Garrison, Lehigh University, has been promoted 
to an associate professorship. 

Professor’ V. G. Grove of Michigan State College will be visiting professor 
at the University of Puerto Rico during the present term. 

Associate Professor E. R. Heineman of Texas Technological College has been 
promoted to a professorship. 

Assistant Professor Rufus Isaacs of the University of Notre Dame has ac- 
cepted a position as research engineer with the North American Aviation Cor- 
poration, Los Angeles, California. 

Mr. P. B. Johnson of the University of Illinois has been appointed to an 
assistant professorship at Occidental College. 

Mr. C. H. Lindahl, Iowa State College of Agriculture and Mechanic Arts, 
has been promoted to an assistant professorship. 

Professor C. E. Love of the University of Michigan has retired. 

Mr. C. R. Morris of Indiana University has accepted a position as mathe- 
matician with the National Union Radio Corporation, Orange, New Jersey. 

Mr. Bob Parker, Texas. Technological College, has been promoted to an 
assistant professorship. 

Assistant Professor Sallie Pence of the University of Kentucky has been 
promoted to an associate professorship. _ 

Associate Professor D. E. South, University of Kentucky, has been promoted 
to a professorship. 

Assistant Professor R. R. Stoll of Lehigh University has been promoted to 
an associate professorship. 

Professor Alessandro Terracini of the University of Tucum4n has returned 
to the University of Turin. 

Professor Gerhard Tintner of Iowa State College of Agriculture and Me- 
chanic Arts will be on leave of absence during the coming academic year and 
will attend the Institute of Economics at Cambridge University. 

Dr. C. A. Truesdell, Research Department, Naval Ordnance Laboratory, 
White Oak, Maryland, has been promoted to the position of chief of the theo- 
retical mechanics section. 
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Assistant Professor F. E. Ulrich, Rice Institute, has been promoted to an 
associate professorship. 

Professor J. L. Walsh of Harvard University will be on leave of absence 
during this term. 

Professor D. V. Widder of Harvard University will be on leave of absence 
during the coming academic year. 


The following appointments to instructorships are announced: 

New York State College for Teachers, Buffalo: Mr. Rudolph Cherkauer. 

Texas Technological College: Mrs. Susie Kammerdiener, Miss Lillian 
McGlothlin, Mr. E. H. Thomas, Mrs. Naomi Thompson. 

University of Illinois, Chicago Undergraduate Division: Mr. Furio Alberti. 

University of Kentucky: Miss Elsie T. Church, Mrs. L. C. Cooper, Mr. 
D. L. Daly, Mr. D. C. Rose, Miss Genevieve Snider. 

University of Pennsylvania: Miss Jean B. Walton. 


Dr. Mellen W. Haskell, formerly head of the Department of Mathematics of 
the University of California, died January 15, 1948 at the age of eighty-four 
years. . 
Professor Emeritus Vladimir Karapetoff of Cornell University died January 
11, 1948. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 
REPORT OF THE TREASURER FOR THE YEAR 1947 


The following report of Professor W. B. Carver as Treasurer for the year 
1947 has been approved by the Finance Committee and accepted by vote of 
the Board of Governors. 


I. ToTaL FUNDS OF THE ASSOCIATION ON DECEMBER 31, 1946 
(See Treasurer’s report, pp. 249-252 of the MontTuLy for April, 1947) 


Current Fund (checking account)..........ccccccccccceccccceeececevsvecevecs $ 6,348.92 
Savings Account (Ithaca Savings Bank)...........ccccceeeeecvcvceceeeeee eee 1,022.66 
Invested Funds (Cleveland Trust Company) 

Carus Fund........ cc cscs cece ccc c eect cence eeteeeececees $10,513.65 

Chace Fund... .....c ccc cece cece ccc cece eee eececeeeecececes 10 ,000 .06 

Houck Fund....... ccc ccc cece cece cece cece eens eeseenes 9 , 382 .63 

Chauvenet Fund... ...... cc cece cece eee e cece cece eres eesces 665.58 

Life Membership Fund............cccccccccceccccccececeves 648 .60 

General Fund...... 0... ccc cece cece cece cece cee se et ececenes 25,659.78 56,870.30 


$64 ,241 .88 
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Il. CuRRENT FuND ACCOUNT 


RECEIPTS 

Balance, Jan. 1, 1947.......... $ 6,348.92 
DUeS..... cc cece ccc e cee eeees 11,617.05 
Initiation fees.........0cee eens 656.00 
Subscriptions to the MONTHLY. . 3,685.14 
Sale of back numbers MONTHLY. 915.50 
Advertisements............000. 1,109.50 
Interest on General Fund....... 919.02 
Interest on Carus Fund........ 376.07 
Interest on Chace Fund........ 358.17 
Interest on Houck Fund........ 336.67 
Interest on Chauvenet Fund.... 23.64 
Intereston Life Membership Fund 23.28 
Interest from Hardy -Fund...... 120.00 
Sale of Archibald’s Outline..... . 210.13 
Sales of Monographs (Carus).... 2,146.43 
Sale of Papyrus (Chace)........ 230.00 

Sale of Slaught Memorial Paper I 
(Chace)... .. cc cece eeeeeeces 14.00 
Sales of exchange periodicals.... 28.60 
Miscellaneous sources.......... 3.56 
Transferred from Chace Fund... 494.54 
Transferred from General Fund.. 901 .92 
$30 , 518.14 
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EXPENDITURES 
MONTHLY 
Publication.............008- $ 7,828.50 
Reprints........ cece cece eee 223 .92 
Editor-in-Chief’s Office....... 528.39 
Secretary-Treasurer’s Office 
Clerical help..... eee eee eeee 3,650.16 
Postage. ...ssccecsccsscvecs 402.81 
Printing.........eeeee eee: 434.53 
Office supplies.............. 282.97 
Bank fee... .. ec ccc eee eee ee 100.00 
Moving office. .........0.005 210.82 
Exec. and Finance Committees.. 799 .27 
Coordinating Committee....... 19.66 
Coop. Committee on Teaching. . 108 .30 
Sections and Regions........... 387.75 
Subventions 
American Math. Society...... 100.00 
Mathematical Reviews....... 350.00 
Amer. Council on Educ....... 180.76 
’ Back numbers MONTHLY....... 225.12 
Bank exchange charges......... 6.41 
Reprinting Monos. 6 &7 (Carus). 1,509.63 


Printing Slaught Mem. Paper I 
(Chace). ....ccceeeeeeeeee 1,096.71 


Handling exchanges of periodicals 76.00 
Com. on Aid to Devastated Li- 

DrarieS. ... eee eee wees 250.00 
Mrs. B. F. Finkel (Hardy Fund). 120.00 
Half cost of “Smith list”........ 120.49 


Addition to Trust Fund........ 6,500.00 


III. Savincs Account, ITHACA SAVINGS BANK 


Balance, Jan. 1, 1947........... $ 1,022.66 
Interest... .... ccc cece ce cease ‘23.16 
$ 1,045.82 


Transferred to Carus Fund..... 1,012.87 
Transferred to Houck Fund..... 336.67 
Transferred to Chauvenet Fund.. 23.64 
Transferred to Life Membership 
Fund... ...ccccccececeees 23.28 
Balance, Dec. 31, 1947......... 3,609 .48 
$30 ,518.14 
Balance, Dec. 31, 1947..... reese $ 1,045.82 


$ 1,045.82 
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IV. INVESTED FunpDs, CLEVELAND TRUST COMPANY 


Cash Balance, Jan. 1, 1947..... $ 174.30 Decrease in values of securities.. 
Values of Securities, Dec. 31,1946 56,696.00 Values of securities, Dec. 31, 1947 
From Current Fund........... 6,500.00 Cash bal., Dec. 31, 1947....... 

$63,370.30 

LiIsT OF SECURITIES 
Par Value 
U.S. Treasury Bonds, 2%, 1950... ... ccc cece cc ere cece cee e ees $3 ,000 .00 
U.S. Treasury Bonds, 2%, 1954... .... ccc cece ewe eee e wees 2,000.00 
U.S. Treasury Bonds, 23%, 1969. ....... cece cee e reece ere eene 2,000 .00 
U.S. Treasury Bonds, 24%, 1972....... ccc c cece cece ee ee ee eens 1,000.00 
U.S. Treasury Bonds, 24, 1962.......... cece eee ee ee eee e eens 5,000.00 
U.S. Treasury Bonds, 12%, 1948. ........ ce ccc ee ee eee ee ee eee 2,000 .00 
U.S. Savings Bonds, Ser. G, 24%, 1953....... 0. cece eee ce ee eee 3,000 .00 
U.S. Savings Bonds, Ser. G, 24%, 1954......... cece cece ee ee eee 8,200.00 
U.S. Savings Bonds, Ser. G, 23%, 1958..........c cece eeeeeeseees 3,000.00 
U.S. Savings Bonds, Ser. G, 2$%, 1959... . cece eee ew eee 6,500.00 
Canadian Nat. Ry. Co. Bonds, 44%, 1956........... cece cece e eee 2 ,000 .00 
Amer. Tel & Tel Co. Conv. Deb. Bonds, 22%, 1957............005 500.00 
C. and O. Ry. Co. Ref. Bonds, Ser. D, 34%, 1996................ 3,000.00 
Columbus and So. Ohio Elec. Co. Bonds, 34%, 1970.............. 2,000 .00 
New York Steam Corp. 1st Mort. Bonds, 3%, 1963.............. 1,000.00 
Amer. Tobacco Co. Bonds, 3%, 1969........c. cece sce cceceetcees 4,000 .00 
C. & O. Ry. Co. common stock, 25 sh... ..... ce eee ee eee eee 
Amer. Tel. & Tel. Co. common stock 30 sh....... cag eee eee e cence 
Standard Oil Co. of New Jersey com. stock, 20 sh...............6. 
Atch. Top. and Santa Fe. R. R. pfd stock, 15 sh.................. 
Commonwealth Edison Co. common stock, 80 sh... ....... ce eeees 
Dana Corp. cum. pfd. stock, 20 sh... ..... ccc cece eee eee ee ee eee 
V. Carus FUND 

Balance, Jan. 1, 1947.......... $10,513.65 Reprinting Monographs....... 
Sale of Monographs............ 2,146.43 Decrease in value of securities. . 
Interest. .... ccc cece cece e cece 376.07 Balance, Dec. 31, 1947........ 

$13,036.15 

VI. CHACE FUND 

Balance Jan. 1, 1947........... $10,000.06 Printing Slaught Mem. Paper I.. 
Sale of Papyrus...........+00: 230.00 Decrease in values of securities... 
Sales of Slaught Mem. Paper I.. 14.00 Balance, Dec. 31, 1947......... 
Interest... ... ccc cece cece sees 358.17 


$10,602.23 


[April, 


$ 2,536.00 
60,635.00 
199 .30 


$63,370.30 


Market Value 
Dec. 31, 1947 
$ 3,000.00 
2,020.00 
2,020.00 
1,000.00 
5,000.00 
2 ,000 .00 


$60 , 635.00 


$ 1,509.63 
468.22 
11,058.30 


$13,036.15 


$ 1,096.71 
445 93 
9.059,59 


$10,602.23 
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VII. Houck Funp 
Balance, Jan. 1, 1947.......... $ 9,382.63 Decrease in value of securities... $ 419.18 
Interest... 0... cece eee ee eee 336.67 Balance, Dec. 31, 1947......... 9,300.12 
$9 ,719 .30 $9,719 .30 
VIII. CHAUVENET FUND 
Balance, Jan. 1, 1947.......... $ 665.58 Decrease in value of securities... $$ 29.43 
Interest. .... 0... cece cece eee 23.64 Balance, Dec. 31, 1947......... 659.79 
$ 689.22 $ 689.22 
IX. LirE MEMBERSHIP FUND 
Balance, Jan 1, 1947........... $ 648.60 To General Fund.............. $ 44.30 
Interest... 0... cee ec ee eee 23.28 Decrease in value of securities... 28.98 
Balance, Dec. 31, 1947......... $ 598.60 
$ 671.88 $ 671.88 
X. GENERAL FUND 
Balance, Jan. 1, 1947.......... $25,659.78 Decrease in value of securities... $-1,144.26 
From Current Fund............ 6,500.00 Transferred to Current Fund... 901.92 
From Life Membership Fund... 44.30 Balance, Dec. 31, 1947......... $30,157.90 
$32 , 204.08 ~ $32,204.08 
XI. TOTAL FUNDS OF THE ASSOCIATION, DECEMBER 31, 1947 
Current Fund (checking account)...........cc cece cece eeeeeeeeeeeeceeeeeees $ 3,609.48 
Savings Account (Ithaca Savings Bank)...... 0... ccc ccc cee cence eens 1,045 .82 
Invested Funds (Cleveland Trust Company) 
Carus Fund...... 0... cece ce cee ce ete eee eee e ee eeteeeas $11,058.30 
Chase Fund......... 0... cece ccc cece eee cece cent e teste teens 9 ,059 .59 
Houck Fund........ cc ccc ccc cece cee cece ee ee eee eeas 9,300.12 
Chauvenet Fund......... 0... cece ccc ce ccc te eee eee ee te eens 659.79 
Life Membership Fund............. 0.00 cee ee eee eeeeceeeece 598.60 
General Fund.......... 0. cc cece cece eee ete tee eee eeeeeen 30,157.90 60,834.30 


$65 ,489 .60 
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DECEMBER MEETING OF THE TEXAS SECTION 


A special meeting of the Texas Section of the Mathematical Association of 
America was held at Texas Christian University, Fort Worth, Texas, on Friday 
and Saturday, December 6-7, 1946. Vice-Chairman R. S. Underwood presided. 

The following members of the Association were present: H. E. Bray, H. F. 
Bright, Myrtle Brown, J. E. Burnam, J. V. Cooke, Alice Dean, Elizabeth Davis, 
H. J. Ettlinger, R. E. Greenwood, E. R. Heineman, J. E. Howard, Harlan 
Miller, J. W. Querry, W. A. Rees, D. W. Starr, E. J. Stulken, F. E. Ulrich, R. S. 
Underwood, W. M. Whyburn, Mabel Williams, H. E. Woodward. 

At the business meting it was decided that the present officers should con-. 
tinue until the annual meeting in the spring. The annual meeting will be held 
at Texas Technological College. The officers are: Chairman, E. H. Hanson, 
North Texas State Teachers College; Vice-Chairman, R. S. Underwood, Texas 
Technological College; Acting-Secretary, C. R. Sherer, Texas Christian Uni- 
versity. 

An informal dinner was held at the Worth Hotel Friday evening. At this. 
time the Section heard an address entitled The Role of Mathematics in the Post 
World War II Educational Programs, by W. M. Whyburn, President, Texas 
Technological College. 

The following papers were given at the meetings of the Section: 

1. A plane version of solid analytical geometry, by R. S. Underwood, Texas 
Technological College. 

This paper adds to the results obtained in the-article entitled An Analytec Geometry for n 
Variables, this MONTHLY, vol. 52, 1945, pp. 253-262. In particular it deals with the alternative to 
solid analytic geometry provided by the three-axes plane, suggesting briefly the relative advantages 


of the new system for certain special purposes. Subjects discussed included generalized coérdinates, 
the straight line, point-to-point and point-to-line formulas, and applications to algebra and calculus. 


2. Note on the zeros of Py(cos 0)=0 and dP¥ (cos 6)/d#=0, considered as 
functions of n, by C. W. Horton, Defense Research Laboratory Staff, University 
of Texas, introduced by H. J. Ettlinger. 


In many physical problems in which the boundary conditions are specified over the surface of 
a cone, it is necessary to know the roots of the equations 


Pr (cos 6) = 0 (1) 


and 
a Pi (cos 6) = 0 (2) 
ao nr 


considered as functions of 2. This problem has been solved by Bholanath Pal. He develops infinite 
series for the roots which converge rapidly and are very suitable for numerical computation. In 
deriving his solution Pal introduced a parameter k which takes on successive integral values and 
thereby yields successive roots of the equations. 

It is the purpose of this note to point out that the value k=1 with which Pal commenced the 
series does not always give the first root of the equation, and sometimes it gives a number which is 
not a root of the equation. A corrected table of roots based on the calculations of Pal is given. 
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3. Recent high speed methods of computation developed for war research, by 
H. J. Ettlinger, University of Texas. 


The tremendous program of technical development of the past six or seven years has resulted 
in an accelerated growth in the use of mechanical and electronic devices for carrying out extensive 
and complicated computations arising in scientific fields. The nature of the problems treated ex- 
tends from that of solving linear algebraic equations in a substantial number of unknowns to 
obtaining solutions of systems of ordinary differential equations, partial differential equations, 
integral equations, and integro-differential equations. The results obtained are not limited to a 
narrow practical field of obtaining numerical answers to a desired number of decimal places, but it 


is envisaged that these devices will be helpful in theoretical problems, particularly in relation to 
non-linear systems. 


4, Riemann surfaces, aspects of the type problem, by F. E. Ulrich, Rice Insti- 
tute. 


5. On the roots of the derivatives of a complex polynomial, by H. E. Bray, Rice 
Institute. 


Let 
P(z) = 2(2 — &1)(2 — 22) +++ (2 — Sn) 
Q(x) = x(x — | a1| )(@ —| 22]) +++ @— | ze )@ +] ser) 
dP d 
Pea, == 
where %<22< +--+ <g,. The real polynomial Q’(x). has k positive roots i<&< +--+ <&, and 
n—k negative roots, &1<f-1 << +++ <£41. It is proved that, if | Exs1| >&, then P’(z) has exactly 


k roots in the circle |z| S& and »—k roots in the region |2| 2 &.41. 


6. Long range navigation, by R. E. Greenwood, University of Texas. 
7. Some pages from the history of trigonometric analysis, by R. E. Langer, 
University of Texas. 


This was an extended address delivered at the invitation of the Section. 


8. Round table discussion of teaching problems in mathematics, by Elizabeth 
Dice, Mable Williams, and W. L. Porter of Texas A. and M., all introduced by 
the Secretary. 


C. R. SHERER, Acting Secretary 


APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association 
of America was held at the Texas Technological College, Lubbock, Texas, on 
Friday and Saturday, April 25-26, 1947. Professor E. H. Hanson, Chairman of 
the Section, presided. 

The following members of the Association were present: Ina Mae Bramblett, 
H. E. Bray, Myrtle Brown, H. D. Brunk, J. E. Burnam, J. V. Cooke, H. J. 
Ettlinger, E. H. Hanson, E. R. Heineman, P. E. Lerret, J. N. Michie, Elva 
Miller, Harlan Miller, C. R. Sherer, F. W. Sparks, F. E. Ulrich, R. S. Under- 
wood, H. S. Wall, G. T. Whyburn. 
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At the business meeting the following officers were elected for next year: 
Chairman, R. S. Underwood, Texas Technological College; Vice-Chairman, 
F. E. Ulrich, Rice Institute; Secretary-Treasurer, C. R. Sherer, Texas Christian 
University. The location of the next meeting was not determined. : 

An informal dinner was held at the Hilton Hotel on Friday, April 25, after 
which an address was given by Professor H. J. Ettlinger. 

The following papers were presented on Saturday. 

1. Regions in which an analytic function 1s flat, by F. E. Ulrich, Rice Institute. 

2. The strong law of large numbers, by H. D. Brunk, Rice Institute. 

3. Extended analytic geometry, by R. S. Underwood, Texas -Technological 
College. 

4. A general criterion for convergence of Fourier series, by H. E. Bray, Rice 
Institute. 

5. Application of continued fractions to the location of roots of polynomials, by 
H. S. Wall, University of Texas. 

This was an invited address of an hour’s duration. 

6. Round table discussion on examination papers, by E. R. Heineman, Texas 
Technological College, and C. R. Sherer, Texas Christian University. 

C. R. SHERER, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirtieth Summer Meeting, Madison, Wisconsin, September 6-7, 1948. 

Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. — 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOvnNTAIN, Pennsylvania Missouri, University of Kansas City, 


State College, Pennsylvania, May 8, 
1948 

Inurinors, Illinois Institute of Technology, 
Chicago, May 14-15, 1948 

INDIANA, Purdue University, West La- 
fayette, May 8, 1948 

Iowa, Fairfield, April 16-17, 1948 

Kansas, Atchison, April 10, 1948 

KENTUCKY, Berea, May, 1948 

LouIsIANA-MIssISsIPPI, Southwestern Lou- 
isiana Institute, Lafayette, Louisiana, 
April 23-24, 1948 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA, United States Naval Academy, 
Annapolis, Maryland, May 8, 1948 

METROPOLITAN New York, Washington 
Irving High School, April 24, 1948 

MicwHiGaNn, University of Michigan, Ann 
Arbor, April 3, 1948 

MINNESOTA, College of St. Thomas, St. 
Paul, May 8, 1948 


Kansas City, April 23, 1948 

NEBRASKA, University of Nebraska, Lin- 
coln, May 1, 1948 

NORTHERN CALIFORNIA, San Francisco, 
January 29, 1949 

Ou10, Ohio State University, Columbus, 
April 3, 1948 

OKLAHOMA 

Paciric NORTHWEST 

PHILADELPHIA, Philadelphia, Pa., Novem- 
ber 27, 1948 

Rocky Mountain, April 23-24, 1948 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, New Mexico Highlands 
University, Las Vegas, New Mexico, 
May 3-6, 1948 

TEXAS, Rice Institute, Houston, April 23— 
24, 1948 

Upper NEw York STATE, Union College, 
Schenectady, May 1, 1948 

WISCONSIN, Beloit, May 8, 1948 


new H. M. Co. texts 


MATHEMATICS FOR USE IN BUSINESS 


by C. E. Hilborn, Assistant Professor of Business Administration, 
School of Business Administration, Duquesne University. 


Mathematics for Use in Business provides material for a thorough-going first 
course in business mathematics, well suited to freshman courses in schools 
of business administration or terminal courses where “practical” mathe- 
matics is indicated. This text is the outgrowth of twelve years’ teaching of 
business mathematics in Duquesne University. It has been used in various 
experimental editions with freshmen in business administration and with 
evening school students. The present edition shows the finished presentation 
which comes from extensive use and constant rewriting for improvement. 
Throughout the book the author treats his subjects with thoroughness to 
meet the most rigorous requirements of any first course and with a style 
which will gain and hold the interest of the class. 


ANALYTIC GEOMETRY 


by R. S. Underwood and Fred W. Sparks, Professors of Mathe- 
matics, Texas Technological College. 


In Analytic Geometry the authors have produced a brief text possessing 
clarity, serviceability, and efficiency. The book includes only the most im- - 
mediately useful topics. New concepts are introduced as they are needed 
in the normal development of the subject, with new proofs for traditionally 
difficult subjects. Though the departure from classical procedures are numer- 
ous, at no point have the authors adopted a novel approach merely for the 
sake of the change. A large number of carefully selected and graded prob- 
lems are included. 


BASIC MATHEMATICS: A WORKBOOK 


by M. Wiles Keller, Associate Professor of Mathematics, Purdue 
University, and James H. Zant, Professor of Mathematics, Okla- 
homa Agricultural and Mechanical College. 


The successful approach of this workbook is based upon (1) the discovery 
through a testing program of the topics which need attention; (2) the provi- 
sion of a minimum yet adequate amount of explanation; (3) the use of step- 
by-step illustrations to accompany rules; (4) the provision of a large num- 
ber of problems. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


4, enticely uwew tart lext 


Intermediate Algebra for Colleges 


Z— NAKMS LAS | pee 


MATHEMATICS 


This new intermediate algebra gives students a col- 
legiate substitute for third semester high school alge- 
bra— 


It is specifically designed as a text for a course to pre- 
cede classical college algebra, or for a terminal course 
for students who will need merely substantial knowl- 
edge of the elements of algebraic technique and com- 


putation in college— 


Appropriate refresher work in arithmetic and approxi- 
mate computation is given in an early chapter. Skill in 


_computation is emphasized continuously throughout 


the book— 


Written in a style suitable to the maturity of college 
students but with the assumption that all the funda- 
mentals of the subject must be introduced to them 


anew-— 


276 pages of text Price $2.50 


By WILLIAM L. HART 


_), C, AA cath and Company 


Boston 


New York 


Chicago 


Atlanta San Francisco Dallas London 


‘go for” these textbooks ! 


UNIFIED CALCULUS 


By Edward S. Smith, Professor of Mathematics, 
Meyer Salkover, Associate Professor of Mathemat- 
ics, and Howard K. Justice, Professor of Mathemat- 
ics and Assistant Dean; all at the University of 
Cincinnati. ~ 


An ideal mathematics textbook which puts particu- 
lar emphasis on the application of calculus to both 
physics and mechanics. Differential and integral 
calculus are successfully blended throughout the 
textbook. 1947. 510 pages. $3.50. 


CALCULUS 


By Edward S, Smith, Meyer Salkover, and Howard 
K. Justice 


For use in both liberal arts and engineering col- 
leges, this book is designed for a first course in 
calculus, presupposing a knowledge of freshman 
mathematics. 1938. 558 pages. $3.50. 


CALCULUS 


By Frederick H. Miller, Professor and Head of 
Department of Mathematics, The Cooper Union 
School of Engineering. 


A textbook for students of pure mathematics or 
those who will use calculus in scientific or engi- 
neering courses. The treatment has been clarified 
in the second edition. 1946. 416 pages. $3.50. 


COLLEGE ALGEBRA AND 
TRIGONOMETRY 


By Frederick H. Miller 


This is a new book—an integrated treatment of 
the two subjects—which develops for the student 
a suitable foundation for the study of analytic 
geometry and calculus. 1945. 324 pages. $3.25. 


ANALYTIC GEOMETRY 


By Edward S. Smith, Meyer Salkover, and Howard 
K. Justice 


Covers topics commonly taught in analytical ge- 
ometry and offers training in the phases of the 
subject that will fit the student for further studies 
in mathematics, science, and engineering. 1943. 
298 pages. $2.75. 


cok aaah seasons Data tat Batam goannas oe 


INTERMEDIATE DIFFERENTIAL 
EQUATIONS 


By Earl D. Rainville, Assistant Professor of Mathe- 
matics, University of Michigan. 


Designed to make the transition less abrupt be- 
tween elementary and advanced courses, this book 
furnishes the student with further tools for con- 
structing computable solutions for specific differ- 
ential equations, 1943. 213 pages. $3.00. 


A TREATISE ON ADVANCED 
CALCULUS 


By Philip Franklin, Professor of Mathematics, Mas- 
sachusetts Institute of Technology. 


Including those portions of the theory of func- 
tions of real and complex variables necessary for 
a logical presentation of the methods of the in- 
finitesimal calculus and their applications to 
geometry and physics. 1940. 595 pages. $6.50. 


A FIRST YEAR OF COLLEGE 
MATHEMATICS 


By Henry J. Miles, Associate Professor of Mathe- 
matics, University of Ulinois, 


A well-rounded textbook for a two-semester, fresh- 
man course in college mathematics. It includes 
college algebra, plane trigonometry, plane and 
solid analytical geometry, and also some topics of 
differential calculus. 1941. 607 pages. $3.25. 


VECTOR ANALYSIS 


By Henry B. Phillips, Head of Mathematics De- 
partment, Massachusetts Institute of Technology. 


This book consists of two parts, the first covering 
the elementary principles and fundamental opera- 
tions and the second, an analysis of fields, the 
properties of potentials, and linear functions. 
1933. 236 pages. $2.75. 


JOHN WILEY & SONS, Inc. 


440 Fourth Avenue 
New York 16, New York 
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4 Important. McGraw-Hill Books 


SOLID GEOMETRY 


By James Sutherland Frame, Michigan State College. Ready in spring 


e Departing from the traditional treatment of solid geometry as a 
succession of formal propositions and proofs, this text aims to pre- 
pare the student for college work in mathematics and engineering. 
It 1s based on plane geometry and elementary algebra, and includes 
carefully stated assumptions, stimulating oral questions, and well- 
assorted written exercises. A distinctive feature is a simplified method 


of drawing three dimensional figures in orthographic perspective with 
a patented trimetric ruler supplied with the book. 


COLLEGE ALGEBRA 


By Frederick S. Nowlan, University of British Columbia. 401 pages, 
$3.00 


e A comprehensive text for college freshmen. Distinguished by a 
more detailed and careful review of elementary material than is 


usual, and by the comprehensiveness with which the subject matter 


is developed, the book is both mathematically sound and easily under- 
standable. 


PLANE TRIGONOMETRY 


By E. Richard Heineman, Texas Technological College. 253 pages, 
$2.00. With tables, $2.50. Tables alone, $0.90 


e An especially clear treatment of the subject, giving definite instruc- 
tions for proving identities, providing a new rule for characteristics, 
using true-false questions, and reducing the need for memory work. 
Particularly helpful for those with little mathematical background. 


COLLEGE ALGEBRA 


By A. Adrian Albert, The University of Chicago. 278 pages, $3.00 


e A rigorous approach to the subject, stressing the fundamental unity 
in algebra by knitting together the study of the number systems of 
elementary mathematics, polynomials and allied functions, algebraic 
identities, equations, and systems of equations. Thus algebra is pre- 


sented as a unified whole, instead of a miscellaneous collection of 
isolated topics. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street 


New York 18, N.Y. 


A New Revised Edition of 


ANALYTIC GEOMETRY 


By Roscoe Woods 


The revised edition of this text maintains the successful plan, the clarity, 
and accuracy for which the first edition became so favorably known. 
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THE FORCE OF MORTALITY FUNCTION* 
F, C. SMITH, College of St. Thomas 


1. Introduction. In this paper we shall discuss a function which plays an 
important role in the theory of life contingencies, especially when limiting 
processes are involved. The paper will be entirely expository in nature, and no 
knowledge of actuarial theory will be assumed. 

For most of the practical work in the actuarial field, we require a table 
showing the number living at each integral age m (usually denoted by /,), the 
number of deaths in the year of age 2 to n+1 (usually denoted by d,), and the 
average death rate over this same year of age (usually denoted by qn,=d,,/1,). 
Now from a purely mathematical point of view and often for practical reasons 
as well, we should like to regard these tabulated numbers as the values of con- 
tinuous functions /,, d,, and qz for integral values ” of the variable x. There is 
nothing about the nature of g. which would prevent us from assuming that it is 
a continuous function, but since /, and d, denote numbers of persons, they can- 
not be continuous but, on the contrary, are always discrete. We can, however, 
assume the existence of a continuous function, l,, whose values for integral values 
of x are equal to the number living of exact age x and whose intermediate values 
furnish a close approximation to the number living at such intermediate ages; 
similarly, we can assume the existence of a continuous function, dz, whose values 
for integral values of x are equal to the number of deaths in the year of age x to 
x-+1, and whose intermediate values furnish a close approximation to the num- 
ber dying within a year from the attainment of such non-integral ages. We do 
not have any a priori reasons for making these assumptions about the functions 
lz, dz, and qz, but are forced to rely on the weight of statistical evidence and to 
point to the well-known philosophical principle, Natura non agit per salius. 

When we pass to the continuous picture, we need to have an instantaneous 
death rate as well as the average death rate gz. The minute an instantaneous rate 
is mentioned, one immediately thinks of a derivative, and we shall find that the 
instantaneous death rate takes the form of a derivative. The number of deaths 
in a small age interval Ax following age x is 1,—I+442, and the average death rate 
during this age interval may be defined as 


le _ latan 

Ls 
But since a year of age is the basic unit of time, we wish to have the average 
death rate during a year of age following age x. This can be obtained by multi- 


plying (1) by 1/Ax. As usual, we define the instantaneous rate to be the limiting 
value of the average rate, namely, 


(1) 


l, a lath 


(2) lim 


Az—0 Ll. ° Ax 


* This paper is a combination and extension of two papers, one presented to the Indiana 
Section on October 17, 1946 and the other presented to the Minnesota Section on May 10, 1947, 
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This instantaneous rate, which is a function of x, is known as the Force of Mor- 
tality Function, and in the actuarial literature it is denoted by the symbol p.. 
It is of fundamental importance in actuarial theory as we shall show presently 
[see also 2, Chapter 1 |. 

If one compares the limit contained in (2) with the usual definition of a 
derivative, he finds the numerator turned around and the extra term /, in the 
denominator. Thus, we have [see 3, p. 11]. 


1 dl, d(\n 1,) 
(3) be = -— = 


2. Approximate calculation of u,. Unless we have a formula expressing /, in 
terms of well-known mathematical functions (a situation which will be discussed 
in §4), it is impossible to determine the form of yw, from the definition (3). As 
we have mentioned, all we usually have at our disposal are the values of /, for 
integral values of x. Therefore, all we usually can do is approximate the values 
of uz by means of various formulas for numerical differentiation. Thus, if we 
make the assumption that /, can be approximated by a polynomial of the second 
degree (which is a very restrictive assumption), then by Gauss’ forward formula 
[see 1, p. 64] 


t(t — 1) 


(4) Dott = L, + t- Al, + A*l 1 


where the symbol A denotes a difference with unit interval. By definition (3), 
then, we have 


1 AD st 1 Le4 — Dott 
5 2=-— = — — [Al, — 4A%,_,] = —————_ 
°) ° al dt |. l 2A] 2-Ls 


If we make the less restrictive assumption that /, can be approximated by a 
polynomial of the fourth degree and again use Gauss’ forward formula, then 


Hi-— 1 t+ 1)ti-— 1 

batt = L., + t-Al, + \ 21 A*l 1 + oa A*l 1 

(6) 
t+ 1)tH¢-—1)G—2 
4 GME DE= Diy 
4} 
and 
1 Td, 1 1 1 1 
ke = -| = = | al. _-_— A?l 1 _- A*l 1 + — 43] 
(7) lL, L dt tno lL. 2 6 12 
_ 81.1 a V41) a (lz-2 a 1 +2) 


12-1, 


Formula (7) has been used extensively [see, for example, 3, p. 397]. 
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Other formulas can be obtained from the relation connecting derivatives 
and differences, namely, [see 1, p. 155] 


dy. 
(8) Ye (aye 


ax | 


If (8) is used in (3), we obtain either 


9) m= (- 
or 
(10) -Soy 


in which we may stop at any order of differences indicated by the data at hand 
[see 3, p. 14]. 


3. Use of u, in actuarial theory. The function y,, as stated above, is of funda- 
mental importance in the field of life contingencies, especially when limiting 
processes are involved. Let us examine a few illustrations which show the role 
of this function in actuarial theory. 

Consider any age interval x to x +k. Following a familiar procedure, let us 


divide this interval into 2 subdivisions of length Ai, Ate, «++, At,, and let us 
choose a point in each interval x+é, «+i, °°, x+ty. Since uz is the instantane- 
ous death rate at age x, the product 

(11) MattjboptjAt; 


is approximately equal to the number of deaths in the jth age interval, an ap- 
proximation which becomes better as Ai; is decreased. Then the total number 
of deaths between ages x and x-+& is approximately equal to the sum of all 
products of the form (11) for j7=1, 2, 3, -- - , 2; and the total number of deaths 
is equal to the limiting value of this sum as At = max { Ad;} shrinks, namely, 


k 
(12) lim D beryl a+t; At; -{ Mottled, 
0 


If in (12) we replace uss: by the form (3), we obtain 


k k 1 dlnxt 
(13) f Mn+ theys0t -{ E a bayedt = -f Gare = be — darts 


a result which was anticipated since the number of deaths between ages x and 
x-+k is naturally equal to the difference between the number living at age x 
and those who survive k years later. 

When we recall! the fact that the integral [°f(x)dx gives the area under the 
curve y=f(x) between the ordinates erected at x=a and x=), we see that the 
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integral (12) gives the area under the curve y =y2/2 between the ordinates erected 
at x=x and x=x-+k. Since this area is thus numerically equal to the number of 
deaths between ages x and «+k, the curve whose equation is y =pzl, is called the 
Curve of Deaths [see 4; also see 3, p. 196]. 

As a second illustration of the role of the function yu, in actuarial theory, 
let us consider the problem of determining a formula for the net single premium 
for a whole life annuity of $1 per year payable continuously throughout the 
remaining lifetime of a person whose present age is x; such a net single premium 
is usually denoted by dz. To prepare for the discussion of this problem, let us first 
recall the formula for a similar annuity payable annually at the end of each year; 
such a net single premium is usually denoted by az. Assume that /, persons pay 
this premium and thus produce a fund of J,-a,. At the end of ¢ years, since 11+ 
persons survive, /,,, dollars are paid out. If the fund earns interest at the rate z, 
compounded annually, the present value of this payment is vJ,,, where v is the 
discount factor (1-++2)-1. The present value of all payments to be made until 
the last survivor dies is therefore > #7;"~*v'l.,. where w is the smallest age for 
which /,=0. Since the present value of all payments to be made must equal the 
fund originally set up, we obtain after dividing by /, 


(14) Lt, > -— > VL nt. 


Returning to the annuity payable continuously, we note that the fund orig- 
inally set up in this case is J,-d,. Let us divide the interval from age x to age w 
as described in the second paragraph of this section. Since $1 is paid out to each 
survivor in a year’s time, Af; dollars are paid to each survivor in the interval of 
time At;. Thus, the present value of the total amount paid out in the jth age 
interval is approximately equal to 


which means that the usual reasoning will lead us to the result 


n Q--2 
L.-d, = lim >» 0b Al; = f VL 1 dt 
Ats0 jel 0 
or 

1 o~ 2B 
(15) dz = 0 Lat dt. 

l, 0 
Unless J, can be expressed as a simple function, we must resort to approximate 
integration formulas in order to evaluate the integral on the right in (15). For 
example, if the Euler-Maclaurin formula is used as far as the term involving the 
first derivative [see 1, pp. 187 ff.], we obtain 


1 w-2—-1 1 1 a t=w— 2 
i, = — vl — (v°-1,, — lz) — —| — (v4, 
a 7 ‘ 2 att + - ( ) 1 E ( |. \ 
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1 erez-) 1 1 dh att io 
16 i, = — 0 tas: + —— vy! v4.44 Inv 
(6) le 2 HES aa wot 
1 1 
= a; ——~ = —— (Ue ) 
+ DD (uz + 8) 
where 6= —Inv is the so-called force of interest, the nominal rate which com- 


pounded continuously produces the given effective rate i [see 3, p. 133]. 

We might digress for a moment at this point to note the analogy between the 
function wz and the quantity 6 mentioned above. If we have an effective annual 
interest.rate 1, the amount of interest earned in a small interval of time Ax is 


(1 + 2)47 — 1. 


If we multiply this by 1/Ax, we obtain the total interest which would be earned 
in one year under the assumption that like amounts of interest are earned in 
each interval of length Ax; that is, we obtain the nominal annual rate which if 
converted 1/Ax times per year gives the effective rate 7. We define the nominal 
annual rate which if converted continuously gives the effective rate 7 to be the 
limiting value of this expression, namely, 


(1+ iae— 1 
lim ———————— = lim (1+ 7)4*-In (14+ 4 = In (1+) = 6. 

Az—0 Ax Az—0 

If we compare this discussion with that preceding formula (2), we see that 6 
plays a role in the theory of compound interest similar to that played by the 
function p, in the theory of life contingencies. 

As a final illustration of the role of the function yw, in actuarial theory, let us 
consider the problem of determining the net single premium for a whole life 
insurance of $1 payable at the moment of death of a person whose present age 
is x; this is usually denoted by A;. In this case, the fund originally set up is 
1,-Az. Let us again divide the interval from age x to age w as described above. 
As before, the product (11) gives us approximately the number of deaths in the 
jth age interval, and since the amount of each insurance is $1, this product also 
gives us approximately the total number of dollars paid out in claims during 
the jth age interval. The present value of this amount is 


Vin ett,b 24tjAb; 


which means that the usual reasoning will lead us to the-result 


n @O—-% 
be As = Tim So otuetileryhty= [ o'nerbeeal 
0 


At 0 jul 


O-z 


Uv tu at+el 2 tat. 


-~ 
—_ 
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When we use (3) in the integral of (17), we get 


1 w~ 2 Abas 1 w- 2 
A,=-— yt a= ——f v'dl ate 
Ll. 0 dt l., 0 a 


The last integral suggests an integration by parts which leads to the result 


_ 1 t==w— x In v W-~2z 
A: = — | ota + f v4 21 dt 
l. tax) lL, 0 


1 
= L (v*~ =], —1,) — 5d 


z 


(18) 


=1— 64, [see 3, p. 152]. 


4. The law of mortality. Those who work in the empirical sciences feel the 
greatest satisfaction when the data they obtain follow the pattern of some 
familiar mathematical function. In §1 we assumed the existence of a continuous 
function /, and from it defined the derived function wz. A number of attempts 
have been made to represent /, and wz by means of familiar mathematical func- 
tions, and although a perfect fit has never been obtained, three of these attempts 
are of particular interest. 

The first noteworthy proposal was made in 1825 [7| by Benjamin Gompertz 
(1779-1865), a British actuary who, we might mention, also made some con- 
tributions to astronomy and pure mathematics [5]. He stated his basic assump- 
tion as follows: “A person’s resistance to death decreases as his age increases in 
such a way that at the end of equally infinitely small intervals of time he loses 
equally infinitely small proportions of his remaining power to oppose destruc- 
tion.” Mathematically, this statement is equivalent to the assumption that the 
force of mortality increases in geometrical progression as x increases, or that 


(19) be = Be* 


where B and ¢ are constants. Formula (19) is known as Gompertz’s Law. 

In 1860, an important modification of this proposal [8] was made by William 
Matthew Makeham (18?-1893), another British actuary, who over a period of 
thirty-five years contributed many brilliant papers to the Journal of the Instt- 
tute of Actuaries |6|. He assumed that the force of mortality consists not only 
of a part which increases in geometrical progression but also contains a part 
which remains constant throughout life; that is, 


(20) be = A+ Bet 


where A, B, and c are constants. This modification of Gompertz’s Law is known 
as Makeham’s Law. 

Makeham later proposed a second modification [9] in which the force of 
mortality was assumed to contain a third part which increases in arithmetical 
progression as x increases; that is, 


(21) pa = A+ Be® + He. 
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Of these three proposals, formula (20) or Makeham’s Law is of greatest 1m- 
portance. It fits many important tables at ages 20 and over. Furthermore, if a 
table follows Makeham’s Law, much of the practical work with the table is 
simplified materially. In fact, the saving in labor is so great that some sets of 
mortality statistics have been graduated by means of the Makeham formula 
even though the formula did not fit the original data too closely. 

It should be noted at this point that Gompertz’s Law is the special case of 
Makeham’s Law in which A =0. Therefore, everything we have said and shall 
say about the latter is also true about the former. If a table follows Gompertz’s 
Law, the simplification mentioned above is even greater. While Makeham’s Law 
does have wider application, an annuity mortality table now used by many in- 
surance companies, the 1937 Standard Annuity Table, follows Gompertz’s Law 
at most ages. 


5. The law of uniform seniority. We shall show the basic reason for the great 
simplification mentioned above. If in equation (20) we substitute (3) for uz, we 
obtain 


d(ln Ll, 
(22) —_ (in AL Be 
dx 
whence 
Bec* 
(23) Inle= — [ (A+ Bet)de = — An ~~ +C 
ne 


where C is the constant of integration. If in (23) we replace —A by In s, 
—B/(In c) by In g, and C by In &, then /, takes the form 


(24) L, = ks*g* [see 3, p. 192]. 


In (24), it should be noted, s, g, and ¢ are constants which depend upon the 
mortality statistics themselves while k merely plays the role of the constant of 
integration. 

Now of the J, lives of age x, Jz; will survive to age x-+é. Thus, under Make- 
ham’s assumption, the probability that a life of age x will survive ¢ years (which 
is usually denoted by :pz) is 


ly Rsttt ort! * 
(25) Pe = at a8 = stg? (f—1). 
lL, ks*g¢ 


Likewise the probability that a life of age y will survive ¢ years is 
(26) ‘Py = stge’(emL), 


If we assume that the survival of the one life is independent of the survival of 
the other, the probability that both will survive ¢ years (which is usually de- 
noted by :pzy) is the product of (25) and (26), namely, 


(27) Poy = Stgete) (e'-1), 
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Now, it is possible to determine an age w such that 
(28) 2c¥ = c* + c¥. 


In fact, if we let x denote the younger of the two ages, factor c* from the right 
side of (28), and then take the logarithm of both sides. We obtain for w 


In (1 + c¥-*) — In 2 


In c 


(29) w= x-+ 


Our result (29) shows not only that it is possible to obtain the desired age w but 
also that the difference w—x is a function only of the difference y—x and does 
not depend upon the individual values of x and y themselves. This fact is called 
the Law of Uniform Seniority [see 3, p. 258]. Thus, in order to determine w 
easily in practice, all we need is a table of the values of the difference w—x cor- 
responding to the commonly-occurring values of the difference y—x. 

With w determined, we have upon using (28) in (27) 


w,t w, ww, ft 
(30) tP ay — 52tg2c (e-1) — s2tg lo +e )(e-1) — Pow 


which shows that we need to calculate the values of this function of two age vari- 
ables only for equal values of the variables. 

The same type of result is obtained when one studies the other actuarial 
functions of two age variables. The results, moreover, are not confined to func- 
tions of only two age variables. One can make the general statement that when- 
ever Makeham’s Law holds, any problem involving several lives can be reduced 
to one in which the ages of those lives are all equal. Thus, if a table contains 100 
ages and we have a problem involving m lives, we need to prepare a table of 100 
values of each actuarial function required instead of a table of 100” values which 
would have to be calculated if all combinations of ages had to be used. This 


fact illustrates very forcibly the great saving in labor which results whenever 
Makeham’s Law holds. 
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SOME CONVEXITY PROPERTIES OF SURFACES 
OF NEGATIVE CURVATURE 


E. F. BECKENBACH, University of California, Los Angeles 


1. Introduction. A very simple formula occurring in the first semester of a 
course in differential geometry is the expression (2), below, for the Gaussian, or 
total, curvature K of a surface S. The purpose of the present note is the analysis, 


by means of elementary calculus, of the implications of (2) in the two cases 
Ks0and K20. 

In the neighborhood of a point where K <0, the surface lies on both sides of 
the tangent plane, as in the depressions between one’s knuckles; accordingly, a 
surface S with K S0 at each of its points is called a saddle surface. In the neigh- 
borhood of a point where K >0, the surface lies entirely on one side of the tangent 
plane, as on the tops of one’s knuckles. A visualization of the surfaces involved 
should make our result intuitively more plausible. 


2. Geodesic parameters. If an analytic surface S is given in parametric 
representation, 


SJ: 4; = «;(4, v), (7 = 1, 2, 3), 


(u, v) in a domain D, then the element of length ds and the element of area da 
are given by 


ds? = Fdu* + 2Fdudv + Gdv? 
and 
da = (EG — F*)!/2dudv, 


respectively, where EZ, F, and G are the coefficients of the first fundamental 
differential form for S: 


Ox 8 Ox; OX; Ox 
LE) eB oo BCR) 
j=1 j=l Ou Ov j=l Ov 


Given a smooth curve Cy on S, there exists a unique family of geodesics on S 
intersecting Cy orthogonally; if segments of equal length s be measured along 
the geodesics from Co, then the locus of their end-points is an orthogonal tra- 
jectory C, of the geodesics. Parameters 4, v, called geodesic parameters, can then 
be chosen such that the coefficients of the first fundamental form satisfy 


(1) E=1, F=0, G= [n(u, »)]?, (u 2 0), 
so that we have 
ds? = du? + p*dv? 
and 
da = pdudo. 
285 
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The curves v=a constant =% are the geodesics, of length u.—, between the 
points (#1, ¥) and (we, v9) on S, while the curves u =a constant are the geodesic 
parallels C, {2, p. 206]. The surface is said to be given in geodesic representation. 

The geodesic representation holds for the part S* of S which is physically 
covered by the family of geodesics. It is to such a part S*, which we shall hence- 
forth denote S, that our results apply. The mapping is one-to-one between the 
points of the (u, v)-domain of definition and the points of S insofar as the 
geodesics of the family do not intersect; but we do not necessarily restrict our 
attention to such a part of the surface. 

Singular points of the surface, or of the geodesic family, are points where 
uw =0; the remaining points, where u>0, are regular points. 

The Gaussian curvature K of S exists at all regular points of S. 

By a classical theorem of Gauss [2, p. 155], K is a function of E, F, and G, 
and their partial derivatives of the first and second orders. If (1) is satisfied, the 
formula reduces [3] to 


(2) K=-——. 


3. Convex functions. A function f(z), defined in an interval, is said to be 
convex there provided: we have 


fle + (1 -— Hd] S f@ + A — DSO) 


for all a, 6 in the interval and for all ¢ satisfying 0<i<1; that is, provided each 
chord of the curve lies nowhere below the curve. 

It follows that if f(«) is convex in an open interval, then f(z) is continous 
there. 

If a function f(u) is continuous in an interval, then f(«) is convex there if 
any and only if, for all « and # such that u-+h and u—h are in the interval, we 
have 


(3) fu) s4ifuet+th+fu-— dh). 


If f’’(u) exists throughout an interval, then f(u) is convex there if and only 
if we have f’’(u) 20 at each point of the interval. 


4. Lemma. We shall say that Sis a surface of non-posttive Gaussian curvature 
provided we have K $0 at all regular points of S. 


, Lema. If an analytic surface S is given in geodesic representation, then a 
necessary and sufficient condition that S be a surface of non-positive Gaussian 
curvature 1s that the function p(u, vo) be a convex function of u for each line-segment 
Uy <U <u, V=VUo, In the (u, v)-domain of definition D. 


Proof. The function y(u, v) has continuous second partial derivatives at all 
regular points of S. 
If u(u, vo) is a convex function of u, then we have 0?u/dn?20 at all regular 


1948] PROPERTIES OF SURFACES OF NEGATIVE CURVATURE 287 


points; therefore, by (2), we have K SO at these points. 

Conversely, if K 0 at all regular points of S, then, by (2) yu satisfies the 
convexity property 02u/du? 20 at these points. Further, since the non-negative 
function p satisfies u=0 at all singular points, it follows that for any singular 
point (uo, %), @ satisfies the convexity inequality 


(to, Vo) S ¥[u(u0 + h, 00) + (uo — h, v0) J. 
Therefore, by (3), since wu is continuous, u(#, vo) is a convex function of u. 
We note parenthetically that if S is given in isothermic representation, 
E=G=du,v), =F=0, 


instead of in geodesic representation, then a somewhat analogous situation holds. 
For now K is given by 


—(* log X 0? log “\ 
7 Ou? dv? 


so that S is a surface of non-positive Gaussian curvature if and only if log A 
satisfies 


d7logrX d*logaA 
——— + 20 
Ou? Ov? 


at all regular points; that is, if and only if log A is a subharmonic function of 
(u,v) [1, 4]. Subharmonic functions furnish a natural generalization of convex 
functions to functions of more than one variable. A consideration of sub- 
harmonic functions leads to a number of results concerning surfaces of non- 
positive Gaussian curvature; for example, it can be shown by this means that 
the isoperimetric inequality 


1 
4 as—P 
(4) a 
characterizes surfaces of non-positive Gaussian curvature. 
5. On geodesic parallels. We shall prove the following theorem. 


THEOREM 1. Let the arcs C(u), uSuSum, of length I(u), be arcs of geodesic 
parajlels between geodesics v=v9 and v=1, V0 <1, on a surface S of non-positive 
Gaussian curvature. Then the length I(u) is a convex function of u (thai 1s, of the 
geodesic length u— uo); 1(u) is strictly convex if Sis not a developable surface, and ts 
linear if S ts developable. 


Proof. By Lemma 1, u(u, c) is a convex function of 4, for %1<c<u. Hence 
for a, 6, c, and ¢ satisfying u)<a<b<m, v<c<v;, and 0<t<1, we have 


ul(ta + (1 — 2b), c] S tu(a, c) + (1 — Aad, 2), 
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the sign of equality holding: if and only if 0%u/du?=0 on the line-segment 
yo <u<u1, v=c; that is, by (2), if and only if K=0 there. Hence 


(ta + (1 — 1b) = f 


v 


 ul(ta + (1 — #)b), v|dv 


sf " [éu(a, 0) + (1 — u(b, 2) dv = H(a) + (1 — 100), 


the sign of equality holding if and only if K=0 for up<u<u1, 9<v<u, and 
therefore, by analytic continuation, K=0 on S; that is, if and only if S is a de- 
velopable surface. 


CoROLLARY. If an arc C of length | on an analytic surface S of non-positive 
Gaussian curvature ts translated geodesically arbitrary distances in the two direc- 
tions on S from C, then at least one of the resulting arcs ts of length not less than 1; 
the function I(u) can have an intertor maximum only if I(u) is identically constant. 


We note, regarding the corollary, that if J(u) is identically constant then S 
must be developable; but the hypothesis that S is developable does not imply 
that /(u) is constant. 


THEOREM 2. Let the arcs C(u), ua—W <u<uot+ W, of length I(u), be arcs of 
geodesic parallels between geodesics v=vp and v=, Vo<U1, on an analytic surface 
S of non-positive Gaussian curvature, and let a(w) denote the area of the part of S 
enclosed by v=, C(uo+w), v=, and C(uy—w), OSw<W. Then a(w) ts a con- 


vex function of w; a(w) ts strictly convex if S is not a developable surface, and is 
linear tf S ts developable. 


Proof. We have 


uotw v1 uotrw 
a(w) -{ f p(u, v)dudv -{ i(u)du, 
tgu-w v9 to—& 


a'(w) = I(up + w) + U(u — w), 
a’ (w) = l' (uo + w) _ l' (1to — Ww). 
Since, by Theorem 1, /(z) is convex, it follows that l’(u) is monotonic non- 


decreasing, so that we have a’’(w) 20, the sign of equality holding if and only if 
L'(u) =a constant; that is, since 


v1 Oo? 
U’’ (a) -{ a dv, 


whence 


if and only if S is developable. 


6. Geodesic polar codrdinates. If equal lengths are laid off from a point 
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Py, of S along the geodesics in all directions through P» on S, then the locus of 
end-points is an orthogonal trajectory of the geodesics. We take the geodesics 
for the curves v=a constant, and let u denote distances measured along the 
geodesics from Po. The codrdinate v can be adjusted to satisfy v1=61, for all 1, 
where 6; is the angle between the tangents at Pp to the geodesics v=0 and v=. 
We shall write 7, @ for u, v, respectively. 
Necessary and sufficient conditions for this coérdinate system are (1) and 


Ou 
(5 wo, =0, [*] m4. 
OT} ran0 
Now 7, 6 are called geodesic polar cotrdinates, with pole at Po; the curve 
r=ris a geodesic circle with center at Po and geodesic radius rp [2, p. 208]. 


7. Definitions. Several functions of geometrical significance involving the 
geodesic radius have certain properties in common. It is convenient'to collect 
these properties in the following definitions. 


ConpiTIon A. For a given surface S of non-positive Gaussian curvature, 
and for a given pole Po of geodesic polar coordinates on S, a function ¢(r) of the 
geodesic radius 7 satisfies Condition A provided: ¢(0) =0; for 720 on S, d(7) isa 
continuous monotonic non-decreasing convex function of 7; ¢(r) =0 if S is a de- 
velopable surface, but otherwise ¢(7) is monotonic increasing and strictly con- 
vex. 


ConplITION B. For a given surface S of non-positive Gaussian curvature, and 
for a given pole Py of geodesic polar coordinates on S, a function y(r) of the 
geodesic radius r satisfies Condition B provided (0) =1; for r20 on S, V(r) isa 
continuous monotonic non-decreasing function of 7; ¥(r) =1 if S is a develop- 
able surface, but otherwise ¥(r) is monotonic increasing. 


Thus if $(r) satisfies Condition A, then ¢(r)-+1 satisfies Condition B; but 
V(r) might satisfy Condition B without ¢(r) —1 satisfying Condition A. 

We note that if a function ¢(r) satisfies Condition A, then [é(r)]¢, a>1, 
also satisfies Condition A. If (r) satisfies Condition B, then [y(r)]*, B>0, 
also satisfies Condition B. 


8. On geodesic circles. We shall establish the following result concerning 
the length 


2r 
Mr) = f u(r, 6)d6 
0 
of the circumference of geodesic circles on surfaces of non-positive Gaussian 
curvature. 


THEOREM 3. Let S be an analytic surface of non-positive Gaussian curvature, 
and let l(r) denote the length of the circumference of the geodesic circle on S with fixed 
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center Py and geodesic radius r. Then the function 
di(r) = U(r) — dar, (r = 0o0nS), 


satisfies Condition A, and the function 


Yilr) = Mr) | (yr >00nS), 
2ar 
¥i(0) = 1 


satisfies Condition B. 


Proof. Since, by Lemma 1, for each 6, 0 $6) <27, u(r, 00) is a convex func- 
tion of r and satisfies (5), we have 


0 
(6) =| > 21, 
Ord +>0 


the signs of equality holding if and only if 0u/dr =1 on the geodesic 6 =@); that 
is, by (2), if and only if K=0 on @=6. 
From (6) it follows that the function 


do(7, 00) = u(r, 00) — 7, (ry 2 0onS), 


which vanishes at r=0, satisfies 0¢)/0r 20, so that do(r, Oo) is a continuous 
monotonic non-decreasing convex function of 7. And ¢o(r7, @9) is monotonic in- 
creasing and strictly convex unless K =0 on @=6p. 

It follows (see the proof of Theorem 1). that the function 


ort) = Ur) — nr = J “go(r, 6)d9 


satisfies Condition A. 
By (5) and l’Hospital’s rule, the function 


u(r, Oo) 


Yo(r, 00) = ’ (r >00n5S), 


¥0(0, Oo) = 1 


is continuous at r=0. Differentiating Wo(r, 00) with respect to r, we see by (6) 
that Wo(r, 0) is monotonic non-decreasing, 


(7) Yon, 80) s Yo(re, 90), (0 s T1 < 7o ON S), 
the sign of equality holding if and only if K =0 on 6=6@p. 
By (5) and Il’Hospital’s rule we have 


2 


uly, 0)d0 
. . 0 ; 1 2a du(r, 0) 
lim ¥i(r) = lim ——————— = tim — f —_—— do = 1, 
0 


r—0 r—0 Tr r—0 Qn or 
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so that y,(r) is continuous for r 20 on S. Also, y:(r) is monotonic non-decreasing, 
since by (7) we have 


2rr 
mae 6) dé 1 or 


vilri) = ee Yo(r1, 0)d0 
2Tr, ar 0 


(8) 
1 27 
s —{ Yo(re, 0)d0 = (72), (0 <r. <7: 0nS), 
Tv 0 
the sign of equality holding if and only if K=0 on S. Thus y(r) satisfies Condi- 
tion B. 
We note that (8) could have been obtained equally well by differentiation. 
By (5) and the convexity of u(r, 00), we have u(r, 0) >0 for r>0 on S, so that 
0u./Or exists for r>0. By (6), we have 


; dyi(r) dl(r) _¢” Ou(r, 4) 
(9) 2rr > > r a, (ir) = J E — Br, 0 | do = 0, 


the sign of equality holding for r>0 on S if and only if K=0 on S. 


CoroLuary. If S is an analytic surface of non-positive Gaussian curvature, 
then I(r) is a monotonic increasing convex function of r and satisfies the inequality 


(10) Mr) = ar; 


I(r) is strictly convex and satisfies the strict inequality for r>0 on S af S ts not a 
developable surface, and is linear and satisfies the equality if S 1s developable. 


The corollary follows from Theorem 3 and the identity 
U(r) = 2ar + oil). 


9, Area theorems. On surfaces of non-positive Gaussian curvature, the area 


function, 
r 2r 
a(r) = f f u(p, 0)dpdé, 
0 0 


has properties similar to those given for /(r). 


THEOREM 4. Let S be an analytic surface of non-positive Gaussian curvature, 
and let-a(r) denote the area of the geodesic circle on S with fixed center Po and geo- 
desic radius r. Then the function 


go(r) = a(r) — ar’, (r 2 0o0nS), 
satisfies Condition A, and the function 
ir) = uo) ) (r >0onS), 


wr? 
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¥2(0) = 1 
satisfies Condition B. 


Proof. We have 
sulr) = [ dulodde, 
0 


whence 
o: (r) = gil(r) 2 0, o’(r) = o1 (r) 2 0,7 


the signs of equality holding for r>0 on S if and only if K=O on S. Since 
¢2(0) =0, the results indicated for ¢2(r) follow. 

The continuity of ¥2(r) at r=0 follows from (5) and I’Hospital’s rule. Since 
I(r) is convex and satisfies /(0) =0, we have 


p 
Koi) S — I(p2), (0 < pi < p2 on S); 
po 


the sign of equality holds if and only if K=0 on S. Hence 


v1 To 11 11 
a(r;) -{ I(c)do -{ (= p)* dp 
0 0 12 re 
2 2 
To ri | 
sf I(p) — dp = a(ra) ~y? (0 < 7s < r2 on S), 
0 6) (6) 


whence 
(11) vo(ri) S ¥2(r2), (0S7<r.0nS), 


the sign of equality holding if and only if K=0 on S. This completes the proof 
of the theorem. 

We note that (11) could have been obtained equally well by differentiation. 
We have 


dy2(r) 


ar 


rr? 


= rl(r) — 2a(r) = rl(r) — 2f "U(p)dp 
(12) 


IV 


rr) — 2 f upyap = 0, (r > 00n5S), 
0 


the sign of equality holding if and only if K=0 on S. 


CoroLuary. If S ts an analytic surface of non-positive Gaussian curvature, 
then a(r) is a monotonic increasing strictly convex function of r and satisfies the 
inequality 


a(r) = xr’, 
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the sign of equality holding for r>0 on S tf and only if S ts a developable surface. 
The corollary follows from Theorem 4 and the identity 
a(r) = mr? + o2(7). 


Actually, a(r) and the function ¢2(r)=a(r)—7r?, which we have shown 
to be non-negative, satisfy even stronger convexity conditions than those given 
in Theorem 4 and its corollary, as we now shall show. For a non-negative 
function g(r), the convexity of [g(r)]'/? implies the convexity of g(r); but the con- 
verse does not hold. The proof of Theorem 5 will be shortened by use of the fol- 
lowing lemma showing that certain conditions which clearly imply the con- 
vexity of g(r) also imply the convexity of [g(r) ]!/?. 


LEMMA 2. If g(r) is a non-negative function for which g'''(r) exists in the 
interval aSr<B, satisfying 


h(a) = 2g(a)g’"(a) — [g’(a) ]? 2 0 
and 
g’"'(r) 2 0, (asr< 6), 
then |g(r) }!/2 is convex in aSr<B, and is strictly convex there provided 
2" (r) > 0, (a<r< 8). 
Proof. If we let 
f(r) = [e@) P”, 
then at points where f(r) #0 we have 
fl = ag 8 (2gg" — 9) = ag 8h. 
Now 
(13) h! = 2g¢'", 
so that from the hypotheses we get h(a) 20, h’(r)20, aSr<6, whence h(r) 20. 
Then f’’(r) 20 at points where f(r) +0. Since, further, the non-negative function 
f(r) satisfies the convexity inequality (3) for points where f(r) =0, it follows that 
the continuous function f(r) is convex for aSr<f. 
If g’’(t) >0, a<r <8, then the non-negative convex function g(7) can vanish 
at no more than one point of ar <£, whence, by (13), we have h(r) >0,a<r <8. 


It follows that we have f’’(r) >0 except at most at one point of a<r<, so that 
f(r) is strictly convex for asr<f. 


THEOREM 5. Let S be a surface of non-positive Gaussian curvature, and let 
a(r) denote the area of the geodesic circle on S with fixed center P and geodesic radius 
r. Then 


f(r) = [a@) }” 
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is a convex function of r for r=0 on S; f(r) ts strictly convex there if S 1s not a de- 
velopable surface, and is linear if S 1s developable. Further, the function 


[os() 2? = [a(r) — art 
satisfies Condition A. 
Proof. We have 


22 u(r, 0) 1 
Or 


? 


a'(r) = U(r) -{ “alr, 6)d6, a'(r) = J 


24 o? r, 6 
a!" (r) -{ O7u(, ) ag 
0 Or? 


whence, in addition to a(0) =0, we have 
a’(0) = 0, a’"(r) = 0, (yr = 0on S), 


with a’’’(r) >0 for r >0 on S unless K =0 on S. Then for 0 Sr on S, a(r) satisfies 
the hypotheses concerning g(r) in Lemma 2, so that [a(r) ]/? is convex for r2=0 
on S, and is strictly convex there if S is not a developable surface. If S is de- 
velopable, then [a(r) ]#/?=7/?r, so that [a(r) ]*/? is linear. 

Similarly we have 


ob? (r) = Ur) — 2ar = gil), 2’ (r) = dy (7), oz” (r) = or’ (7), 
whence, in addition to ¢2(0) =0, we have 
oz (0) = 0, o2''(r) 2 0, (yr 2 0onS), 


with ¢2/''(r) >0 for r>0 on S unless K=0 on S. It follows from Lemma 2 and 
Theorem 4 that [¢2(r) ]!/? satisfies Condition A. 


10. The isoperimetric inequality. As was pointed out in §4, the isoperimetric 
inequality (4) holds for all Jordan regions on surfaces S of non-positive Gaussian 
curvature, and characterizes these surfaces, so that in particular we have 


1 
(14) a(r) S ra [2(r) }? 


for all geodesic circles on these surfaces. In this section we shall include inde- 
pendent proofs of (14). 


THEOREM 6. Let S be an analytic surface of non-positive Gaussian curvature, 
and I(r) denote the length of the circumference, and a(r) the area, of the geodesic circle 
on S with fixed center Py and geodesic radius r. Then the functions 


1 
ba(r) = 7 ar) [2(r)] — a(r) = Grl(r) — a(r) 
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and 
1 
da(r) = i [1(r) }? — a(r), (7200S), 
is 
satisfy Condition A, and the function 


— ho 


Y.(r) = —————__ (r>0Oo0nS), 
a(r) 


y.(0) = 1 
satisfies Condition B. 
Proof. We have 
os (r) = 3[rl’(r) — U(r)] 2 0 
by (9), and 
¢’(r) = ri’(r) 2 0 


by the convexity of I(r); the signs of equality holds for r>0 on S if and only if 
K=0 on 5S. Since ¢3(0) =0, it follows that ¢3(r) satisfies Condition A. 
Again, we have 


(15) f(r) = U(r) Fae — 1] = I(r) So oO. do — 1] 20 
by (6); and 


1 1 
62°) = HOO +00 Fe (7) — | > 0; 


the signs of equality hold for r>0 on Sif and only if K=0 on S. Since ¢,4(0) =0, 
it follows that ¢4(r) satisfies Condition A. 
Now yu(r) is continuous at r=0 by (5) and |’Hospital’s rule. We have 


1 
[a(r) yi (r) = te Ur) p(r), 


where 
P(r) = 2a(r)I'(r) — [1(r) FP. 
Since p(0) =0 and 
b'(r) = 2a(r)l’"(r) = O, (ry > 0 on), 


we have p(r) 20, whence y/ (r) 20, r>0 on S; the sign of equality holds if and 
only if K=0 on S. Hence y(r) satisfies Condition B. 
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Coro.uaRy. If Sis an analytic surface of non-positive Gaussian curvature, then 
1 
a(r) S — (2nr) [1(r)], 
Ar 
and a fortiort 
1 
u(r) S — DO) (r = 0onS), 
T 


the signs of equality holding for r>0 on S if and only if S is a developable surface. 


The corollary follows from Theorem 6 and the identities 


1 
alr) = Gar) [1(r)] — 0(r), 


1 
a(r) = ie [2(r) ]? — ga(r). 


The corollary follows equally well from (10) and (12). 


11. Geodesic circular sectors. The convexity relations derived in §§8, 9, and 
10 for geodesic circles depend on convexity relations which hold on each geodesic 
radius. The integration with respect to 6 was taken between limits 0 and 27 
for geometric reasons only. We might confine our attention equally well to a 
geodesic circular sector OSr <ro, 6:50562, with pole r=0 at Po, and fixed angle 
(0;, 2), on S. Equations (1) and (5) still hold, but we do not assume that there 
necessarily is an entire geodesic circle OSr<ro, OSO@<27, with center at Po, on 
S. 

For a given surface S, a given pole Py of geodesic polar codrdinates on S, 
and a given angle (6, 62), we let 1(r;61, 02) denote the length of the bounding arc of 
geodesic circular sector, 


6. 
I(r; 61, 62) = f "u(r, 649, 
] 


1 


and a(r; 61, 62) the area, 


r By r 
a(r; 01, 02) = f f u(p, 0)dpd = f I(p; 01, O2)dp, 
0 J 4 0 


of the geodesic circular sector of geodesic radius 7, and angle from @; to 42. 
We have the following results. 


THEOREM 7. Let S be an analytic surface of non-positive Gaussian curvature, 
and let I(r; 61, 02) denote the length of the bounding arc of geodesic circular sector, 
and a(r; 61, 62) the area, of the geodesic circular sector on S with fixed pole Po, fixed 
angle from 0, to 02, 01<02, and geodesic radius r. Then the functions 
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ds(r) = U(r; 61, 02) — (2 — Ax)r, 
Oo. — O04 
ds(r) = a(r; 01, 02) — , r?, 


_ [(02 — 61)r] [2(7; 61, 62) | 
o7(r) = 6-6) 


— alr; 61, 02) = 4rl(r; 61, 02) — a(r; 1, 42), 


and 


[U(r; 61, Oo) |? 
r) = —————— — a(r; 41, 92), r2=0,61.5 0S 6, 0nS), 
ds( ) 2(6» — 6) ( 1, 92) ( 1 2 ) 
satisfy Condition A; and the functions 


U(r; 61, 02) 


¥3(r) = (6. — 0,)r ) 
Dols) = or 
(“) 
v2 
2 
e 2 
W3(r) = Ue M1, 2) | (yr > 0, 6: S 0 S 62, on S), 


2(82 — 61) [a(r; 61, 62)] 
¥;(0) = 1, (j = 5, 6, 8), 
satisfy Condition B. 


The proofs are similar to the proofs of analogous results given in §§8, 9, and 
10, and will not be given here. 

It follows as a corollary to Theorem 7 that if S is a surface of non-positive 
Gaussian curvature, then I(r; 6, 02) and a(r; 61, 2) are convex functions which 
satisfy the inequalities 


U(r; 01, 02) 2 (02 — A1)r, 
Og — A 
a(r; 61, 02) 2 5 x? 


[7(r; 61, 62) |? 
2(6, — 61) 


and 


a(r; 61, 02) S $rl(r; 01, 02) S (01; < 00); 
the signs of equality hold for r>0 on S if and only if S is a developable surface. 
Similarly, Theorem 5 also generalizes to geodesic circular sectors on surfaces 
of non-positive Gaussian curvature, with [a(r; 61, 02) ]/2 and [de(r) |!/2 in place 
of [a(r)]/2 and [d2(r) ]*/2, respectively. 
In place of the sector 0,506, we might consider an arbitrary measurable 
set of values of 6, but shall not pursue this further. 
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12. On regular surfaces of non-negative Gaussian curvature. The above 
results concerning surfaces of non-positive Gaussian curvature hold in the large 
and are unaffected by singular points. The following rather analogous results for 
surfaces of non-negative curvature hold in general only on parts of S where 
there are no singular points of the surface, or of the family of geodesics, other 
than at the pole of geodesic polar coérdinates; and some of the results hold only 
in the small even where there are no singular points. 

A function f(x) is said to be concave provided —f(x) is convex. 

A surface S given in terms of geodesic codrdinates, or in terms of geodesic 
polar coérdinates, will be said to be regular provided there are no singular points 
on S except, in the case of geodesic polar coérdinates, at the pole Po. 

Lemma 1 holds if we add the restriction that S is regular, and replace “non- 
positive” by “non-negative,” and “convex” by “concave.” Theorems 1 and 2 
hold with the same alterations, and the corollary of Theorem 1 follows mutatis 
mutandis. 

We alter Conditions A and B to apply toa “regular surface S of non-negative 
Gaussian curvature,” changing “non-decreasing,” “convex,” and “increasing” 
to “non-increasing,” “concave,” and “decreasing,” respectively. The altered con- 
ditions will be denoted Conditions A* and B*, respectively. 

Then the functions ¢,(r), 7=1, 2, 3, satisfy Condition A*, and the functions 
V;(r), 7=1, 2, 4, sattsfy Condition B*, on regular analytic surfaces of non-negative 
Gaussian curvature. 

By the expression for d/ (r) in (15), da(r) 7s monotonic non-increasing on any 
regular analytic surface S of non-negative-Gaussian curvature, and 1s monotonic 
decreasing tf S is not developable. Actually, since ¢,(r) is analytic, it follows from 
64(0) =d{ (0) =0 and ga(r) SO that there is an r9=709(S, Po) such that ¢,(r) is 
concave for 0Sr 7. A consideration of the sphere shows, however, that ¢4(r) 
is not necessarily concave for all r>0 on S. 

The properties of the function ¢;(7) yield the following results concerning 
Wr) and a(r). 

We have 


l(r) = 2ar + di(r), 
V(r) = In + of (7), 
and 
U(r) = oy’ (7). 


Since on regular surfaces of non-negative Gaussian curvature the function ¢,(r) 
satisfies Condition A*, on these surfaces we have 


oilr) S 0, i’(r) $0, (ry = 0onS). 


It follows that on regular analytic surfaces of non-negative Gaussian curvature the 
function I(r) 1s concave and satisfies 


U(r) S 2nr; 
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I(r) ts strictly concave and satisfies the strict inequality for r>0 on S if S is not a 
developable surface. Also, on these surfaces we have ¢/ (0) =0, so that, since 
gi(r) is concave, for a given regular analytic surface S of non-negative Gaussian 
curvature and for a given pole Py on S, either I(r) 1s monotonic increasing on S or 
there 1s an ro=ro(S, Po) >0O such that I(r) is monotonic increasing for OSrSro 
and monotonic decreasing for r=ro on S. 

Again, we have 


a(r) = ar? + oa(r), 
a’ (r) = 2ar + bd (r) = 2ar + di(r) = U(r), 
and 
a’ (r) = Ia + bd’ (r) = Aa + Of (r) = V(r). 


On regular analytic surfaces of non-negative Gaussian curvature we have 


$2(r) = 0, os! (0) = 0, oz’ (r) Ss 0, (7 = 0 on S). 
Hence on regular analytic surfaces of non-negative Gaussian curvature, a(r) satisfies 
a(r) S mr’; 


the strict nequality holds for r>O on Sif Sis not a developable surface. Further, for 
a given regular analytic surface S of non-negative Gaussian curvature, and for a 
given pole Py on S, either a(r) is strictly convex, or there is an ro=170(S, Po) >0 
such that a(r) ts strictly convex for 0 Sr Sro and strictly concave for r=ro on S. 

The interval 0 Sr Srp on which a(r) is convex coincides with the interval on 
which I(r) is increasing. 

On a sphere, for example, /(r) is increasing and concave, and a(r) is convex, 
until a hemisphere has been covered. Thereafter, /(r) is decreasing but still 
concave, and a(r) becomes concave, until the other hemisphere has been covered. 
At the point diametrically opposite the pole we encounter a singular point of 
the geodesic representation. 


If Ko is the Gaussian curvature of a surface S at a regular point Po, then the 
area and the length of circumference of the geodesic circle with center Po and 
radius 7 on S are given [2, p. 209] by 


a(r) = ar? — pywKori +--+: , 
and 
ir) = 2ar — $nKor*+--- , 


respectively, so that 
1 
a(r) — — [I(r)]? = 40Kort + ---. 
An 


It follows that if K»>0, then for sufficiently small r>0 we have the isoperimetric 
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inequality with sign reversed: 


1 
a(r) > iy [2(r) ]?. 


We now improve the above result, as follows. 


Since $3(0) =¢@4(0) =0, it follows from the properties of ¢3(r) and ¢,4(r) given 
earlier in this section that on regular surfaces of non-negative Gaussian curvature 
we have 


1 1 
a7) 2 mr) [)] 2 LOY, 


the signs of equality holding for r>0 on S «if and only if S 1s a developable surface. 


The functions related to geodesic circular sectors, which we introduced in 
§11, have, on regular surfaces of non-negative Gaussian curvature, properties 
analogous to those of the corresponding functions related to geodesic circles on 
surfaces of the same class. 


13. Converse questions. In all the above analyses we have assumed that 
the Gaussian curvature of S either is non-positive or is non-negative. In most 
instances we have obtained, in the two cases, conclusions which are distinct 
except for the dividing class of developable surfaces. Thus by logical exclusion 
we obtain several characterizations of the above classes of surfaces. 

For instance, a regular analytic surface S is a surface of non-negative Gaus- 
sian curvature, but not a developable surface, if and only if for each pole Py on 
S we have 


(16) U(r) < 2rr 


for all r>0 on S. 

We have shown that the condition K20, K #0, on S implies (16). Con- 
versely, if we should have Ky<0 at some Po on S, then we would have K <0 
through some neighborhood of Po, and therefore, in the neighborhood, we would 
have 


ir) > xr; 
also, if we should have K=0 on S, then we would have 
U(r) = 2ar; 


hence (16) implies K 20, K #0, on S. 
We might replace (16) by 


a(r) < ar’, 


and might give similar characterizations of surfaces with KS0, K 0, and of 
surfaces with K=0. 
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In the same way we have the following result. 


THEOREM 8. The regular analytic surface S is,1) a surface of non-positive 
Gaussian curvature, but not developable, 11) a surface of non-negative Gaussian 
curvature, but not developable, or, 111) a developable surface, if and only tf we have 


(17) 12) $;(r) > 0, 72) ¢,(r) <0, or iit) 6;(r)=0, (7 =1,2,---, 7, or8), 
respectively, for all poles Po and all r>0 on S. 

We might replace (17) by the convexity conditions 
t) dj’ (r) > 0, tt) o/'(r) <0, or iit) o/'(r) = 0, (Gj = 1, 2, 3, 5, 6, or 7), 
and so on. 
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SOME THEOREMS ON CYCLIC POLYGONS INSCRIBED IN A CIRCLE* 
TAKIS LADOPOULOS, Athens, Greece 


1. Introduction. The Lemoine and Brocard points, as well as their diverse 
properties, are well known to whoever has studied the geometry of the triangle. 

In the present paper we shall show that these points, with their inherent 
properties, are encountered not only in the triangle but, on the contrary, in all 
figures which are obtained by joining in pairs the corresponding points of a 
cyclic projectivity, or more generally of any projectivity on a circle. 

The case of the triangle will appear as a particular case if one takes care to 
consider it as the figure which is obtained by means of the same process, since 
this gives rise on a circle to a cyclic projectivity of the third order. In this case 
the ceriter and the axis of collineation are respectively the Lemoine point and 
line. It goes without saying that in the slightly more general case where the 
figure is no longer a proper triangle, but a set of any three chords of a circle, the 
same remarks may be made. 


2. Definitions and preliminaries. Let us take, on a conic C, a set of points 


* Translated from the French by Howard Eves. 
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A,, Ao, --+,An belonging to a cyclic projectivity of order . The polygon 
which is obtained by joining by lines each of these points with its corresponding 
point (continuing the process until one arrives at the initial point), will be called 
a cyclic n-gon. 

The cyclic n-gons will be of the first, second, third, - - - kind if each of their 
sides joins points between which there are no, one, two, - - - points of the set. 

It is evident that if is odd each set of » points defines (~—1)/2 n-gons, 
while if is even each set of points defines 2/2 n-gons. [1]. 


On the other hand since the two point sets (A;, A2, --+,An), (A2,As,°°°; 
Ai) are projective, the lines A142, A2As, - ~~, AnA1 envelop a conic C; which 
has double contact with the conic C. Similarly, the two point sets 
(Ai, Ao, As, --+,An), (As, Aa, As, -*+,Az2) are also projective and conse- 
quently the lines A1A3, A2A4, - - +, AnAz envelop another conic C; which has 
double contact with the conic C, and so on. Thus: 

The cyclic n-gons of the first, second, third, - - - kind which are inscribed 1n the 
same conic C, envelop conics Ci, Co, Cz, +--+ which have double contact with the 
conic C. 


But since two conics C and Ci, which have double contact, can be projected 
into two concentric circles, it follows that: 

All cyclic n-gons inscribed in a conic may be considered as projections of a 
regular polygon. 

But the circles inscribed in the regular polygons of the first, second, 
third, - - - kind are concentric, and thus are tangent to each other and to the 
circumcircle at the circular points at infinity. Consequently: 

The conics Ci, Co, + + + are tangent to C at the same potnis. 


3. Lemoine point and line. Concerning cyclic m-gons derived from the same 
cyclic projectivity we shall now establish 


THEOREM 1. All the cyclic n-gons of all kinds, which are inscribed in the same 
circle, have the same Lemoine point and line. [2] 


First of all we notice that all the cyclic n-gons of all kinds have the same 
center,and axis of collineation. 

We shall show that the center and axis of collineation are respectively the 
Lemoine point and line. 

Consider on the circle any n-gon of the first kind, 4142---An. The two 
point sets (Ai, A, As, sey A n-2; A n-1; An), (Ao, As, As, ct y An-1y An; A) 
are projective, and consequently the lines 414i, A2An, AsAnt, - - - pass through 
a common point M, situated on the axis of collineation of the projectivity. The 
polar, then, of point M, which will pass through the vertex A, will also pass 
through the center of collineation of the projectivity. But this polar forms a 
harmonic set with the lines 4141, A1A2, AiAn. It is then a symmedian of tri- 
angle A,AA_ and it follows that for each of its points, the ratio of the distances 
to the sides A,A;, AyA2 is equal to the ratio of the segments (A,A,), (A142). 
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Similarly, the polar of the point of intersection of the lines 4242, A1A3,A, “An °° 
passes through the point A and also through the center of collineation, and is a 
symmedian of triangle 414243, whence each of its points has the ratio of its 
distances from the sides A;A42, A2A3 equal to that of the segments (A;A2), 
(A.A;3). By a similar treatment of the other vertices A;3, As,--:-+,An, the 
theorem readily follows for cyclic n-gons of the first kind. 

The same argument holds for cyclic polygons of other kinds. 


4. Brocard points. In regard to Brocard points we shall prove 


THEOREM 2. All the cyclic n-gons of the same kind, inscribed in the same circle, 
have the same Brocard points. [3] 


Let A140A3 ---A, be any cyclic n-gon of the first kind inscribed in a circle, 
and let K be the Lemoine point. From the center O of the circumcircle let us 
drop perpendiculars onto the sides A142, A2A3, AsAu, > ++, AnA1 of the n-gon. 
These cut the parallels to the sides of the polygon drawn through point K in the 
points Ly, Lx, Ls,--+, La respectively. The isosceles triangles AiL1A2, 
Aol2As, - + + are similar. The circle having the segment OK as diameter obvi- 
ously passes through the points Ly, Z2, +--+, Ly. Let {2 be the point of inter- 
section of the line A1Z1 with the circle on OK as diameter. We have 


x KOQ, 180° — x KL = x KILLA, 
x A»Ailiy = wo = x A3Aele = x KIA». 


From this we conclude that the line AeZe passes through {. Similarly we 
would find that the lines A3Zs, Agls,---,AnLZa all pass through the same 
point %. The lines AiL,n, Asli, AsLe, > + + , in their turn, all pass through a point 
Q. of the circle on OK as diameter. 

The points 9; and Q are evidently symmetric with respect to the line OK. 


CoroLuaRY 1. All the cyclic n-gons of all kinds inscribed 1n the same circle 
have the same Brocard circle. 


CoroLuaRy 2. The Brocard points and the vertices of the isosceles triangles of 
all the cyclic n-gons of all kinds inscribed in the same circle, le on the Brocard 
circle. Also the circles of the two groups of n adjoint circles |4| for each n-gon inter- 
sect on the Brocard circle. 


It is known that if a side of an angle, of constant magnitude w, passes 
through a fixed point Q, while the vertex of the angle lies on a circle, the other 
side will envelop a conic which will have double contact with the circle in ques- 
tion, and for which one of the foci is the point 0.* 


CoROLLARY 3. The foci of the conic which envelops all the cyclic n-gons of the 
same kind, inscribed in the same circle, coincide with the Brocard points of those 
n-gons. 


* Poncelet, Applications d’analyse et de géométrie (1817), t. II, p. 462. 
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COROLLARY 4. The projections of the Brocard points on the sides of all the cyclic 
n-gons of the same kind, tncribed in the same circle, are found on the principal circle 
of the conic which envelops the n-gons in question. 


5. Calculation of the angle w. Let x1, x2, - - - x, be the distances of the point 
K from the sides A;A2, A2As, --+-,AnAs, which have lengths a, ao, +--+, Gn 
respectively, of a cyclic n-gon of the first kind. We have 
01/1 = %o/d, = +++ = x,/d, = 4 tan w, 
or 
2 2 2 2 
1%1/01 = G2%2/dg = +++ = Gntn/dn = § tanw = 2S/)_ a;, 


where S is the area of the n-gon. Therefore 
tanw = 45/ >> a; =») a;(4R° — a) / > ai, 


where R is the radius of the circumcircle. 
It follows that the quantity S/ > a? is the same for all the cyclic -gons of 
the same kind which are inscribed in the same circle. 


6. First Lemoine circle. The generalization to cyclic n-gons of the first 
Lemoine circle of a triangle is given by the following: 


THEOREM 3. If through the Lemoine point K of an inscriptible cyclic n-gon 
lines are drawn parallel to the sides, the points of intersection of these parallels 
with the sides adjacent to their corresponding sides lie on a circle. 


Let An, Ai, As, As be four successive vertices of the inscribed cyclic n-gon, 
and let M; on A,Ai, Me on AcA3, Ms and M, on A,A>2 be such that KM, and 
KM? are parallel to 4:42, K M3 to A2A3, and KM, to A,A}. 

Since the line A2K is a symmedian of triangle A:42A3, the line M2.Ms3 will 
be antiparallel to the side A1A3, and consequently will be perpendicular to the 
line OA: as well as to the line ZP, Z and P being the midpoints of the segments 
OK and KA». But since P is also midpoint of the segment M2M3, we will have 
LM,=LM3. For the same reason we will have LM@,=LM,. But the trapezoid 
M,M,M3M, is inscriptible in a circle, since 


it M.M:M, = i AyA3A_ = i AyA,Ao = f MiM.Ms. 


The center of this circle is the point L. 

If we consider the vertices A1, Az, As, Aa, the corresponding trapezoid will 
also be inscriptible in a circle which will have the points Ms, M, and the center 
£ in common with the circumcircle of the preceding trapezoid. Continuing in 
this manner around the n-gon, the theorem is established. 


7. Some formulas. Let @ be the angle AyA2A3, Xn, x1, X2,°°°, Xn-1 the 
distances of point K from the side A,Ai1, AyA2, Aod3,---,An-tAn, and 
Gn, G1, do, °° * , Gn. the lengths of these sides. As above we have 
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41/01 = #e/a2 = ++: =} tanw = 25/>> a. 
On the other hand we have 


41 = (KMs3) sin 0 = $a, tan w, %o = (KM,_) sin 6 = daz tan w, 


and 
(M2M;) = 4(PM.) = (KM) + (KM) — 2(KM;)(KM,) cos 8 
= (ay + as — 2a1d2 cos 6) tan wcsc 6 
= 1(4.A :) tan wesc 6=R tan w. 
Consequently 
p? = 4(R? + R? tan? w) = +R? sec? a, 
or 


p = 4R sec w. 
The length s of the antiparallel (142Ms3) is 
s= 4SR/ >> a; = R tan w. 


This shows that all these antiparallels are equal. 
For the distance (OK) =d we have 


d = A(LK) = 4(LM») + 4(KM,) — 4(KM,)(M\M;) 
= R sec. a + Gs tan. Q) csc. @ — 2d tan w CSC O(4n csc bd + Xe csc 8), 
where @ = {KM,A,. But 
2x9 = do tanw = 2R sin 62 tan w, 2%n = Gd, tanw = 2R sin 6, tan w, 
where 6.= (424143 and 8, = XAiA2A,. Therefore 
d* = R* sec? w — 4R? tan? w sin 62 sin 0, csc 6 csc ¢ 
= R? sec? w — 4R? tan? w sin 42 sin 6, csc (01 + 62) csc (01 + On), 
where 6, = {A,A43;42= {A14,A2. 


Let 1/d represent the anharmonic ratio of the four successive vertices A,, 
A, Ao, As. Then 


(A,A3A1A2) 


1 — dA = sin $(AnA1) sin $(A2As8) csc $(A1A3) csc $(A,A2) 
Sin 02 sin 0, csc (01 + 62) csc (61 + On), 


and we have 
d? = R* sec? w — 4R2(1 — A) tan? w = R? — (3 — 4))s°. 
Finally, we have 


(O01) = (OQ) = sd(s? + R?)~!/2 
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and 
(KQ1) = (KQ2) = Rd(s? -+- R?)-1/2, 


In the case where n=3, that is, when the polygon is a triangle, the above 
formulas become 


p? = 4R? sec? w = R?(a7b? + b%c? + 7a?) /(a? + 5? + ©), 
s = abc/(a? + b? + c?), ad? = R* — 357, 
These are the formulas which were given by Lemoine in 1873}. 


COROLLARY. The first Lemoine circle 1s the same for all the cyclic n-gons of the 
same kind inscribed in the same circle. 


8. Tucker circles. The first Lemoine circle of a cyclic n-gon may be con- 
sidered as a particular case of the circles about to be mentioned and which may, 
from the analogous circles in the geometry of the triangle, be called Tucker 
circles. 


' THEOREM 4. If two inscriptible cyclic n-gons of the same kind are directly 
homothetic, having the Lemoine point K for center of homothety, then each side of 
one cuts the sides of the other which are adjacent to the corresponding parallel side, 
in points on a circle. 


The proof of this theorem is analogous to that of Theorem 3. 


THEOREM 5. (Second Lemoine circle) If, through the Lemoine point K of an 
inscriptible cyclic n-gon A,;AxA3+++-An, we draw antiparallels to the diagonals 
A1A3, AAs, AsAs, > > + , the intersections of each of them with the sides adjacent to 
the corresponding diagonals le on a common circle. 


This follows because each antiparallel has for length 
2s = 2R tan w = constant, 
and has K as midpoint. 


CoROLiLARY. The second Lemoine circle is the same for all the cyclic n-gons of the 
same kind inscribed tn the same circle. 


9. Generalization of the preceding theorems. We conclude by generalizing 
some of the above theorems. 


, THEOREM 6. The center and axts of collineation of any projectivity r on a circle 
are the Lemoine point and line of the figure formed by the chords which join, in pairs, 
the corresponding points: of 7. 


Let the two point sets (Ai; As, As, As, -+-) and (AY, Ad, Ag, Ad,---) 


} Lemoine, Nouvelles Annales de Mathématiques, 1873, p. 364, and Association francaise 
pour l’avancement des sciences, 1873, p. 91, VI. 
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be projective on a circle, and let K and wu be their center and axis of collineation. 

Consider any two chords A,A/ and A2Ad. The lines A147 and Aj A; inter- 
sect in a point M on the axis wu. If Ay is the point of intersection of the chords 
A,Ai and A2A¥, then for all points on the line MA yw the ratio of the distances 
to the two considered chords is equal to the ratio of the lengths of these two 
chords. 

The polar of M/ with respect to the circle passes through the center of collinea- 
tion K and through the point Ay. It is, moreover, the fourth harmonic of the two 
chords and the line MAye. Consequently A142, KA, Ag Af are concurrent in a 
point N, and the ratio of the distances of any point on NAy, and therefore of 
the point K, from the two chords, is equal to the ratio of the lengths of these same 
chords. Obviously one arrives at the same conclusion for all pairs of chords. 

We see, then, that the point K is the Lemoine. point of the figure formed by 
the chords A,A/, A2A?,- +--+. Similarly, the line « is the Lemoine line of the 
same figure. 


CoROLLARY. The figure formed by the chords mentioned above possesses Brocard 
points, a Brocard circle, and first and second Lemoine circles. 


The Brocard points are the foci of the conic C which envelops the chords in 
question. 

The projections of the Brocard points on the chords lie on the principal circle 
of the conic C. 

As for the radii of the Lemoine circles, the distances of the Lemoine and 
Brocard points from the center of the circumcircle, and the value of tan w, we 
have the same corresponding formulas. 


Definitions 


1. For a 6-gon with successive vertices Ai, As, Az, As, As, Ae, we have a 
6-gon of the first kind (the figure A1424244A;A¢4), a 6-gon of the second kind 
(the figure formed by the two triangles 414345, 424.A¢), and a 6-gon of the 
third kind (the figure formed by the three double lines 41A4, A2A5, A3Ae). 

2. If, in the plane of a polygon, there exists a point K such that the distances 
of the point to the sides of the polygon are proportional to the lengths of these 
sides, this point is called the Lemoine point of the polygon. If, moreover, the 
polygon is inscribed in a circle, the polar of K with respect to the circle is called 
the Lemoine line of the polygon. 

3. If, in the plane of a polygon, there exist two points Q; and Q, such that 


Xx 0,4 1A> = xX Q,A.A3 —_-ere = xX 0,4,A1 
= x 0A 2A, = xX A 3A 9 oe = Xx 241A 4 —= Ws, 


these points are called Brocard points of the polygon. 

4. Acircle passing through two successive vertices of a polygon and tangent 
at one of these points to either the preceding or the following side of the polygon 
is called an adjoint circle of the polygon, 


MATHEMATICAL NOTES 
EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


THE SIEVE OF ERATOSTHENES AND THE MOBIUS STRIP 
H. T. McApams, Bethalto, Illinois 


The Mobius strip is formed from a long rectangle of paper by rotating one 
end of the strip 180° relative to the other end and joining the two ends together. 
The resulting strip is a one-sided surface. It may likewise be shown that the strip 
will be one-sided for all rotations which represent odd multiples of 180°, but 
will be two-sided for all rotations which represent even multiples of 180°. 

The ideal plane strip, prior to deformation into the Mébius figure, may be 
considered as a prism whose base has only two sides. From the practical stand- 
point, however, the strip has a finite thickness. This consideration forms the 
basis for a similar study of prisms of 3, 4, 5, - - -, N’ sides when deformed in a 
manner analogous to that of the Mobius strip. 

Suppose, for example, that the two bases of a regular triangular prism are 
joined after one base has been rotated about the long axis of the prism by 120° 
with respect to the other base. All three sides of the prism are now continuous. 
The same will be true for a similar rotation of 240°. However, for rotations of 
0° and 360°, the figure will present three sides. These are the only possibilities, 
since they will be repeated upon further twisting, depending upon whether the 
total rotation of one base relative to the other is 360 N°, 360 N°+120°, or 360 
N° -+ 240°, where WN is an integer. 

In the case of the square prism, there may be 1, 2, or 4 “sides” depending 
upon the extent of the twist prior to the joining of the ends. If one base is 
rotated relative to the other base by 0° or by any multiple of 360°, four sides 
will of course be presented. If, however, the rotation is represented by 90° 
+360 N° or 270°+360 N°, there will be only one side. For all rotations repre- 
sented by 180°-+ 360 N° two sides will result. These possibilities will be repeated 
indefinitely with continued twisting of the prism prior to the joining of the ends. 

By a generalization of this process, the possibilities may be derived for any 
prism of number of sides S when one base is rotated by multiples of 360°/S, 
relative to the other base. The following array gives the number of surfaces ob- 
tained for prisms up to ten sides, when twisted by 0-(360°/S), 1-(360°/S), 
2: (360°/,S), - , $(360°/S). The first number in each horizontal represents 
the number of sides of the regular prism at 0° rotation. Successive numbers 
from left to right represent the number of surfaces obtained for the first, second, 
etc. multiples of 360°/S. 

It is apparent that every horizontal repeats itself both diagonally and verti- 
cally. It is also obvious that each row of the array may be generated from purely 
numerical considerations by setting down, from left to right, the highest factor 
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common to the number of sides represented by that row and the successive in- 
tegers 1, 2, 3, -- +, and so on. For example, in the 6-horizontal, the numbers 
1, 2, 3, 2, 1 are the highest common factors respectively of 6 and 1, 6 and 2, 6 
and 3, 6 and 4, and 6 and 5. 


100 1 2 1 2 5 2 1 2 #1 ~= 10 


From the above considerations it is to be noted that the only integer occur- 
ring in a row representing a prime number, other than itself, is 1. The requisite 
condition for the occurrence of a prime horizontal, therefore, is the alignment 
of 1’s in all prime diagonals. This eliminates every second number after 2, every 
third number after 3, every fifth number after 5, and so on, thereby duplicating 
the Sieve of Eratosthenes. 


A NON-SINGULAR POLYHEDRAL MOBIUS BAND 
WHOSE BOUNDARY IS A TRIANGLE 


BRYANT TUCKERMAN, Cornell University 


A Mébius band is a non-orientable surface which can be defined abstractly 
by proper identification of the opposite ends of a rectangle, with a sense oppo- 
site to that which would make the rectangle into a cylinder. Its boundary is a 
single simple closed curve. 

A physical model of a Mobius band is customarily made by pasting together 
the ends of a long narrow strip of paper after twisting one end through 180° with 
respect to the other. The boundary of the usual model is an unknotted closed 
space curve. Another model of the Mobius band in three-dimensional space is 
the “cross-cap,” of which the boundary may be a circle. However, the cross-cap 
has a line of self-intersections, that is, it is singular. 

It does not seem well-known that there are non-singular models (that is, 
homeomorphs) of the Mébius band in three-dimensional Euclidean space, such 
that the boundary is a plane curve, for example a circle. However, such models 
are discussed and illustrated in Anschauliche Geometrie, by D. Hilbert and S. 
Cohn-Vossen (Berlin, Springer, 1932; New York, Dover, 1944), pp. 278-279, 
figs. 307-308. (The cross-cap is shown in fig. 310, and the usual model of the 
Mobius band is on p. 269.) Those models have curved surfaces. 
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The purpose of this note is to present a convenient polyhedral, non-singular 
model of a Mobius band, in three-dimensional Euclidean space, whose boundary 
lies in a plane and is in fact a triangle. Its seven vertices are the six vertices and 
the centroid of a regular octohedron. Its nine faces are six of the equilateral 
triangular faces of the octohedron, and one large and two small isosceles right 
triangular faces each containing the centroid of the octohedron. The boundary is 
a triangle consisting of two edges and a diagonal of the octohedron. (The tri- 
angle could be deformed to a circle by an isotopic, but naturally not polyhedral, 
deformation of the space.) By bisection of the large right triangle, the model 
can be made into a simplicial complex having ten 2-cells, seventeen 1-cells, and 
seven 0-cells. 


Fic. 1 


Figure 1 shows the model after being cut into two pieces which were then 
pulled apart. Along the back the cut is along two edges of the octohedron; in 
the front the cut (shown jagged) is through the large right triangle. This de- 
composition makes it evident that the model represents a Mébius band. The 
triangular boundary is indicated by heavy lines. It will be noted that the 
Mobius band meets the plane of its boundary both inside and outside the bound- 
ary. 
This model is related to the “heptahedral” model of the projective plane 
(ibid., pp. 266 ff.). Both are subsets of the figure whode faces are the faces of a 
regular octohedron together with three square faces whose vertices are vertices 
of the octohedron. But this model of the Mébius band is not a subset of the 
heptahedron, nor is it singular as is the heptahedron. 

The model is readily constructed from equilateral and isosceles right triangu- 
lar faces joined as in Figure 2. The jagged line corresponds to the jagged cut in 
Figure 1, and can be omitted. The heavy lines will be the boundary of the model. 
In each triangular face, the + or — sign at an edge represents the direction of 
the bend at that edge in the finished model, as viewed from the side of the 
face which is on top in Figure 2. To construct the model, bend along the interior 
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edges, downward (say) where marked +-, upward where marked —, and juxta- 
pose and seal together the two edges of each of the four pairs marked AC, GC, 
BF, EF. 


Fic, 2 


Two modifications of this model, having fewer faces, may be mentioned. 
If, in Figure 1, the vertices B and £ are displaced toward the rear, then the 
vertex F and the four triangular faces which meet at F may be replaced by 
two triangular faces ABE and GBE. There results a model having seven triangu- 
lar faces. On the other hand, if the vertex C is displaced toward the front, then 
the vertex F and the four triangular faces which meet at F may be replaced by 
a square face ABGE, while the triangular face AGD becomes a reéntrant 
quadrilateral face ACGD. There results a model having six faces, namely four 
triangular faces, a square face, and a reéntrant quadrilateral face. In both of 
these modifications, the boundary of the Mébius band is a reéntrant plane 
quadrilateral. 

It is a pleasure to acknowledge my indebtedness to Professor H. Hopf for 
interesting conversations with him while he was in this country a year ago, since 
the idea for this note arose in one of these discussions. 


CLASSROOM NOTES 
EpITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvanta. 


ONE-SIDED MAXIMA AND MINIMA 
J. D. Mancit1z, University of Alabama 


1. Introduction. Repeated inquiries from students and colleagues concerning 
the subject of this discussion, doubtless due to the incomplete treatment of it in 
the literature, have prompted this attempt to give a complete analysis of the 
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problem of one-sided (unilateral) extremes for functions of a single variable. Al- 
most without exception, the text books on the calculus restrict their discussion 
of maxima and minima of functions to the interior points of the range of defini- 
tion of the function. The author knows of no text which treats fully sufficient 
conditions for an end-point of the range to be a maximum or a minimum. When 
the end-point extremes are mentioned they are frequently referred to as absolute 
extremes, since the usual definition of relative extreme excludes the end-points. 
But this is undesirable since the end-point extreme may not be absolute. It is 
better to state the definition of relative extreme so as to include the end-points, 
and develop necessary conditions and sufficient conditions that an end-point be 
a relative maximum or minimum. Then the procedure, even in elementary cal- 
culus, would be to test the end-points along with the zeros of the first deriva- 
tive for relative extremes, and then determine the absolute extremes of the 
function from all the extremes on the closed range. 

In a recent note Oakley* notes that the end-point extremes may be trans- 
formed into interior point extremes by a suitable transformation on the inde- 
pendent variable. Although this explains why a point may be an end-point 
maximum in one formulation of a problem and an interior maximum in another, 
such a transformation is not a practical way of handling end-point maxima. For 
first, it renders even the simple problems very complicated, especially when it 
comes to checking the sufficient conditions for a maximum or a minimum. 
Second, it is entirely unnecessary. This is due to the fact that an end-point is in 
general an extreme and one only needs to determine whether it is a relative 
maximum or a relative minimum. Some examples will illustrate these remarks. 


2. Functions of one variable. We shall consider a single-valued function 
y = f(x), asxsb, 


defined on the closed interval (a, 0). The following definitions will be needed: 

DEFINITION 1. f(x) belongs to the class C of continuous functions at x=, 
a<x,<b if and only if lim,.., f(x) =f(«1). 

DEFINITION 2. f(x) belongs to the class of functions C at the end-point a if 
and only if limz.o+ f(x) =f(a) and at the end-point b if and only if limz..- f(x) 
= f(b). 

DEFINITION 3. f(x) belongs to the class of functions C* if and only if f™ (x) 
belongs to C. 

DEFINITION 4. f/. (x1) =lims.o+[f(ai+A) —f(x1) |/h, and similarly for f/ (x1). 

DEFINITION 5. f(x) belongs to the class of functions D’ on (a, b) if and only 
if f(x) belongs to C on (a, b) and f’(x) belongs to C on (a, 6) except at a finite 
number of points x, at which the derivatives f’(xi1+) and f’(«—), on the right 
and left of x, respectively, exist, where f’(%1+) =lim,., f’(x) and similarly for 
f(a): 

DEFINITION 6. f(x) has an absolute maximum at a point x, of the interval 
(a, b) if and only if f(a) =f(x) for all values of x in (a, 6). A function f(x) has a 


* End-point maxima and minima, this MonrTHLy, vol. 54 (1947), pp. 407-409. 
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relative maximum at a point x of (a, b) if and only if f(a) =f(x) for all values of 
x on (a, b) in a certain neighborhood of 1. 

Obvious modifications of the inequalities are necessary for the definition of 
absolute and relative minima. A well-known property of continuous functions 
states that a function f(x) which is continuous on the closed interval (a, b) 
takes its absolute maximum and minimum values at least once in that in- 
terval. Therefore, one must consider the end-points of the closed interval in 
determining the absolute extremes of the function on that interval. 

The reader should distinguish between f¥ (x1) and f’(%1+). This is easily done 
by considering the function x? sin.(1/x). In this case fi. (0) =0 but f’(0+) does 
not exist. 

The geometric meaning of Definition 5 is that the curve defined by the func- 
tion y=f(x) on the range (a, b) has a finite number of corners, or in other words, 
the curve is composed of a finite number of sub-arcs each of class C’. 


THEOREM 1. If a continuous function f(x) assumes a relative maximum value at 
x =x, of the interval (a, b); and tf f_ (x1) extsts, then f_ (x1) 20; and af fi. (x1) extsts, 
then fi.(x1) $0. The inequalities are reversed tf x1 1s a minimum. 


This theorem follows immediately from Definition 3 and the inequalities 


[ f(xi +h) — f(a) | h = 0 forh < 0, 
[f(x1 + h) — f(a) |/h S 0 for h > 0, 


for the case when x, is a maximum. 


COROLLARY (FERMAT’S THEOREM). If a function f(x) assumes a relative max1- 
mum or a minimum atx =x, a<x,<b at which f(x) ts differentiable, then f' (x1) =0. 


The corollary follows from the fact that f’(x1) exists if and only if f-(«) 
and f4,(x:) exist and are equal. The end-points are excluded from the corollary 
since the left-hand derivative at x =a and the right-hand derivative at x=) are 
not considered in the theorem. 


THEOREM 2. A continuous function f(x) assumes a relative maximum at x=x1; 
x1 interior to (a, b) af f_(x1) >0 and f',.(x1) <0: at x =a af f(a) <0; and at x=b af 
f(b) >0. Similar conditions with inequalities reversed are sufficient for a mint- 
mum. 


These conclusions follow immediately from Definition 4. The function f(x) 
=1— | «| , -~18x81 affords a simple illustration of these results. In this exam- 
ple f(0) =1 and f’,(0) = —1. Therefore, f(x) has a relative maximum at x=0 
which is also the absolute maximum on that range. 


THEOREM 3. If f(x) is of class C* within (a, b), f™(a+) exists, and 
f{M(a+) <0, 


then f(x) has a relative maximum at x =a. Similar condttions with the inequalities 
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reversed are sufficient for a minimum. 
From Taylor’s formula and the hypotheses of the Theorem, we have 
f(x) — f(a) = (% — a)*f™()/n}, a<t<x. 


The sign of the right member of this equation depends only upon the sign of 
f™(), since x>a. Also, ¢ approaches a with x and therefore, if x is sufficiently 
near a the sign of the right member is negative. 

As an example consider the function f(x) = —x*/?, 0SxS1. It is easily seen 
that f’(0) =0 and f’"(0-+-) = — «. Therefore f(x) has a relative maximum at x=0 
which is also the absolute maximum on that range. 


THEOREM 4. If f(x) ts of class C® within (a, b), f™(b—) exists and 


f(b) = 0, =1,---,—1, 
{™(b—) <0, n even, 
{Mb —) > 0, n odd, 


then f(x) has a relative maximum at x=b. Similar conditions with the inequalities 
reversed are sufficient for a minimum. 


It follows from the hypotheses of the theorem and from Taylor’s formula 


that 
f(x) — f(b) = (a — b)*f™()/n}, t<t<b. 


In this case the sign of the right member of this equation depends upon the sign 
of f™(¢#) and whether 7 is even or odd since x <b. Therefore, the conclusions of 
the theorem follow as in the proof of Theorem 3. 

As an example consider the function f(x) = —(—x)5/, -—1SxS0. It is easily 
seen that f’(0) =f’(0) =0, and f®(0—)=-++ ©. Therefore, f(x) has a relative 
maximum at x=0 which is also the absolute maximum on that range. 

We may say that f(x) on (a, b) has a left-hand maximum at x =x; if f(x1) =f(x) 
for all values of x in a certain right hand neighborhood of x, for example in 
Theorem 3. Likewise, we may say f(x) has a right-hand maximum at x=, if 
f(x) =f(x) for all values of -« in a certain left-hand neighborhood of x, for 
cxample in Theorem 4. Obviously then, if x1 7s interior to the interval (a, b) and 
f(x) has a left-hand and a right-hand maximum at x1, at which f(x) 1s continuous, 
then f(x) has a maximum ai x=x,. For example, the function 


f(x) = — (—=)9”, —-1s 
= — 43/2, 0s 
has a maximum at x=0. The following well-known theorem follows easily: 
THEOREM 5. If f(x) is of class C®" on (a, b), x1 1s interior to (a, b), and 
f(x) = 0, k=1,--+,2n—1, 
FOP (a1) <0, 
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then f(x) has a maximum at x=x,. Similar conditions with inequalities reversed 
are sufficient for a minimum. 


It may also be remarked here that if a continuous function f(x) has a left- 
hand maximum and a right-hand minimum (or vice-versa) at x; interior to 
(a, b), then f(x) has an inflection at x. If f-(«1) 4f4.(a1), then f(x) has an abrupt 
inflection at x,;. For example the function 


f(x) = — (—2)5/, —1 


= 48/2, 0 


IA IIA 
& 8 
IA IA 
fo 


has an inflection at x=0. 


3. An application. As a physical application, let us consider one of the prob- 
lems treated by Oakley in his note already referred to: 

A man is in a boat at P one mile from the nearest point A on shore. He wishes 
to go to B which is farther down the shore M miles from A. If he can row r miles 
an hour and walk w miles an hour, toward what point C should he row in order to 
reach B in least tume? 

Assume the shore line to be straight with the point B to the right of A and 
let x=AC. Then the time é(x) that it takes to go from P to B is 


ta) = (1+ x)1/2/r + (M — x)/», OS+s M, 
whence 
(x) = a/r(1 + x?)!2 — 1/a, 


and #’(0) <0. Therefore, t(x) has a relative maximum at x=0 for all positive 
values of 7, w, and M, and consequently the man would not row towards A. If 
r2=w, then ¢’(M) <0 and ¢(x) has a relative minimum at x= M. This is the ab- 
solute minimum since in this case ¢/(x) #0 on 0SxSM. Therefore, the man 
should row directly to B. If r<w, then é’(w) =0 has the unique solution 


xo = r/(w? — r?)1/2, 


It is easily shown that in this case t(xc) <i(M) if 0<xc<M, and consequently 
the man should row to xe. 

There is still one other case which was not considered by Oakley, that is 
when xc=M, or when r=wM/(1+M")1/2<w. In this case t/(M)=0 and 
t'’(M) >0. It follows from Theorem 4 that ¢(x) has a relative minimum at x= M 
and this is the absolute minimum since #/(x) vanishes only at xc. Therefore, 
the man should row directly to B in this case. 

It is the author’s firm conviction that if maxima and minima problems, even 
in elementary calculus, are analyzed as exemplified in these pages, the student 
will meet no difficult or astonishing “answers.” This is due in part to the fact 
that the student will not be led to the erroneous conclusion that maxima and 
minima occur only at the vanishing of the first derivative. 
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FERMAT’S PRINCIPLE AND CERTAIN MINIMUM PROBLEMS 
A. V. Bakz, Stanford University 


The object of this note is to show the relation between Fermat’s Principle 
and the end-point minimum problems discussed by Oakley.* 

It is known that of all possible paths connecting two points A and B in 
space a light ray leaving A chooses thé path which enables it to reach B in the 
least time. This is Fermat’s Principle from which the laws of reflection and re- 
fraction follow. They can be used to solve certain minimum problems without 
differentiation. Before discussing Oakley’s problems consider a simpler one. 

A farmer has to walk from his house to a straight river, fill his pail and carry 
it to his barn in the least time. At what point should he fill his pail? The solution 
by geometrical optics is obvious. His path to and from the river must make 
equal angles with the normal to the river. 

Suppose he always walks to the river at a speed 2, and away from it at a 
speed ve. Where then should he dip his pail? Snell’s Law immediately suggests 
that his path of approach to the river should make an angle 6; and that away 
from the river an angle 4, with the normal so that 

sin 6; %% 


sin 6 Vo 


The problem which follows was discussed by Oakley, and his notation is 
used, together with the above equation which expresses Snell’s Law. 

PROBLEM. A man ts in a boat at P one mile from the nearest point A on shore. 
He wishes to go to B which is farther down the shore M miles from A. If he can row r 
miles an hour and walk w miles an hour, toward what point C should he row in 
order to reach B in least time? 

Let AC=x. Snell’s Law indicates that 


sin 0, 


r 
sin 05 W 
Use #,=90° and geometry to obtain 


oY 


J/1 + x? 


r 
w 
Solving for x we have 
r 
+= which 
a/w? — 2 

Oakley obtains by calculus. The optical analysis makes clear why the result is 
independent of M(@; is the “critical” angle). Optically it is also apparent that 
if r<w and r2MvV/w'*—P or if r2w (giving sin 6:21) the man should go 
straight to B. 


* End-Point Maxima and Minima, this MONTHLY, vol. 54 (1947) pp. 407-409. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY HowarpD EVEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 816. Proposed by P. L. Chessin, New York, N. Y. 


A announces a two digit number from 01 to 99. B reverses the digits of this 
number and adds to it the sum of its digits and then announces fis result. A 
continues in the same pattern. All numbers are reduced modulo 100, so that 
only two digit numbers are announced. What choices has A for the initial number 
in order to insure that B will at some time announce 00? 

E 817. Proposed by E. V. Hofler, Colgate University 


If the graph for a polynomial of the fourth degree has two real points of in- 
flection, then the secant through these two points and the curve will bound three 
distinct areas. Show that two of these areas are equal and the largest area is 
equal to the sum of the other two. 

E 818. Proposed by Victor Thébault, Tennie, Sarthe, France 


Find four different fractions, each of the form m/(m-+1), such that their 
sum is an integer. (For example: 1/2+2/3+6/7+41/42 =3 =1/2+2/3+8/9 
+17/18.) 


E 819. Proposed by H. F. Sandham, Trinity College, Ireland 
If S,=1/1+1/2+---+ 1/2, 
prove that 
Y¥<SptS_— Sp 3 1, 
where y is Euler’s constant. 


E 820. Proposed by Kaidy Tan, Chip-Bee Institute, Amoy, Fukien, China 


If ABC is an equilateral triangle, and P is any point on the circumference 
of the inscribed circle, prove synthetically that (PA)?+(PB)?+(PC)? is con- 
stant. 


SOLUTIONS 
Eadem Numero Mutata Resurgo 


E 784 [1947, 412]. Proposed by R. E. Gaines, University of Richmond 


Show that the locus of the intersection of two successive perpendicular 


317 


318 ELEMENTARY PROBLEMS AND SOLUTIONS [May, 


tangents to a logarithmic spiral is another logarithmic spiral. 


Solution by Ernest Trost, Ziirich, Switzerland. We shall establish a more 
general result. Let ~90° be the constant angle between a tangent ¢ to the 
logarithmic spiral and the radius r=A® drawn through the point of contact, 
P(r, 0). If BS90° be the constant angle between ¢ and another tangent 4 at 
P,(r1, 01), then 6,—@ =, and the angles 6, 180° —a, 180°—8, a of the quadrangle 
QO with sides 7, t, i, 71 are constant. Since r3;=7A4, Q is unaltered in form as P 
moves on the spiral L. Thus the locus of each point of Q is a spiral congruent 
with L after a suitable turning about the pole. 

Also solved, by analytical methods, by Ragnar Dybvik, R. T. Hood, Roscoe 
Woods, and the proposer. The above solution appears in a footnote of a paper 
by Trost, Zur Theories der isoptischen Kurven, to appear in Nieuwe Archief voor 
Wiskunde. 

Equilateral Triangle About a Regular Polygon 


E786 [1947, 471]. Proposed by Michael Goldberg, Washington, D.C. 


Suppose that an equilateral triangle is circumscribed about a regular n-gon, 
where n=3k+1, so that one side of the m-gon lies on one of the sides of the 
triangle. Show that the angle subtended by this side of the m-gon at the opposite 
vertex of the triangle is 27/3n. 

Solution by the Proposer. Let D be a vertex of the given m-gon touched by a 
side of the circumscribing equilateral triangle. Let P be the foot of the per- 
pendicular from the center O of the n-gon upon the base AB, where A is chosen 
on the same or opposite side of PO according as n=3k—1 or 3k+1. Let the 
angle AOP be 36. Locate C on PO, and the point £, so that HO=EC=OA and 
the angles EOC and ECO are equal to @. Then the points C, #, A are collinear. 
Join C to D. Then 


angle DOE 


angle DOC + 6 

kr/n + w/3n = (3k + 1)/3n = 7/3, 

since 3k+1=n. Therefore triangle DOE is equilateral, and it follows in all 
cases that angle DCO is 7/6, and that C is the vertex of the circumscribing 


equilateral triangle. 
Also solved by Roger Lessard. 


Editorial Note. The above solution proves that if regular polygons having 
3k+1(k=1, 2, - +--+) sides be inscribed in the same circle O(A), and all havea 
common vertex A, then the equilateral triangles circumscribed about ‘these poly- 
gons and having one side coincident with a side of the polygon issuing from A, 
have their opposite vertices on the trisectrix with center O and double point A. 


Elaboration of Heron’s Formula 
E 787 [1947, 471]. Proposed by Victor Thébault, Tennie, Sarthe, France 
In a triangle ABC, show that 
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s#-+ (s — a)4 + (s — b)4 + (s — c)4 — at — b4 — 4 = 1257, 
where a, b, c are the sides, s the semi-perimeter, and S the area. 


I. Solution by Leo Moser, University of Manitoba. Replacing s and S by their 
known values in terms of a, b, c, it becomes necessary and sufficient to show that 


(A) (FS S)+ 6G) 


at+b—c\3 
+(—)- 


- ney ye) 
7 2 2 2 2 


If we consider the left side as a polynomial of degree four in a, and note that it 
vanishes for a=b-+c, a=b—c, a= —b+c, a= —b—c, then we get the identity 
apart from the numerical factor 12/16 on the right side. This may be determined 
by taking, say, a=1, b=c=0. 

The result is essentially the same as that given (with proof) in art. 808, p. 
534, of Todhunter’s Algebra, 1885 edition. 


II. Solution by M. LeLetko, Rutgers University. In the identity 

(Ptatritpi+gqt+rt 
=(¢+q*+ @trit t+ 6)*+ 12p¢qr(o +947), 

set p=s—a, g=s—b, r=s—c. Then p+¢+r=s, p+q=c, gqtr=a, r+p=b. 
With the aid of Heron’s formula the result now follows. 

Similar results may be obtained by making the same substitutions in the 
identities 

(@tqtrit pet etr= (p++ @tnit + 0)? + 6p¢r 


and 
(@taqtrre+P+Pftr=(P+Q? + @tn? + (t+ Dp) 


Also solved by Daniel Block, W. E. Buker, P. L. Chessin, Monte Dernham, 
Ragnar Dybvik, J. C. Eaves, J. F. Heyda, Meyer Karlin, B. R. Leeds, Roger 
Lessard, Eleanor Ranking, O. M. Rasmussen, Kaidy Tan, C. W. Trigg, and the 
proposer. 

Several solvers made the observation that a, b, c may be any numbers (not 
only those capable of representing the sides of a triangle) if we replace s by 
(a+b-+c)/2 and S? by s(s—a)(s—b)(s—c). 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke 
Rutgers Unwerstty, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extenstons of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4295. Proposed by Irving Kaplansky, University of Chicago 
Show that any group with more than two elements admits an automorphism 
other than the identity. 
4296. Proposed by H. S. Wall, University of Texas 


It is known that when the continued fraction 


c= p— d 


p- 


converges, then its value is the numerically larger root of the equation x?— px 
-+-q=0. On the other hand, Newton’s formula for computing the roots by suc- 
cessive approximation is 


2 2 
Xe — PXr-+ qd *Mw—| 
ei = Se 3 
2X44 — p 24% — p 


Vep1 = XE — k=0,1,2,--- 


Show that if x» is an approximant of the continued fraction, then x1, x2, x3, °° - 
are approximants of the continued fraction. 


4297. Proposed by Paul Erdis, Syracuse University 


Put 6 = Sone - - + rz, where the 7’s run through all integers Sn, and the 
r’s are all different. 6% =n! It is well known that ¢@,340 (mod @”). Prove that 
if m is sufficiently large of 40 (mod ¢”) for any &. (This is not always true; 
eg. n=3, k=1.) 


14298. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a tetrahedron ABCD, the incenter of which is J, the perpendicular at A 
to the faces ACD, ADB, ABC respectively cut the planes ICD, IDB, IBC in 
A, Ao, A3. (1) The perpendicular through A to the plane A,A2A3 passes through 
the point of contact of the inscribed sphere with the opposite face BCD. (2) The 
analogous property is true for a triangle ABC, 
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4299. Proposed by R. C. Lyness, Crakemarsh, Uttoxeter, Staffordshire, England 


If the difference between two consecutive cubes is a square, then it is the 
square of the sum of two consecutive squares; e.g., 83—73 = (32-++-2?)?, 


SOLUTIONS 
Six Spheres Associated with a Tetrahedron 
3981. [1941, 69] Proposed by Victor Thébault, Tennie, Sarthe, France 


Let S;, (@=1, 2, 3, 4, 5, 6), be the spheres of similitude of the spheres with 
centers at the vertices of the tetrahedron A,;42A43A,4 such that the square of the 
radius of any one of the latter is equal to one-half of the sum of the squares of 
the edges of the opposite face. (1) Examine the relative positions of the spheres 
S; (2) Show that these six spheres are orthogonal to the circumspheres of 
A,A:A3A,4 and of its anticomplementary tetrahedron. (3) The powers of the 
extremities of an edge of A,A4243A, with respect to the sphere S; whose center is 
on the opposite edge are independent of the length of that last edge. (4). The 
spheres S/ symmetric to the spheres S; with respect to the midpoint of the 
edges on which they are centered intersect in two points collinear with the cir- 
cumcenter of A,4243A4. 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France.* We shall designate 
the sphere (.S;) whose center w;, is on the edge A,;A;z by (wi). Let A243=a, 
A,As=a’, A\A3=b), ArAs=b’, AiA2=c, A3A4=c’, and let h; be the length of the 
altitude drawn from A,. If the tetrahedron A,A243A, is taken as the reference 
tetrahedron, the equation in normal tetrahedral‘coérdinates of the circumsphere 
(0) of AyA2A3A4 may be written as 


Let R; denote the radius of the given sphere of center A,. 
(1) The six points w,, are coplanar. We have 


—_—— R, — —_—_—> R, —_—— 
A yo19 = Roe A Ayo13 = Rane Ae 
——-—} Ri —_—— 
Aywu4 = —z ory AlAs, 
| Ri — BR 


The plane (P) determined by wy2, a3, w14 has as its equation 


hy 
which is satisfied by the codrdinates of all six points w;,. It may be noted that (P) 


* Translated and corrected by W. E. Byrne, Virginia Military Institute. 
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- 1 22 2.9 

@(As3) = R_-R [b Ro _ a R;| 

b?(a’? +- Bb? + ¢’?) — a?(a? + B/2 + ¢’?) 
a’? +- 6? — (a? + 0?) 

which does not depend on c. 

(4) Let (wz) be symmetrical to (w;,) with respect to the midpoint of the 
edge A;A,x. The centers wz are located in a plane (P’), the reciprocal trans- 
versal plane of (P) with respect to the tetrahedron A142A3A,4.t The equation of 
(P’) is: 

x 


nN Ri 


P=> 


The sphere (wg) is orthogonal to (O), since the extremities of the diameter of 
(we) on A,;A; are harmonic conjugates with respect to A; and A,. All the 
spheres (wg) have two points M1, Me in common, situated on the diameter of 
‘(O) perpendicular to (P’). Both M4, and Mz satisfy the relation 


= 0. 


MA,-R, = MA>:-Ro = MA3:Rz3 = MA, R,. 


RECENT PUBLICATIONS 


EpITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the edttor of thts department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


An Introduction to Analytical Geometry. Vol. Il. By A. Robson. Cambridge, at 
the University Press; New York, The Macmillan Company, 1947. 8+215 
pages. $2.50. 


This book is the second volume of a work on Analytic Geometry. Since fre- 
quent reference is made to volume I and it is written in a terse style, it would 
not by itself prove suitable as a text for a course in geometry in most American 
schools. However, it could be a valuable reference to teachers of courses in ad- 
vanced analytic, analytic projective, or synthetic projective geometry. 

The contents of this book include material that is frequently covered in 
courses in real, complex, synthetic, analytic, metric, or projective geometry, a 
much wider range of topics than is dealt with in many courses in geometry. 
There are ten chapters, the first of which is numbered seventeen,: entitled 
Homography, and deals with projectivities and perspectivities, including pro- 


t Court, ibid., p. 122. 
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jectivities on a conic. Since theories of cross ratio, pole and polar, and parametric 
representation are developed in volume I, free use is made of these concepts. 
Chapter eighteen (the second in this volume) deals mainly with the theory of 
involutions from the algebraic point of view, and includes applications to conic 
sections. Proofs of Desargues’ and Brianchon’s theorems which utilize the theory 
of involutions are also presented. The next chapter is entitled General Geometry 
and contains a brief discussion of the different types of geometry and the co- 
ordinates used in each. Miscellaneous properties of conic sections are included 
in this chapter. Ranges on a Conic is the title of chapter twenty, which is a 
continuation of the discussion of projectivities on a conic begun in chapter 
seventeen. The twenty-first chapter deals with systems of conics, their classifi- 
cation and some of the properties of systems of conics. Chapter twenty-two is 
entitled Reciprocation and primarily deals with reciprocation with respect to a 
general conic (duality), reciprocation with respect to a circle being considered a 
special case of the general theory. The problem of the classification of curves 
represented by equations of the second degree is dealt with in chapter twenty- 
three. Chapter twenty-four is entitled Foci and Confocals, and includes a gen- 
eral definition of foci as well as a brief discussion of the properties of confocal 
conics. The last two chapters are entitled Normals and Evolutes, and Special 
Homogeneous Coordinates and deal with these topics, especial emphasis being 
placed on areal coérdinates. 

The virtues of this book include (1) a large number of well chosen illustrative 
examples, (2) a long list of exercises for the student, (3) examples showing how 
well known theorems can be proved by several different modes of procedure, and 
(4) examples illustrating how methods customarily associated with one type of 
geometry can be utilized to advantage in some other type of geometry. Its 
faults include (1) so many references to volume I that it can not be read satis- 
factorily by those who are not conversant with that work, (2) a style more terse 
than many American readers are accustomed to, and (3) (which some may 
consider a virtue), a vagueness in hypotheses regarding the type of geometry 
(metric, projective, real, complex, etc.) in which a given proof of a theorem is 
valid. 

R. G. SANGER 
NEW BOOKS RECEIVED 

Les Principes Mathématiques de la Mécanique Classique. By M. Brelot. 
Grenoble, Arthaud, 1945. 62 pages. 120 fr. 

Die Bewegungsgruppen der Kristallographie. By J. J. Burckhardt. Basel, 
Birkhauser, 1947. 186 pages. 29 fr. 

‘ Analytic Mechanics. By A. E. Currier. Annapolis, U. S. Naval Institute, 
1948. 10+306 pages. $4.75. 

Elements of Nomography. By R. D. Douglass and D. P. Adams. New York, 
McGraw-Hill Book Co., 1947. 9-+-209 pages. $3.50. 

Calculus and its Applications. By R. D. Douglass and S. D. Zeldin. New 
York, Prentice-Hall, Inc., 1947. 8+568 pages. $5.15. 


CLUBS AND ALLIED ACTIVITIES 


EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F, Ollmann, Hofstra College, Hempstead, 
New York. 


EDITORIAL Note. Club reports have been received in almost overwhelming numbers and it 
has been impossible thus far to include all of them on these pages. If the report of your chapter has 
not as yet appeared, it is probably due to the fact that your Editor has used the reports in the order 
in which he has received them. 

In order to record the activities of your chapter for the year 1947-48, the club reports should 
be sent in immediately. When writing the report please follow the form which is used on these pages. 
The material will be included for publication in the order in which it is received, provided the re- 
ports are neatly written in the form prescribed. 


CLUB REPORTS, 1946-47 
Pi Mu Epsilon, University of Pennsylvania 


The Pennsylvania Alpha Chapter of Pi Mu Epsilon, inactive during the war, 
was reorganized at the close of the fall semester of 1946-47. At that time sixteen 
undergraduates were elected to membership. Interest is growing rapidly among 
mathematics and science students on campus. During the year the following 
talks were given by members of the faculty and students: 

Algebraic geomeiry, by Dr. I. S. Cohen 

Polyhedra and the four-color problem, by Dr. Hans Rademacher 

How to draw a tree (Fibonacci series), by Mr. W. J. Turanski 

Farey sertes and lattice points, by Mr. Morris. Newman. 

The officers for the coming year are: President, William J. Turanski; Secre- 
tary, Mary-Elizabeth Hamstrom; Treasurer, Anthony Penico. 


Pi Mu Epsilon, Syracuse University 


The Pi Mu Epsilon Chapter at Syracuse University started the year with 
the initiation banquet at which thirty-eight students and faculty members 
were initiated. The speaker for the evening was Dr. S. S. Cairns, head of the 
mathematics department of the University, who gave a talk on Peculsarities of 
polyhedra. 

Other papers given during the year included: 

Irrational numbers, by Dr. Bruns 

Operational calculus, by Dr. L. L. Lindsey, retiring head of the Applied 
Science Mathematics Department. 

The group experimented this year by giving a Pi Mu Epsilon dance on April 
25, 1947 for members and their guests. The decorations were illustrated mathe- 
matical problems hung on the walls, and each member wore a name tag. At the 
last meeting of the year, twenty-eight students were initiated. 

The following officers were elected for the year 1947-48: Director, Joyce E. 
Jones; Vice-Director, Richard Stitt; Secretary, Elizabeth Gillespie; Treasurer, 
Donald Schick. 
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Officers for the group for the year 1946-47 were: Director, June Kath; Vice- 
Director, Sara D. Gray; Secretary, Joyce E. Jones; Treasurer, Jane Berkman. 


Mathematics Club, Syracuse University 


Papers presented by the members of the faculty were: 

Quality control, by Dr. Hicks 

Theory of complex numbers, by Dr. Bruns 

Unsolved problems, by Dr. Rosenbloom 

Four-color problem, by Dr. A. Gelbart 

The mathematics of Mickey Mouse, by Dr. S. S. Cairns. 

The annual Christmas party in the first term, and a hot-dog roast in the 
second comprised the outstanding social events of the year. At another meeting 
movies of various mathematical operations were shown. 

Officers who served during the year are: President, Lorraine Zerveck; Vice- 
President, Sara Gray; Secretary, Teresa Hastings; Treasurer, Milton Fisher; 
Publicity Head, Elizabeth Gillespie. 

Officers elected for the year 1947-48 are: President, Teresa Hastings; Vice- 
President, Elizabeth Gillespie; Secretary, Wallace Roher; Treasurer, John 
Dolphin; Publicity and Social Chairmen, Annalyse Haas and David Ashkar. 


Mathematics Club, Oshkosh State Teachers College 


The Mathematics Club of the Oshkosh State Teachers College resumed 
monthly meetings this year after a period of suspended activities. Members of 
the club presented the following papers: : 

Applications of mathematics to meteorology, by Robert Wonders 

Use of Mathematics in the construction of a radio, by Alan Brunka 

History of the normal probability curve, by Elsie Gandt 

History of logarithms and the slide rule, by Clarence Bittner 

Early history of mathematics, by Roy Matzdorf 

The life and work of Einstein, by Kermet Jones. 

The club made a study of motion pictures dealing with mathematics and the 
following films were shown: 

Frequency curves 

Gallup poll 

Geomeiry brought to lafe 

Locus 

Rectilinear coérdinates 

Slide Rule 

Origin of mathematics 

Einstein's theory of relativity 

One meeting was devoted to ma 
tivities closed with a picnic. 

Officers for 1946-47 were: President, James W. Hartford; Vice-president, 
Harvey Stangel; Secretary, Louise M. Richter; Treasurer, Donald W. Derber; 
Faculty Adviser, Professor May M, Beenken. 


NEWS AND NOTICES 


EDITED BY EpItH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


REPORT OF CONFERENCE OF THE AMERICAN COUNCIL ON EDUCATION 


The annual Conference of Constituent Member Representatives of the 
American Council on Education was held in Washington, D. C., January 23-24, 
1948. At this conference Professor A. A. Bennett of Brown University repre- 
sented the Mathematical Association of America. A summary of Professor 
Bennett’s report of the conference follows. | 

The first session was devoted to discussing a report on a questionnaire on 
Universal Military Training, issued by the American Council on Education and 
dealing with the recommendations of the President’s Advisory Commission on 
Universal Training. The following essentials for national security were recom- 
mended: 1) a strong, healthy, educated population, 2) need for scientific research 
and development, 3) a coédrdinated intelligence service, 4) a regular Army, 
Navy, Air Force, and Marine Corps of high mobility and striking power, 5) in- 
dustrial mobilization and stock piling. Less than a quarter of nearly every group 
polled were in favor of the proposed plan for universal military training. 

Other sessions were devoted to the discussion of the following topics: 1) the 
extension of the social security act to apply to non-taxed educational organiza- 
tions and systems; 2) discussion of “The Report of the President’s Commission 
on Higher Education.” This “Report” was urgently recommended for detailed 
study by all the constituent organizations. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for 
the summer of 1948: 

Catholic University of America. June 28 to August 6: Professor Finan, theory 
of numbers; Dr. McBrien, theory of equations; Professor Ramler, synthetic 
projective geometry; Professor Rice, advanced calculus, calculus of observations; 
Mr. Slud, partial differential equations, calculus of variations. 

Columbia University. July 6 to August 13: Professor Kasner, survey of mod- 
ern mathematics, differential geometry; Professor Koopman, partial differential 
equations of mathematical physics; Dr. Levi, introduction to algebra; Profes- 
sor Lorch, introduction to mathematical logic; Professor Murray, theory of 
functions of a complex variable; Professor Ritt, differential equations; Professor 
Wolfowitz, probability, statistical inference. 

Iowa State College. June 14 to July 21: theory of equations; elementary dif- 
ferential equations I; analytical mechanics I; non-euclidean geometry; history 
of mathematics; advanced calculus I; vector analysis; functions of a real vari- 
able; advanced probability. July 21 to August 27: differential equations II; 
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analytical mechanics II; advanced calculus II; Laplace transform and opera- 
tional mathematics, potential theory. 

Northwestern University. The following advanced courses are offered during 
the six-week session, June 25 to August 7, and during the nine-week session, 
June 25 to August 28: fundamental concepts of analysis; determinants and 
matrices; non-euclidean geometry; theory of statistics; econometrics; intro- 
duction to the theory of numbers; algebra for teachers; the history and teaching 
of mathematics; differential equations of mathematical physics; introduction 
to modern algebra; vector analysis; independent study; seminar; thesis. . 

Ohio State University. June 21 to September 3: Professor Alden, theory of 
equations; Professor Bamforth, projective geometry, theory of matrices; Pro- 
fessor Mickle, differential geometry, continuous groups; Professors Miller and 
Alden, advanced calculus; Professors Sealander and Alden, differential equa- 
tions; Professor Sealander, vector analysis. 

Stanford University. June 17 to August 28: Professor Polya, elementary 
mathematics from higher point of view, selected topics from the theory of func- 
tions of a complex variable; Professor Schoenberg, advanced calculus, partial 
differential equations of physics and engineering; Professor Spencer, advanced 
calculus, elementary tensor calculus; Staff, seminar, advanced reading and 
research. 

State University of Iowa. June 8 to August 4: Professor Chittenden, dif- 
ferential equations; Professor Conkwright, elementary group theory; Professor 
Cosby, Jr., calculus of variations; Professor Craig, matrices and determinants, 
sequential analysis; Professor Knowler, mathematics of business and industry; 
Professor Price, teaching of mathematics; Professor Woods, pure geometry; 
Professor Wylie, astronomy, reading in astronomy; Staff, research. 

Teachers College, Columbia University. July 6 to August 13; Professor Clark, 
teaching arithmetic in the elementary school; Professor Fehr, professionalized 
subject matter in advanced secondary school mathematics, teaching algebra in 
secondary schools; Dr. Lazar, history of mathematics, logic for teachers of 
mathematics; Mr. Mirick, elementary mechanics, teaching geometry in sec- 
ondary schools; Professor Reeve, teaching and supervision of mathematics- 
junior high school, teaching and supervision of mathematics-senior high school. 

‘In addition, on consecutive Thursdays beginning on July 8, there will be five 
special lectures and discussions pertaining to the reorganization and teaching of 
mathematics in the post-war world. 

University of Buffalo. June 14 to September 4: Professor Pound, analytic 
mechanics, functions of a complex variable. July 6 to August 14: Professor 
Gehman, functions of a real variable; Professor Schneckenburger, non-euclidean 
geometry. ; 

University of Chicago. June 29 to September 4: Mr. Crabtree, integration in 
abstract spaces; Professor Kaplansky, introduction to modern higher algebra; 
Professor MacLane, introduction to algebraic topology; Professor Santal6, 
integral geometry; Professor Schilling, class-field theory; Professor Segal, 
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mathematical foundations of quantum theory; Professor Stone, theory of func- 
tions of a complex variable; Professor Weil, introduction to algebraic geometry, 
seminar on current literature. 

University of Illinots. Professor Bourgin, algebra; Professor Brahana, theory 
of groups; Professor Chanler, geometry; Professor Day, analysis in function 
spaces, analysis; Miss Hildebrandt, the teaching of general mathematics in high 
school; Professor Mendel, introduction to higher geometry; Professor Munroe, 
introduction to higher analysis; Professor Schubert, introduction to higher 
algebra; Professor Vaughan, fundamental concepts. 

University of Michigan. June 21 to August 13: The following advanced 
courses will be offered in addition to the standard courses in differential equa- 
tions, theory of equations, advanced calculus, mechanics and statistics: Pro- 
fessor Bartels, Fourier series and vector analysis; Professor Brauer, higher 
algebra and seminar in algebra; Professor Copeland, probability; Professor 
Craig, analytic theory of frequency functions; Professor Dwyer, analysis of 
variance and computational methods; Professor Fischer, intermediate mathe- 
matics of life insurance; Professor Hay, advanced mechanics; Professor Hilde- 
brandt, functions of a complex variable and orthogonal functions; Dr. Jones, 
teaching of algebra, history of geometry and teaching of elementary collegiate 
mathematics; Professor Kaplan, elementary function theory with applications; 
. Dr. Lockhart, synthetic projective geometry; Professor Myers, differential 
geometry; Professor Rainville, intermediate differential equations and number 
theory; Professor Thrall, theory of vector spaces; Professor Wilder, foundations 
of mathematics and topology of polyhedra and the -sphere. | 

University of Minnesota. June 15 to July 23: Professor Carlson, advanced 
analytic geometry, solid analytic geometry; Professor Hatfield, mathematical 
recreations, mathematics of small vibrations; Professor Loud, differential equa- 
tions, numerical methods in computation. July 26 to August 28: Professor 
Bearman, vector analysis, the calculus of finite differences; Professor Olmstead, 
intermediate calculus. 

_ Unwersity of North Carolina. June 10 to July 20: Professor Brauer, functions 
of a complex variable; Professor Cameron, introduction to modern algebra; 
Professor Garner, history of mathematics; Professor Henderson, elements of non- 
euclidean geometry; Professor Hill,elementary mathematical statistics; Professor 
Hoyle, differential equations, and advanced calculus I; Professor Winsor, college 
geometry. From July 21 to August 28: Professor Browne, algebraic invariants; 
Professor Hobbs, theory of equations; Professor Lasley, differential geometry; 
Professor Linker, differential equations (continued); Professor Mackie, ad- 
vanced calculus I (continued). 

University of Pennsylvania. Professor Beal, modern analytic geometry; 
Professor Caris, theory of numbers; Professor Cohen, differential equations, 
theory of functions of a complex variable. 

University of Virginia. June 28 to August 21: Mr. Floyd, differential equa- 
tions and applied mathematics; Professor Hedlund, advanced analysis; Profes- 


330 NEWS AND NOTICES [May, 


sor Whyburn, analytic topology. 

University of Wisconsin. June 25 to August 20: Professor Arnold, mathe- 
matics of elementary statistics; Professor Bruck, college geometry, determinants 
and matrices; Professor Langer, Lie theory of differential equations; Professor 
MacDuffee, survey of the foundations of arithmetic, tensor analysis; Mrs. 
Sokolnikoff and Professor Specht, higher mathematics for engineers; Staff, 
mathematical applications. 

University of Wyoming. June 14 to July 16: Professor Barr, methods in 
secondary mathematics; Professor Bristow, advanced calculus; Professor 
Schwid, ordinary differential equations; Professor Smith, vector analysis. July 
19 to August 20: Professor Neubauer, history of mathematics; Professor 
Varineau, partial differential equations, curve fittings. 


REPRINTS AVAILABLE 


Reprints of the following articles may be secured by writing to the office of 
the Secretary-Treasurer, University of Buffalo, Buffalo 14, New York. They 
will be distributed free to members and subscribers as long as the supply lasts. 
“A List of Mathematical Books for Schools and Colleges” (1917) ; 

“A Suggested List of Mathematical Books for Junior College Libraries” (1925); 
“Benjamin Peirce, 1809-1880.” By R. C. Archibald (1925); 
“Report of the Committee on Assigned Collateral Reading in Mathematics” 

(1928); 

“Report of the Committee on College Entrance Requirements in Geometry” 

(1931); 

“Collegiate Mathematics Needed in the Social Sciences” (1932); 
“Readings in the Literature on Teaching with Special References to Mathe- 

matics” (1935); 

“Advanced Preparatory Mathematics in England, France and Italy” by W. D. 

Cairns (1935); | 
“The Ph.D. Degree and Mathematical Research,” by R. G. D. Richardson 

(1936); 

“Herbert Ellsworth Slaught,” by W. D. Cairns and G. A. Bliss (1938); 
“It Can’t Happen Here,” a mathematical musical farce, by A. Marie Whelan 

(1938); 

“Report of the Committee on Tests” (1940). 


PERSONAL ITEMS 


Professor R. W. Brink represented the Association at the dedication of a 
new Science Hall on March 8-9, 1948 at the College of St. Thomas, St. Paul, 
Minnesota. 

Professor P. A. Caris was appointed a delegate of the Association to the 
meeting of the American Academy of Political and Social Science at Phila- 
delphia on April 2-3, 1948. 

Professor J. W. Cell represented the Association at the inauguration of 
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John D. Messick as president of the East Carolina Teachers College, Greenville, 
North Carolina on March 6, 1948. 

Professor B. P. Reinsch was a representative of the Association at the inau- 
guration of J. Hillis Miller as president of the University of Florida, Gainesville, 
Florida on March 5, 1948. 

Dr. John H. Curtiss, chief of the National Applied Mathematics Labora- 
tories of the National Bureau of Standards, was elected a fellow of the American 
Statistical Association at the Association’s annual meeting, December 28-31, 
1947. 

Dr. Mina Rees and Dr. Warren Weaver were included on the list of American 
citizens receiving British awards “in recognition of valuable services rendered 
to the Allied war effort in various fields of scientific research and development.” 
The list was announced by Lord Inverchapel, the British Ambassador, on Febru- 
ary 11, 1948. Both Dr. Rees and Dr. Weaver were awarded the King’s Medal 
for Service in the Cause of Freedom. 

Stanford University announces the following: Professor Harold Davenport 
from University College, London is at Stanford University for the year 1947-48 
as Visiting Professor; Professor Ainsley H. Diamond of Oklahoma Agricultural 
and Mechanical College is teaching part-time at Stanford University during the 
spring quarter, 1947-48; Professor Rhoda Manning is on leave from Oregon 
State College and is teaching part-time during the year 1947-48 at Stanford 
University; Professor M. Schiffer of Harvard University is giving a series of 
lectures from February 1 to June 15, 1948. Other lectures have been given 
recently at Stanford University by Professor Harold Cramer of the University of 
Stockholm, Sweden; Professor M. Fréchet, Institut Henri Poincaré, Paris; 
Professor Marcel Riesz of the University of Lund, Sweden. 

Professor Richard Brauer of the University of Toronto has been appointed 
to a professorship at the University of Michigan. 

Dr. R. S. Burington is Chief Mathematician and Director of the Evaluation 
and Analysis Group, Bureau of Ordnance, Navy Department, Washington, 
D. C. 

Associate Professor T. F. Cope of Queens College has been promoted to a 
professorship. 

Professor H. A. Davis of West Virginia University has been appointed Head 
of the Department of Mathematics. 

Dr. Henri A. Jordan has been appointed to an associate professorship at 
Colby College. 

Associate Professor H. E. Jordan was reported erroneously to have left the 
University of Kansas. 

Professor G. E. Raynor of Lehigh University will become Head of the De- 
partment of Mathematics on July 1, 1948. 

Professor J. B. Reynolds, head of the Department of Mathematics of Lehigh 
University, will retire on June 30, 1948. 

Mr. Emil D. Schell has accepted an appointment as chief of the Mathe- 
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matics and Electronic Computor Branch, Office of the Comptroller, United 
States Air Forces. 

Assistant Professor L. W. Swanson of Coe College has been promoted to an 
associate professorship. 

Professor John L. Synge has been appointed to a Senior Professorship in the 
School of Theoretical Physics at the Dublin Institute for Advanced Studies. He 
is resigning from his present position as Head of the Department of Mathe- 
matics at Carnegie Institute of Technology as of the end of the academic 
year, and will take up his duties in Dublin on September 1. 

Assistant Professor Leo Zippin of Queens College has been promoted to an 
associate professorship. 

The University of Michigan announces the appointment of S. W. Hahn as 
instructor. 


Mr. A. L. McCarty, formerly of City College of San Francisco, died on June 
20, 1947. Mr. McCarty, a charter member of the Association, was one of the 
organizers of the Northern California section. 

Professor Emeritus A. B. Turner of the College of the City of New York 
died on February 5, 1948 at the age of seventy-five years. He was a charter mem- 
ber of the Association. 

Professor G. E. Wahlin of the University of Missouri died on February 11, 
1948. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


OCTOBER MEETING OF THE INDIANA SECTION © 


The fall joint meeting of the Indiana Section of the Mathematical Associa- 
tion of America and the Mathematics Section of the Indiana Academy of Science 
was held at Ball State Teachers College, Muncie, Indiana on October 17, 1947. 

Sixty-four persons attended the meeting, including the following twenty-one 
members of the Association: W. L. Ayres, Juna L. Beal, G. E. Carscallen, K. W. 
Crain, Olive M. Draper, P. D. Edwards, E. L. Godfrey, G. H. Graves, H. F. S. 
Jonah, M. W. Keller, F. C. Leone, P. M. Pepper, J. C. Polley, D. H. Porter, 
C. K. Robbins, A. E. Ross, L. S. Shively, W. O. Shriner, Florence A. Wirsching. 

Announcement of the 1948 national meeting of the National Council of 
Teachers of Mathematics to be held in Indianapolis on April 2-3, 1948, was 
made by M. H. Ahrendt, of Anderson College. 

No business meeting was held. The time and place of the spring meeting for 
1948 was to be arranged by the officers of the Section. 

The following papers were presented. 
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1. Pythagorean triangles, by John Funderburg and G. A. Jackson, introduced 
by the Secretary. 


In the euclidean plane, an assemblage of points representing Pythagorean triangles is shown 
to consist of a parabolic lattice set and sets that are multiples of this set. A subset contains all 
primitive triangles. It is demonstrated that this assemblage of points can be located on systems of 
hyperbolas, circles, and straight lines. The approximate values of certain constants (including roots 
of prime numbers, transcendental e and 7) are shown to be obtained by the use of convergent or 
oscillatory series, of which the members are represented by points included in this assemblage of 
points. 


2. Some special sums of cotangents, by H. F. S. Jonah, Purdue University. 


The speaker illustrated a method for summing certain finite sums of cotangents. The original 
sums arose in a research project in electrical engineering. 


3. Mathematics teacher training in relation to the proper teaching of under- 
graduate algebra, by A. E. Ross, University of Notre Dame. 


The speaker discussed a fundamental approach to the teaching of algebra in college, as well as 
the problems of training teachers to carry out such a program of instruction successfully. 


4. A study of factors related to engineering mathematics at Purdue University, 
by Paul Irick, Purdue University, introduced by the Secretary. 


The speaker showed the relation between grades in mathematics and various factors such as 
position of student in graduating class, average grade in high school mathematics, number of high 
school units in mathematics, and grades on different tests given during orientation period. The 
study followed the students through the first two years of college mathematics. 


5..A mathematical theory of religion, by G. H.-Graves, Purdue University. 


Due to the studies of Whitehead, Russell, Keyser, and others, it is now generally recognized 
that mathematics has no particular subject matter but is concerned with constructing logical 
systems on postulates suggested by any field of interest. Religion is a promising field in this connec- 
tion, for in religion, we constantly observe conclusions and decisions, and hence conduct and char- 
acter, resulting from postulates held as convictions by an individual or by a society. Just as 
geometry, for instance, has gained greatly in clearness and in range by a study of its foundations 
and the recognition of incompatible systems which are nevertheless consistent individually, so it 
may be expected that different religions can gain in clearness and in tolerance by studying their 
fundamental postulates with a view to eliminating contradictions and non-essentials, and to trac- 
ing the connections of the characteristics of individuals or societies with their fundamental postu- 
lates. 


6. A reduced set of postulates for hyperbolic geometry, by Rev. H. F. DeBaggis, 
C.S.C., University of Notre Dame, introduced by the Secretary. 


The speaker presented a minimal set of postulates for hyperbolic geometry. Independence 
examples were given for all of the postulates. 


7. The postulates of a tri-operational algebra, by Rev. F. L. Brown, C.S.C. 
University of Notre Dame, introduced by the Secretary. 


In this paper the speaker presented a set of postulates for a tri-operational algebra, showing 
the independence of each of the postulates. He presented the minimal set satisfying these postulates 
and derived a few elementary consequences. (These consequences are among those published by 
the author in the Reports of a Mathematical Colloquium, Issue 5-6, Issue 7, Notre Dame, Indiana.) 


334 CALENDAR OF FUTURE MEETINGS [May, 


8. Functional representation of partially ordered additive groups, by Ky Fan, 
University of Notre Dame, introduced by the Secretary. 


For any compact Hausdorff space Q, the totality C() of all real continuous functions defined 
on @ may be considered as a partially ordered additive group (p.o.a.g.). Any subgroup G of C(Q) 
which contains all constant functions is obviously a p.o.a.g. with the following three properties: (1) 
G contains a sub-group R which is group-order-isomorphic to the totally ordered additive group 
of all real numbers; (2) The sub-group F contains an element e such that for any element f of G, 
the relation ne=f holds for some natural number ; (3) If for some pair of elements f, g of G, 
nf +g 20 holds for all natural numbers , then f 20. Conversely, for any abstract p.o.a.g. G with 
properties (1), (2), (3), there exists a compact Hausdorff space © such that G is group-order-iso- 
morphic to a sub-group G’ of the p.o.a.g. C() formed by all real continuous functions on Q, where 
G’ contains all constant functions. 


9. Geometric illustrations of abstract complexes, by Charles Brumfiel, Ball 
State Teachers College, introduced by the Secretary. 

The speaker gave two and three dimensional examples of abstract topological complexes. The 
incidence matrices of an ”-complex completely determine its topology. Methods were explained 
for calculating topological invariants, Betti numbers, and torsion coefficients, by means of the in- 
cidence matrices. 


P. M. PEPPER, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirtieth Summer Meeting, Madison, Wisconsin, September 6-7, 1948. 

Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 
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Three Distinctive Texts from Prentice-Hall 


MATHEMATICS OF FINANCE 


Second Edition, Revised and Enlarged (1936) 


By Thomas Marshall Simpson and Zareh M. Pirenian, University of Florida; and 
Bolling H. Crenshaw, formerly Alabama Polytechnic Institute 


This practical, up-to-date text provides the best possible preparation for students 
who intend to enter business. 


Part I (known as Commercial Algebra)—An effective course in algebra with 
emphasis on business use. Part IJ—an introduction to the mathematical theory of 
compound interest, annuities, and life insurance. These parts are so arranged that 
they may be obtained either in a single volume, or in two volumes for single-semester 
courses. 


Exercises follow each chapter. Answers to odd-numbered problems are given in text, 
other answers available to instructor on request. 


469 pages (with tables) 6" x 9" 


PLANE TRIGONOMETRY: Revised (1946) 


By Fred W. Sparks, Texas Technological College, and Paul K. Rees, Southwestern 
Louisiana Institute 


For over ten years a basic first-year text, this revised edition is now even clearer, 
simpler and more efficient. Graded exercises for each lesson offer 1,350 brand-new 
problems of aerial navigation, mechanics, engineering and other topics of vital 
interest to modern students. Other improvements include: 


@ New discussions of significant figures. 

@ Simplified approach to the characteristic of the logarithm. 

@ Improved explanations of inverse trignometric functions, equations, etc. 
@ Over 40 newly drawn figures to clarify basic principles. “ 

255 pages (with tables) 6” x 9” 


COLLEGE ALGEBRA 


By Moses Richardson, author of Fundamentals of Mathematics 


An unusually comprehensive study of college algebra affording new insight into 
sound mathematics. The text begins with first principles, thoroughly covers all 
conventional subjects and adds optional material needed by science students or 
mathematics majors preparing for future specialization. 


@ Stresses fundamental concepts, but not at the expense of technical achievement. 
@ Ample exercises include many with practical application. 


® Contains a discussion of rational, irrational, real and imaginary numbers for under- 
standing of theorems in theory of equations. 


@ Presents unusual topics: Maxima and Minima of Quadratic Functions, the resultant 
of two polynomials, the Euclidean Algorithm, and many more. 
472 pages | 6" x 9" 


Send for your examination copies today 


PRENTICE-HALL, INC., Ntwvorcst.0v. 


MATHEMATICS OF BUSINESS 
AND ACCOUNTING 


By KENNETH L, TREFFTZS, University of Southern California and 


E, Justin Hits, Los Angeles City College 


Published last fall, this volume—the result of the collaboration of a mathe- 
matician and a specialist in business, accounting, and finance—is an outstanding 
textbook for college-grade courses in the mathematics of business. It is not- 
able both for the simplicity and clarity with which it is presented, and for its 
constant concern with the applications of mathematics to business, including 
two chapters on annuities. Many problems are provided for each chapter, 
with answers given in the text. After each major topic there is a large section 
of review problems, for which a pamphlet of solutions is available for the 
instructor. 


267 pages, plus tables Price $3.00 


HARPER & BROTHERS, 49 East 33d Street, New York 16 


PRINCIPLES of PHYSICS 


by FRANCIS WESTON SEARS 


Professor of Physics, Massachusetts Institute of Technology 


An authoritative three-volume text planned for a two-year 
course in physics. The mathematical treatment is correlated 
with a concurrent course in analytical geometry and calculus. 
Emphasis is on physical principles. 


PRINCIPLES OF PHYSICS I Problems appear at the end of each chapter and answers to 
Mechanics, Heat and Sound odd-numbered problems are bound into each volume. . 


2 , illus, 0 

526+ pp, 399 illus, $6 0 from a Student’s Letter. | 
PRINCIPLES OF PHYSICS II ¢.. truly, ‘the student’s dream’, insofar as textbooks can bé, 
Electricity and Magnetism Particularly ...the majority of my classmates will concur... 
348+ pp, 297 illus, $6.00 I want to praise the derivations and explanations of fundamental 


principles and formulas. Physics...is, for the first time, toler 
PRINCIPLES OF PHYSICS Ill ably understandable. 


Optics “«.,.my sincere admiration for what seems to me to be just 
323-++ pp, 25] illus, $5.00 about the finest textbook on physics so far published.” 


“ADDISON-WESLEY PRESS INC., Cambridge 42, Mass. 


TEXTBOOK NEWS 


John M. H. Olmsted’s 


SOLID 
- ANALYTIC GEOMETRY 


y XN 


His new textbook, which presents a complete and lucid treatment of analytic 

geometry of three dimensions is designed for courses on the junior-senior or early 
graduate level. The book contains the material for a very rich and extensive course, 
so arranged as to be conveniently adapted to courses of various content. Other 
features of the book are the simplicity of the presentation, the emphasis on logical 
reasoning and method, the many illustrative examples, over one thousand exercises, 
the systematic elementary treatment of Matrix Algebra, and the clarity of the fifty 
line drawings, representing surfaces and other spatial objects. $4.00. 


APPLETON-CENTURY-CROFTS, Inc. 
35 West 32nd Street New York 1, New York 


New Books for September Use 


HARoLp LARSEN—Rinehart Mathematical Tables. Selected for “maxi- 
mum usability.” Prob. 256 pp., prob. $1.50. 


AMBROSE AND LAZEROWITZ—Fundamentals of Symbolic Logic. Basic 
text with up-to-date approach. Prob. 324 pp., prob. $3.50. 


REAGAN, OTT, AND SIGLEY—College Algebra. New edition, containing 
over 2,000 problems. Prob. 512 pp., $4.00. 


And... Six Widely Adopted 


BRITTON AND SNIVELY—Algebra for College Students, 529 pp., 
$3.00. Intermediate Algebra, 337 pp., $2.00. 


Joun A. NortHcott—Mathematics of Finance, 252: pp., $3.00. 
BROOKE AND WiLcox—lIntermediate Algebra, 323 pp., $2.50. 
WitiaM K. MorrtLu—Plane Trigonometry, 245 pp., $2.50. 


BUCHANAN AND WHALEN—The Elements of Analytic Geometry, 
256 pp., $2.50. 


Rinehart & Company, Inc. New York 16 


good “math” textbooks — 


1. ADVANCED MATHEMATICS FOR ENGINEERS 


By H. W. Reddick and F. H. Miller 
Revised and expanded, the second edition places emphasis on physical applications by providing, 


with each principal topic, problems relating to the four main fields of engineering. It is intended for 
advanced mathematics and advanced engineering courses. Second edition, 1947. 508 pages. $5.00. 


2. PARTIAL DIFFERENTIAL EQUATIONS 


By F. H. Miller 
This book is planned to fill the need of students of mathematics (analysis and geometry) and the 


physical sciences for an adequate treatment of partial differential equations similar to the usual course 
in ordinary differential equations. 1941. 259 pages. $3.50. 


3. DIFFERENTIAL EQUATIONS 


By H. W. Reddick 
A clearly-written elementary book dealing with ordinary differential equations and with problems in 


applied mathematics involving ordinary differential equations. There are more than 600 problems given 
which cover a wide range of applications. 1943. 245 pages. $2.75.° 


4. ANALYTIC GEOMETRY AND CALCULUS 
By H. B. Phillips 
This textbook is expressly designed to fit the requirements of today’s scientific and engineering 


curricula. The treatment of both subjects is logically developed, covering the essenials yet not burden- 
ing the student with a mass of detail. 1946. 504 pages. $4.50. 


5. ANALYTIC GEOMETRY 


By C. H. Lehmann e 
Presents a complete course for one semester, covering both plane and solid geometry. This book is 


flexible, stresses mehods of reasoning, and presents nearly 2000 problems from which to make a 
selection. 1942. 425 pages. $2.75. 


6. VECTOR AND TENSOR ANALYSIS 


By Louis Brand 
A thorough treatise on the mathematical concepts of vector and tensor analysis, the book is well 


organized and carefully written, Practical applications to such fields as mechanics of rigid bodies, 
hydrodynamics, and electrodynamics are given. 1947. 439 pages. $5.50. 


7. BASIC MATHEMATICS FOR ENGINEERS 
By P. G. Andres, H. J. Miser, and Haim Reingold 
Presents the mathematics, including a brief introduction to calculus, needed for an intelligent 


undersanding of the various elementary engineering courses. Those who have a weak mathematical 
background will find the book especially helpful. 1944. 776 pages. $4.25. 


8. TRIGONOMETRY 


By H. K. Hughes and G. T. Miller 


This textbook is intended for use in a first course in trigonometry for freshman students. Funda- 
menal identities are introduced in the second chapter although elaboration of their applications remains 
later in the book. Second edition, 1946. 178 pages. $2.50. (Without tables $2.00.) 


JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16, N. Y. 


new H. M. Co. texts 


MATHEMATICS FOR USE IN BUSINESS 


by C. E. Hilborn, Assistant Professor of Business Administration, 
School of Business Administration, Duquesne University. 


Mathematics for Use in Business provides material for a thorough-going 
first course in business mathematics, well suited to freshman courses in 
schools of business administration or terminal courses where “practical” 
mathematics is indicated. This text is the outgrowth of twelve years’ teaching 
of business mathematics in Duquesne University. It has been used in various 
experimental editions with freshmen in business administration and with 
evening school students. The present editon shows the finished presentation 
which comes from extensive use and constant rewriting for improvement. 
Throughout the book the author treats his subjects with thoroughness to 
meet the most rigorous requirements of any first course and with a style 
which will gain and hold the interest of the class. 


ANALYTIC GEOMETRY 
by R. S. Underwood and Fred W. Sparks, Professors of Mathe- 


matics, Texas Technological College. 


In Analytic Geometry the authors have produced a brief text possessing 
clarity, serviceability, and efficiency. The book includes only the most im- 
mediately useful topics. New concepts are introduced as they are needed 
in the normal development of the subject, with new proofs for traditionally 
difficult subjects. Though the departure from classical procedures are numer- 
ous, at no point have the authors adopted a novel approach merely for the 
sake of change. A large number of carefully selected and graded problems 
are included. 


BASIC MATHEMATICS; A WORKBOOK 


by M. Wiles Keller, Associate Professor of Mathematics, Purdue 
University, and James H. Zant, Professor of Mathematics, Okla- 
homa Agricultural and Mechanical College. 


The successful approach of this workbook is based upon (1) the discovery 
through a testing program of the topics which need attention; (2) the provi- 
sion of a minimum yet adequate amount of explanation; (3) the use of step- 
by-step illustrations to accompany rules; (4) the provision of a large num- 
ber of problems. 


HOUGHTON MIFFLIN COMPANY 


Boston New York Chicago Dallas San Francisco 


The. new fourth edition of — 


LOVE: Analytic Geometry 


The fourth edition of this text differs from previous editions in 
both style and content. Explanations are fuller, and applications 
and exercises more numerous and more varied. Algebraic curves 
are introduced early, and less space is devoted to conic sections. 
A new chapter has been added on the analytic geometry of trigo- 
nometric functions, and one on exponentials and logarithms. 


Published March 23, 1948, $3.50 


Clyde E. Love is Professor of Mathematics, University 
of Michigan 


CHURCHMAN: 
The Theory of 


Experimental Inference 


Treating the general problem of inference in the experimental 
sciences, this book makes full use of the contributions of the 
mathematical statisticians, considering those of Pearson and Ney- 
man, and the further generalizations of Wald. The author presents 
a thorough examination of the historical philosophical schools on 
the problem of methods in the sciences, and treats the relationship 
between progressive aims of science, and the methods of science. 


To be published this spring. $3.50 (probable) 


C. West Churchman is Associate Professor of Philosophy, 
Wayne University 


THE MACMILLAN COMPANY New York 11 


Intermediate Algebra for Colleges 
by William L. Hart 


This new intermediate algebra gives students a colle- 
giate substitute for third semester high school algebra. 


It is specifically designed’ as a text for a course to 
precede classical college algebra, or for a terminal 
course for students who will need merely substantial 
knowledge of the elements of algebraic technique and 
computation in college. 


Appropriate refresher work in arithmetic and ap- 
proximate computation is given in an early: chapter. 
Skill in computation is emphasized throughout the book. 


Written in a style suitable to the maturity of college 
students but with the assumption that all the fundamen- 
tals of the subject must be introduced to them anew. 
276 pages of text Price, $2.50 


Essentials of Analytic Geometry 
by Curtiss and Moulton 


A rigorous course in plane analytic geometry with 
chapters on solid analytic geometry for courses prepa- 
ratory to calculus and engineering courses. 


H 
Based on the authors’ earlier Analytic Geometry, with A 
several chapters omitted and the remaining chapters H 
either rewritten or revised. t 
x 
Starred sections indicate optional material which can : 
be omitted to adapt the book for use in a 3-hour course. i : 
269 pages of text ~ Price, $2.80 MATHEMATICS 


D. C. HEATH AND COMPANY 


Boston New York Chicago . Atlanta San Francisco Dallas London’ 


McGRAW-HILL BOOKS 


COLLEGE ALGEBRA 


By Paul K. Rees, Louisiana State University, and Fred W. Sparks, Texas Technological 
College. Second edition. 403 pages, $2.75 


® A lucid, logical, and teachable treatment of college algebra. The text includes more 
than the usual number of formal] definitions, illustrated by judiciously chosen, care- 
fully explained examples. The second edition affords added review material for the 
student with only one year of high school algebra, and the problems have been greatly 
extended. 


DIFFERENTIAL AND INTEGRAL CALCULUS 
By Ross R. Middlemiss, Washington University, Second edition. 497 pages, $3.50 


@ An ideal text for both liberal arts and engineering courses, in that it maintains a 
high degree of accuracy, and is at the same time exceptionally clear and readable. 
Each fundamental idea is allowed to rise in a natural way and is then developed in a 
manner to encourage the student to give it calm and deliberate consideration. The 
second edition contains a chapter on solid analytic geometry; the problems are 
‘largely new; and there are many new illustrative examples. 


ANALYTIC GEOMETRY 
By Ross R. Middlemiss. 306 pages, $2.75 


@ Designed especially to meet the needs of scientific and technical students, this text 
presents carefully selected subject matter and methods as a preparation for calculus and 
the various sciences. An effort has been made to make a maximum contribution to the 
general mathematical training of the student, to give him a clear understanding of 
the fundamental methods and the most basic concepts of analytic geometry. 


DIFFERENTIAL AND INTEGRAL CALCULUS 
By Harold M, Bacon, Stanford University. 771 pages, $4.50 


@ One of the chief purposes of this text is the presentation of material so that the 
student can master it with a minimum of explanation by the instructor. Illustrative 
examples are worked out in great detail to enable the student to follow easily all 
steps in the argument. 


Send for copies on approval 
McGRAW-HILL BOOK COMPANY, Inc. 


330 West 42nd Street New York 18, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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PRACTICAL COMPUTATIONAL METHODS IN THE 
SOLUTION OF EQUATIONS* 


RUFUS OLDENBURGER, De Paul University 


1. Introduction. The basically simple techniques of this paper greatly shorten 
the labor in computing solutions of ordinary linear differential equations with 
constant coefficients and algebraic equations arising in applied problems. The 
reader is especially referred to Section 3 on complex roots. 

We shall be concerned with some practical methods of approximating the 
roots of the equation 


(1) am aya) + agx™ 2? +--+ +a, = 0 
in which the coefficients a, dz, - ++, a, are real. This equation is associated 
with the linear differential equation 
ad”y qd™ly . 
2 ay —— +--+ 4,7 = 0. 
) din dtr TF Ons 


We often wish to solve (2) with the initial conditions 


dy d”—ly 
3 t = QO, = Ai, — = Ag-::, =A, 
(3) ¥ 1 di 2 am 


in which Aj, Ao, ---, A, are real. 

From probability considerations we can say that if (2) is a differential equa- 
tion which represents a physical system it is very unusual for two roots of the 
corresponding equation (1) to be equal or almost equal. It is therefore assumed 


in this paper that the roots ay, a2, - ++, Qn of (1) are distinct. Then there are 
numbers B,, Ba, - - - , B, such that the solution of( 2) and (3) is 
(4) y = Byes? + Boers? +--+ + Bert, 


If ¢ is the imaginary unit, there are real numbers u, v such that ay=u-+1. 
Then the term Bye** in (4) is Bye*‘(cos vé-+2 sin vt). If By 40, and wu is negative, 
the term Bye“t approaches zero as ¢ increases beyond all bounds; otherwise B,e“# 
does not approach zero. For this reason, if ¢ is time, (2) is said to be the differ- 
ential equation of a stable physical system if and only if the real parts of the 
roots of (1) are all negative. In the design of any piece of equipment the question 
of stability is an important one. 

If »23 the equation (1) should be solved by trial in preference to any 
standard method with prescribed steps. Some information about the nature of 
the roots should be obtained before carrying out the actual solution. For exam- 
ple, Descartes rule of signs may be used. If one has a problem in transient 
phenomena the Routhf stability criterion may be employed. If 7 $5 in (1), then 


* Presented to the IIlinois Section of the Association, May 24, 1947. 
+ H. S. Wall, Polynomials whose zeros have negative real parts, this MONTHLY, vol. 52, No. 6, 
1945, pp. 308-332. 
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synthetic division to find real roots may be used at once. 

We shall employ the term “large” in this paper. This is a purely relative 
term of comparison between the given quantity said to be large and other quan- 
tities with which it is being compared. In some problems the given quantity is 
large if it is at least 10 times each of the other quantities involved; sometimes 
the factor is at least 100. The concept of “large” is used to throw away terms, and 
what terms may be thrown away depends on the errors one is allowed to make 
in the -problem. When we say that a real root is numerically large we mean that 
this root is numerically so large compared to the remaining roots we can sim- 
plify the algebraic expressions of this paper by keeping only the terms of highest 
power in the numerically large root. To simplify algebraic expressions we shall 
also refer to complex roots with numerically large real or imaginary parts. Here 
we compare the numerically large part with the other part of the root, the 
absolute values of the remaining roots, and the quantities A1, - ++, An. 

If there are numerically large real roots of (1), they should be found by the 
methods of Section 2. By the process of Section 3 the complex roots should be 
located. 

In the case of a stable transient system the roots with numerically large 
real or imaginary parts may be discarded.} G. A. Philbrickt has developed an 
analyzer of physical systems based on the idea that the transient performance is 
determined by only a few of the roots of the corresponding equation (1), so 
that physical systems can ordinarily be described by differential equations of 
low order. 

2. Numerically large real roots. In the solution of (1) it is advisable first to 
find approximately the numerically large real roots, and to use the reduced 
equation after each such root is found. Probability considerations show that an 
advantage in removing a numerically large real root is that the reduced equation 
often has relatively small coefficients compared to the coefficients in (1). 

We shall explain later how to test the closeness of an approximation to a 
numerically large real root of (1). We note here that if (1) has a numerically 
large real root, the equation 


(5) x— a, = 0 


might give a good approximation to q;. It is the author’s experience that this 
approximation generally is not good. 

It will now be proved, as is well known, that a numerically large real root 
a, of (1) approximately satisfies the equation 


(6) x? + ax + ad, = 0 


} Discarding roots with numerically large real or imaginary parts has been successful in the 
author’s experience except in the case of gas turbines where numerically large real roots of an 
equation (1) correspond to the temperature in the combustion chamber which can vary rapidly, 
and the essentially smaller roots correspond to the speed of the wheel which changes relatively 
slowly. 

t Presented to the SAE National Aeronautics Meeting, Oct. 2-4, 1947, Los Angeles, Cali- 
fornia, in a paper entitled, Electronic analog studies for turbo-prop control systems. 
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Let o, be the sum of the remaining roots ae, a3, - + +, An Of (1). It follows that 
a= —(a,+0,). Let o2 be the sum of the products of ae, a3, «+ +, Gna in pairs. 
Then if |a| is large enough relative to |a2|,---, |a,| the quantity o» is small 


compared to a,0,. Therefore az is approximately a,0;. Then (6) is approximately 
x? — (ay+o1)x-+a,o,=0. Obviously a, satisfies (6) approximately. 
There are equations such that (6) does not give a good approximation, but 


(7) x3 + ayx? + aox + as = 0 


determines a to sufficient accuracy. If (5), (6), or (7) do not give a, to sufficient 
accuracy we may form similar equations using more coefficients of (1). In the 
author’s experience this has not been necessary. 

The author has not found the usual synthetic division process satisfactory 


for finding numerically large real roots. As an example consider the synthetic 
division 


1 121 2030 1010 —101 
—101 —2020 —1010 
1 20 10 0 


which shows that —101 is a root of a certain cubic. A computer would ordinarily 
not guess the exact value —101. Suppose that in attempting to find the root 
—101 he tries —90. Ordinary synthetic division follows. 


1 1214 2030 1010 —90 
—90  —2790 68,400 
1 31 —760 69,410 


Since the remainder 69,410 is large compared to the entry 1010, he would be in- 
clined to think that he is very far from the actual root, when he is really quite 
near. 

The synthetic division used above is left to right synthetic division. Sup- 
pose now that the computer tries right to left synthetic division with the value 
— 90. Keeping one decimal place he obtains the following. 


1 121 2030 1010 — 90 
— 2018.8 
22.4 11.2 


The remainder 11.2 is obtained by dividing —1010 by —90, the entry — 2018.8 
is 11.2 minus 2030, and the first remainder 22.4 is the result of dividing — 2018.8 
by —90. Since 90-+ 22.4 is near 121 the computer knows that — 90 is near a root. 

It is the author’s experience that if one makes a guess a; +e to a numerically 
large real root a, of (1), even a small error e will yield a large remainder when 
left to right synthetic division is used, and it is necessary for the computer 
to work with large entries compared with the remainder and the entries obtained 
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in right to left synthetic division. It is a simple matter to justify these conclu- 
sions on purely mathematical considerations. For the sake of brevity these will 
be omitted. 

Probability considerations show that there is a good chance that equation 
(1) will have a real root which dominates the others in absolute value.* 

The preceding discussion will now be illustrated with the equation 


(11) x6 + 228x5 + 6,000x4 + 37,0003 
+ 210,000x? + 320,000x + 274,000 = 0 


which arose in the study of a new diesel electric locomotive. The actual process 
used in the industrial solution will be given. Since the coefficient of x5 is large 
compared to the leading coefficient it appears that there is probably a real root 
with large numerical value. Solution of (6) yields the approximation a, = —198. 
In the following synthetic division of the left member of (11) by —198 we start 
at the right and round off numbers to convenient values. 


1 228 6,000 37,000 210,000 320,000 273,000 —198 
—5,800 —36,000 —208,000 —319,000 —273,000 
29 182 1,050 1,610 1,380 0 


The fifth remainder 1,380 is obtained by dividing 274,000 by 198, the fourth by 
dividing 319,000 by 198, and so on. The first remainder is approximately 29 in- 
stead of the required value, a;-+(—198), that is, 30. We therefore try —199 as 
shown. 


1 228 6,000 37,000 210,000 320,000 273,000 — 199 
—5,800 —36,000 —208,000 —319,000 —273,000 
29 181 1,040 1,600 1,370 0 


The first remainder is 29; also here a,+(—199) is 29. Therefore — 199 is the more 
satisfactory approximation to the large root of (11) under consideration. 
We now proceed to the reduced equation 


(12) x& + 29x4 + 18123 + 1,040x? + 1,600% + 1,370 = 0 


for which the root —23 is readily found by the method just described. __ 

3. Complex roots. There will now be described a modified synthetic division 
process which ordinarily leads rather rapidly}+ to complex roots of (1), in con- 
trast to standard techniques in common use. Conjugate complex roots of (1) 
determine a quadratic factor of the given polynomial on the left of (1). There- 


* Several thousand equations of type (1) arising in practical problems were solved. These 
represented rather well all of the major fields of engineering. In almost every case there was a real 
root numerically large compared to the other roots, and it was readily found by synthetic division 
performed from right to left. 

+ Sixth and eighth degree equations which would have taken a day by Graeffe’s method have 
always been solved by the author in less than 30 minutes for two or three significant digits. 
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fore division of this polynomial by a general quadratic function, x?+-ex++f, will 
be explained. The forms of the remainder in this division will be established by 
induction. 

Let 7:, s; denote the pair of remainders after the tth division. Therefore, 
clearly, 


’, = a1 — 6, Sy} = do — f, 
ro = e? — f — aye+ &, So = ef — aif + Gs, 
rg = — e8 + ef + aye? Ss = — eft fe? + aef 


— Qe — arf ++ a3, — dof ++ 4. 
These results suggest that the remainders after the ith division have the form 
r, = (-l)iflet -— (4 — 1)e*?*f +--- |, 
5 = (—1fey — GG — Dems |, 


in which all terms in the a’s and terms of lower degree in e than those exhibited 
have been omitted. The next row in the division will be 


(13) 


iy eri, fi. 

Therefore 

Yi41l = Sim CF, Si41 = Qi42 fri. 
Hence 

Vig = (—1)#1[e#1 _ iet1f we I, 

sina = (—1) [olf — (G — erp t--- |, 
in which all terms in the a’s and terms of lower degree than those shown have 
been dropped. Since the formulas (13) have been verified when 1=2 (as well as 
3), it follows by induction that they are valid if7=2,---,n—1. 

It will now be assumed that f+0. It follows from (13) that, as polynomials 
in e, one of 7n-1, Sn—1 is of odd degree in e. Now a real polynomial equation of odd 
degree has a real root. Therefore, if f0, there is an e such that one of the final 
remainders 7n-1, Sn—1 vanishes. Such a root of 7,-1=0 or S,-1=0 can be found 
by studying the sign of the polynomial. There may be such a root when f=0. 


It will now be assumed that there are numbers e, f such that sp»_i(e, f) =0. 
In the zw-plane 


(14) Sn—1(8, w) = 0 


is a curve, and (e, f) is a point on this curve. If there is a point (e, f) such that 
(e, f) is on (14) and also on 


(15) rn-1(8, Ww) = 0, 
then an approximation (e, fi) to (e, f) may be found by trial. 
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Thus if for a given value of e, one of the remainders 7n_;(e, f), Sn—i(e, f) is of 
odd degree in f, we can find a point (e, f) on one of the curves (14), or (15) by 
trial of values of f. 

Unless the problem is a particularly difficult one, it is possible without study- 
ing the signs of the polynomials 7,_:(e, f), sn1(e, f) to find rather quickly a point 
(e1, f,) near a point of intersection (e, f) of the curves (14) and (15). 

It should be noted that either or both of the curves 7,_1(2, w) =0 or Sp_3(z, w) 
=(0 may have more than one branch. For example if »=4, then 73(z, w) =0 is a 
cubic curve with z=a,/2 as asymptote. All branches of (14) and (15) should 
be tested to find a point (e, fi) which approximately satisfies (14) and (15). 

We return to the locomotive example of Section 2. After the factors cor- 
responding to the roots —199 and —23 of the locomotive equation (11) have 
been removed, the reduced equation 


(16) xt + 6x3 + 42x47 + 67x + 60 = 0 


is obtained. Equation (16) will be solved by the methods described above. 
Examination of (16) with trial divisors shows that synthetic division by a real 
number yields a positive remainder so that there are no real roots of (16). The 
Routh test shows that the real parts of the roots are negative so that the 
numerical value of such a real part cannot exceed 6 (7.e. minus the sum of the 
roots). As a first guess we try (1, f:) =(2, 0). The table for division is 


1 4 34 
2,0 1 6 42 67 60 
a 2 0 
4 42 
8 0 
34 67 
68 0 
—1 60 


The quotient is x?-+4”%+34, and the remainder —x+60. 

If e;=1.9 instead of 2, the remainder 2x+60(r;=2, s3=60) is obtained. 
Since f=0 in each case, and since 73(2, 0) <0, 73(1.9, 0) >0, there is a point 
(1, 0) on the curve (15) for e, between 1.9 and 2. 

We shall now show how a pair of values (e1, fi) is chosen so that (e1, fi) is 
approximately on both curves (14) and (15). If (ea, fi) =(2, 1) the table at the 
top of the following page is obtained. Thus ss has decreased from 60 to 27. 
Next from (é, fi) =(2, 2) the remainder —5x—4 is obtained. Thus 73(2, 2) = —5, 
and s3(2, 2) = —4. Since these numbers are both small it is true that x?+2x+2 
is an approximation to a quadratic factor of the left side of (16). Since the 
remainders 73 and ss are both negative a new approximation to (é, f1) would be 
(1.8, 1.8). The remainder is now 0.8x+1.4, and the quotient is «?+4.2x+32.6. 
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Further trial with neighboring values shows that for two-digit accuracy the 
expression x?+1.8%+1.8 may be used as an approximation to a factor of the 
left side of (16). 


1 4. 33 

2,1 | 1 6 4 467 ~~ #60 
— 2 1 
4 At 
8 

33.63 
66 33 
—3 27 


Approximate roots of the locomotive equation (11) are therefore 
(17) — 199, — 23, —2.1 + 5.31, —0.9 + i. 
4. Simplification of solutions for transients. The approximate solution of the 


differential equation (2) corresponding to the algebraic equation (11) is of the 
form 


~ y = Bye199t 4 Boe28t + e-2-14(Cs cos 5.34 + Cy sin 5.32) 
+ e-9t(C, cos ¢ + Cs sin 2). 


We shall show that if t represents time (as it does in this example) we are justi- 
fied in discarding the first two terms on the right of (18). 
We consider a solution (4) of (2) and (3) in which 22, oy is real and the 


(18) 


solution is stable (the real parts of a1, - - - , @, are negative). The B’s satisfy the 
equations 
(19) >> B= Ay, dlaBs = Ax-++, Dia; Bi = Ay. 

t=1 t=] t=1 


If A is defined as the determinant of the coefficients of the B’s in (19), then 
‘AX0 because A is a product of the differences a;—a; for 14%j.* We note that A 
is the determinant in the denominators of the solution of (19) for Bi, > ++, By. 
The determinant A is of degree »—1 in a, whereas ao, does not occur in the 
determinant which is the numerator of B,. This is not generally true for the 
numerators of Bo, ---, B,. It follows that if a; is sufficiently large numerically 
(compared to Ai, °°, A, as well as the other roots), then the coefficient By 
in (4) is generally small in comparison with the other B’s. Hence as # increases 
the term B,e* decreases to zero rapidly compared to the other terms, and 
may be dropped from the solution. We remark that for transients we are con- 
cerned with what happens for increasing /. 


* L, Weisner, Introduction to the Theory of Equations. Macmillan, 1938. pp. 55, 56. 
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If the roots a; and a2 are conjugate complex roots of (1), the notation w+ 
will be used for a;. The numerators of B; and Bz corresponding to these roots are 
of lower degree in v than the determinant A. If v is large compared to | 2 | , the 
absolute values of the remaining roots, and Ai, ---,An, the quantities B, and 
Bz are in general relatively small compared to the remaining B’s. Therefore if 
n=3, and v is large enough in the above sense, and further | | is not small 
numerically compared to the real parts of the other roots of (1), the first two 
terms of (4) can be discarded. The same is true if | | is large compared to 2, 
the absolute values of the remaining roots, and A1,- ++, An. 


TWO TEASERS FOR YOUR FRIENDS 


E. J. Mouton, Northwestern University 


You may test the native mathematical ability and the mathematical train- 
ing of your friends with the following variations of a very old problem. Our first 
problem has a simple but significant catch to it which a bright ten-year old may 
discover at once, but which most of your non-mathematical colleagues will 
miss; the second has a catch for the professional mathematician. Try them on 
your friends. We present the problems as they might arise at a dinner table. 

PRosBieEoM 1. I am sitting at a table four feet wide. I place my knife at one 
edge of the table, then half way across the table, then half way from there to 
the other edge, then half way from there toward that edge, and so on indefi- 
nitely. How long a time is it before the knife is at that edge? We understand that 
we are talking about a mathematical knife having no width, that the measure- 
ments indicated at the various steps are mathematically exact, and that the 
problem is strictly mathematical. 

Of course most of your friends will tell you that the knife never reaches that 
far edge. But your bright ten-year-old may say that there was nothing about 
time in the data and hence he can reach no conclusion about how long a time 
it would take. Your colleagues may be taken aback by this remark. 

PROBLEM 2. Add to the data of Problem 1 the statement that it took one 
second for the knife to be moved in the first step, a half a second for the second 
step, a fourth of a second for the third step, and so on, with the general rule that 
it took 1/2"! seconds for the mth step, where nm is a positive integer. Now 
what is the answer to the question of Problem 1? 

This goes to the heart of a very old problem. Most of your friends, after a 
little thought, will say that the proper answer is two seconds. What do you say? 
My answer is given on page 377. 


A MACHINE FOR PLAYING THE GAME NIM 
RAYMOND REDHEFFER, Massachusetts Institute of Technology 


1. Introduction. The game Nim is played as follows. Starting with an arbi- 
trary number of objects arranged in separate piles, two persons play alternately, 
removing one or more objects from any one pile in a given turn. The person 
taking the last object wins, for the case which we have designated as the nor- 
mal case, but loses in the reversed case. An interesting feature of the game is 
that there is a complete mathematical theory for it, by which a player can in- 
fallibly win if given a choice of first or second move. This theory is of such a 
nature that the computations required can be carried out by simple electrical 
circuits. It is the purpose of the present article to describe one method of doing 
so. To prevent the problem from becoming too trivial, we shall add the restric- 
tion that no relays or other devices are allowed; that is, the part of the circuit 
concerned with computation can contain ordinary switches only. In the early 
stages of the design this was a somewhat annoying limitation; but with the de- 
sign completed, one finds, after all, that introduction of relays will not lead to 
any obvious simplification. 

Nim was originally played with three piles. In this form it is said to have had 
its origin in the Orient, perhaps in China, and to be of great antiquity. In 1906 
the theory for an arbitrary number of piles was published [1]. This theory, 
which also takes account of the reversed case, is summarized in Section 2 of the 
present article. In [2] is described a more general game, in which one can re- 
move objects from & piles in each turn, rather than from only one pile. The 
theory is given for the normal case. In 1940, E. U. Condon* obtained a patent 
on a machine for playing the normal case of the game forming the subject of 
this article [3]. The circuit appears to be quite different, however, from that 
considered here, and makes extensive use of relays. A model of this machine 
for four piles with a maximum of seven objects in each was actually built as an 
exhibit for the New York World’s Fair. Since that machine contained over a 
ton of equipment, while the present one weighs only about five pounds, it is felt 
that this article will be of interest. 

In 1941, a machine was designed by the author for playing the normal and 
reversed cases with k=1. Relays were used, but otherwise the machine was 
equivalent in principle to that of the present article. In 1941-42 the author ex- 
tended the theory to include the reversed case for arbitrary k, and proved that 
the conditions previously employed, if slightly modified, are both necessary 
and sufficient for correct moves. These elementary results were preliminary to 
the design of a machine for playing the normal and reversed cases with both 
and nm arbitrary. The design of such a machine was completed in 1941-42 [4]. 
It may be noted that the two cases, k=1 and k=k, differ only trivially as far as 
the theory is concerned; but, by this slight increase in generality, the problem 
of mechanization is greatly complicated. Here we assume k=1, with no restric- 
tion on 2, the number of piles. 


* Now head of the National Bureau of Standards. 
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2. Mathematical theory. Although the theory of play is well known, it must 
be reviewed here, since it forms the basis for the proposed design. First, one 
must count the objects in each pile and write these numbers in the binary sys- 
tem. For example, if there are four piles containing 7, 12, 10 and 4 objects, re- 
spectively, one would write down the set of numbers 


111 

1100 

(1) 1010 
100. 


Next, add corresponding digits, starting with those at the right. The sum of 
the unit digits is 1 in the present case; the sum of the two’s digits is 2, the sum of 
the four’s digits is 3, and the sum of the extreme left-hand digits is 2. If these 
sums of corresponding digits are all even, then the position is said to be a safe 
position, but if one or more of these sums is odd, the position is not safe. The 
position shown, for example, is not safe. 

Starting with a position which is not safe, one can always leave a safe posi- 
tion by playing on one pile only. This operation, which is of importance in the 
sequel, is carried out as follows. First, one must pick the leftmost column of all 
those columns which gives an odd sum. In our example, the column in question 
would be the second column from the left, that is, the column for which the sum 
is 3. Since the sum of digits in this column is odd, at least one of the digits in it 
must be a 1. Pick any pile which gives a1 in this position; for example, the first, 
second, or fourth piles would be permissible in our special case. Change the 1 in 
the odd farthest left (as we shall call the column in question) to a 0, and adjust 
the remaining digits in such a way that the other sums are all even. The new 
binary number thus obtained represents the number remaining in that pile 
after the completion of the move. The number of objects is actually decreased 
as required. Also the resulting position is safe. 

We have shown that a position which is not safecan always be turned intoa 
safe position by legitimate operations. On the other hand, the reader will easily 
verify that a person confronted with a safe position can never leave a safe posi- 
tion by moving, as required, in one pile only. Given the proper initial conditions, 
it follows that a player can always leave his opponent confronted with a safe 
position, and that he himself will never be confronted with such a position. 
Since the number of objects continually decreases, eventually the position 
must be reached for which all piles are empty. This position is safe, however, and 
hence it will be the opponent’s turn to play when it arises. 

The theory as described above is for the case in which the object of the game 
is to make the last move. Because the theory is slightly simpler, this case has 
been termed the normal case. One may also play a game, which we have desig- 
nated as the reversed case, in which one’s purpose is to force the opponent to take 
the last object. Only a trivial modification of the theory is required for this 
Case, namely, to leave an edd instead of an even number when the game has so 
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far progressed that just one pile has more than one object. An opportunity for 
this modification will always arise, since the position in question must occur 
eventually, and is not safe. This reversed case, which leads to a trivial modifica- 
tion of the theory, can be dealt with by an equally trivial modification of the 
circuit; and hence the machine is designed to play that form of the game as well 
as the other. 


Fic. 1a 


3. Conversion of numbers to the binary system. Our first task is to convert 
the number of objects in each pile to the binary system. Let us suppose that 
these numbers are introduced by changing the contact position on a rotary 
switch of conventional design, and that the switch is supplied with as many 
layers of contacts (“pies”) as there are digits in the binary number required for 
representing the maximum number to be put in that pile. The connections for 
pies representing the units’, two’s, and four’s digits are then as shown in Figure 
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la, and the general arrangement for the jth pie, which gives the jth digit, is 
shown in Figure 1b. A rigorous proof that the circuit has the properties de- 
scribed can be given. 


Ai C; 


Fic. ib 


4. Even and odd. According to the theory, the next step is to find the sum 
of corresponding digits. Such a problem is quite difficult to solve by any simple 
arrangement of switches, and we inquire, therefore, whether finding the sum is 
really necessary. In the course of the calculation the only use made of the sum is 
to determine whether it is even or odd, and hence the problem may be revised as 
follows: Given a series of switches (one for each pile) to determine whether an 
even number or an odd number of the switches are closed. Stated in this way, 
the problem can be solved by a simple circuit. 


TET TE 


Fic, 2 


Let us notice that the evenness or oddness is reversed when any one switch of 
the series reverses its position. Hence the original problem, to determine whether 
a sum is even or odd, now becomes the simpler problem of arranging switches to 
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reverse connections in this way. A solution is given in Figure 2. The switches are 
double-pole, double-throw, one switch being required for the jth digit in each 
pile. It is easy to verify that changing the position of any one of these switches 
has the effect of interchanging the terminal wires G, H; in other words if G was 


Fic. 3 


initially connected to E, and H to F, then changing the position of a switch will 
leave the circuit with G connected to F, and H to E. Also, if all switches are in 
the up position, then £, G and F, H will be connected. It follows that E and G 
will be connected, and F and A will be connected, whenever an even number of 
switches are in the down position; but the connections will be interchanged 
whenever an odd number of switches are in the down position. Hence the prob- 
lem is solved. 


5. Odd farthest left. By the foregoing circuits we can determine whether 
the sums of corresponding digits are even or odd. We must next pick out the odd 
sum that is farthest left. Such a selection may be made by combining the sepa- 
rate circuits as indicated in Figure 3. From the discussion of Figure 2, we 
know that the wires H; in Figure 3 will be neutral or connected to F;, according 
as the sum of the jth digits is even or odd, and the opposite is true of the wires 
G;. Hence, in the circuit as a whole, a given wire will be connected to F, if and 
only if 7 is the largest subscript for which the sum is odd. For the wires F; will 
be connected to Fy, if and only if all the sums for greater j are even; and G; will 
be connected to F; if and only if the sum for that 7 is itself odd. 

We remark in passing that the wires £; for j>1 are not really used, and Fi 
itself is needed only for the reversed case. Hence the first double-pole switch 
shown in Figure 2 may generally be replaced by a single-pole switch. This 
simplification, which is made in Figure 4, is not made in Figure 2 because the 
circuit (for 7=1) will be required later in the complete form. 


6. Completion of machine for normal case. Having selected the proper col- 
umn in the general array corresponding to (1) we are required next to select the 
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piles for which the binary numbers have a 1 in this column; in other words, we 
must select the proper rows. To this end let us add an extra set of switches which 
will be on if the jth digit is 1, off otherwise. That such switches can be con- 
structed follows from Section 3. If these switches are connected in series with 
the previous arrangement for finding the odd farthest left, and the whole is con- 
nected in series with an indicating lamp, then the lamp will light if and only if 
there is a 1 in the odd farthest left. The complete circuit is shown in Figure 4. 


DIGIT 
NUMBER 


——— 
PE 


P=! 


@ © OO OY © 
PILE ___» 3 n 
NUMBER 2 OPTIONA 
Fic. 4 


For a given pile there will be several lamps, one for each digit in the binary rep- 
resentation, and these lamps cannot be replaced by a single one without upset- 
ting the operation of the circuit. However, they may be arranged in a compact 
group, so that they function like a single lamp as far as indicating purposes are 
concerned. Introduction of relays at this stage would eliminate the need for us- 
ing separate lamps in this way, but it is not evident that any advantage would 
be gained. The light labeled “optional” in Figure 4 goes on whenever it is the 
opponent’s move. Although not really necessary in the present context, the pos- 
sibility of such a connection would be useful if mechanization of the machine, 
for automatic operation, were undertaken. 

An experimental machine has been designed for a maximum of seven objects 
in each of four piles. Hence there are four switches, and each switch has eight 
positions. Since any number not exceeding 7 can be written in the binary system 
with three digits, there are three indicator lights for each pile. These are 
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grouped behind a translucent screen covering a large round hole above each 
switch. Neon bulbs are used partly because of their low current requirement and 
partly because they will not light if two are in series. The input is 110 volts, a.c. 

To use the machine, one specifies the initial position by adjusting the 
switches. For example, if the four piles are to have 2, 3, 5, and 7 objects, respec- 
tively, then the switches would be set to 2, 3, 5 and 7. If the position is safe no 
lights will light, and it is the opponent’s move. If, however, the position is not 
safe, which is true of our example, then the indicator lights will be on for those 
piles, and only those piles, in which a correct move can be made. In the special 
case cited, the lights over the first, second, and fourth switches would be on. 
The operator of the machine selects any one of these permissible piles and turns 
its switch to the left (that is, reduces the number of objects) until the light for 
that pile is off. It follows from the theory that all the other lights will be off, and 
thus the move is completed. The opponent makes his move by adjusting which- 
ever switch he pleases, whereupon the operator of the machine repeats the pro- 
cedure just described. This process is continued until the game is over. 

It should be observed that the move is completely specified by the machine; 
the only contribution made by the operator is to select the pile he prefers, 
when a correct move can be made in more than one pile, and to make the 
adjustments indicated. No calculation on his part is required at any time. The 
operation of selecting the alternative, when several possibilities are presented, 
could be eliminated by a circuit similar to that of Figure 3; that is, one could so 
arrange matters that, for example, only the leftmost light of the series would 
go on. The present arrangement is believed preferable because it allows the 
machine to indicate all possible correct moves. 


7. Concluding remarks. To make the machine play the reversed case, we 
arrange a circuit which moves the wire labeled “to H,” in Figure 4 from Fi to 
E,, when it first happens that no pile has more than one object. In the experi- 
mental machine a switch is provided for distinguishing the normal and reversed 
cases. 

It is believed that the number of switches used is the minimum for a design 
of this general type; the present machine has four switches with about 10 pies 
each and eight contacts in each pie. For the general case the number of pies is 
approximately proportional to log m and the number of contacts on a given 
pie is m-+1, if m is the maximum number of objects in a given pile. 
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FURTHER REMARKS ON THE APPROXIMATION OF NUMBERS 
AS SUMS OF RECIPROCALS 


H. E. SALZER*, New York 


1. Bibliographic notes. After publication of the author’s recent paper on 
this subject,t several persons called his attention to the fact that some of his 
results were known previously. Beginning with their leads, a thorough search 
of the literature pertaining to R- and R-expansions gave rise to the following 
bibliography which is believed to be exhaustive: 

(a) O. Perron. Irrationalzahlen. Walter de Gruyter, Berlin; 2nd ed. 1939, ist 
ed. 1921; pp. 116-122 for both editions. Discusses “Sylvester series” (in the 
1921 edition they are called “Engel series of the second kind”) which are essen- 
tially the same as R-expansions. But a “Sylvester series,” in addition to includ- 
ing the R-expansions, also includes the cases where in }/1/N;, beyond a certain 
value i1=%, one always has Ni4:=Nj/—Ni+1. Thus a “Sylvester series” yields 
an infinite series alternative to the terminating R-expansion for a rational num- 
ber, where the last term of that R-expansion is 1/(Ni,—1). Theorem 49 on p. 119 
is essentially another statement of the author’s Theorems I and II on p. 136.f 

(b) J. J. Sylvester. On a Point in the Theory of Vulgar Fractions, Amer. 
Jour. of Math., III, 1880, pp. 332-335; also, Postscript to Note on a Point in 
Vulgar Fractions, ibid., pp. 388-389. Discusses “Sylvester series” (see (a)) or 
“sorites” (Sylvester). On p. 333 are statements (but without proofs) which are 
essentially the author’s Theorems I and II.f 

(c) G. Stratemeyer. Stammbruchentwickelungen fiir die Quadratwurzel aus 
einer rationalen Zahl, Mathematische Zetischrift, XX XI, 1930, pp. 767-768. Ex- 
presses a quadratic irrationality by means of an R-expansion. 

(d) G. Stratemeyer. Entwicklung positiver Zahlen nach Stammbriichen, 
(Dissertation) Mitteilungen des Mathematischen Seminars der Universitdt Giessen, 
XX Heft, 1931, pp. 3-10, 25. Studies series of the form y=a-+ > 2.16/q, where 
the «,’s are +1 or —1. However this is not the R-expansion, the discovery of 
which Stratemeyer seems to have missed; at no step is his sequence dictated by 
the idea of coming closest to the true value; in fact, those q,’s satisfy q,41 
> q,(q,+1), similar to the R-expansion. Stratemeyer obtains results essentially 
equivalent to the author’s Theorems I and II, but in slightly more general form, 
involving the ¢,’s. There is included the derivation of his R-expansion for quad- 
ratic irrationalities, given in (c). Stratemeyer also gives the first five terms of 
the R-expansion for the decimal part of 7. 

(e) W. Sierpifski. Sur un algorithme pour développer les nombres réels en 
séries rapidement convergentes, Bulletin Iniernational del’ Académie des Sciences 


* National Applied Mathematics Laboratories, National Bureau of Standards. 

+ The Approximation of Numbers as Sums of Reciprocals, this Montuiy, March, 1947, 
pp. 135-142. The reader’s attention is called to an obvious error at the bottom of p. 135, where 
1/ (a; -+-ai) should read 1/ (a;—a4), and to an error on p. 139, 3rd line, where 1/ (a; —a;) should 
read 1/ (a; -+a;). Also, note that the present article employs the notation 1/N; in place of 1/a; 
which was used previously for the zth partial fraction. 
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de Cracovie, Classe des Sciences Mathématiques et Naturelles. Série A, Sciences 
Mathématiques, 1911, pp. 113-117. Studies the third type of expansion into 
reciprocals mentioned on pp. 138, bottom, and 139, top, of the author’s paperT 
(which was not labeled) and proves the same theorem concerning the irra- 
tionality of an expansion having an infinite number of terms. But Sierpifiski 
states the closeness of the ith approximation correctly as 1/a:(a:+1) whereas 
the author} gave it incorrectly as 1/a:i(a;—1). In actual magnitude, that is still 
about the same as the closeness of approximation of an R-expansion, since as 
long as 7 does not denote the last term, a;+1=a/ where after i—1 terms, 1/a; 
would be the continuation as a Sierpifiski expansion and 1/a/ the continuation 
as an R-expansion. (Of course, the preceding statement is not to be taken to 
mean that a;+1=a/ for every a; and a/ in the R- and Sierpifiski expansions 
respectively). 

(f) F. Engel. Verhandlungen der 52. Versammlung deutscher Philologen und 
Schulménner, Marburg, 1913. On pp. 190-191 is an abstract of his lecture on 
expansions into reciprocals. There is an error on p. 190 in the statement of the 
criterion of rationality, which should read gnio41=Giso—Qnto tl, (the +1 was 
omitted). 

(¢) J. H. Lambert. Beyirige sum Gebrauche der Mathematik und deren 
Anwendung, Zweyter Theil, Berlin, 1770. Chapter III, Verwandlung der Briiche. 
On pp. 99-104 is a definition, with illustrations, of the R-expansion, with a 
statement of the rapidity of convergence as “double the number of places” at 
each step; but no proofs of anything are given. The first three terms in the 
R-expansion of the decimal part of x are given correctly, but the fourth is given 


1 . 1 
44338 40233 62059 stead of + 1764 g0608 87729" 


(h) O. Spiess. Uber eine Klasse unendlicher Reihen, Archiv der Mathematik 
und Physik, Ser. 3, XII, 1907, pp. 124-134. Deals with R-expansions; contains 
a proof of Theorem II; develops R-expansions for certain quadratic irrational- 
ities (see (c) and (d)). 

(i) E. Cahen. Note sur un développement des quantités numériques, qui 
présente quelque analogie avec celui en fractions continues, Nouvelles Annales de 
Mathématiques, Ser. 3, X, 1891, pp. 508-514. Treats R- and Sierpifiski expan- 
sions (see (e)), the latter twenty years before Sierpifiski. Hence if a single name 
should be given to the hitherto-unnamed third type of expansion, it is “Cahen- 
expansion.” Proves finiteness of expansions for rational numbers, gives in- 
equalities for remainders, and states a theorem concerning uniqueness similar to 
Theorem I. 

2. Comparison with simple continued fractions. It is of interest to compare 
the number-theoretic aspects of R-expansions with that of the Euclidean 
algorithm which arises from the development of the fraction a/b into a simple 


inec..ectly as — 


t loc. cit. 
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continued fraction. Thus the Euclidean algorithm arising from 


a 1 
(A) 7 Mm 1 
"Th + 
1 
as x 

can be expressed as 

b= aMit nn 

a=r7r;M2-+ re 

ry = r2M3+ 73 


(A’) 
1m—3 = Tm—2M m1 + 1m-1 
Pm—2 = tm—1M mn. 
The r;’s are a decreasing set of positive integers and rm_1 is the well known great- 


est common divisor (g.c.d.). 
Now consider the R-expansion 


a 1 in 1 4 4 
«B) b Ni Ne Nn 
a 1 aN, — 6b ral 
— eee ) where 7; < @. 
b Ni bNi bN, 


Repetition of this argument on 7,/bN, in place of a/b leads to 


al 1 T2 


dN, =a, 7 bNiN» re<n1y, 

re 1 rs 
bN iN? = WT oN. r3 < fo, 

until there is reached 
Tn~2 1 nl 
BNiN2-+* No. Nos T ONWNa-)) Nea Yn < Tn—2 
Yn—1 1 
= + 0. 


ONi +++ Na-1 Na 
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The above system can be expressed as 
aN, =b+7; 
riN2 = b6N1 + re 
(BY) re 
Yn—2Nn-1 = ONiNe +++ Naat fr-1 
tn-1Nn = ONiNo° ++ Na-1. 


Inspection of the foregoing system reveals that any r; is a multiple of the g.c.d. 
of a and 8, and this is noteworthy for 7,1. Hence 7,_,=1 is sufficient but not 
necessary for a and 0 to be relatively prime. When 7,_; =1, the last denominator 
is bN,N2 - + - Na-1, and conversely. Thus in the R-expansion of a/b, N,=0Ni Ne 

- +» N,_1 is a sufficient but not necessary condition for a and 0 to be relatively 
prime. 

A practical result of r,1 being a multiple of the g.c.d., since in both the above 
and the Euclidean algorithm r;<7r;_1, is that as a rule, for a/b fewer partial frac- 
tions are required in an R-expansion than in the simple continued fraction. For 
example, 


Of course, there could be exceptions where the 7,’s in the Euclidean algorithm 
decrease so rapidly as to reach in fewer steps a lower last value (which is the 
g.c.d.) than 7, in the R-expansion. 

3. Closeness of approximation of R-expansions. 


Lemma 1. For 1>1, Ni>M- ++ Ni-s, where 1/N; ts the ith term in the R- 
expansion. 
In (B’), since b>a, 
a+Tl 


(1) Nes ray Nt Nea tO), 


where J>0, J(#) >0, 0S0(t) <1. The right side of (1) is greater than 


a 

( c) Mass Neca + 6(i) > Nass Nes 
a — 

(The converse is obviously not true, namely in dol /Ni, if Ni>Ni- + + Ni-n, 

that does not imply that >/1/N; is an R-expansion. For example, consider 

1/44+1/5+1/24.) From Lemma 1 there readily follows the result stated by the 
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author without proof in the earlier article, namely. 


THEOREM IV. If p/q ts an approximation to x obtained by the R-expansion, 
then the remainder x —p/q ts less than 1/gq. 


Proof. Let p/q arise from the first ” terms of the R-expansion, where 


1 1 
(2) ~=—ft+— Heer He 


-+- remainder. 
N 1 N 9 N n 


The remainder is less than 1/(NZ—N,). (The argument is strengthened if p/q is 
reduced to lower terms since 1/g’>1/q when q’ <q: so consider the unreduced 
case g=N,N,_1 +--+ Ni.) For n=1, the theorem is obvious. For n>1, Lemma 1 
leads to 


(3) N,— 12 Nyi:-: Mi, 
from which 
(4) q = N,No1++: Ny S$ Np(Nyn — 1) = VN, — No 
Hence 
1 1 
(5) — => ————- > remainder. 


That x—p/q<1/gq is a best possible result is obvious from 
C) [=-— 44-4 
2°53 49 


For suppose that there were some 0<1 such that x«—p/q were always less than 
6/q. Let L(m) be a number arbitrarily close to 1, obtained by taking enough 
terms, that is, m in number, on the right side of (C), and then stopping, so 
that there are a definite number of terms in some R-expansion. (Note that (C) 
taken as an infinite series is not an R-expansion, even though it is a “Sylvester 
series”). Then for 2=2, L(m) —5/6 would have to be less than @/6 for a fixed 
6 less than 1, which is impossible. 
4, Closeness of approximation of R-expansions. 


THEOREM V. If p/q ts an approximation to x obtained by the R-expansion, then 


except when x =3/4, when the S relation may hold. 


It is instructive, at the price of redundancy, to prove two versions of this 
theorem, first a weaker version establishing the $1/2gq relation for all approxi- 
mations p/q, and subsequently the stronger version yielding the sharper <1/2q 
relation in all but one case. 
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LemMaA 2 (for weak version). For 7>1, N:>M, +--+ Nis, where 1/N; ts the 
absolute value of the ith term in the R-expansion. 


If the R-expansion begins with 1, this first term may be deleted without af- 
fecting the following argument, because of the obvious facts that (a) if 1—1/M 
+--+ is an R-expansion of x, then 1/N,# --- is an R-expansion of 1—x, 
and (b) if the original R-expansion begins with 1, proving N;> MN, -- - Ni_y for 
the deleted expression proves it for the original expression by shift of index so 
that Ni=1 and the new N; becomes the original N;,;. Thus one need consider 
an R-expansion beginning with } or less. In the R-expansion, let all terms 
+1/N; be considered with only + signs. From 1/NiS$1/2, and from Nis, 
>2(Nj—N;), each Nis =N?7—Ni+e, e;>1. Then, by the uniqueness theorem 
for R-expansions, the 1/N,’s are the partial fractions belonging to some R-ex- 
pansion and must satisfy N;>N, - +--+ Nis, by Lemma 1. 

Now consider the first 7 terms of the R-expansion. For n=1, 


For if the R-expansion commences with 1, the remainder <1/2 in absolute 
value; if it begins with 1/2 followed by +1/4, the next term must be +, so that 


1 
4 > 
whereas if there is no third term, x must be 1/2+1/4, or 


7 
xX—-—1< 
2 


1 1 
*—-—|S—; 
7/83 
if it begins with 1/3 (or 1/J, I>3), the next term $1/12 (or $1/2(J?—J)), so 
that 
1 -( --) 
x——|]<—{or <—)]). 
3 6 21 


For n>1, by Lemma 2 and equations (3), (4) and (5) of Section 3, together with 
the inequality for the remainder after m terms in an R-expansion, namely, 


p 1 
6 —~+~|<—______, 
6) c 7 |= (NX — NW) 


there follows 


(7) 


which is the weakened version of Theorem 5. 
The proof of Theorem V hinges upon the following inductive lemma. 
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LemMa 3. In an R-expansion, whenever Ni> Ny - +--+ Nis+1, i>1, then also 
Nisi> My oe? N;+1. 


Proof. 


Nisa = 2N; — 2N; = N(QN; — 2) > Ni{2(N1 +--+ Nid} 
=Ni---N;+ Mi--- Ni > Mi-- >) Net 1. 


Now consider any R-expansion. (a) If it begins with 1, the next term cannot 
be —1/3, so it is either —1/4 or —1/(4+J). Since 4>1+1, Lemma 3 applies to 
each succeeding approximation, and hence (3), (4), (5) and (7) hold with the 
< sign in place of S. (b) If it begins with 1/2, the next term cannot be +1/3 
but may be +1/4. (If that is all, one has the exceptional case of 3/4 where S 
holds, although when 3/4 is written as the alternative R-expansion 1—1/4, 
there is no exception). If 1/4 is followed by — +--+ (cannot be + ---) then 
< applies at 1/2. At 1/2+1/4, the absolute value of the next term $1/24, so 
< holds. Beyond the term 1/4, since 4>2-+41, Lemma 3 is employed, and again 
(3), (4), (5) and (7) hold with < signs. If it begins with 1/2 followed by 
+1/(4+J), the same reasoning (Lemma 3, then (3), (4) and so on) again results 
in <. (c) If it begins with 1/3 or 1/(3+J), the same line of reasoning holds; 
e.g. after 1/3 there must follow +1/12 or £1/(12+J), | error| <1/11<1/6, then 
for n>1, Lemma 3 followed by (3), (4), and so on, to obtain <1/2¢ in (7). Thus 
Theorem V is established. 

That Theorem V contains the best possible inequality to hold for all R- 
expansions, is apparent in considering the particular R-expansion 1/2—1/4 
+1/I. If instead of <1/2q, the closeness were expressed by <1/(2+5)q, for 
fixed 6, one would be led to a contradiction, since the J could be chosen suffi- 
ciently large so that the error after one term, where g=2, would be arbitrarily 
close to 1/4. 

It is of interest to compare the closeness of approximation of a fraction p/q 
obtained by either the R- or R-expansion with a decimal approximation ’/q’, 
where q’ is a power of 10. On the basis of Theorems IV and V, there is a super- 
ficial resemblance between R-expansion approximations and “chopped” decimal 
approximations, as well as between R-expansion approximations and “rounded” 
decimal approximations. But there is a fundamental difference between the use 
of successive decimal approximations to a given number, and the employment 
of either the R- or R-expansion, which is more favorable to the latter. For after 
+1/Nn, in the next partial fraction +1/Nas, the Ns, may be very much larger 
than the minimum value that could arise in an R- or R-expansion, say about k 
times that minimum. In such cases, by obvious modifications of equations (3), 
(4), (5) and (7), based upon the strengthening of Lemma 3 with a factor of 2 
on the righthand side of the inequality, it follows that not only the closeness of 
the mth but the closeness of all ensuing approximations p/q will be about 1/kq 
or 1/2kq for the R- or R-expansion respectively. 
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NOTE ON A PAPER BY L. S. JOHNSTON 
Ivan NIvEN, University of Oregon 


In a paper entitled Denumerability of the Rational Number System in the 
February, 1948, issue of this Montuty, L. S. Johnston has exhibited a one-to- 
one correspondence between the positive integers and the rational numbers, 
with a specific construction provided. The purpose of this note is to give another 
constructive correspondence. 

For any positive integer 7, let r be the number of zeros occurring in the 
representation of ” in the binary scale of notation. These 7 zeros divide the 
cepresentation into r+1 blocks of 1’s, some blocks being perhaps empty: for 
_j=2,3,---+,rlet a; denote the number of 1’s between the (j—1)th and the jth 
zeros, counted from the right; define a; and a,,; as the number of consecutive 1’s 
on the right and left ends of the representation. E.g., if 2 is 110010 in the binary 
scale, then r=3 and (ai, Ge, @3, ds) = (0, 1, 0, 2). If m=1, then r=0, and a,=1. 


Note that » determines a unique set of values a, ae, +++, @r41, with positive 
Gr41, and conversely. 

Now define 6; = —a;/2 for even a;, and 6; =(a;+1)/2 otherwise: this is a one- 
to-one correspondence between the non-negative integers a; and all integers );. 
Finally, if p1, p2, ps, : + + are the consecutive primes 2, 3, 5, ---, we define 

r+l be 
(1) f(n) = et pj. 
j= 


Thus to any positive integer » corresponds a unique positive rational number 
f(n). Conversely, any positive rational number f, except 1, can be written 
uniquely in the form (1) with 6,410. The exponents 5; determine a unique set 
a;, with a,,,;+40, and these give a unique positive integer n. E.g., if f=33/49, 
then (bj, be, bs, bs, bs) =(0, 1, 0, —2, 1) and (ai, ae, ds, a4, as) =(0, 1, 0, 4, 1), so 
that n=1011110010 in the binary scale. 

We now obtain a one-to-one correspondence between the positive integers 
and all positive rational numbers, by letting n+1 correspond to f(m), written 
n+1<f(n), for all positive integers , and in addition we let 1<01. On the other 
hand, if we want a one-to-one correspondence between the positive integers 
and all rational numbers, we can use the correspondences 100, 201, 3<>—1, 
- In+2of(n), 2n+3<0—f(n), where n ranges over all positive integers. 


A GENERALIZATION OF EULER’S ¢-FUNCTION 
V. L. Kies, Jr., University of Virginia 


The purpose of this note is to point out an interesting generalization of 
Euler’s ¢-function, and to show that to a large extent its properties parallel 
those of the ¢-function. Proofs are omitted, but may be supplied readily by the 
reader. It is suggested that many of the theorems stated below would be suitable 
as exercises for students in a Number Theory class. 
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We call an integer kth-power-free if it is not divisible by the kth power of any 
integer >1. If k and 7 are positive integers we denote by ®,(”) the number of 
integers / in the set 1, +--+, 1, for which the greatest common divisor (h, 7) is 
kth-power-free. ®, is the ¢-function. 

In establishing for ®, properties analogous to those of @ one can follow the 
order and method of proof of Landau [Elementare Zahlentheorie | to obtain the 
following results: 


> &,(d*) = n*: 


din 


&,(n*) = n* >) u(d)/d*; 


din 


b(n)=n IJ] (1 — p-*); 


p prime and p¥|n 


&.(T] ;') =. TI oT oe: - 0), 


aj<k a,;ek 


for distinct primes p;; ®; is multiplicative. 

From these results one obtains the following: 

&,(mn)/[&.(m) &:(n) | = Ob, (P)/P (QO), where P ts the product of the kth 
powers of all primes p for which p*{m and p*}n but p*| mn, and Q 1s the product 
of the kth powers of all primes q for which g*| m and q*| n. 

@,(2) ts odd tf and only if n=2°m, where m is odd and kth-power-free and either 
e=0 ore=k. 

The analogue of the Fermat theorem which holds for ®, is that if a and n are co- 
prime, then n/(a®*™ —1, n) is kth-power-free. 

The reader will be able to supply other results of similar nature. 

As a generalization, different from that above, of the relation ¢(n) 
=n > ajnu(d)/d, we have ®,(n) =n > ajnu*(d)/d, where p*(n) is defined as fol- 
lows: p*(1)=1; 1f n=ppo?--- pf is the canonical factorization of n, then 
p(n) =(—1)' if aqy=ae= + - -=a;=h, and p*(n) =0 if for some 7, a;¥k. 

It may be of interest to note the following properties of the functions p*:y* 
is multiplicative ; u'(n') =p2(n®) = ++ + 5 Doaintuk(d)/di= Dlaintui(d)/d*; > ainu*(d) 
ts 1 or 0 according as n ts or ts not kth-power-free. 

We note in conclusion a further possible generalization. If A is an arbitrary 
set of integers and k and z are positive integers, denote by ®(,4,.)(7) the number 
of residue classes R modulo z for which rCR and aCA implies that (r+a, 2) 
is kth-power-free. ®(4,1) is Lucas’s generalization | Theorie des Nombres, p. 402]. 
By a simple adaptation of the argument of Dickson [Introduction to the Theory 
of Numbers, p. 7| the following result can be established. 

b(44) ts multiplicative. If «= [| p% is the canonical factorization of x, then 
b(44)(x) = |] (6% —1.p%), where r;=0 for ai<k, and for a;=k, 1; is the number 
of distinct residues modulo pj; of the integers in A. 
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CORRECTIONS 


V. L. Klee, Some remarks on Euler’s tottent, this MONTHLY, vol. 54, 1947, p. 
332. The last line should be replaced by: 

n-+2 are prime, # is twice a Mersenne prime, or 1 has the form 4p, where p 
and 2p++1 are prime. 


R. W. Hamming, Subseries of monotone divergent sertes, this MONTHLY, vol. 
54, 1947, pp. 462-463. The theorem which was proved in the note should be 
stated correctly as follows: 


THEOREM. In order that an increasing sequence I(n) of positive integers may be 
such that )\driq) is divergent whenever > d, is a divergent series of positive terms 
for which dy2Zd2.2 ---, tt 1s necessary and sufficient that I(n)/n be a bounded 
sequence. 


CLASSROOM NOTES 


EDITED BY C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Haverford College, 
Haverford, Pennsylvania. 


EQUATIONS AND LOCI IN POLAR COORDINATES 
R. W. WaGner, Oberlin College 


The purpose of this note is to further publicize and to urge a wider applica- 
tion of an idea discussed by C. Fox* to clarify the difficulties which are en- 
countered in seeking the intersections of loci defined by equations in polar 
coérdinates. 

Everyone who has worked with polar codérdinates is aware of the fact 
that a point has an infinite number of coérdinates. Thus, the point with co- 
ordinates (r, 0) has the other codrdinates ([—1]"7, 0-+- nr), m=0, £1, +2,---. 
Writing the coérdinates in this way implies that the common conventions that 
ry may be any real number and that 6 is measured in radians are being used. 

The locus or graph of an equation is usually taken to mean the set of all 
points for which some pair of coérdinates satisfy the equation. 

Fox’s idea is this: The lack of uniqueness 1n the codrdinates of a point leads, in 
general, to a lack of uniqueness in the equation of a locus. This principle is over- 
looked or ignored in the majority of text books which the author has examined. 
A few books{ mention it and use it to find the points of intersection of polar loci. 


* C. Fox, The Polar Equations of a Curve, Math. Gazette, vol. 15 (1931), pp. 486-7. 

t They are the analytic geometry texts by Curtiss and Moulton (1930), by Middlemiss (1947), 
by Nathan and Helmer (1947), by Randolph and Kac (1946), by Sisam (1926), by Nowlan (1932), 
and by Mason and Hazzard (1935). 
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However, none of these books use the principle to its full extent, for example, to 
clarify the tests for symmetry or to expedite the plotting of curves. 

To investigate the validity of this principle, consider the locus defined by the 
equation 


(1) F(r, 0) = 0. 


A point will be on this locus if, and only if, for some integer 1 
(n=0,+1, +2,---) 


(2) F({—1]*7, @+ nr) = 0. 


The locus defined by assigning any permissible value to m in equation (2) will 
be the same as the locus defined by equation (1). For, any point which has a 
pair of coédrdinates which satisfy (1) will have a pair which satisfy (2), and con- 
versely. 

The equations obtained from (2) by assigning various values to ” may be 
algebraically equivalent. This cannot occur unless F(r, @) is a periodic function 
of @ with a period which is a rational multiple of 7. If this period be pa/g, each 
equation obtained from (2) is algebraically equivalent to one of at most 2p equa- 
tions which are algebraically non-equivalent. For example, all alternative forms 
for the equation 


r—acosé@—6siné = 0 
are algebraically equivalent because 
r—acosé@— bsin#@ (nm even) 


(—1)"r — acos (6 + nm) sin (6 + m7) \ yk coed + bain e (n odd). 


For another example, there are four algebraically non-equivalent forms for the 
equation of the locus defined by 


(3) r — cos (6/2) = 0. 
The other forms are 
—r-+sin (0/2)=0, r+cos(0/2)=0, and —r-— sin (6/2) = 0. 


The student should be made aware of the lack of uniqueness of the polar 
equation of a locus from the start. The first step in the discussion of the locus 
of an equation should be to find the alternate forms of the equation. The stu- 
dents are delighted to learn that they can graph several equations at once! 

Plotting. By using the alternate equations one can frequently shorten the 
table values or the work required to prepare it by listing a value of r for each of 
the alternate equations and restricting @ to the interval 0S@S7. For example, 
to plot the graph of equation (3), the table of values would have values of @ in 
one column and values of 7 in four parallel columns. Each of these latter columns 
would show the values of r obtained from one of the alternate equations. 

Symmetry. The usual tests for symmetry of a polar locus are based on condi- 
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tions which are sufficient to show symmetry. The failure of the test to show sym- 
metry does not show the lack of symmetry. By utilizing the alternate equations 
of the locus one can state a necessary and sufficient test for symmetry which re- 
quires a single substitution for each type of symmetry. 

The locus of F(r, 0) 1s symmetrical with respect to (i) the pole, (ii) the polar axts 
or (ili) the perpendicular to polar axis at the pole if, and only wf, (i) F(—r, 6) =0, 
(ii) P(r, —0) =0, or (iii) F(—r, —@)=0 ts algebraically equivalent to F(r, 6) =0 
or one of its alternate forms. 

After a type of symmetry has been found, some of the 7-columns of the 
table of values may be omitted and the symmetry used to complete the curve. 

Intersections. The points of intersection are found by solving simultaneously 
all the pairs of equations made up of an equation for the first locus and an 
equation for the second locus. This can be systematically accomplished by first 
introducing an integer valued parameter into each equation, by then restricting 
the values of the parameters to sets of values which yield algebraically non- 
equivalent equations, and finally solving the two equations simultaneously in 
terms of the two parameters. If there are but few alternate forms for each 
equation, it may be simpler to solve the various pairs of equations than to 
solve the equations involving the parameters. 

This procedure does not include the pole among the points of intersection 
unless the two curves have a common tangent at the pole. In general, an inter- 
section at the pole is most readily found by noting that both curves pass through 
the pole. 

Example. Find the intersections of the cardioid and the limacon whose equa- 
tions are 

r=2-+2 cos 8, r = 10 cos 6 — 2." 


Each of these equations has an alternate form, namely, 
yr = 2 cos 0 — 2, ry = 10 cos 0 + 2. 


If one solves the two given equations simultaneously, he finds the points on the 
inner loop of the limacon (3, +7/3). The simultaneous solutions of the two 
alternate equations are the same points but the coérdinates appear in the form 
(—3, +27/3). The simultaneous solutions of a pair of equations made up of one 
given equation and the alternate of the other equation are the points on the 
outer loop of the limacon (2, +2/2), which may appear in the form (—2, +77/2). 
The pole is also an intersection. 
Conics. If the equation of a conic 


(4) Ax? + 2Bay + Cy? + 2Dx + 2Ey + F = 0 


is changed to polar coérdinates, the polar coérdinate equation is factorable. If 
the conic passes through the pole, one factor leads to the equation r =0 and the 
other factor leads to the unique equation of the conic. If the conic does not 
pass through the pole, it has two equations and these equations are obtained by 
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equating the factors to zero individually. 
The result of substituting x =r cos @ and y=, sin @ into equation (A) is 


(5) (A cos? @ + 2B cos @ sin 6 + C sin? 6)7? + 2(D cos @ + Esin 6)r + F = 0, 
which can be abbreviated to 
(6) Hr? + 2G7r+ F = 0. 


When @ is increased by 7, H is not changed and the sign of G is changed. If the 
conic passes through the pole, F=0 and equation (6) may be factored into 


r=0 and Ar+2G = 0. 


This second equation has no alternate forms because the change which is made 
to find an alternate equation merely changes the sign of both terms. If the conic 
does not pass through the pole, F;0 and, after multiplication by H, (6) may be 
factored into 


Ar+Gt+vJ@—HF=0 and Ar+G—VJ/G@ — HF = 0. 


Each of these equations is an alternate form of the other because the substitu- 
tion which is used to find alternate forms changes each one into the other. 
Also they are the only algebraically non-equivalent forms of the equation. 
This illustrates a situation which should be true in general. If the rectangular 
equation of a locus be changed to polar coérdinates, the polar equation is 
factorable and the factors are a complete set of alternate equations for the locus. 


MAXIMUM UNCERTAINTY AS A SIMPLE EXAMPLE OF A 
NON-DISTRIBUTIVE ALGEBRA 


L. C. GREEN, Haverford College 


Practical examples of non-distributive algebras simple enough for classroom 
use are difficult to find. It is the purpose of this note to point out that the com- 
putation of the maximum uncertainty in the elementary theory of errors pro- 
vides such an example. By the elementary theory is meant that part of the 
theory of errors in which the absolute uncertainty of the sum or difference of 
two quantities is taken as the sum of their absolute uncertainties and the per- 
centage uncertainty in the product or quotient of two quantities is taken as the 
sum of their percentage uncertainties. So long as the same measure of uncer- 
tainty is used throughout a discussion, it makes no difference in the application 
of these rules which one of the various measures is used, that is, average devia- 
tion, standard deviation and so forth. 

Consider the illustration of determining the maximum uncertainty in the 
expansion of a rod of soda glass 100.00+.01 cm. in length if the temperature 
increases from 20.0+.1°C to 22.5+.1°C and if the coefficient of linear expan- 
sion for soda glass is (1.2+.1)-10-5 per degree C. from the formula 


AL = Lk(T2 — T)). 
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If we evaluate the parenthesis first we obtain the result (3.0+.5)-10-3 cm. but 
if we make use of the distributive law we find (3.0+4.5)-10-* cm. By the latter 
method the uncertainty in the expansion would appear to be 50% greater than 
the expansion itself. Clearly the first result is the one of interest. 

In order to make the situation explicit let us define a number pair (x, ) 
where x represents some measured quantity and w is its absolute uncertainty. 
The fundamental operations then take the form 

(x1, U1) & (Xe, Ue) = (41 + Xe, Uy + Ue) 

(x1, 1) . (Xe, tb) = (x1%e, U1xX2 + 2X1). 
It is evident that addition and multiplication are both associative and com- 
mutative. On the other hand we have 


(41, 41) [(x2, we) + (xs, us) | = (%[a%2 + xs, ui|x2 + x3] + [we + ug] x1). 
In contrast the usual distributive law would -yield 
(a1, 41) (2, #2) + (xs, ws) ] = (xilxe + xa], wilxe + x3] + [we + us] a1). 


This non-distributive character has its origin in the fact that with the content 
assigned above to the symbols, — (x, u) =(—x, uw). If we add the rule of reckoning 
that —(x, u) is to be replaced by (—x, uw) whenever it appears, the algebra 
becomes distributive. 
Finally for their curiosity, one may write the relations: 
(x1, #1) _ (= U1xX_ + =) 
(2, u2) , 


(x, u)”™ = (x, nux™}), 


1 
(x, u)iln = (1% — ux0in-1) . 


? 
X29 x 


nN 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 821. Proposed by B. H. Brown, Darimouth College 


A sports promoter hired nine not too scrupulous athletes, and formed three 
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cross-country teams A, B, and C, of three men each, which he took on tour for 
a series of dual and triple meets. If a team could win, it always would; but a 
losing team could be bribed to run more slowly. Except for this failing, the ath- 
letes always ran as automata, and always finished in the same order, with no 
ties. (In a cross-country meet the winner receives 1 point, the next man 2 points, 
etc. The team score is the sum of the points received by its members, and low 
score wins.) 

In dual meets, team A beat team B, B beat C, and C beat A, much to the 
annoyance of the promoter who unjustly accused the men of dishonesty. 

In an honest triple meet, team A won, whereupon team C went to team B 
with the following dishonest but logical offer: “No conceivable dishonesty on 
the part of our C team can enable your B team to beat or even tie A; but if you 
will slow down, our C team can beat A, and we will divide the profits with you.” 

Determine completely the composition of each team in terms of the relative 
excellence of its members. 


FE 822. Proposed by W. R. Ransom, Tufts College 


Every factorial that can be expressed as the difference of two squares can be 
so expressed in two different ways. 


FE 823. Proposed by Max LeLetko, Ruigers University 

Find four distinct non-zero integers a, b, c, d such that a?+-b?-++-c?+d? 
= (1/5)[(a + 6)? + (a+ c)?+ (a+ d)?+ (6+)? + (6+ 4)? + (c+ 4)?] 
= (1/7) [a@+b+o?+ @+tb+d?+ (@t+te+d?+ (b+e4d)?] 
= (1/3)(@+b+ce+4)*. 

E 824. Proposed by E. P. Starke, Rutgers University 


We modify the harmonic series by taking the first term positive, the next 
two negative, the next three positive, etc. Show that this modified series is con- 
vergent. 


E 825. Proposed by W. E. Patten, Spartanburg, S. C. 


If points and no more are collinear, we say they form a (collinear) set of 
multiplicity p. 

Suppose we are given the rectangular lattice of points which are the corners 
of the squares of an h by v checkerboard, where Sv. Determine the number of 
collinear sets, for each possible multiplicity 22, occurring in the set of points. 


SOLUTIONS 
An Impossible Journey 
E 788 [1947, 471]. Proposed by Leo Moser, University of Manitoba 


Consider a map on a spherical surface where the countries are determined by 
n great circles of which no three are concurrent. Show that if 2 is a multiple of 
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four it is impossible to make a trip visiting each country once and only once, if 
travelling along a boundary or crossing at a boundary point of more than two 
countries is forbidden. 


Solution by the Proposer. We first prove by induction that such a map may 

be colored with two colors, so that no two countries with common boundary have 
the same color. This is certainly true for 2 =1. Suppose it is true for 7 —1. When 
we add another great circle, it is only necessary to reverse all the colors to one 
side of this circle to obtain a coloring for z. Also, if we use this coloring, it is clear 
that for 7 even, diametrically opposite countries will have the same color. Hence, 
in this case, there will be an even number of countries of each color. We next 
show that these two even numbers cannot be equal. If they were equal, then 
the total number of countries, F, would be a multiple of four, whereas we shall 
show that F=4k+2. 
Since each circle intersects each other circle twice, the number of vertices, 
' V, is n(n—1). Now every vertex belongs to four edges, and every edge has two 
vertices. Therefore the number of edges, E, is 2V. Using Euler’s theorem, 
V—E+F=2, we get F=n(n—1)+2, and if 2 is a multiple of four, F will be of 
the form 4k-+2. 

Finally, we note that in any trip on a map colored by our method, one must 
change color with every crossing from country to country, and since the number 
of countries of one color differs from the number of countries of the other color 
by at least two it will be impossible to reach them all. 


Note. In a way this is a generalization of E 711 [1946, 593], because the 
reciprocal map for =4 of our problem is homeomorphic to the surface of the 
rhombic dodecahedron. The direct generalization of E 711, which is also true, 
states that there is no Hamilton path for any polyhedron all of whose faces are 
parallelograms, if the number of faces is n(n —1), (see problem 4176 [1947, 169]), 
where x is a multiple of four. 


Derivatives of tan x 


E 789 [1947, 471]. Proposed by Kaidy Tan, Chip-Bee Institute, Amoy, Fukien, 
China 
If y=tan x, show that 


(d™y/dx") cos™+! x 


Cos x 0 -+ + sin x 
cos («+ 7/2) cos* -+ + sin (4-+ 7/2) 
= | cos (w+ 27/2) 2 cos (x + 7/2) - ++ sin (x + 27/2) 


cos (x + ur/2) ncos(*+n —17/2)---> sin (v+ n7/2) 


Solution by N. J. Fine, University of Pennsylvania. Let w=sin x, 2=Cos x, 
so that w=yz. If we differentiate 7 times by the Leibnitz rule, we have 
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Lr 


wr) = >( 4 ) y (kg (rk) (Yr =0,1,2,---, 7). 
k=0 k 

Regard this as a system of m-+1 linear equations in the quantities y, 

k=0,1,2,---+,m. The determinant of the system, being triangular and having 

2) =cos x down the main diagonal, has the value cos*t!x. Hence, solving for 

y™ we find 


g (0) . . nee gy (0) 
g (1) g (0) e e eee q 61) 
2 
g (2) g (1) gO). wwe ay (2) 
1 
y™) cos™tl xy = 3 3 
g (3) g(2) gl) 0) 6 ow a8) 
1 2 


g(n) g(n—-1) ° . eee q (nr) 
1 
We now observe that 2 =cos (x+ka/2), w” =sin (x-+k7/2), and the proof is 
complete. | 
Also solved by the proposer. 

Editorial Note. In connection with this problem see Successive derivatives of 
tan x, by R. K. Moreley, National Mathematics Magazine, Vol. XIX, No. 6. 
Algorithm for Approximating a/* 

E 790 [1947, 471]. Proposed by H. S. Wall, University of Texas 
Let 


a+ wy(ar-? + gr By fe gr—4y? + eee fp ym 2%) 
oe eSSeSeSSSSSSSSSSeSSSeSSSSSSSsSFSSSSSsSSSSSSFSeeee*=" 
ani + gn yy +- er 8 vy? +- cee +- yn 


where 7 is an integer greater than unity, and a>0. If x9 >0, x; >0, and xe, xs, 
X4, °° + are computed recurrently by means of the formula 


f(*, y) = 


Xp+2 = f(*o: Xp); p = 0, 1,2,--> 
then 


lim +, = al”, 


p= 


I. Solution by the Proposer. We may write 


(1) f(a, 9) = fly, #) = &— 
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Therefore f(a", y) =f(x, a") =a/", and the statement is obvious if x9 or x 
equals a1/", 

Formula (1) shows that f(x, y) is an increasing function of y, for fixed x, if 
x" >a, and a decreasing function of y, for fixed x, if x"<a. Since f(x, y) =f(y, x), 
we may interchange x and y in this statement. 

If xo, x1 >a", then x. =f(xo, x1) >a”. For, if we let xp—a"/", x2 must decrease 
to a", Moreover, x2<Xo, x1 inasmuch as 


y"— a 
2 - y= —_ < 0, 
x x2 anal 
yral L+—+— > +e t+ ) 
y yO, ye 
for y=Xo, x1. It follows that 2.>xs>x,> --- >a", and therefore limj;-o%p 


=r2an, Since r=f(r, r) = [a+(n—1)r"]|/nr™—, then r>=a, r=a1, 

If x9<a™<x, then x.=f(xo, x1) is a decreasing function of x. If we 
let x1—>a"/", then xe must increase to a", so that x.<a/", Moreover, x) <x. 
For, if x2<xo, then x2 must increase through the value x as x,—a"/”, which is 
impossible inasmuch as x»<a1/", In this case we must have x<x3;<a"/”. If 
x1 <a" <x, then x1<x.<a/", Hence we have only to consider the case where 
Xo<x1 <a", But then, x2>a/", x1.<x3<a"™, x3 <x4<a"", x5 >a", 104 <x <a”, 
X6<X7 <a", xg>al/", - +--+, Therefore, the sequence x1, %3, x4, X6, X7, X9, X10, °° * 
converges to a", and Xsayo=f(X3n, X3n41) f(a", a/™) = qn, 


II. Solution by Leo Moser, University of Manitoba. The result is made 
intuitive by the following considerations: 

(a) If xp=Xp41, then f(xp, X41) is the approximation obtained for a/" by 
using Newton’s method on the approximation xp. 

(b) If xp¥xp41, then f(xp, Xp41) is the x-coérdinate of the point of intersec- 
tion of the x-axis and the straight line joining the points on the curve y=x"—a, 
having x-coérdinates x, and Xp41. 

This would indicate the possible lines of generalization of the given result. 
Thus we could obtain similar methods for solving a much larger class of equa- 
tions than y” =a (m an integer). Also, we might work with more than two points 
on the curve at a time and pass special curves through these, say circles through 
three points. 

Also solved by J. G. Herriot. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E, P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4300. Proposed by Leo Moser, Umwversity of Toronto 


Let ai, d2, - + + ,@, ben, not necessarily distinct, elements of a group of order. n. 
Show that there exist integers » and g, 1 Spqsn, such that 


q 
II a; = 1. 
i=p 
4301. Proposed by Victor Thébault, Tennie, Sarthe, France 


Consider similar triangles ABC, the sides BC, CA, AB of which pass through 
the fixed points Ai, By, Ci. (1) The locus of the circumcenters O of these triangles 
is a circle. (2) The circumcircles (O) are orthogonal to a fixed circle. (3) When 
the points Ai, B1, Ci are collinear, the envelope of the circles (O) is a cardioid. 
What is this envelope otherwise? 


4302. Proposed by Joseph Rosenbaum, the Milford School, Conn. 


Prove that if x and y have no common factor then every odd factor of 
6" oy", 
where 1 is a positive integer, is of the form 2"*+}m-++-1. 


4303. Proposed by G. T. Williams, Cambridge, Mass. 
If 


1 
a= f a(a—1)---(*#—n-+ 1)dz, 
0 
and 
1 
b= f a(x 1)--+ («+n — 1)dx, 
0 


show that (—1)"0,=¢,—nd,-1 and find ¢, in terms of 6,. 
4304. Proposed by H. D. Grossman, New York City 
From the vertices of a regular m-gon three are chosen to be the vertices of a 
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triangle. Prove that the number of essentially different possible scalene triangles 
is the integer nearest to (w—3)?/12. Compare 3893 [1940, 664]. 


SOLUTIONS 


Squares of Special Form 
4237 [1947, 112]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In which systems of numeration, of base B, are there two-digit squares 
m*=ab and n?=cd, if d=a+1 and b=c+1? Show that, if also b-+d=B-+1, the 
four-digit numbers ddbb and bbdd are the squares of the numbers mm and nn. 


Solution of E. P. Starke, Ruigers University. From the first hypothesis we 
have 


(1) m? = aB-+ d, n*? =cB+d, 


with d=a-+1 and b=c-+1. It is evidently necessary that b and d be quadratic 
residues mod B of a and c¢, respectively. Upon eliminating B we have c(m?—b) 
=a(n?—d) or 


(2) cm? — an? =(¢c—a)(ec+ a+ 1). 


Hence, if (c, a)=1, any solution m, n, of (2) will satisfy (1) and determine 
integral values of B. The values of m and m must be sufficiently large to provide 
that B>m, n. For example, with a=7, c=1, (2) becomes m?—7n? = —54 which 
leads to an infinity of solutions, n=5, m=11, B=17; n=7, m=17, B=41; and 
so on. 

Under the additional hypothesis we have at once a+b=B and m?=aB-+, 
whence 


(mB + m)? 


mB? + 2m?’B+ m? = aBe + (b + 2a)B? + (26+ a)B+ b 
(a+ 1)B?+ (a+ 1)B? + OB +b = dB? + dB? + dB +4, 


as required. Upon interchange of 6 and d, the corresponding equation for nn? 
results. To find numerical examples we put (1) in the form 


(3) m? — 1 = d(B — 1), n? — 1 = b(B — 1), 
(4) m+n? = (b+ d)(B—1)+2 = B+ 1. 
If we put m+1=B—1, m—1=d, we have 
b= B+1-d=4, n? =1-+ 0(B — 1) = 4B — 3. 


Since # is odd we put m?=(2p+1)?, whence 
B=p+pt+1 


and we have solutions for all p>1. 
We may also put x(m—1) =y(B—1), y(m+1) =dx, with any choice of x and 
y. In particular if x«=2, y=1, we have B=4d—3, b=3d—2, n?=12d?—20d+9 
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or (6d —5)?—3n?= —2 which leads to solutions such as d=45, n=153, B=177, 
m=89. x=3, y=2 leads to solutions like d=140, »=233, m=209, B=313. 
x=4, y=3 gives d=150, n=175, m=199, B=265 and other solutions. 

No general formula giving all solutions appears likely. To test whether a 
proposed value of B is possible, we have two strong necessary conditions: (a) 
B?+-1 must be divisible by two or more distinct odd primes in order to be a sum 
of two squares in more than one way, as in (4); and (b) B—1 must be divisible 
by 4 or by two distinct odd primes, otherwise in (3) m?, n?=1 (mod B—1) 
have only the solutions m, n=1, B—2, which will not satisfy (4). 


Peaucellier Cells 


4239 [1947, 168]. Proposed by H. F. Sandham, Trinity College, Dublin, Ire- 
land 

AXBZ is a jointed rhombus connected with a fixed point O by two equal 
rods OA, OB. OCZD is a jointed rhombus and YC, YD are equal rods. (Two 
Peaucellier cells, as it were “cross joined.”) Prove that as Y describes a circle, X 
describes a conic. 


Solution by the Proposer. Using the well known property of Peaucellier cells* 
OZ-OX = OA? — ZA*® = m’, 
YZ-YO = YC? — ZC? = n’. 
Therefore the following relations hold: 
OY(OY — O2Z):= OY? — OY -OZ = n’, 
OY -m? 
OY? — 2 


* See J. D. C. De Roos, Linkages: The Different Forms and Uses of Articulated Links, Van 
Nostrand, 1879, pp., 87ff. See also R. C. Yates, Tools, Baton Rouge 1941, p. 184, Fig. 1; and also 
Yates, Curves, West Point 1946, pp. 29, 52-54. 


OX = 
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That is, in the notation of complex variables, 


Ym? 
= VFL’ 
or 
Y=0X, Y=0X, @XX —n? = om’, 
where 


6 = (YY — n?)/m?, 
areal quantity. Hence, if Y moves upon the circle 
aY¥Y+c¥Y+¢eVY+6=0, 
then X traces the conic 
(an? + B)?X KX + {n2(cX + EX) — me)}{cX + eX + ma} = 0. 
Note further that if Y describes a circle through O, then the point Z de- 


scribes a cissoid. 


Telescopic Series 
4242 [1947, 168]. Proposed by W. O. Pennell, Exeter, New Hampshire 


Determine the sums of the following infinite series: 


ay ME mee 2 
m+1 (w+ 1)QQn+1) (w+ 1)(2n + 1)(n + 1) 
(2) $n 7 8n +9 15” -+ 11 
m+1 (n+ 1)(Qn+1) (n+ 1)(2n 4+ 1)" 4+ 1) 
24n + 13 


? 


(n + 1)(2n + 1)(3n + 1)(4n + 1) 
where is any real number except 0, —1, —1/2, —1/3, and so on. 


I. Solution by P. A. Clement, University of California at Los Angeles. Consider 
a series of the type 


@) S=2d(-1™ loess awe 


Qk 


bi, 
+ | 
(w + 1)(2n + 1)-++ (ka + 1) 
satisfying 


(a) ak+1 = bk, 
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by 


lim ; 
I] (sn + 1) 


$=] 


= 0, 


(c) nm # —1, —1/2, —1/3,--- ; and m ¥ 0 when lim 0; ¥ 0. 
It is easy to see that the series telescopes so that the sum of the first 2 terms is 
given by 


b 
Si = a + (-1)44# —__-__., 


I] (sn + 1) 


a=] 


so that, by (b) and (c), S=ay,. 
The general term of (3) by addition becomes 


ankn + ay + dy 
k 


I] (sn + 1) 


s=1 


(—1)*+ 


This is easily verified to be the general term of (1) if a,=b,=1, and of (2) if 
Qy=k+2 and b,=k+3, and these specifications obviously satisfy (b) above. 
Hence, for the series (1), S=a,=1, and for (2), S=a,=3. 


II. Solution by C. F. Pinzka, Student, Rutgers University. Let 


1 1 
S,=1—-—— +. —____—_____.... , 
a+1° (n+ 1)(2n+ 1) 
By the Cauchy ratio test, S; is absolutely convergent for »+#0, —1, —1/2, 
—1/3---+. Hence S; and 


att m+ DQnti 


may be added term by term. This gives the series (1) on one side and S,+(1—S;) 
= 1 on the other. 

For (2) we take the series 

4 5 
So = 3 —-—— +. —___—__ _ ... 
n+1 (n+ 1)(Qn-+ 1) 
and form (2) by adding S: to (3— Se) term by term. Since both Se and (3—S;) 
are seen to be absolutely convergent, the sum of (2) is Se+(3—S) =3. 

Also solved by C. B. Barker, Joshua Barlaz, Daniel Block, R. A. Bradley, 
Paul Brock, D. H. Browne, G. Y. Cherlin, A. B. Farnell, H. E. Fettis, H. Kauf- 
man, Karl Itkin, J. F. Locke, Lowell Schoenfeld, F. C. Smith, F. Underwood, 
and the Proposer. 


RECENT PUBLICATIONS 


EpiITep BY H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Probit Analysis: A Statistical Treatment of the Sigmoid Response Curve. By D. J. 
Finney. Cambridge, at the University Press; New York, The Macmillan 
Company, 1947. 13+256 pages. $3.75. 


Biological assay in general is the measurement of the potency of some 
stimulus by the reaction it produces in living material. This kind of measure- 
ment has been used for many years in assessing the potency of vitamins, hor- 
mones, toxicants and drugs of all kinds. One type of assay which has been 
widely used, especially in toxicological studies, is that depending on quantal, or 
all-or-none response. The most obvious example of this kind of response is death. 
Mr. Finney has written a book about the statistical treatment of quantal assay 
data by means of probit analysis. 

The book is arranged in ten chapters and two appendices. In the first few 
chapters the technique of probit analysis is introduced in its simplest form. The 
following chapters discuss more complicated analyses and introduce the recent 
developments of the technique, many of which have been due to Mr. Finney. 
The first appendix gives a detailed computational scheme for probit analysis 
and the second a brief outline of the mathematical theory of the probit method. 
Seven tables which will lessen the computing time for a probit analysis complete 
the book. 

The viewpoint of the individual, untrained in statistics, who has to analyze 
quantal assay data is maintained throughout. Although this is the viewpoint 
that is emphasized, enough of the theory is given at regular intervals to enable 
the trained statistician to follow the theoretical basis for the methods. Examples 
with detailed explanations and discussion are given to illustrate each new 
method or variation of a method. The examples are well chosen, largely from 
insecticide test data. 

In places the explanations of the computations seem unnecessarily detailed. 
This, however, is probably not a serious objection, at least from the viewpoint 
of workers in the applied field. One finishes reading the book with the feeling 
that it is a worthy companion to books by other members of the Rothamsted 
group of statistical workers. 

S. LEE CRUMP 


College Algebra. By F. S. Nowlan. New York, McGraw-Hill Book Co., Inc., 
1947. 14+371 pages. $3.00. 


The preface of this book states, “The main purpose in preparing the present 
text has been the production of an algebra text mathematically sound and at the 
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same time easily understood. These objectives are not incompatible and the 
author believes that for an average student the most difficult treatment is one 
that is deficient in logic and incomplete or inexact in its statement of principles.” 
The author has been quite successful in producing a text which is mathe- 
matically sound. However, he is subject to such lapses as speaking of the addi- 
tion and multiplication of equations, and a statement on page 41 implies that 
subtraction is an associative operation. The reviewer has some doubts as to the 
ease with which an average student will understand the text. These doubts 
arise from the large number of precisely stated definitions, the multitude of 
theorems and corollaries with detailed proofs, and the wide variety of methods 
for solving some types of problems. This feature of the book, which makes it dull 
reading from a student’s point of view, will make it extremely valuable as a refer- 
ence book for a person who is new at teaching college algebra. 

The subject matter is developed on the assumption that the student already 
understands the elementary properties of (real) positive numbers and zero and 
their laws of combination. This is presumably the justification for the omission 
of a number of topics, such as the decimal and other scales of notation, the ir- 
rationality of such numbers as 4/2, approximate numbers and their use in 
computation. The reviewer’s experience leads him to believe that most students 
of college algebra do not have this postulated understanding. 

The multitude of topics usually included in a college algebra text to provide 
a wide choice of subject matter appears in this book. The one notable exception 
is the solution of inequalities. 

There are some minor points which deserve mention. Equations and their 
solutions are presented in a praiseworthy manner. The comparison method for 
solving two simultaneous linear equations seems superfluous. Graphical methods 
and much of the terminology of analytic geometry are used to solve equations 
and to clarify the explanation of the process. The examples which illustrate 
the various methods for solving equations regularly include a check by substitu- 
tion-and set a good example for the student. Although the function concept 
appears early, functional notation is not used until the chapter on theory of 
equations. A proportion is defined in terms of a proportionality constant and 
not as an equality of ratios. This makes possible the inclusion of zero among the 
terms of a proportion. The discussion of logarithms is marred by the use of a 
bar to indicate a negative characteristic. (A misprint on page 165 results in the 
equation log 0.256 =1.4082). An earlier appearance of a principle for addition 
would improve the discussion of permutations, combinations, and probability. 

The most novel and outstanding feature of this book is the introduction of 
complex numbers. The symbol |a, 6], with a and b real numbers, is called a com- 
plex. The complexes [a, b] and |c, d] are equal if, and only if, a=c and b=d. 
The rational operations on complexes are defined as 


[¢, b| + [c,d] = [a+c¢,6+ 4], 
[a,b] — [c,d] = [a —c,b — dl, 
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[a,b] - [c,d] = [ac — bd, ad + bc], 


[o,0} + (J=[S=%, =“), al x [0 
c+ dd? ¢+d? 

It is then shown that the special complexes [x, 0] behave just like real numbers 
and these entities are identified. It is then shown that the complex [0, 1] is a 
square root of [—1, 0], so that the system of complexes provides square roots for 
negative numbers. Complexes are renamed complex numbers and are endowed 
with a rectangular form x+7y and a polar form p(cos 6-+7 sin @). Although itis 
surprising that this procedure has not already appeared in a book of this type, 
it is gratifying to find it so well presented here. A more conventional approach 
to complex numbers is also provided. 

The book contains a four place table of logarithms, interest and annuity 
tables, a mortality table, and a too brief table of powers and roots of integers. 
The problems are carefully graduated and are such as to provide a challenge for 
most students. There is a lack of simple exercises for rapid drill which are useful 
in many connections to give a student confidence. 

All in all, it is a book with a broad field of usefulness and with enough novel 
and unusual features to be rewarding to anyone who looks into it carefully. 


R. W. WAGNER 


Intermediate Algebra. By J. R. Britton and L. C. Snively. New York, Rinehart 
and Company, 1947. 9+-337 pages. $2.00. 


Entitled “Intermediate,” this text leads the student from the fundamental 
ideas of arithmetic (in a fifteen-page chapter), through fractions, exponents, 
linear and quadratic equations, common logarithms, as far as progressions and 
the binomial theorem. Tables of powers (exponents —1, 2, 1/2, 3, 1/3) and of 
five-place common logarithms with proportional parts constitute the appendix, 
which is followed by the answers to the odd-numbered problems. 

The engineering viewpoint predominates. Exercises are numerous, including 
occasional review lists. The word problems expose an unusually wide variety of 
applications and constitute one of the outstanding features of the text. Graphing 
and the function concept receive considerable attention, more than might 
reasonably be expected in an intermediate text. Another pleasing characteristic 
is the insistence on an adequate check of the solution of a problem. 

In presenting explanations and in solving illustrative examples, the authors 
have earnestly striven to write clearly and amply, avoiding the pitfall of exces- 
sive brevity so often a complaint of students. Only seldom do the authors relax 
the usual carefulness and allow a looseness of phraseology or an inconsistency 
of statements. The publishers have codperated in offering a legible, attractive 
format and in nearly freeing the text from typographical error. 


R. A. Goop 
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NEW BOOKS RECEIVED 


Table des Solutsons de la Congruence x*+1=0 (mod p) pour 500 000<p 
<6 000 000. By A. Gloden. Luxembourg, 1947. 12 pages. 

Liste des Formes Linéatres des Nombres dont le Carré se Termine dans le 
Systeme Décimal par une Tranche donné de 4 Chiffres. By A. Gloden. Luxem- 
bourg, 1947. 15 pages. 

Table des Bicarrés N* pour 3001 SN 85000. By A. Gloden. Luxembourg, 
1947. 17 pages. 

Tables of the Bessel Functions of the First Kind of Orders Thirteen, Fourteen, 
and Fifteen. Prepared by the Staff of the Computation Laboratory of Harvard 
University. Cambridge, Harvard University Press, 1947. $10.00. 

Tables of the Bessel Functions of the First Kind of Orders Ten, Eleven, and 
Twelve. Prepared by the Staff of the Computation Laboratory of Harvard Uni- 
versity. Cambridge, Harvard University Press, 1947. $10.00. 

Nomograbhy. By A. S. Levens. New York, John Wiley and Sons, Inc., 1948. 
8+176 pages. $3.00. 

Probléme Général de la Stabilité du Mouvement. By A. Liapounoff. Trans- 
lated from the Russian by E. Davaux. (Annals of Mathematics Studies, No. 17). 
Princeton University Press, 1947. 447 pages. $3.50. 

Toward General Education. By E. J. McGrath and Others. New York, The 
Macmillan Company, 1948. 7+224 pages. $3.00. 

Analytic Geometry. by D. S. Nathan and Olaf Helmer. New York, Prentice- 
Hall, Inc., 1947. 10+402 pages. $3.50. 

College Algebra. By H. A. Simmons. New York, The Macmillan Company, 
1948. 8+619 pages. $4.00. 

Modern Mathematics for Everybody. By Duane Studley. Published by the 
Author, 1947. 84 pages. 

The Atom. Third Edition. By G. Thomson. Oxford University Press, 1948. 
196 pages. $2.00. 

Fundamentals of Business Mathematics. By W. R. Van Voorhis and C. W. 
Topp. New York, Prentice-Hall, Inc., 1948. 84+454 pages $3.75. 

A Handbook on Curves and their Properties. By R. C. Yates. Ann Arbor, 
Edwards, 1947. 10-++245 pages. 


ANSWER TO THE SECOND TEASER, PAGE 342 


My answer is that from the data no conclusion can be reached, as to when the 
knife reaches the far edge of the table. Let s ft. be the distance of the knife from 
the edge where it started after f seconds. The value of the dependent variable ¢ 
is given for a discrete set of values of the variable s. The value s=4 is not in- 
cluded in this discrete set, and hence we do not know what ¢ is when s=4. If 
we add further hypotheses, to the effect that ¢ is a monotonic increasing func- 
tion of s on the range 0SsS4, and is continuous at s=4, we might conclude 
that ¢=2 when s=4. Otherwise who knows whether ¢ makes finite jumps! 

E. J. MOULTON 


NEWS AND NOTICES 
EDITED BY EpiTH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
atems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


ANNOUNCEMENT OF NAVY DEPARTMENT JOINT BOARD 


The Navy Department Joint Board of U. S. Civil Service Examiners has 
announced that it is expanding three comparatively new, permanent laboratories 
in California. The program of the Naval Ordnance Test Station, China Lake, 
California, involves research, development and test work with ordnance equip- 
ment and explosives. The Navy Electronics Laboratory, San Diego, California, 
is concerned with research, testing and development of electronic control de- 
vices, detection equipment, instrumentation equipment and training aids. The 
activities of the Naval Air Missile Test Center, Point Mugu, California per- 
tain to flight and laboratory testing and evaluation of guided missiles and their 
components. 

The Board wishes to recruit qualified personnel for these laboratories. 
Examinations are now open in the following fields: Chemist, Mathematician, 
Metallurgist, Meteorologist, Physicist, Statistician, Scientific Research Ad- 
ministrator and Scientific Staff Assistant. Salaries range from $3397 to $9975 
per annum. 

Further information may be obtained from the Navy Department Joint 
Board of U. S. Civil Service Examiners, 1030 East Green Street, Pasadena 1, 
California. 


THE CANADIAN MATHEMATICAL CONGRESS 


The Canadian Mathematical Congress, which was organized in 1945, will 
hold a second national congress and seminar in 1949 at the University of 
British Columbia. 

Any full time member of the mathematical teaching staff of a Canadian uni- 
versity, or any person who was a member of the Congress of 1945, or of the 
seminar of 1947, and any other person sponsored by a member of the Congress 
may become a member of the Congress on application and payment of the mem- 
bership fee and acceptance by the Executive Committee. The fee for member- 
ship is $2.00 per annum. 

Application for membership should be sent to: Secretary, Canadian Mathe- 
matical Congress, Engineering Building, McGill University, Montreal, Canada. 


CANADIAN JOURNAL OF MATHEMATICS 


The Canadian Mathematical Congress has announced the publication of a 
new journal, Canadian Journal of Mathematics, beginning January, 1949. 

Manuscripts for publication in the Journal should be sent to the Editor-in- 
Chief, H. S. M. Coxeter, University of Toronto. Every paper should contain an 
introduction summarizing the results as far as possible in such a way as to be 


382 


1948] NEWS AND NOTICES | | 383 


understood by the non-expert. 

The Journal will be published quarterly. The price per volume of four 
numbers is $6.00. This is reduced to $3.00 for members of the Mathematical 
Association of America. Subscriptions should be sent to: Managing Editor, G. 
de B. Robinson, University of Toronto, Toronto, Canada. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for the 
summer of 1948: 

Syracuse University. June 21 to July 31: vector analysis, differential equa- 
tions, mathematics of statistics, probability, seminar, topics in partial differen- 
tial equations, functions of a complex variable, mathematical methods of fluid 
dynamics. August 2 to September 4: introduction to modern algebra, advanced 
calculus, mathematics of statistics, advanced mathematics for engineers and 
physicists, probability, seminar, advanced functions of a complex variable, 
differential geometry. 

University of California. Session II. August 2 to September 11: Professor 
Zariski, introduction to the arithmetic theory of algebraic varieties. 

West Virginia University. Second term: Professor Stewart, modern syn- 
thetic geometry; Professor Vehse, theory of determinants and analytic geometry 
of space, calculus of variations; Professor Peters, theory of numbers; Professor 
Davis, Cremona transformations. 


MATHEMATICS INSTITUTE FOR TEACHERS 


A Mathematics Institute for Teachers will be held at Duke University on 
August 9-20, 1948. The general theme of the Institute is Mathematics at Work. 
The program includes lectures pertaining to the applications of mathematics 
given by representatives of various industries. Study groups will be organized to 
consider topics of interest to teachers of secondary-school and college mathe- 
matics. Programs may be obtained from Professor W. W. Rankin, Duke Uni- 
versity, Durham, North Carolina. 


PERSONAL ITEMS 


The officers of Section Vi, Philosophy of Mathematics, of the Tenth Inter- 
national Congress of Philosophy are as follows: President, L. E. J. Brouwer; 
Vice-President, A. Heyting. Professor M. H. Stone and Professor H. B. Curry 
will be speakers. The Congress will meet in Amsterdam, Holland on August 11- 
18, 1948. 

Assistant Professor Richard Bellman of Princeton University has been ap- 
pointed to an associate professorship at Stanford University, effective Septem- 
ber, 1948. 

Associate Professor W. M. Borgman, Jr. of Wayne University has been ap- 
pointed Assistant Dean of Administration. 
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Professor T. G. Cowling of the University College of North Wales has been 
appointed to a professorship at the University of Leeds. 

Dr. H. D. Huskey, who was engaged in research at the British National 
Physical Laboratories during the year 1947, is now Chief of the Machine De- 
velopment Laboratory of the National Bureau of Standards. 

Dr. G. R. MacLane of Harvard University has been appointed to an as- 
sistant professorship at Rice Institute. 

Professor G. M. Magee of the University of Western Ontario has accepted 
a position as visiting professor at Wayne University for the summer session. 

Dr. Rufus Oldenburger, formerly professor of mathematics at Illinois 
Institute of Technology, has been appointed Chairman of the Mathematics 
Department of De Paul University. 

Dr. C. Y. Panc of the University of Marseille has been appointed lecturer 
at the University of Cape Town. 

Professor Joseph Pierce of Atlanta University has been appointed to an 
associate professorship at Wayne University. 

Professor Joseph Polley of Wabash College will be a visiting professor at 
Wayne University for the summer session. 

Dr. R. D. Schafer of the Institute for Advanced Study has been appointed 
to an assistant professorship at the University of Pennsylvania. 

Dr. H. W. E. Schwerdtfeger of the University of Adelaide has been appointed 
to the position of senior lecturer at the University of Melbourne. 

Professor Jabir Shibli, formerly professor of mathematics at Pennsylvania 
State College, has been appointed to a professorship at Presbyterian College, 
Clinton, South Carolina. 

Associate Professor Max Shiffman of New York University has been ap- 
pointed to a professorship at Stanford University, effective September, 1948. 

Dr. C. V. L. Smith is now Head of the Computing Machine Section of the 
Mathematics Branch of the Office of Naval Research. 

Miss Mary V. Sunseri of Stanford University has been promoted to an 
acting assistant professorship, effective September, 1948. 

Assistant Professor P. M. Whitman of Tufts College has accepted a posi- 
tion at the Applied Physics Laboratory, Johns Hopkins University, Silver 
Spring, Maryland. 

Professor G. F. Woodson, Jr. is now Head of the Department of Mathe- 
matics of the College of Education and Industrial Arts, Wilberforce, Ohio. 

Wayne University announces the appointment of Mr. Jack Patterson as 
instructor. 


Associate Professor Emeritus James K. Whittemore of Yale University died 
March 22, 1948 at the age of seventy-three years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 


ing eighty-eight persons have been elected to membership by the Board of 
Governors on applications duly certified: 


J. J. Barron, Ph.D.(Wisconsin) Professor, 
Marshall College, Huntington, W. Va. 
BARBARA B, Betts, A.M. (Radcliffe) Editor, 
Mathematics Department, D. C. Heath 

and Company, Boston, Mass. 

LoLLIE BELLE BIENVENU, M.S. (Louisiana 
State) Assistant, Louisiana State Uni- 
versity, Baton Rouge, La. 

L. B. Bonn, B.S.(University of Washington) 
Instructor, Seattle College, Seattle, Wash. 

R. L. Brooxs, B.S.(West Virginia Wesleyan) 
Graduate Student, University of North 
Carolina, Durham, N. C. 

K. E. Brown, Ph.D.(Columbia) Head of De- 
partment, Wagner College, Staten Island, 
N. Y. 

J. W. BuTLER, Associate Engineer, Clinton Na- 
tional Laboratories, Oak Ridge, Tenn. 
THOMAS CHERBAS, Student, Drexel Institute 

Evening School, Philadelphia, Pa. 

G. Y. CHERLIN, B.S.(Rutgers) Asst. Instruc- 
tor, Rutgers University, New Brunswick, 
N. J. 

B. A. CHIAPPINELLI, Student, University of 
California at Los Angeles, Calif. 

. TueresA M. CH8IAVERINI, B.A.(Michigan 
State) Instructor, University of Detroit, 
Mich. 

H. B. CotemMan, M.S.(Michigan) Assistant, 
University of Michigan, Ann Arbor, Mich. 

A. E. Coox, A.B. (Georgetown College) Asst. 
Professor, Georgetown College, George- 
town, Ky. 

P. R. CULWELL, M.A.(Texas) Asst. Professor, 
Trinity University, San Antonio, Texas 

W. W. Dotan, Ph.D.(Oklahoma) Asst. Pro- 
fessor, University of Oklahoma, Norman, 
Okla. 

E. B. ErLertsen, M.A.(California) Instruc- 
tor, City College of San Francisco, Calif. 

F, N. Fisca, M.A.(Colorado State) Asst. 
Professor, Colorado State College, Greeley, 
Colo. 


W. T. Fisapacx, A.M.(Harvard) Teaching 
Fellow, Harvard University, Cambridge, 
Mass. 

T. A. GAFFNEY, M.S.(California Institute of 
Technology) City College of San Fran- 
cisco, Calif. 

E. I. Gale, A.M.(Columbia) Asst. Professor, 
University of New Brunswick, Fredericton, 
N. B. 

M. J. GerpDEs, President, Wayne Metal Finish- 
ing Company, Brooklyn, N. Y. 

B. K. Gop, Jr., M.A.(U.C.L.A.) Instructor, 
Los Angeles City College, Calif. 

Davip Gorpon, M.A.(Columbia) Chairman 
of Department, Walton High School, 
Bronx, N. Y. 

R. P. GragaM, Electrical Engineer, Evanston, 
Ill. 

J. S. GrrFFIn, JRr., Student, Alabama Poly- 
technic Institute, Auburn, Ala. 

A. G. Hansen, M.S.(Purdue) Instructor, 
Purdue University, West Lafayette, Ind. 

C. C. C. Harpinc, B.A.(Columbia) Asst. 
Manager, General Section, Treasurer Divi- 
sion, E. I. DuPont DeNemours and Co., 
Wilmington, Del. 

M. B. HAstam, Student, University of Buf- 
falo, Buffalo, N. Y. 

A. H. Hitt, M.S. (Wisconsin) Professor, North 
Dakota Agricultural College, Fargo, N. D. 

A. T. Hrnp, Jr., M.A.(Emory) Instructor, 
Clemson College, Clemson, S. C. 

J. M. Howe, M.A.(U.C.L.A.) Instructor, 
Los Angeles City College, Calif. 

Kari ItKrn, B.S.(Cooper Union) Electrical 
Engineer, Federal Power Commission, 
Washington, D. C. 

S. B. Jackson, Ph.D.(Harvard) Asso. Profes- 
sor, University of Maryland, College Park, 
Md. 

ViviAN V. JoHNnston, B.S.(Geneva) Instruc- 
tor, Tusculum College, Greeneville, Tenn. 
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M. S. Kvuamxin, M.S.(Brooklyn Polytech- 
nic Institute) Teaching Fellow, Carnegie 
Institute of Technology, Pittsburgh, 
Pa. 

Rev. BONAVENTURE KNAEBEL, M.S. (Catholic 
University) Instructor, St. Meinrad’s Col- 
lege, St. Meinrad, Ind. 

J. C. Knipp, Ph.D.(Pittsburgh) Asso. Pro- 
fessor, University of Pittsburgh, Pitts- 
burgh, Pa. 

F. T. Kocuer, Jr., B.S.(Bloomsburg State) 
Instructor, Pennsylvania State College 
Undergraduate Center, DuBois, Pa. 

C. E. LANGENHOP, M.S. (Iowa State) Instruc- 
tor, Iowa State College, Ames, Iowa 

J. C. Lanz, Sc.M.(Brown) Teacher, Norris- 
town School Board, Norristown, Pa. 

C. H. Linpagsi, M.S.(Colorado) Asst. Pro- 
fessor, lowa State College, Ames, Iowa 
MARTIN MALTENForT, A.M. (Montclair State) 
Instructor, Manhattan College, New York, 

N. Y. 

R. W. Marsa, A.B.(American University) 
Graduate Student, George Washington 
University, Washington, D. C. 

C. F. Martin, B.S.(U. S. Naval Academy) 
Instructor, University of South Carolina, 
Columbia, S. C. 

W. J. McCatiion, M.A.(McMaster) Lec- 
turer, McMaster University, Hamilton, 
Ont. 

L. H. MILLER, Ph.D.(Ohio State) Asst. Pro- 
fessor, Ohio State University, Columbus, 
Ohio 

W. G. MILuer, M.A.(Florida) Asst. Profes- 
sor, Clemson College, Clemson, S. C. 

ABIGAIL M. MoseEy, M.A. (Syracuse) Instruc- 
tor, Hobart College, Geneva, N. Y. 

B. H. Mount, Jr., M.S.(Princeton) Asst. 
Professor, University of Pittsburgh, Pitts- 
burgh, Pa. 

Rev. J. P. Murray, S.J., M.A.(Boston Col- 
lege) Instructor, Fairfield University, 
Fairfield, Conn. 

EUGENE OpIN, M.E.(Cornell) Senior Project 
Engineer, Arma Corporation, Brooklyn, 
N. Y. 

E, F. Ormssy, M.S.(Syracuse) Instructor, 
Union College, Schenectady, N. Y. 

REv. E. F. O’SHEA, S.J., A.B. (Woodstock Col- 
lege) Instructor, University of Scranton, 
Scranton, Pa. 
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T. G. Ostrom, Ph.D.(Minnesota) Asst. Pro- 
fessor, Montana State University, Mis- 
soula, Mont. 

W. D. PEEPLEs, Jr., B.S.(Howard) Graduate 
Asst., University of Wisconsin, Madison, 
Wis. 

LILLIAN G. PERKINS, B.S.(South Carolina) 
Instructor, University of South Carolina, 
Columbia, S. C. 

O. L. Puitirrs, M.A.(North Texas State) 
Instructor, Louisiana State University, 
Baton Rouge, La. 

C. F. Prnzxa, Student, Rutgers University, 
New Brunswick, N. J. 

J. T. Prrrs, Student, Furman University, 
Greenville, S. C. 

GERTRUDE V. Pratt, A.M.(Michigan) Cen- 
tral Michigan College of Education, Mt. 
Pleasant, Mich. 

J. J. Quinn, M.S.(New York) Instructor, 
Bayonne Junior College, Bayonne, N. J. 

ALICE B, Rason, M.Ed.(South Carolina) In- 
structor, University of South Carolina, 
Columbia, S. C, 

G. P. Ricssy, Student, California Institute of 
Technology, Pasadena, Calif. 

R. M. Rosinson, M.S.(Drake) Instructor, 
Iowa State College, Ames, Iowa 

Louis Sacxs, M.S.(Carnegie) Instructor, 
Carnegie Institute of Technology, Pitts- 
burgh, Pa. 

F, L. SANDER, Student, Michigan State Col- 
lege, East Lansing, Mich. 

L. E. ScHaEFER, M.A.(Michigan State) In- 
structor, General Motors Institute, Flint, 
Mich. 

N. C. Scaotomitt, B.S.(New York) Instruc- 
tor, De Paul University, Chicago, III. 

R. C. SEBER, B.A.(Coe) Graduate Asst., State 
University of Iowa., Iowa City, Iowa 

E. B. SHanxs, Ph.D.(Illinois) Asst. Profes- 
sor, Vanderbilt University, Nashville, 
Tenn, 

B. I. SHoresmity, B.S.(Chicago) Instructor, 
Illinois Institute of Technology, Chicago, 
Ill. 

SISTER Marre Loretta, O.P., M.A.(Catholic 
University) Instructor, Siena Heights 
College, Adrian, Mich. 

A. H. Smita, Ph.D.(Brown) Asso. Professor, 
Purdue University, West Lafayette, 
Ind. 
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R. E. Situ, M.A.(Pittsburgh) Asst. Profes- FLORENCE G. TETREAULT, B.S.(Detroit) In- 


sor, Duquesne University, Pittsburgh, Pa. structor, University of Detroit, Detroit 
L. A. SNIDER, Student, George Washington Mich. 
University, Washington, D. C. S. L. Toompson, M.A.(Michigan) Asst. Pro- 
R. L. Snrwer, B.S.(Missouri) Instructor, fessor, Alabama Polytechnic Institute, Au- 
Kemper Military School, Boonville, Mo. burn, Ala. 
E. V. Somers, M.S,(Pittsburgh) Research Lona L. Turner, M.A.(Michigan) Student, 
Engineer, Westinghouse Electric Corpora- University of Chicago, Chicago, III. 
tion, East Pittsburgh, Pa. BERNICE L. WARR, Student, Skidmore Col- 
IsAAY STEMPNITZKY, S.M. (Massachusetts) Re- lege, Saratoga Springs, N. Y. 
search Assistant, Massachusetts Institute L. B. Wititams, S.M.(Chicago) Asst. Pro- 
of Technology, Cambridge, Mass. fessor, Reed College, Portland, Ore. 
RvuTH K. SwANson, M.S.(Oklahoma) Instruc- R. W. Youne (Indiana), Instructor, Lehigh 
tor, Friends University, Wichita, Kan. University, Bethlehem, Pa. 
EpwIn Tasor, A.B.(California) 2319} Haste G.C. Zaper, B.S.(Davis-Elkins) Instructor, 
St., Berkeley, Calif. The Citadel, Charleston, S. C. 
Karpy TAN, Instructor, Chip-Bee Institute, 
Amoy, China 


NOVEMBER MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The twentieth meeting of the Allegheny Mountain Section of the Mathe- 
matical Association of America was held at Carnegie Institute of Technology, 
Pittsburgh, Pennsylvania, on Saturday, November 22, 1947. Professor J. B. 
Rosenbach presided at the morning and afternoon sessions. 

The attendance was one hundred sixty-two, including the following thirty- 
nine members of the Association: O. F. H. Bert, J. O. Blumberg, R. C. Briant, 
A. M. Bryson, Helen Calkins, W. E. Cleland, H. L. Dorwart, Benjamin Epstein, 
F. A. Foraker, Tomlinson Fort, E. T. Frankel, Beatrice L. Hagen, Helen Har- 
mon, B. P. Hoover, H. L. Krall, Elizabeth L. Lahti, H. R. Leifer, C. G. Maple, 
A. W. McGaughey, E. W. Montroll, David Moskovitz, L. T. Moston, C. E. 
Mullan, J. H. Neelley, E. G. Olds, Morris Ostrofsky, F. W. Owens, Helen B. 
Owens, J. B. Rosenbach, Edward Saibel, H. C. Shaub, R. E. Smith, F. H. Steen, 
Helen F. Story, J. L. Synge, J. S. Taylor, Margaret O. Taylor, C. H. Vehse, E. A. 
Whitman. 

The officers elected at the business meeting were as follows: Chairman, J. B. 
Rosenbach, Carnegie Institute of Technology; Secretary-Treasurer, E. W. Mon- 
troll, University of Pittsubrgh; additional members of the Executive Commit- 
tee, F. H. Steen, Allegheny College, H. L. Krall, Pennsylvania State College. 
The next meeting will be held on May 8, 1948, at Pennsylvania State College, 
State College, Pennsylvania. 

The program consisted of the following papers: 


1. The Umied States Army experiment in higher education, by Professor J. H. 
Neelley, Carnegie Institute of Technology. 


Professor Neelley described the operation and achievements of Biarritz American University 
on whose mathematics staff he served. 


2. Averages over functions of charactersitic values of linear operators, by Pro- 
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fessor E. W. Montroll, University of Pittsburgh. 


Crystalline solids and polyatomic molecules in the gas phase can be represented by a set of 
coupled harmonic oscillators. The thermodynamic properties of such substances are determined 
theoretically by averaging functions of the frequencies of the normal modes of vibration of the 
equivalent oscillators over all the normal modes. Because of the great number of degrees of freedom 
of a solid, the exact calculation of frequencies of normal modes is impossible. It was shown that 
without too much difficulty one can obtain the traces of powers of the matrices of the secular de- 
terminants. These traces in turn give the moments of the distribution function of the normal 
modes. From these moments one can estimate the thermodynamic averages by mechanical quadra- 
tures. The upper bound to the error resulting from the use of a specified number of moments is 
given by an expression due to Markoff. Analogous procedures can be used to determine averages 
over characteristic values of linear operators other than matrices. 


3. Boundary problems for difference equations, by Professor Tomlinson Fort, 
University of Georgia. 


Professor Fort spoke on boundary problems for the linear difference equation with integral 
independent variable. The topic was introduced and motivated by a discussion of a weighted string 
vibrating in a plane with small vibrations. Known results for the equation of the second order 
were summarized, and brief reference to the equation of the mth order was made. 


4. Open convex surfaces which are rigid, by Professor J. J. Stoker, New York 
University, introduced by the Secretary. 


A two-dimensional surface in three-dimensional space is said to be rigid if it possesses as 
infinitesimal length-preserving deformations (with continuous third derivates) only rigid body 
motions. A surface is not rigid in the small in general, but it has been shown by Liebmann, Blaschke, 
and Weyl that a closed convex surface is, in its whole extent, rigid. It was shown that certain open 
convex surfaces are rigid, provided only that the infinitesimal deformations considered are bounded 
—a condition which is automatically fulfilled in the case of closed surfaces. The open surfaces con- 
sidered belong to the class of complete surfaces, that is, surfaces on which every Cauchy sequence 
converges (in the sense of the Riemannian metric on the surface) to a point on the surface. Complete 
open convex surfaces in three-dimensional space can always be represented in the form z=2(x, y) 
in suitably chosen Cartesian coédrdinates. It was shown that the following two classes of surfaces 
of this kind are rigid: (1) those in which 2(x, y) is defined over the entire xy-plane; and (2) all sur- 
faces of revolution. 


5. Some recent trends in differential geometry, by Professor Enrico Bompiani, 
University of Rome, introduced by the Secretary. 


The theory of point transformations between two projective planes (or spaces) has recently 
attracted the attention of E. Kasner and J. DeCicco. A survey was given of some results obtained 
in Italy during the war by Dr. Villa and the speaker concerning the approximation of those trans- 
formations by birational or Cremona transformations, or, when that is not possible, by unirational 
transformations. Interest in the topic was accentuated by the development of some unexpected 
facts. 


6. Newtonian polynomials, by Professor H. L. Krall, Pennsylvania State 
College. 
Starting from Vandermonde’s equation (a+b) = )°}_,(;)a@b@- various other formulas 


for Newtonian or factorial polynomials were developed. Some of these were used to obtain results 
concerning factorial moments. 
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7. A mathematical approach to certain aspects of the breakage of solids, by Dr. 
Benjamin Epstein, Carnegie Institute of Technology. 


A mathematical model of certain breakage processes was constructed. The following assump- 
tions were made: (a) any breakage process is composed of discrete steps; (b) there is a function 
P,,(y), the probability of breakage of particles of size yin the uth step of the breakage process; and 
(c) there is a function F(x, y), the distribution function of pieces of size «Sy, arising from the 
breakage of a unit mass of size y. 

If, in particular, P,(y) is a constant p,, independent of y (but possibly dependent on x), and 
F(x, y) is such that the percentage (<Ky, 0SK3S1) of material arising from the breakage of a 
unit mass of size y is independent of y, then the distribution function F,,(x) after 1 steps in the 
process is the distribution function of a product of (z-+-1) independent random variables. Under 
minor restrictions this means that the size distributions are asymptotically logarithmico normal. 
This result may explain partially why fine grinding and crushing operations are often observed to 
yield logarithmico-normal distribution. Generalizations of the problem under other assumptions 
concerning P,(y) and F(x, y) were briefly considered. Most of the results are contained in a paper 
in the December 1947 issue of the Journal of the Franklin Institute. 


8. An undergraduate program in mathematics, by Professor Morris Ostrofsky, 
Duquesne University. 


The undergraduate program in mathematics at Duquesne University serves the dual purpose 
of preparing some students for graduate work in mathematics, and training others who are in the 
fields of natural sciences. The first two years are identical for both groups. In the first semester of 
the freshman year a five hour course is offered. This course is intended to prepare students for 
elementary calculus and is designed to teach methods rather than mere operational techniques. It 
begins by developing the number system from positive integers, and includes the discussion of 
complex numbers, logarithms, algebraic equations, plane trigonometry, and some analytical 
geometry. Calculus begins the second semester of the freshman year. Integral and differential 
calculus are studied simultaneously. More analytical geometry is studied along with the calculus. 
During the first semester of the second year, calculus is continued. The second semester of the 
sophomore year is devoted to a course in elementary differential equations. Students majoring in 
mathematics, in their third year, are required to take a course in advanced calculus designed to 
serve as a good introduction to function theory. To round out their program they can take courses 
in analytical mechanics, algebra, integral equations and, possibly, topology. Science majors are 
offered additional courses in ordinary and partial differential equations, or a course at the level of 
advanced calculus but with emphasis on applications rather than rigor. 


H. L. Dorwart, Secretary 


FALL MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA SECTION 


The fall meeting of Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America was held at the University of Maryland, 
College Park, Maryland, on December 6, 1947, with Dean E. J. Finan, Chair- 
man of the Section, presiding at the morning and afternoon sessions. 

Seventy persons attended the meeting, including the following thirty-eight 
members of the Association: N. H. Ball, W. Bleick, H. Campaigne, Randolph 
Church, C. R. Clark, A. Cohen, J. A. Duerksen, P. J. Federico, Anselm Fisher, 
E. E. Floyd, M. K. Fort, Jr., B. C. Getshell, Michael Goldberg, R. A. Good, 
Thomas Greville, G. A. Hedlund, M. A. Hyman, J. E. Ikenberry, Walter Jen- 
nings, Sidney Kaplan, A. E. Landry, Carol V. McCamman, E. J. McShane, 
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M. E. Meade, A. K. Mitchell, W. K. Morrill, T. W. Moore, A. B. Mewborn, 
J. M. Popow, O. J. Ramler, R. W. Rector, J. N. Rice, A. Tierney, C. C. Torrance, 
Eunice D. Schell, W. R. Utz, A. L. Whiteman, G. T. Whyburn. 

The following papers were presented at the morning session: 


1. Homotheticity—an effective tool in proving ceriain types of theorems in geome- 
try, by Professor O. J. Ramler, Catholic University. 


After defining homothetic rectilinear figures, the speaker proved the fundamental theorem on 
homothetic figures. This theorem states that lines joining corresponding points of homothetic figures 
are concurrent, It was used to prove that the centroid, orthocenter, circumcenter, and the center of 
the nine-point circle of a triangle are collinear points. 


2. Rotors in polygons, by Dr. M. Goldberg, Bureau of Ordnance, Navy De- 
partment, Washington, D. C. 


A rotor of a polygon was defined to be a closed convex curve which remains tangent to all sides 
of the fixed polygon during a complete rotation of the curve. Constructions for rotors were given, 
and several working models of them were exhibited. 


3. A trigonometric identity, by Dr. A. L. Whiteman, Navy Department, 
Washington, D. C. 


If p=4n-+3 is prime, it is known that the set of integers 1, 2, 3,--+, (p—1)/2 contains 
more quadratic residues of » than non-residues. The only known derivations of this result are 
transcendental. The author establishes a trigonometric identity which leads to the following two 
equivalent theorems. If p=4n-+3 is prime, then 0?) cot (wm?/p)>0 and >°°)"” [m?/p] 
> (p—1)(p—5) /24. 


4. The sound of a projectile moving at supersonic speed, by Professors S. B. 
Jackson (introduced by the Secretary), and M. H. Martin, University of Mary- 
land. 


A projectile moving at supersonic velocity v in a plane sets up a sound wave whose wave front 
is the envelope of a family of circles with centers at the points of the trajectory. In the case of a 
projectile acted on by gravity and by a retardation f(v), it was shown that the wave front turns 
its concave side toward the trajectory so that an observer in the plane of the motion hears the sound 
from a uniquely determined apparent source, provided that f(v) is continuous, that f(v) /v increases 
with v, and that the limiting velocity is less than the speed of sound. 


5. The first year course in college mathematics, by Professor E. J. McShane, of 
the University of Virginia. 


This address was given by invitation. The speaker gave an interesting account of the course in 
Freshman Mathematics required of Arts and Sciences students at the University of Virginia. 
The classes meet five times a week for two semesters. The first semester is devoted to algebra exclu- 
sively, beginning with elementary logic, and the derivation of the ordinary laws of algebra from a 
set of postulates. Emphasis is placed on the understanding and appreciation of a mathematical 
- argument rather than the cultivation of mathematical technique and familiarity with mathe- 
matical formulae. The course becomes more conventional as the semester progresses; and by the 
end of the semester, the usual topics in algebra have been covered. The second semester is de- 
voted to trigonometry and analytic geometry with a minimum of time spent on solution of tri- 
angles. The reduction of the conic sections to standard forms is omitted. 


M. H. Martin, Secretary 
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NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Asso- 
ciation of America was held at Bryn Mawr College, Bryn Mawr, Pennsylvania, 
on Saturday, November 29, 1947. Professor C. J. Rees, Chairman of the Section, 
presided at the morning and afternoon sessions. 

There were sixty present, including the following forty-one members of the 
Association: P. T. Bateman, T. A. Botts, H. W. Brinkmann, W. B. Campbell, 
P. A. Caris, V. F. Cowling, J. E. Davis, F. L. Dennis, Arnold Dresden, N. J. 
Fine, C. D. Firestone, J. R. Kline, V. V. Latshaw, Marguerite Lehr, M. Le 
Leiko, F. L. Manning, Clifford Marburger, E. A. McDougle, S. S. McNeary, 
A. E. Meder, Jr., Martin Moliver, Lillian Moore, F. D. Murnaghan, W. R. 
Murray, C. A. Nelson, J. C. Oxtoby, A. E. Pitcher, A. O. Qualley, Edward Ray- 
her, G. E. Raynor, C. J. Rees, I. J. Schoenberg, L. L. Smail, A. W. Tucker, R. M. 
Walter, J. B. Walton, G. C. Webber, Anna Pell Wheeler, S. S. Wilks, H. M. 
Zerbe. 

At the business meeting the following officers were elected for the coming 
year: Chairman, E. P. Starke, Rutgers University; Secretary, T. A. Botts, Uni- 
versity of Delaware. The Program Committee for the next meeting will be: 
W. H. Gottschalk (Chairman), University of Pennsylvania, J. C. Oxtoby, Bryn 
Mawr College, and L. L. Smail, Lehigh University. 

The program consisted of the following papers: 


1. On Walsh functions, by Professor N. J. Fine, University of Pennsylvania. 


The Walsh functions {y,(x)} are introduced as the completion of the Rademacher system. It 
is shown that the {y,(x) } may be considered the full group of characters of a certain commutative, 
compact, totally disconnected topological group G, just as the exponentials {e?*2t} are the full 
character group of the reals modulo 1. The image of the group operation of G in the reals, T7,(x) = 
x-Fa, is introduced; Ta(x), for fixed a, is a measure-preserving transformation of the unit in- 
terval into itself, so that we have an invariant integral Stata) dx = Sof (x) dx. After a dis- 
cussion of the Lebesgue constants of the system {¥,(x) } the following uniqueness theorem is 
stated: If two Walsh series (not necessarily Fourier series) converge to the same function except 
perhaps on a countable set, then the series are identical. 


2. Convergence criteria for continued fractions, by Professor V. F. Cowling, 
Lehigh University. 


Recent years have seen a greatly renewed interest in the study of convergence criteria for con- 
tinued fractions. The investigations of H. S. Wall, W. T. Scott and J. F. Paydon represent one 
approach, Another more geometric method was introduced by W. Leighton and W. J. Thron. 
This latter method has been considerably extended by Thron. For an account of this approach see 
the joint paper by Cowling, Leighton, and Thron (Bull. Amer. Math. Soc. vol. 50, 1944, pp. 351- 
357). 


3. Vector methods in the teaching of trigonometry and analytic geometry, by 
Professor F. D. Murnaghan, Johns Hopkins University. 
In this paper Professor Murnaghan advocates the use of vector methods in the teaching of 


trigonometry and analytic geometry. The idea of direction is basic in trigonometry, and the ideas 
of distance and direction are basic in geometry. These concepts are most conveniently specified by 


\ 
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the coérdinates of a vector or, equivalently, by the direction numbers of a line segment. The 
central formula of trigonometry, namely, the formula for the cosine of the difference of two angles, 
follows immediately from the expression for the magnitude of the vector from one point on the unit 
circle to another. The idea of the positive and negative sides of a directed line or of an oriented 
plane is almost intuitive when the student is taught the significance of the coefficient vector of a 
linear equation in two or three variables. The concept of the alternating product of two plane 
vectors (or of three space vectors) leads naturally to the idea of the signed area of a parallelogram 
(or volume of a parallelepiped) and explains to the beginner the fundamental importance of de- 
terminants in analytic geometry. A treatment of analytic geometry from the point of view of vectors 
may be found in the speaker’s book Analytic Geometry (Prentice-Hall, 1946). 


4. A few concepts in modern statistical inference, by Professor S. S. Wilks, 
Princeton University. 


The purpose here was to discuss some of the concepts of modern statistical inference without 
going into mathematical details. The concepts considered included random sampling, representa- 
tive sampling, statistical control, acceptance sampling, confidence limits, tolerance limits, and 
statistical tests of significance. They were presented in conjunction with material on slides. 


J. C. Oxtosy, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirtieth Summer Meeting, Madison, Wisconsin, September 6-7, 1948. 

Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 

The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN OHIO 

ILLINOIS OKLAHOMA 

INDIANA PaciFic NORTHWEST 

IOwA PHILADELPHIA, Philadelphia, November 
KANSAS 27, 1948 

KENTUCKY Rocxy MouNTAIN 


LOUISIANA- MISSISSIPPI 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 


‘ MIssouRI 


NEBRASKA 
NORTHERN CALIFORNIA, San Francisco, 
January 29, 1949 


SOUTHEASTERN, University of Alabama, 
University, March 18-19, 1949 

SOUTHERN CALIFORNIA, John Muir Jr. 
College, Pasadena, March 12, 1949 

SOUTHWESTERN 

TEXAS 

Upper NEw York STATE, University of 
Buffalo, Buffalo, May, 1949 

WISCONSIN 


TOT 


McGRAW- 


: 
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4 Important McGraw-Hill Books. 


SOLID GEOMETRY 


By J. Sutherland Frame, Michigan State College. Ready in summer. 


@ Departing from the traditional treatment of solid geometry as a succes- 
sion of formal propositions and proofs, this text aims to prepare the student 
for college work in mathematics and engineering. It is based on plane 
geometry and elementary algebra, and includes carefully stated assumptions, 
stimulating oral questions, and well-assorted written exercises. A distinctive 
feature is a simplified method of drawing three dimensional figures in 


orthographic perspective with a patented trimetric ruler supplied with the 
book. 


NUMBER THEORY AND ITS HISTORY 


By Oystein Ore, Yale University. Ready in summer 


@ Gives an account of some of the main problems, methods, and; principles 
of the theory of numbers, together with the history of the subject and a 
considerable number of portraits and illustrations. The methods of counting 
and recording of numbers used by various peoples are discussed, and there 
is an interesting account of ancient and medieval puzzles and trick questions, 
the influence of philosophical number theoretical speculations, as well as the 


contributions of mathematicians. The presentation throughout is very ele- 
mentary. 


ELEMENTS OF THE THEORY OF EQUATIONS 


By J. V. Uspensky, Stanford University. Ready in summer 


e An unusually thorough, explicit treatment, with full development, empha- 
sizing both theory and numerical methods. There is an original and efficient 
method for separating real roots. In the chapter on numerical computation 
of roots, Horner’s method is presented in the original form, including the 
process of contraction. Determinants are introduced, not by formal definition 
as usual, but by their characteristic properties. 


MATHEMATICS OF FINANCE 


By Paul M. Hummel and Charles L. Seeback, Jr., Umversity of Alabama. 
Ready in summer 


@ This noteworthy forthcoming text includes all the material usually found 
in a work of this kind: Simple Interest, Compound Interest, General Annui- 
ties, Amortization and Sinking Funds, Bonds, Perpetuities, Depreciation, Life 
Annuities, and Life Insurance. Many of the treatments are exceptional for 
their simplicity, and many of the methods introduced are new and original. 


Send for copies on approval 


NcGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


Four Outstanding Texts in the Prentice-Hall Mathematics Series 


CALCULUS 


By Lyman M. Kells, United States Naval Academy 


This popular text develops the student's reasoning powers by means of the "spiral" 
form of teaching. Alternate sections on theory and application, skillfully graded 
in difficulty, lead the student into progressive mastery of the subject. The material 
is organized to permit emphasis on theory and geometrical applications for academic 
courses, and on physical applications for engineering. 


There are 1,725 exercises, 322 unusually helpful illustrations. 
6" x 9” 511 pages 


FUNDAMENTALS OF BUSINESS 
MATHEMATICS 


By Walter R. Van Voorhis and Chester W. Topp, Fenn College 


In step-by-step fashion, this new text covers such subjects as probability, logarithms, 
progressions, compound interest and annuities. It is distinctive in that it furnishes 
mathematical concepts and skills needed in business, commerce, accountancy, statis- 
tics, and related subjects. 

Special aid—provides complete outlines for both one- and two-semester courses. 
The organization and full treatment of each topic make this possible. 


Published 1948 5,” x 8” 454 pages 


INTRODUCTION TO COLLEGE 
MATHEMATICS 


By Carroll V. Newsom, Oberlin College 


A brand-new approach to freshman mathematics—particularly suited to the liberal 
arts students or other non-specialists. The result of twelve years’ research, the text 
stresses the meaning behind mathematical ideas. 
Problems are arranged according to the topic being discussed. Many drawings, 
graphs, charts and tables; solutions to all problems. 

6" x 9” 344 pages 


DIFFERENTIAL EQUATIONS: 


Revised Edition (1942) 


By Max Morris and Orley E. Brown, Case School of 
Applied Sciences 


Clear, teachable, thorough—emphasizing equations: encountered in mechanics, phys- 


Gr ics, and geometry, this text is designed to meet the widest exactions for drill 
through abundant, varied exercises. 
Without sacrificing clearness or completeness, it has been restricted to the essen- 
6 6” x 355 pages 
Send for your examination copies today 


tials of definition, proof or discussion. 


PRENTICE-HALL, INC., New vorcst.n.¥. 
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THE SCIENCE AND ENGINEERING 
OF NUCLEAR POWER 


Edited by CLARK GOODMAN, Massachusetts Institute of 
Technology 


Selected as one of the 100 best technical publications of 
1947 and early 1948 by Reginald Hawkins, internationally 
known as editor of ‘Scientific, Medical, and Technical Books 
published in the U. S."" Volume I covers primarily the basic 
treatment of nuclear pile design and its practical applica- 
tion. Volume II will be ready for Fall 1948. 

SEGRE CHART: Included in Volume I and available in two 


sizes as separate sheets. A summary of important proper- 
ties of stable and radioactive nuclei. 


' PRINCIPLES OF PHYSICS 


FRANCIS WESTON SEARS, Massachusetts Institute of 
Technology 


The leading intermediate grade text in its field. In three 
volumes. Requires calculus. Clear explanations, many 
excellent diagrams. Used in more than 175 major colleges 
in this and foreign countries. 


COLLEGE PHYSICS 


FRANCIS WESTON SEARS and MARK W. ZEMANSKY of 
the College of the City of New York 


Adapted from Principles of Physics in response to a de- 
mand for a college-grade text comparable in quality to its 
parent series. Requires no calculus. Available as one 
complete volume or as two parts. Issued for 1947-1948 
classes and adopted prior to publication by more than 25 
colleges, whose reports have been most gratifying. 


ANALYTICAL GEOMETRY AND CALCULUS 


HENRY BAYARD PHILLIPS, formerly Head of the Depart- 
ment of Mathematics, Massachusetts Institute of Technology 


An excellent text for courses in science and engineering. 
Fundamental topics needed for the logical development of 
calculus are discussed. Vector analysis and functions of 
a complex variable included for work in physical fields: 


wrung DESIGN LIGHTING DESIGN 
vigil We ee | PARRY MOON, Massachusetts Institute of Technology and 
IN DOMINA EBERLE SPENCER, Brown University 


A new publication devoted to a modern, logical method of 
lighting design. Complete with problems. For use in 
classes of architecture and illuminating engineering and of 
inestimable value to the practicing architect. 


Send for descriptive catalog listing these and other 
technical publications 
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COLLEGE ALGEBRA TEXTS 
RAYMOND BRINK 


ALGEBRA: COLLEGE COURSE 


Supplies the materials for a complete and rich course in college 
algebra for students who are not in need of a review of high- 
school higher algebra. 8vo, 329 pages, $2.35 


COLLEGE ALGEBRA 


Presents all the material in ALGEBRA: COLLEGE COURSE 
with the addition of a systematic review in high-school higher 
algebra. 8vo, 445 pages, $2.60 


INTERMEDIATE ALGEBRA 
Presents by itself the systematic review of high-school higher 
algebra included in COLLEGE ALGEBRA. 8 vo, 268 pages, 
$1.75. 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street, New York I, New York 


The Theory of 
MATHEMATICAL MACHINES 


By Francis J. Murray 
REVISED EDITION $3.00 


The fundamental theory is explained with illustrations aimed at operational es- 
sentials rather than technical completeness. Basic requirements for both digital and 
continuous type components and the electronic and mechanical versions of these are 
given. Part III, which deals with the structure of devices as a whole contains new 
chapters on automatic electronic computers and on stability questions. The Instru- 
ment Part discusses the planimeter, integraph, and harmonic analyzers. Indexed, 
160 double column pages, 8% x« 11, plastic. 


THEORY OF FUNCTIONS 


By Joseph Fels Rift 
REVISED EDITION $3.00 


The basic material of a course which the author has given at Columbia University 
for some years. The emphasis is on the complex variable, with two-fifths of the work 
devoted to the real variable and the remainder to the complex. All geometrical 
questions are formulated in arithmetic terms and every topological assumption made 
is explicitly stated. 4 King’s Crown Press Publication. 


COLUMBIA UNIVERSITY PRESS 
2960 Broadway New York 27, N.Y. 


ANNALS OF THE 
COMPUTATION LABORATORY 


OF 
HARVARD UNIVERSITY 
* 


VOL. XVI: Proceedings of a Symposium on Large- 
Scale Digital Calculating Machine 


At a meeting held in January, 1947, under the joint sponsorship of Harvard 
University and the Bureau of Ordnance, United States Navy, thirty-five 
papers were read on various aspects of calculating machines. Thus we have 
a volume comprising an extensive, authoritative, and up-to-date compendium 
of specialized information which otherwise would be difficult of access. 
More than 100 illustrations and diagrams. xxx + 302 pages. $10.00 


VOL. VII: Tables of the Bessel Functions of the 
First Kind of Orders Ten, Eleven, 


and Twelve 


VOL. VIII: Tables of the Bessel Functions of the 
First Kind of Orders Thirteen, Four- 
teen, and Fifteen 


VOL. IX: Tables of the Bessel Functions of the 
First Kind of Orders Sixteen through 


Twenty-Seven 


The Staff of the Computation Laboratory 


These books continue the Bessel functions of the first kind started in the 
third and fourth volumes, calculated by the Automatic Sequence Controlled 
Calculator. Volume VII, x +- 656 pages; Volume VIII, x + 617 pages; Volume 
IX, xi + 764 pages. Each $10.00 


VOL. XVII: Tables for the Design of Missiles 
The Staff of the Computation Laboratory 


Tables facilitating the determination of the position of the center of gravity, 
the volume, and the polar and transverse moments of inertia of bodies of 
revolution forming component parts of missiles. lvi + 226 pages, $9.00 


ME Mareard university PRESS 


Cambridge, Massachusetts 


Do you use these textbooks? 


INTRODUCTION TO THE THEORY OF EQUATIONS 
By Lois W. Griffiths 


_ A textbook written primarily for introductory courses in the classical theory of equations and 
in the theory of determinants and matrices. The book reflects the author’s 20 years’ experience in 
presenting this material to students. 1947. 278 pages. $3.50. 


SOLID MENSURATION WITH PROOFS 
By Willis F. Kern and James R. Bland 


Here is a textbook that contains a wealth of practical problems and presents the fundamental, 
practical essentials of solid geometry in a thorough and stimulating manner. Second edition, 1938. 
172 pages. $2.25. 


GEOMETRY WITH MILITARY AND NAVAL APPLICATIONS 
By Willis F. Kern and James R. Bland 


_In this book the practical essentials of solid geometry are applied to military, naval and industrial 
situations through numerous problems. Accompanying diagrams and illusrations help to clarify 
the text. 1943. 152 pages. $2.00. 


AN INTRODUCTION TO MODERN GEOMETRY 
By Levi S. Shively 


Intended for use as an elementary textbook for semester or quarter courses, this book will be 
valuable to students preparing to teach high school mathematics or to students majoring in mathe- 
matics in liberal arts colleges. 1939. 167 pages. $2.25. 


NEW FIRST COURSE IN THE THEORY OF EQUATIONS 


By Leonard Eugene Dickson 


A clear and concise presentation of theory and an interesting variety of 850 illustrative problems 
characterize this book. It is intended for use in college courses of an introductory nature. 1939. 
185 pages. $2.00. 


FIRST COURSE, IN THE THEORY OF NUMBERS 
By Harry N. Wright 


A textbook for a one-semester course in the theory of numbers, for college undergraduates and 
graduates. The style is clear, and a special effort has been made to insure accurate and complete 
reasoning. 1939. 108 pages. $2.25. 


AN INTRODUCTION TO ABSTRACT ALGEBRA 
By C. C. MacDuffee 


Most of the material is classical, but the method of presentation is such as to lead the student 
most rapidly to an ability to read and understand the more advanced books and the literature of 
modern algebra. 1940. 303 pages. $4.50. 


MATRIX AND TENSOR CALCULUS. 


with Applications to Mechanics, Elasticity, and Aeronautics 
By Aristotle D. Michal 


_ Written at the advanced undergraduate or beginning graduate level, it can be used for courses 
in applied mathematics as well as in matrix and tensor calculus and their applications. The book is 
entirely modern. 1947. 145 pages. $3.00. 


PLANE AND SPHERICAL TRIGONOMETRY 
By H. A. Simmons 


This detailed book covers more than most current trigonometry texts because of its extended lists 
of well graded problems and extra material on Solid Geometry, Complex Numbers, and Slide Rule. 
This book is also flexible. Second edition, 1945, 387 pages. $3.00, Without tables $2.25. 


JOHN WILEY & SONS, Inc., 440-4th Ave., New York 16, N.Y. 
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CHURCHMAN: 


The Theory of Experimental Inference 


‘Treating the general problem of inference in the experimental sciences, 
this book makes full use of the contributions of the mathematical statis- 
ticians, considering those of Pearson and Neyman, and the further gen- 
eralizations of Wald. Attention is given to the problem of inference in 
relation to the important problems of social progress, quality control, 
and consumer interest. To be published in May. $3.50 (probable) 


C. West Churchman is Associate Pro- 
fessor of Philosophy at Wayne University. 


WOODS: 
Analytic Geometry 


Revised Edition 


The new revised edition of this text, which won a reputation for accuracy 
and clarity, maintains the original successful plan with changes in expo- 
sition based on actual classroom experience. The exercises have been 
revised with reference to arrangement, grading, numerical data and 
wording. Published March 16, 1948. $3.50 


Roscoe Woods is Associate Professor of Mathe- 
matics at the State University of Iowa. 


JONES: 


Elementary Concepts of Mathematics 


For students not intending to specialize in mathematics or science, this 
text is designed to provide a firmer understanding of what mathematics 
they have had, and to supply additional training of both use and 
interest. $4.00 


Burton W. Jones is Professor of 
Mathematics at Cornell University. 
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Intermediate Algebra for Colleges 
REVISED 


A collegiate substitute for third semester high school 
algebra. Specifically designed as a text for a course 
to precede classical college algebra, or for a terminal 
course for students who will need merely substantial 
knowledge of the elements of algebraic technique and 
computation. 275 p., text. $2.50 


D. C. HEATH Introduction to College Algeb 
AND ntroquction to VO ege ge ra REVISED 


Intended for students who require instruction in all 

COMPANY fundamental algebraic skills as part of a first college 
course in algebra which will cover only a minimum 
of collegiate topics. 272 p., text. $2.50 


Boston College Algebra 
New York THIRD EDITION 


Designed as a flexible text for use with classes of vary- 


Chicago ing degrees of preparation. Presents a comprehensive 
Atlanta treatment of the usual content of college algebra, pre- 
ceded by a complete presentation of intermediate 
San Francisco algebra. 362 p., text. $2.75 
Dailas 


Brief College Algebra 
London 8 8 REVISED 


Designed so that students with a substantial background 
of high school algebra may obtain a speedy contact 
with the interesting parts of college algebra. Devotes 
special attention to the needs of technical students and 
others who will continue with more advanced mathe- 
matics. 292 p., text. $2.75 . 


by WILLIAM L. HART 


Calculus 
REVISED 


A sound, well-organized text fur beginning students 
who need calculus as a tool in the various scientific 
fields. Included in the revision is a brief chapter on 
solid analytic geometry. 386 p. $3.00 


by NELSON, FOLLEY, 
and BORGMAN 


PRINTED BY TILE GEORGE BANTA PUBLISHING COMPFANY, MFNASHA, WISCONSIN, U.S.A. 


THE AMERICAN 
MATHEMATICAL MONTHLY 


THE OFFICIAL JOURNAL OF 
THE MATHEMATICAL ASSOCIATION OF AMERICA, INC, 


went 


VOLUME 55 


Caneel tiated 


NUMBER 7 


CONTENTS. 


Circular-Arec Rotors in Regular Polygons . Micuarnu Gorppera 393 
The Linking of Mathematics and Physics in University Courses . 
. L. RosENaEAD AND C. StracHan 403 
On Indecomposable Polyhedra . . . . . . . FE. Bagemrat 411 
College Entrance Requirements in Mathematics . A.J. Kempner 414 
Mathematical Notes 
A. W. GoopMAN, ABpuR RAHMAN Nasr, R. Goormaguticn 419 


Classroom Notes . D. W. Hatz, B. E. Musurve, A. B. Farners 422 
Elementary Problems and Solutions . . . . . ww wk. 4 QT. 
Advanced Problems and Solutions . . . . . . s . . . 481 
Recent Publications . . . . . . . . . 2... 486 
Clubs and Allied Activities ©. ©. . 2... 489 
News and Notices... ; Coe ee 4A 
The Mathematical Association of America ne: 157 | 
New Members... Coe ee 454 
The Eighth Carus Mathematical ] Monograph toe eee 456 
New Sectional Governors of the Association . . . . . . . 456 
Back Numbers Wanted . . .. i, oe aT 
January Meeting of the Northern California Section ren CY | 
February Meeting of the Oklahoma Section . . . . . . . 459 
March Meeting of the Southern California Section . . . . . 461 
March Meeting of the Pacific Northwest Section . . . . . 463 
Calendar of Future Meetings . . . . . . . . . 466. 


AUGUST-SEPTEMBER 1948 


The AMERICAN MATHEMATICAL MONTHLY 


(FounpDED 1n 1894 spy Bensamin F. Finxz) 


CARROLL V. Newsom, Editor 


ASSOCIATE EDITORS 
Cc. B. ALLENDOERFER H. P. EVANS N. H. McCOY 
E. F. BECKENBACH HOWARD EVES W. T. MARTIN 
L. M. BLUMENTHAL L. J. GREEN L. F. OLLMANN 
N. B. CONKWRIGHT G. E. HAY K.P. STARKE 
H. S. M. COXETER CAROLINE A. LESTER k. P. VANCE 


EDITH R. SCHNECKENBURGER 


EDITORIAL CORRESPONDENCE should be addressed to the Editor, C. V. 
Newsom, State Education Building, Albany 1, N. Y. 


ADVERTISING CORRESPONDENCE should be addressed to J. F. Ranpourn, 
Morey Hall, University of Rochester, Rochester 3, N. Y. 


NOTICE OF CHANGE OF ADDRESS by members of the Association as well as 
correspondence regarding subscriptions to the MontuHLy, should be sent to the 
Secretary-Treasurer, H. M. Gruman, University of Buffalo, Buffalo 14, N. Y. 
Change of address must reach the Secretary-Treasurer about six weeks before the 
change can become effective. 


THIS IS THE OFFICIAL JOURNAL OF THE 


MATHEMATICAL ASSOCIATION OF AMERICA, INC. 
(Devoted to the Interests of Collegiate Mathematics) 


OFFICERS OF THE ASSOCIATION 


President, L. R. Forp, Illinois Institute of Technology 

Honorary President, W. D. Catrns, Oberlin College 

Furst Vice-President, SAUNDERS MacLang, University of Chicago 

Second Vice-President, C. B. ALLENDOERFER, Haverford College 
Secretary-Treasurer, H. M. Gruman, University of Buffalo 

Associate Secretary, Epiru R. SCHNECKENBURGER, University of Buffalo 
Editor, C. V. Newsom, University of the State of New York 


Additional Members of the Board of Governors: C. R. Anams, W. L. Ayres, R. H. 
BARDELL, J. W. Brapsuaw, H. KE. Bray, R. W. Brink, M. C. Brown, L. E. Busu. 
C. C. Camp, N. A. Court, H. L. Dorwart, W. L. Duren, P. D. Evwarps, 
D. W. Haunt, E. 5. Hammonn, E. H. C. Hitpesranpt, D. H. Lenmer, A. J. 
Lewis, C. C. MacDurrrs, W.’T. Martin, A. 5S. Merriny, F. HW. Minter, Deanne 
Monreomery, F. R. Morris, I. 5. Soxoinixorr, I. P. Srarke, H. P. Turer- 
MAN, W. L. WILLIAMS . 


Serenata nerteee ure At erteeesbore ? eh 


em era MeL eee eo: 


Entered as second class matter at the post office at Menasha, Wis. Acceptance for mailing 
at special rate of postage provided for in the Act of February 28, 1925, embodied in 
Paragraph 4, Section 538, P. L. and R., authorized April 1, 1926. 


SUBSCRIPTION Price: To Members, $4 a Year, To Others, $5 a Year. 


PUBLISHED BY THE ASSOCIATION al Menasha, Wisconsin, and Albany, N. Y. 
during the months of January, February, March, April, May, June-July, 
August-September, October, November, December. 


CIRCULAR-ARC ROTORS IN REGULAR POLYGONS 
MICHAEL GOLDBERG, Bureau of Ordnance, U. S. Navy 


1. Introduction. A rotor for a polygon is defined here as a convex closed 
curve which remains tangent to all the sides of the fixed polygon during a 
complete rotation of the curve. Rotors are a natural generalization of the curves 
of constant width (also called curves of constant breadth, courbes orbiformes, 
Gleichdicke) which can rotate between a pair of parallel fixed lines. Since a 
curve of constant width which is constrained by only one pair of fixed lines is: 
free to slide along these lines, another pair of parallel fixed lines may be added 
as constraints. Then the curve can rotate in a rhombus which, as a special 
case, may be a square. 

Kakeya, in an oral communication to Fujiwara, showed a method of con- 
structing rotors of regular polygons. Fujiwara investigated rotors more thor- 
oughly, gave a Fourier series for describing them, derived many of their prop- 
erties and described several examples of them in closed forms [1]. Among these 
properties he showed that the sides of the polygon must be the sides of a regular 
polygon except for the quadrilateral in which case any rhombus could serve. 
Hayashi derived a simpler formulation for a class of rotors for all the regular 
polygons [2]. 

A circle is a trivial and obvious case of a rotor, although universal, and it 
will be excluded here from further consideration as a rotor. However, rotors 
bounded entirely by arcs of circles are of particular interest. In addition to the 
intrinsic interest of the geometer for these simple rotors, there is the concern of 
the technician who may have occasion to employ them. The circular-arc rotors 
are easier to depict and to manufacture. Circular-arc rotors for the square were 
considered by Euler in 1778 as part of his investigations of curves of constant 
width. These are described extensively in a paper by Schilling [4]. A circular- 
arc rotor for the triangle was described in 1875 by the great kinematician, F. 
Reuleaux, in his Theoretische Kinematik. Fujiwara added an infinite series of 
regular rotors composed of equal arcs of radius equal to the height of the triangle 
as well as several irregular rotors of five unequal arcs of the same radius [1 and 
3]. A circular-arc rotor for the pentagon is described by Fujiwara [3, pp. 245- 
246 |. It seems that for only the three foregoing polygons (n =3, 4, 5) have any 
circular-arc rotors been described in the previous literature. 

It is the purpose of this paper to show the construction of circular-arc 
rotors fgr all the regular polygons. The construction employs only the most 
elementary geometry and it serves, therefore, as a simpler introduction to the 
subject of rotors than any of the previous ones. Other possibilities for these 
circular-arc rotors are discussed in the last section of the paper. 


Z2. The envelopes of the sides of a moving polygon. Consider the envelopes 
of the sides of a polygon which moves so that two of the sides, AB and AC, pass 
through two fixed points P and Q as shown in Figure 1. Through A draw AFy 
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parallel to BD and meeting in F2 the fixed circle which is the locus of A. The angle 
FAP is supplementary to the angle A BD and, therefore, the arc F:P is constant 
and F» is a fixed point. Also, the perpendicular F2G2 from F2 on BD is equal to 
the altitude of the triangle ABD. Therefore, BD always touches a circle the 
center of which is at F2. This demonstration of a theorem due to Bobillier is 
given by Besant [5]. 


Fic. 1 


Similarly, any side of the polygon taken with the sides AB and AC serves 
as the third side of a moving triangle. The line from A parallel to this third 
side cuts the circle in a point which is the center of a circular envelope of this 
moving third side. In general, the centers of the circular envelopes of the mov- 
ing sides of the polygon are the intersections of the rays from A parallel to the 
sides of the polygon with the fixed circle. If the polygon is a regular polygon with 
an odd number of sides, the centers divide the fixed circle into the same number 
of equal arcs. If the polygon has an even number of sides, then the centers divide 
the fixed circle into half the number of equal arcs. 


3. Location of the arc centers of a circular-arc rotor. Hayashi [2] exhibited 
a class of rotors which, for the even polygons, have an axis of symmetry, while 
the rotors for the odd polygons have two axes of symmetry. In the case of a 
circular-arc rotor, if each radius is reduced by the magnitude of the smallest 
radius, a rotor is obtained which has one or more sharp corners. When 1 is 
even, the rotor is of constant width. If the sharp corner is on the axis of sym- 
metry, then this corner must be the center of the opposite arc which crosses 
the axis of symmetry. The centers of the arcs adjoining the corner must lie 
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on the arc opposite the corner. These centers, also, must be corners of the rotor. 
The centers of the arcs adjoining these corners must lie on the lines joining the 
corners to the ends of the arcs which adjoin the first corner on the axis. 

If the rotor is held fixed and the regular polygon is rotated, the envelopes of 
the sides of the polygon are the boundaries of the rotor. Place the rotor so that 
its axis of symmetry coincides with a main diagonal of an even polygon. Then a 
pair of symmetric corners must lie on two adjacent sides of the polygon. As 
the polygon is moved either way from this position, the envelopes of the sides 
of the polygon are circular arcs whose centers lie on a circle through these 
corners and the vertex of the polygon between them as was demonstrated in 
Section 2. For the odd polygons, all the centers lie on either of two equal circles. 
For the even polygons, all the centers lie on either of two unequal circles. Call 
these circles the generating circles of the rotor. 


4. Notation. It will be convenient to employ the following notation. 
n=the number of sides of the given regular polygon (n-gon). 
n=2m when the number of sides of the given n-gon is even. 
a=1r/n=T/2m. 
w=the diameter of the inscribed circle of the given regular n-gon. Also, 
this is the width of a rotor of the given n-gon when 7 is even. 
4@=the angular measure of the arc on the smaller generating circle inter- 
cepted by the larger generating circle. 
r =the radius of the smaller generating circle (through the apex). 
R=the radius of the larger generating circle. 
c{t} =the length of the chord subtending an arc of angular measure ¢ on 
the smaller generating circle of radius r. 
C{t} =the length of the chord subtending an arc of angular measure ¢ on 
the larger generating circle of radius R. 
h\u}=the height of a segment of the inscribed circle of the given -gon, 
where 2ua is the angular measure of the arc of the segment. 
a{u} =the altitude of a segment of the given m-gon bounded by u consecu- 
tive edges of the m-gon and the diagonal as base. 


5. Conditions on the circular-arc rotor for the 2m-gon. Consider the case for 
n even.:The relative location of the centers is shown in Figure 2. Then, by equat- 
ing the radii at the ends of a circular arc, a condition on the variables is obtained. 
When all such conditions are satisfied, the circular arcs form a continuous 
boundary. The following equations may then be written: 
clt} = 2r sin #/2, 
C{t} = 2R sin ¢/2, 
h{u} = 4w[1 — cos uel, 
a} 1} 


(2) R = wsin 6/sin 2a. 


(1) 


= 3w(1 — cos ua/cos a) for u odd, 
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The following equations are derived from the centers on the larger generat- 
ing-circle: 
3) c{a — 4ha + 20} + C{a — 4a — 4ha + 20} + hi 2k; 
= ¢{r — 4a — 4ka — 20} + C{a — 4ka — 20} + h{2k + 2}, 


where 


k=0,1,2,3,--:,(m—1). 


But from equations (1). 


clr — 4kha + 26} — cla — 4a — 4ka — 26; 


(4) = 2r sin (= — 2ka + ) — sin (= — 2a — 2ka — ) | 


= 4r sin (a + 6) sin (a + 2ka). 
From equations (1) and (2), 
C{a —4ka — 20} —C{a — 4a — 4ha + 20} 


(5) = 2R sin (= — 2ka — ) — sin (= — 2a — 2ka + o) | 


= 4wy sin 6 sin (a — 6) sin (a + 2ka)/sin 2a. 
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From equations (1) again, 

(6) h{2k +2} — h{2k} = 4w[cos 2ka — cos (2a + 2ka) j. 
Substituting equations (4), (5) and (6) in equations (3) and dividing by the 
common factor sin (a-+2ka), we obtain 

(7) 4r sin (a + 6) = 4w sin @ sin (a2 — 6)/sin 2a + w sin a. 

Note that this equation is independent of k. 


The following equations are derived from the centers on the smaller generat- 
ing circle: 
(3) c{a — 4ka + 20} + Cla — 4a — 4ha + 20} + a{2k+ 1} 
=c{r — 4ha — 20} + C{a+ 4a — 4ka — 20} + a{2k — 1}, 
where 
k=0,1,2,3,--+, (m— 1). 
But from equations (1), 


cla — 4kha + 20} — cla — 4ka — 20} 


(9) = 2r sin (= — 2ka + ) — sin (= — 2ka — ) | 


= 4r sin @ sin 2ka. 


From equations (1) and (2), 
C{r+ 4a — 4ka — 20} —C{a — 4a — 4ha + 26; 


2R sin (= + 20 — 2ka — ) ~ sin (= — 2a — Lhe + ) | 


4w sin @ sin (2a — 6) sin 2ka/sin 2a. 


(10) 


From equations (1) again, 
a{2k+1} —a{2k—1} = wlcos (2ka — a) — cos (2ka + a) ]/2 cos a 


= w tana sin 2ka. 


(11) 


Substituting equations (9), (10) and (11) in equations (8) and dividing by the 
common factor sin 2ka, we have 
(12) 4y sin 6 = 4w sin @ sin (2a — 6)/sin 2a — w tana 
= [4w sin @ sin (2a — 6) — 2w sin? a]/sin 2a. 
Note that this equation is independent of k. 

Equating both values of (47 sin 2a)/w derived from equations (7) and (12), 
4sin @sin (a — 0) -+sinasin2a 4sin6@sin (2a — @) — 2sin?a 


1 
(3) sin (a + 6) sin 0 
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The following series of expansions and transformations leads to equation (14). 
2 sin 6[cos (a — 26) — cos a] + sin a sin 2a sin 6 
= 2 sin 6[cos (a — 26) — cos 3a] — 2 sin? a sin (a + 8), 
8 sin 6(cos 3a — cos a) = 2 sin? a sin (a + 8), 
6 sin 6 cos a sin? a = 2 sin? a sin (a + 8), 
3 sin 6 cos a = sina cos @-+ cosa sin 0, 
(14) tan @ = $ tana. 


Note that the lines joining the centers of successive arcs of the rotor pass 
alternately through one and then through the other of the two intersections of 
the two generating circles. These two intersections may be called focal points 
of the circular-arc rotor. 

The foregoing construction is applicable for n»>7. For n=6, equation (14) 
does not hold since there are three generating circles instead of two. The radii of 
the arcs are w and w/2. The angular measures of the arcs are 60°, 30° and 15°. 
For n=4, the familiar Euler triangular curve, frequently called the Reuleaux 
circular triangle, composed of the three equal 60° arcs, may be taken as the 
corresponding rotor. 


6. Conditions on the circular-arc rotor for the odd n-gon. When 7 is odd, 


then 
_ a a 
sin — w cos — 


_ a ; wf. 1 2 2 
r= R=a{n) sine /sinta= = (14 ) = —__— 
2 2 cos a/ sin 2a 4 cos? a 


cli} =Cf{el. 
In this case, the focal points coincide with centers of arcs. The continuity of the 
arcs can be verified by the following equations, based on equations (1) and (2): 


C\ar — 3a — 4ha} — C{ a — 5a — 4ka} 


v 3a v 5a 
= 2R sin (<= —-— — 2a) — sin (= —_-— — 2a) 
(15) 2 2 2 2 


= 4R sin - sin (2a + 2ka). 


and 


Clr- a — 4ka} —Clr- 7a — 4 ke} 


vs a TT 7a 
= 2R sin (= —-—— 2a — sin (= —-—— 2a) 
(16) 2 2 2 2 


3a 
= 4R sin > sin (2a + 2ka). 
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wlcos (2ka + a) — cos (2ka + 3a)]/2 cos @ 
w sin (2a + 2ka) tana 


(17) a,2k+3} —af{2k+1} 


8 4 
8R cosa sin 7 sin (2a + 2ka) 


_ 3a a]. 
=4R | sin — sin <| sin (2a + 2ka) 


Subtracting equations (15) and (17) from (16), we obtain 
Cla — 5a — 4ka} + C{r—a — 4ka} + a{2k+ 1} 


(18) = C{r — 3a — 4ka} +C{ar — 7a — 4ha} + a{2k + 3}. 


This equation holds for k=0, 1, 2, 3,---, (n—1). Applying equation (18) 
to Figure 3 shows that the circular arcs are contiguous. 

The foregoing construction is applicable to all polygons of an odd number 
of sides. In addition, for » =3, Fujiwara [5] has described other types of rotors 
composed of two, four and five arcs. 


7. The least number of arcs bounding a circular-arc rotor. A parallel curve 
to any of the rotors here described is a circular-arc rotor with no corners. (See 
Figures 2 and 3.) The number of arcs is 2m in the case of the even polygons (for 
n greater than 4) since each center on the generating circles serves as the center 
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of two arcs. In the case of the odd polygons, each generating circle carries n 
center points which serve as centers of single arcs. However, two centers on one 
generating circle coincide with centers on the other generating circle. Therefore, 
for odd polygons, the number of arcs bounding the rotor is 2m —2. 

Since at least two generating circles are necessary to produce closure, the 
rotors described here have the least possible number of arcs if no corners are 
permitted. When corners are permitted, the number of arcs for even polygons 
becomes 2n—3. The equality of the generating circles for the odd polygons 
permits a rectangular arrangement of four corners resulting in 2” —4 arcs as the 
least .possible number of circular arcs. 

Several examples of rotors with the least number of circular arcs are shown 
in Figure 4. The dotted circles are the generating circles. The small open circles 
enclose the centers of the boundary arcs. The small black circles enclose the 
focal points. Straight lines join the centers of successive arcs and show the 
sectors determined by the arcs. 


8. Dual rotors. To every rotor for an odd polygon there corresponds another 
rotor which plays the réle of a dual. Just as a parallel rotor is an orthogonal 
trajectory of the external normals to a given rotor, a dual rotor can be obtained 
as the orthogonal trajectory of the internal normals if the trajectory is taken at 
a sufficient distance from the given rotor. The nearby internal trajectories are 
not simple convex curves. One of these trajectories is a convex rotor with corners; 
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those on one side are non-convex curves (therefore, they are not rotors), while 
those on the other side are rotors without corners. 

The duals of the circular-arc rotors for the odd regular polygons, described 
in Section 6, have the same centers and the same number of arcs. However, the 
duals with corners have only two corners (instead of four) corresponding to the 
two arcs of maximum radius. The radii of the arcs are always less than the 
height of the circumscribed polygon. An example of a pair of dual rotors for the 
pentagon is shown in Figure 5. 

The general existence of the dual rotors seems to have been overlooked in 
the previous literature although one of them was known. The dual composed of 
two 120° arcs corresponding to the rotor of two 60° arcs, shown in Figure 4, 
was given by Reuleaux and was discussed by Fujiwara [3]. 


9. Minimal area of rotors. Fujiwara and Kakeya proposed the problem of 
determining the rotors of least area for the regular polygons [8]. They showed 
that for the equilateral triangle the minimal rotor is bounded by two equal 60° 
circular arcs. It was first shown geometrically by Blaschke [6], and later an- 
alytically by Fujiwara [7]|, that the minimal rotor for the square is bounded 
by three equal 60° circular arcs. Fujiwara remarked that the method which was 
successfully employed in the solution of this extremal problem for the triangle 
and the square was no longer applicable in testing the circular-arc rotor he found 
for the pentagon even though it could conceivably be the sought minimal rotor. 
It should be noted that these three rotors are each bounded by the least num- 
ber of circular arcs and that each includes arcs whose radius is the height of the 
polygon. These properties are shared by éach of the infinite series of rotors, 
which includes the foregoing three cases, whose constructions are given in this 
paper. Therefore, they are worthy of consideration as possible solutions of the 
minimal rotor problem. 
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THE LINKING OF MATHEMATICS AND PHYSICS IN 
UNIVERSITY COURSES 


L. ROSENHEAD, University of Liverpool, 
C. STRACHAN,* University of Aberdeen 


1. Introduction. The past thirty years have seen a great intensification of 
the application of mathematical methods to the study of natural phenomena. 
Associated with this there has been a widening and deepening of our understand- 
ing of the nature of matter and radiation, and an increase in the power of design- 
ers in many branches of technology. The prospects of further technological de- 
velopments resulting from our increased understanding are very great and many 
universities propose to equip some of their students with the techniques nec- 
essary to enable them to play an increasing part in the new scientific and tech- 
nological advances. This, of course, means a linking of the instruction given in 
mathematics and physics, even closer than that which has been obtained in the 
past, and it also means consequential changes in some of the instruction given 
within faculties of engineering. 


2. Mathematics and physics. The formal linking of mathematics and physics 
in English universities is entering upon an interesting phase. In the past there 
have been few or no attempts by departments of physics to teach their “own 
mathematics,” or by departments of engineering to insist upon giving instruc- 
tion in mathematics within the walls of their own faculties. Between professors 
‘and teachers of all departments and faculties, there has been good-natured dis- 
agreement and also much friendly agreement on educational matters. This has 
led to a cooperative outlook and a willingness to adapt and modify existing 
courses of instruction. 

There are, of course, difficulties inherent in the attempt to cooperate, and to 
some extent these are reflected in the names which are used to denote various 
branches of instruction; examples of these are pure mathematics, applied mathe- 
matics, mathematical physics, theoretical physics, chemical physics, physical 
chemistry, metal physics, physics, and so on. Of these, “pure mathematics” 
alone seems to have retained its time-honored significance, though the content 
of the instruction given under this heading has changed considerably. “Applied 
mathematics” used to mean “applications of mathematics,” and involved dras- 
tic idealization of much of the physical conditions of reality. Surprisingly accu- 
rate and surprisingly inaccurate predictions resulted from this, and the uncer- 
tainty of the validity of the conclusions arising from the combination led to 
applied mathematics being regarded with some suspicion. 

With the passage of time, however, as mathematicians applied their tech- 
niques to problems in which the physical assumptions bore a greater resemblance 
to reality than previously, and as engineers and physicists became more and 
more expert in the techniques of pure mathematics, a reasonably happy com- 
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promise was effected. “Applied mathematics” came to be known as covering in 
the main “engineering mathematics”; that is, it included mechanics, hydro- 
dynamics, aerodynamics, elasticity, magnetism and electricity, and so on. As- 
tronomy and gravitational theory do not fit in with this rough sub-division, but 
the subjects were loosely grouped under applied mathematics. “Physics” was 
understood to cover, in the main, experimental investigations, but it came to 
use more and more the terms and techniques of pure mathematics in order to 
explain its outlook and to convey its results. “Mathematical physics” was un- 
derstood to mean a linking of mathematics and physics, but with even greater 
emphasis on the methods of pure mathematics. “Theoretical physics” was ac- 
cepted as a variant of mathematical physics, in which mathematics and physics 
were combined with assumptions whose foundations might be rather difficult to 
formulate in precise terms. These sub-divisions are, of course, extremely rough 
and there is considerable overlap between them. Change and development con- 
tinue, and many of us, as members of universities, are trying to lay the founda- 
tions for developments likely to bear fruit during the next quarter of a century. 
Much thought is therefore being given to the proper place of mathematics and 
physics in the general scheme. We are concerned with mathematical physics, 
both as a part of a general education, and as an aid to detailed understanding of 
physical science and technological advance. Education in mathematical physics 
ought to, and generally does, begin at school. 


3. Instruction in mathematics and physics. In many schools pure mathe- 
matics is taught as a series of interesting and stimulating puzzles, often neces- 
sitating the important mental pastime of deciding what is, and what is not, 
relevant. This is usually done without an attempt to give a comprehensive pic- 
ture of what mathematics is or what it purports to be. Then, often under the 
title of applied mathematics, the elements of physics are introduced and mathe- 
matical methods are applied to what is simply a new field of activity introduced 
by means of bewildering, and often ill-considered, definitions. These may well 
have the effect, later, of repelling many keen young minds from pure mathe- 
matics, mathematical engineering, or mathematical physics. At an early stage 
the pupil develops crude ideas of physical quantities such as force, mass, and 
so on, and it is generally only in the universities that an attempt is made to 
reduce these ideas to some semblance of order. This attempt should, we feel, be 
made at a much earlier stage. Teachers might take classes into their confidence 
when pupils are at quite an early age, say even at eleven years, and talk to them 
gn the genesis of mathematics. First of all, it should be. presented as essentially 
a practical subject. Its historical development should be described with special 
reference to its relation to the problems of primitive societies, suchas the count- 
ing of possessions and the measuring of land. Then might be explained the 
fumbling, halting investigations which formulated the properties of numbers, ir- 
respective of the particular objects to which the numbers were attached. At 
a slightly later stage, at the beginning of the study of mathematical engineering 
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and mathematical physics, the ideas and definitions of mechanics might be 
introduced, including the use of machines and the mathematical problems aris- 
ing in the precision of their design, the effects of matter in motion, the problems 
which the engineer has to solve, and so on. These might all serve to arouse the 
interest of the pupil. Definitions might be regarded as statements formulated 
and gradually made more precise, possibly by the pupils themselves; their dis- 
play on a large, accessible blackboard would perhaps keep them in mind. Above 
all, certain types of “definitions” must be avoided, at any rate as the first words 
on the particular topics to which they refer. The following, for example, are the 
first words offered by well-known books on the topics which they purport to de- 
scribe: “The moment of a force about a point is the product of the force and the 
perpendicular drawn from the point on the line of action of the force,” and again 
“Matter is that which has mass,” and still further, “The mass of a body is the 
quantity of matter in the body.” This method of approach must be shunned! 

It is very unwise to attempt to achieve apparent academic success by brev- 
ity of discussion and of definition when it is accompanied by neglect of the all- 
important scientific background required for the definition or discussion. In- 
deed, while too much detail may be confusing, and a compromise between 
amount of detail and reasonable clarity must be sought, it has to be remembered 
that too much willingness to abstract and isolate physical phenomena may well 
develop an attitude toward general experience which may make its possessor a 
menace to the community in which he lives. 

Even at this early stage the method of mathematical physics should be 
emphasized—the sequence of experiment, thought about the circumstances which 
are relevant to the phenomenon studied, the tentative (and not always reliable) 
rejection of circumstances which seem not to be really significant and whose 
inclusion impedes mathematical formulation, mathematical formulation and 
~ solution, final comparison with experiment, and, very often, the decision to re- 
peat the whole sequence with different assumptions about relevance. 

The qualities and defects of the instruction in mathematics and physics 
given in schools are carried over to the universities. In many universities in 
this country there has been an exaggerated division between those studying the 
mathematical and experimental aspects of physical science. The enormous de- 
velopment of the field of study has, of course, been the main cause of this. 
Formerly there was a general tradition of “natural philosophy” in teaching. 
This involved detailed acquaintance with both experimental and mathematical 
physics as complementary aspects of one subject. Nowadays it is difficult in an 
undergraduate course to develop both aspects to provide sufficiently powerful 
equipment. The policy has been (1) to combine training in mathematical 
physics, under the name and limitations of applied mathematics, with a full 
course in pure mathematics including branches of pure mathematics of very 
specialized interest although admittedly of great aesthetic value, such as 
branches of pure geometry, parts of the theory of numbers, and so on, or (2) to 
combine training in experimental physics with an inadequate training in mathe- 
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matical physics. Of these (1) means limitation to a very narrow field of study 
and (2) involves giving mathematical training of an almost entirely “set” nature 
with little or no problem work. 

It is clear that the mathematical physicist, in an undergraduate course, 
cannot be expected to become really proficient in the modern technique of 
elaborate experiment, but he has a right to demand that his mathematical train- 
ing will give him reasonable equipment in the mathematical techniques which 
he really needs, in the most economical manner. He must have an understanding 
of mathematical method and, at the same time, a clear grasp of physical prin- 
ciples. This must not suggest that the mathematical physicist is an unfortunate 
hybrid whose conclusions are likely to be unsatisfactory or inadequate. The 
union of mathematical technique with appropriate understanding and knowl- 
edge of physical principles often produces results of as great significance as does 
the wider equipment in either field alone. For example, in many types of physi- 
cal theory, and certainly in atomic and nuclear physics, it is not possible to 
have simple and easily interpreted fundamental experiments on which to build 
a theory. The experimental verifications of the results to be expected from any 
physical “model” have to be made at a considerable experimental and mathe- 
matical distance from the fundamental mathematical and physical hypotheses. 
Then mathematical intuition may play the decisive part in formulating quan- 
titative hypotheses. Examples abound in the use of mathematical properties 
of invariance under Lorentz and other transformations in the theories of ele- 
mentary particles, the symmetrical and anti-symmetrical wave-functions of 
quantum mechanics, and even in the displacement current of classical electro- 
dynamics. Indeed, it is wrong perhaps to speak here of mathematical intuition. 
The mathematical principles used are often simply the precise formulation of 
conceptions of space, time, and so on, which we have acquired physically, not 
in a brief laboratory experiment, but by generations of slow endeavor. 

In the attack on any problem in natural philosophy it is important that the 
mathematical physicist should use a technique of adequate power. That un- 
economical training should limit him to use crude mathematical methods when 
more powerful methods are readily available and assimilable with a little ef- 
fort, is no less culpable than that the experimenter should be limited to anti- 
quated and unreliable techniques in experiment. 

Mathematical physicists will hope for the full collaboration of the pure 
mathematician in the development and teaching of satisfactory and powerful 
techniques. In much of modern, and of classical, mathematical physics the really 
relevant and powerful mathematical methods have sufficient intrinsic mathe- 
matical elegance to provide that attraction of interest which will reward the 
pure mathematician for his help and will in itself attract the student. At pres- 
ent, in this country, much could be done for the mathematical physicist who 1s 
anxious to become proficient in methods of algebra and group-theory in order 
to attack problems in molecular, atomic and nuclear physics; this is merely one 
example. 
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4. A glance at the future. What then may we hope for in the future? The need 
for subdivision of natural philosophy into separate schools of experimental and 
mathematical physics will remain, although the two schools must to a certain 
extent overlap in their studies. For perhaps three of the usual four years of an 
undergraduate honors course, it is advisable for the mathematical physicist 
to take adequate courses in experimental and descriptive physics while, at the 
same time, taking intensive and specially planned courses in pure mathematics 
and mathematical physics. On account of the great width of the subject there 
will certainly have to be a careful choice of the branches of physics which are to 
be studied; it is probably wise to limit the width of the field of study by demand- 
ing an effective and precise quantitative understanding of what is studied, as- 
suming that the function of the mathematical physicist is to offer reasonably pre- 
cise opinions on his field of study rather than nebulous opinions on a very wide 
field. In subjects of basic importance such as classical mechanics and electro- 
dynamics the aim should be to give a firm and precise grasp of the funda- 
mental physical principles and the most important mathematical techniques; 
it is not necessary to discuss almost every type of problem which has ever been 
of importance in these subjects. The need for cooperation and even self-denial 
from pure mathematicians has been mentioned before; very often they will have 
to omit topics of great importance for them and to prove or, occasionally in 
difficult matters, even merely to make plausible, certain theorems under much 
more restrictive conditions than are really necessary. That their reward will be 
a rich one, in interest and respect, is quite certain. 

In the last year of the course practically all of the student’s time will have 
to be given to the study of experimental results and the development of mathe- 
matical and mathematical-physical techniques. It is advisable that he should see 
certain important types of experimental arrangement and perhaps take some 
part in the performance of a few carefully selected experiments. However, he 
will not in general be able to spare time for detailed study of experimental tech- 
niques. . 

It is perhaps unavoidable that, at this stage, there should be a considerable 
segregation of students of various branches such as molecular, atomic, and 
nuclear physics, hydro- and aerodynamics, and so on. One can only hope that it 
will not be too extreme. 


5. Present courses of study. In the University of Liverpool we have made 
an attempt to formulate suitable and practicable courses leading to a degree 
with honors in mathematical physics. Quotations from parts of our scheme fol- 
low. The actual syllabuses given refer to some of the basic subjects in pure 
mathematics and mathematical physics. On account of the absence of so many 
of our physicists on war work, the courses in descriptive and experimental 
physics could not be adequately discussed and detailed syllabuses for these 
are therefore not included. 
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EXAMINATIONS AND COURSES OF STUDY 


The period of study normally required for the degree of B.Sc. with Honors 
in Mathematical Physics will be four years. In the first three of these the courses 
will be: Intermediate year, Introductory Pure Mathematics, Applied Mathe- 
matics, Physics; Part I year, Courses in Pure Mathematics, Applied Mathe- 
matics and Physics; Part II year, Courses in Pure Mathematics, Applied Mathe- 
matics and Physics. Detailed syllabuses for these, and for some of the Honors 
courses, are given below, together with notes on admission to the courses. 

In the Honors Examination, at the end of the fourth year of study, students 
will be expected to offer papers in three groups. Those of Groups I and II, seven 
in number, will be compulsory and will cover certain basic equipment. Those 
of Group III, two in number, will allow choice in accordance with the candi- 
date’s interests. They will be chosen by the candidate in consultation with the 
Heads of the Departments of Mathematics and Physics. 

For these students, there will be no Honors Examination in Experimental 
Physics. They should, however, be able to spend some time in a Physics Labo- 
ratory in the honors year, without unduly overloading their courses, as they 
will have taken suitable courses and examinations in Experimental Physics in 
the earlier years of study. 


The papers in Group I are: 

Methods of Mathematical Physics (one paper), 

Statistics and Numerical methods (one paper), 

Classical Mechanics and Vector Field Theory (one paper). 


The papers in Group II are: 

Quantum Theory of Matter and Radiation, Molecular, Atomic and Nuclear 
Physics (three papers), 

Essay paper on the Principles of Physics (one paper). 


The papers in Group III are: 

Advanced methods in Mathematical Physics including the Theory of Groups, 
in relation to problems of Mathematical Physics (one paper), 
Thermodynamics and Statistical Mechanics (one paper), 

Relativity and special problems in Electromagnetic Theory, e.g. Optics, etc. 
(one paper). 


The subjects to be studied in any session will be announced at the beginning of 
that session. | 


PROPOSED SYLLABUSES 


The following are suggested syllabuses for some of the lecture courses; they 
will be modified in the light of experience. 


INTRODUCTORY COURSES (similar to those given at present): 
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PART I COURSES: 


(A) Pure Mathematics Course (5 lectures per week). 

Functions, graphs, continuity. Differential calculus. Expansions in power 
series. Orders of magnitude. Integration of elementary functions. Solu- 
tion of ordinary differential equations, including solution in series. Fourier 
series. Beginning of a calculus of many variables. Functions of many vari- 
ables. Maxima and Minima, Taylor Series, Euler’s Theorem and repeated 
Cartesian and Polar Integrals. B(p, g) and I'(x). Complex numbers. De- 
terminants (excluding multiplication). Linear equations. Plane differential 
geometry. Elements of theory of equations. Language of matrices. Quadratic 
forms. Linear geometry in two and three dimensions. Vectors (brief revision 
from Applied Mathematics). Elements of conics and quadrics. 

(B) Applied Mathematics Course (4 lectures per week). 

Theory of vectors with illustrations up to and including scalar and vector 
products and the two triple products; differentiation of a vector function of a 
single variable, with illustrations. Foundations of mechanics (elementary). 
Statics: coplanar forces, friction, theory of mass systems, and stresses in 
beams and flexure of beams. Dynamics: kinematics of a particle and kine- 
matics of a rigid body for the simpler types of motion. Dynamics of a 
particle: simple harmonic motion, damped oscillations, forced oscillations, 
projectiles, central orbits (inverse square law mainly). Work and energy. 
Kinematics and dynamics for two particles: normal modes for two particles 
(elementary). Kinematics and dynamics of a system of particles and of a 
rigid body: principles of momentum and energy, illustrations mainly from 
two-dimensional motion. Mechanics of continua. Hydrostatics: perfect 
fluid, resultant thrust, center of pressure, floating bodies. Gases. Elementary 
elasticity. 

(C) Physics Course (5 lectures and 5 hours laboratory work per week). 
Similar to the present Part I Course: 2 lectures per week on properties of 
matter and heat, 3 lectures per week on electricity and magnetism and ele- 
mentary electronics. 5 hours Experimental Physics. 


PART II COURSES: 


(A) Pure Mathematics Course (3 lectures per week). 

Descriptive account of bounds, limits, convergence of easy real and complex 
series, especially radius of convergence of power series. Theory of integra- 
tion. Infinite integrals. Multiple integrals. Green, Gauss, and Stokes 
theorems. Partial differential equations of Physics. Normal solutions, 
boundary conditions, first account of eigen-functions and orthogonal series. 
Study of P,, J,, etc. Determinants, elementary matrices. Language of groups. 
Introduction to differential geometry of curves and surfaces. Introduction 
to calculus of variations. Transformations, Jacobians. Functions of complex 
variable. Easy contour integration. 
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(B) Applied Mathematics Course (3 lectures per week). 

Mechanics: Moments of inertia and principal axes of inertia for three- 
dimensional distributions. More general motion of a rigid body. Lagrange’s 
equations. Gyrostatic problems. Normal codrdinates. Principle of Least 
Action (elementary). Electricity and Magnetism: with accompanying theory 
of vector fields. The course will cover the fundamental parts of the subject 
as far as and including Maxwell’s equations. General: Simple examples of 
diffusion and wave phenomena. An introduction to the special theory of 
relativity. 

(C) Physics Course (4 lectures and 5 hours laboratory work per week). 

3 lectures per week on Optics and Atomic Physics and 1! per week on Elec- 
tronics. 5 hours Experimental Physics. 


HONORS COURSES: 


(A) Methods of Mathematical Physics (60 lectures per session). 

Complex function theory. Contour integration and conformal representation. 
Theory of linear differential equations leading to Sturm-Liouville theory. 
Asymptotic Expansions. Fourier integrals. Differential geometry. Calculus 
of variations. Tensor calculus (introduction). Optional topics chosen from 
Lebesgue integration, Fourier series, and General Linear Algebras. 

(B) Classical Mechanics and Vector Field Theory (30 lectures per session). 
Three dimensional statics (briefly). Three dimensional kinematics. General 
Dynamics including Lagrange’s equations (continued). Theory of vibra- 
tions. Hamilton’s equations, Hamilton-Jacobi equation. Variational prin- 
ciples. Transformation theory of dynamics. Maxwell’s equations and electro- 
magnetic waves. Scalar and vector potentials: retarded and advanced poten- 
tials. Electron theory: Lorentz force, efc. Principles of energy and mo- 
mentum. The special theory of relativity. Equations of continuity, motion, 
and pressure of non-viscous fluids. Rotational and irrotational motion. 
Velocity potential. Stream function. Complex potentials. Images. Vortices. 
(C) Statistics and Numerical Methods. (30 lectures per session and time 
for practical numerical work.) 

Statistics with special reference to the analysis of experimental results. In- 
terpolation. Integration. Solution of algebraic, transcendental and differen- 
tial equations. Harmonic analysis. 


ADMISSION TO COURSES 


The admission of students to Part I courses, Part II courses, and honors 
courses would be decided by the Professors of Pure Mathematics, Applied 
Mathematics and Physics. They would adopt suitable criteria; for example, 
entry into Part I courses would be given by a suitable mark at the Introductory 
Standard or in the Higher School Certificate in the subjects concerned. It might 
for a few years be advisable, as at present, to allow very good qualifications in 
H.S.C. (or other equivalent examination) in Pure Mathematics and Physics to 
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compensate for somewhat inadequate qualifications in Applied Mathematics. 
Such a deficiency could be helped by the provision of a tutorial class in the 
second year of study. 

In addition, an effort should be made to help students who decide rather 
late in their courses, say at the end of the Part I year, that they wish to qualify 
as mathematical physicists. They might be admitted to the necessary courses, 
provided that they have shown suitable ability, and if they rectify the omis- 
sions in their earlier courses by private reading. 


ON INDECOMPOSABLE POLYHEDRA 
F, BAGEMIHL, University of Rochester 


1. Introduction. We shall prove the following 


THEOREM. If 1 1s an integer not less than 6, then there exists a polyhedron, Tn, 
with n vertices and the following properties: 

(I) +, 1s simple, and every one of its faces is a triangle. 

(II) If r is a tetrahedron, each of whose vertices is a vertex of Tn, then not every 
anterior point of T 1s an interior point of Tn. 

(III) Every open segment whose endpoints are vertices of Ta, but which ts not 
an edge of Wn, lies wholly exterior to Tp. ” 


It is well known that every convex polyhedron can be decomposed into a 
set of tetrahedra whose vertices are all vertices of the given polyhedron [1, p. 
280 or 2, p. 57]; and every simple polygon can be decomposed into a set of tri- 
angles whose vertices are all vertices of the given polygon [1, p. 246 or 2, p. 46]. 
Lennes, however, proved [2, p. 55] the existence of indecomposable polyhedra 
by constructing a polyhedron which has properties (I) and (II). His polyhedron, 
which possesses seven vertices, does not satisfy (III). Schénhardt [3] subse- 
quently gave an example of a polyhedron having six vertices and all three of the 
above properties. He showed, moreover, that there is no indecomposable poly- 
hedron with less than six vertices. 

We shall take a. to be a Schénhardt polyhedron, and base our construction 
of tn, for n>6, on a6. It will be apparent first that, for every 26, 7, satisfies 
(I) ahd the following condition: 

(IV) Every triangle whose sides are edges of 1, 1s a face of Tn. 

Then we shall demonstrate that (III) holds. Finally, (II) follows from (I), 
(IIT), and (IV). For suppose that, on the contrary, there existed a tetrahedron, 
T, with its vertices and interior points consisting exclusively of vertices and 
interior points, respectively, of 7,. Then, because of (III), every edge of r 
would be an edge of 7,, otherwise some interior point of r would be exterior 
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to Tn; by (IV), every face of r would be a face of 7,; and, according to (I), 7a 
is simple, so that 7, would have to be identical with r. But this would contradict 
our assumption that 26. 


2. Description of 7s. Let Ai, Bi, C; be the vertices of an equilateral triangle, 
each of whose sides has length 1; and let As, Bo, C2 be the-vertices of the tri- 
angle obtainable from triangle AiB,C, by first rotating the latter about its center, 
and in its plane, through 30° in the direction A1Bi:(C,, and then translating it one 
unit in the direction perpendicular to the plane A,B,C, as in the figure, where 


A, ~ 


9 


Ag, Be, Ce correspond, respectively, to A1, Bi, Cy, under this transformation. 
Then 7g consists of 

6 vertices: Ai, Bi, Ci; Ae, Bo, Ca; 

12 edges: A,B, ByCi, CiAi; AsBa, BzCa, C2A2; AiA2, ByBo, CiC2; A;Ba, ByCa, 
CiAa; 

8 triangular faces: A1B,Ci, A2BeC2; A1A2Ci, ByBoA1, CiC,Bi; Ai1A2Bo, BiBeC:, 
Ci C2A>. 
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It is evident that 7s possesses properties (I) and (IV); and (III) also holds, 
because the only (open) segments whose endpoints are vertices of ms, but which 
are not edges of 7, are AiC2, ByAe, CiBe, and these are obviously wholly exterior 
to Te. 


3. Construction of 7,, n>6. Let n=6-+8&. In the interior of m5, take an 
open circular arc A,A», with endpoints A;, Ae, and with a radius so large, that 


’ every point of AAs is on the same side of the plane CiA2C2 as Ai, and on the 
same side of the plane B,AiBz2 as Az. (See the figure.) On AA, choose k distinct 


points, Dy, Do, +++, Dx, in the order AiD,D2 + - - Dy_sD;,A2. Then 7, shall con- 
sist of 

nm vertices: Ai, By, Ci; As, Ba, C2; Dy, Da, cet, D;; 

3k+12 edges: A,B, BiG, CiA3; A2Ba, B2Ca, CA; ByBa, CiC.; A,Baz, B,C, 
CiA2; AWD,, D,De, DeD3, ++ +, DyraDz, DrAo; C\D,, C\D2, eee, CD, CLD; 
BeD,, BeDz, ce ty BeDi-x, BD; 

2k+8 triangular faces: A1BiCi, A2BeC2; BiC,Be, CiBiC2, AiBeBy, A2CiCe; 
CQiAWD;, GwDiDe, CiD2Ds, > ++, CDraDz, CiD2zA2; BeAiwD:, BoDDe, BeoD2Ds, 


2+, BoDysADz, BoD1As. 

Obviously 7, satisfies (I); and it is easy to see that (IV) also holds, by 
simply comparing the various triangles in question, with the list of faces of 7. 

The open segments whose endpoints are vertices of 7,, but which are not 
edges of 7,, are 

AC, B,Aa, CB; D,C,, D.C, oot, D,C.; D,P,, DP, cee, D,Bi; and all 
segments connecting pairs of nonadjacent vertices of 7, on AAs its endpoints 
included. It is clear that every segment of this last class is wholly outside 7a, 


eZ 
because A,A, is a circular arc. AiC:, BiAs, CiBe were seen to be completely 


. e at e e e 
exterior to 7.; and since A,A. was chosen to lie within me, these segments are also 
entirely exterior to 7,. Every one of the segments D,C2, DeCo, +--+, DrCe is 
wholly outside 7,. For, each intersects the (open) triangle A142Ci, because 


nee” 
A,A, was taken to lie inside 7. and, at the same time, on the same side of the 


plane C,42C2 as A;. Consequently, it is obvious that the only faces of rt, which 
any of these segments could possibly intersect, are the faces CyAi1Di, CiDiDz, 

++, Cy\Du_sDx, CiDzA2. But, since AAs is a circular arc, any open segment 
joining a point of this arc to a point of the open triangle Ai1A42C; cannot contain 
a point of any one of the faces in question. An analogous argument shows that 
every, one of the segments D,B,, D2Bi, + ++, Dx+Bi, DzBi 1s completely 
exterior to Tn. Hence, 7, satisfies (III). 
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MATHEMATICAL NOTES 


EDITED BY E. F. BECKENBACH, University of California 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


THE NUMBER OF TERMS IN THE EXPANSION OF AN INFINITE DETERMINANT 


A. W. GoopMan, Rutgers University 
We shall prove the following intuitively obvious result. 


THEOREM. The number of terms in the expansion of an infinite determinant 
has the power of the continuum. 


In other words, the group of permutations of the integers has the power of 
the continuum. 

N. J. Lennes* settled this problem some time ago; however his proof is 
based on a definition of the expansion of an infinite determinant which in itself 
is open to comment. Let 


Qi. G+ ** Gine* 
Qo, don*** Gone ** 

(1) D=|.- nee nee =| a;,;|, 47 =1,2,°++, meer 
Ont Gn2***Gnn** 


represent both the determinant and the set of terms obtained on expansion. Let 
(2) P= Il Dip ize 
k=1 


Definition 1. P is a term of D if in the infinite product there is at most one 
element from each row, and at most one element from each column. 

Definition 2. P is a term of D if in the infinite product there is exactly one 
element from each row and exactly one element from each column. | 

For example dy2do4 + + + nan + * + is a term Of D by Definition 1, but is nota 
term of D by Definition 2. The Lennes proof is based on the first definition and 
provides a clever method of mapping the terms of D in a one-to-one manner on 
the points of an interval. We prove the theorem based on the second definition 
as follows. 

Since we are not concerned with the convergence of the infinite product (2), 
we may rearrange the order of the elements according to their columns, thus 


(3) P= II Anzky 
k=1 


* A Direct Proof of the Theorem that the Number of Terms in the Expansion of an Infinite 
Determinant is of the Same Potency as the Continuum, Bull. Amer. Math. Soc. 18 (1911) pp. 22-24. 
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and our definition assures us that P is an element of D if and only if the sequence 


M1, N2,***, Mn, °° °1S a permutation of the integers 1, 2,---,k,---.We 
make the correspondence P—, 
or) tm 
(4) t= >i —, 
m=1 2™ 
where fn=1, if m=ny, m++ne, m+netns, ---, and fm=O0 otherwise. This pro- 


vides a one-to-one mapping of the elements of D onto a subset of the interval 
0<é<1. ; 

Secondly, we observe that every £, in the open interval 0<£&<1, can be 
written in the form (4), and uniquely so if the requirement is made that there be 
an infinite number of f,, different from zero. The correspondence £—P is made 
thus. For each k, the set 


(5) 1,2,---,k, k+1 

will have two elements a; <8; which are not in the set 
(6) Niy Ny °° y Nha - 
Define 


{"» if Sr = 1; 
“k= . 
Bx; if Sr = 0. 


Then &—P is a one-to-one mapping of the interval 0<&<1 onto a subset of the 
elements of D. . 

Now apply Bernstein’s Theorem which states that if there is a one-to-one 
mapping of A onto a subset of B, and a one-to-one mapping of B onto a subset 
of A, then there exists a one-to-one mapping of A onto B. Thus D and the open 
interval 0<&<1 have the same power. 

This result is trivial, using Bernstein’s Theorem, and the proof could have 
been given in many ways. The problem of constructing an effective one-to-one 
mapping between the set D and the open interval 0<&§<1 appears to be diff- 
cult and, as far as the writer is aware, is still unsolved. 


A GEOMETRICAL FORM OF THE MULTIPLICATIVE PROPERTY OF THE 
DIVISOR-SUM FUNCTION 


AspuR RAHMAN Nasir, Talim-ul-Islam College, Qadian, India 


1. Introduction. Let o(x) = oa). d, so that (x) denotes the sum of the posi- 
tive divisors of x including 1 and x. A very simple and instructive method is 
investigated in the following lines to prove the multiplicative property of this 
function with an appeal to elementary notions of plane geometry. 

We shall establish the following result. 


THEOREM. If (m, n) =1, then o(mn) =a(m)o(n). 
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Unlike the proof in classical books of the above result, the present one does 
not make use of the value of the function itself, which on the other hand may 
now be deduced from this property. 


2. Proof. Let a:/m, where 1Sa:Sm and 1SiSp (say) and b;/n, where 
150;Sn and 1SjSq. 

Since (m, n)=1, it follows that (a;, b;)=1 for every 7 and 7. 

Hence a divisor of mn can be uniquely written in the form a,b;, 1 Sa,b; mn 
where z and 7 run through all the integers from 1 to p and 1 to q respectively. 

Now take two straight lines OX and OY at right angles to each other. Cut 
off segments equal to divisors of m and n along OX and OY respectively, start- 
ing from O, both in the ascending order of magnitude. Clearly we can write all 
the divisors of mn as shown in the following scheme. 


O a ae a3. a; a, X 
by ab, Bob, A301 a;b1 Andy 
bo abs Bobs 305 aids Ande 
bs abs Bobs a3D3 a;bs A yds 
b; | ayb; Qob; | asb; | | a:b; | ayb | 
b, | arb, | aod, aaby | | aid, Ob, 

4 Z 


Clearly all figures are rectangles except the figured designated a,b, which is a 
square. Therefore the area of any figure is of the form a,b,. 

In other words a divisor of mn represents the area of some figure in the 
above scheme. 

We calculate in two different ways the area of the whole figure OXZY. 

In the first place the area= > a:b; = vain d. 

In the second place the area=OX:-OV= iam d+ dain d. 

Hence the theorem holds. 


ON A THEOREM OF GRIFFITHS 


R. GoORMAGHTIGH, Bruges, Belgium 


In his note, this MONTHLY, vol. 54, 1947, p. 538, L. Droussent recalls that 
Griffiths has established that the Euler circle, circumcircle, orthocentroidal 
circle, and the orthoptic circle of the Steiner ellipse, of a triangle have the orthic 
axis as common radical axis; he further remarks, p. 540, that Griffiths’ theorem 
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equally well could have included also the polar circle. 

But Gallatly, The modern geometry of the triangle, p. 41, had already men- 
tioned that the polar circle and also the circumcircle of the tangential triangle 
belong to the “Griffiths pencil.” 

So, in Droussent’s theorem, the orthocentroidal circles may also be replaced 
by the circumcircles of the tangential triangles. 

On Griffiths’ theorem and the curious properties of the intersection points of 
the circles of the Griffiths pencil, besides the already mentioned references, see: 
R. Goomaghtigh, Mathesis, 1923, p. 475, 1933, p. 393, 1945-1946, p. 217; M. 
Mineur, zbzd. 1933, p. 408, 1945-1946, p. 260; R. Deaux, zbid., 1945-1946, p. 
200; V. Thébault, zbid., 1945-1946, p. 250. 


CLASSROOM NOTES 
EDITED BY C. B. ALLENDOERFER, Haverford College and Institute for Advanced Study 


All material for this department should be sent to C. B. Allendoerfer, Institute for Ad- 
vanced Study, Princeton, New Jersey. 


AN ALGORITHM FOR THE DETERMINATION OF THE CONSTANTS IN THE 
SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 


D. W. HALL, University of Maryland and David W. Taylor Model Basin 


Suppose we are given the problem of finding the particular solution of the 
linear differential equation 


(1) G(D) x(t) = (goD* + giD™-1 +--+ + ga)a(é) = 0, 

where the coefficients are constant (go0) and the solution is required to satisfy 
the conditions x (b) =a,, (¢=0, 1,2, +--+, 2—1), x(#) denoting the zth deriva- 
tive of x(t). 


This problem necessitates the solution of the following system of linear equa- 
tions: 


b Tnb 


r1b r ” 
nCie + re ftee+ + reCne” = a1 
(2) 


n—1 746 n—1 rob ° n—1 fib 
r, Cie +re Coe +>: + rn Cre = Gn-ly 


where 7, 72, - * * , %, are the roots (assumed ta be distinct) of the characteristic 
equation : 


(3) G(r) = gol7 — ni)(r — 72) +++ (F — tn) = 0. 
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The system of equations (2) may be easily and quickly solved by means of 
the following algorithm. Neglecting the constant term of G(r) we write its re- 
maining coefficients in a row and the initial conditions ina column to the right. 
Columns of products are then formed and added to give the sums fo, fi, - - - , fa—. 


Zot git getro st Sn 
Qofo + Go8i + GoS2+ *** + GoSn—1 | Go 
+ igo + Gigi °° * + 1fn—2 | G1 
+ defo +: > + Gofn—3 | de 


+ G@n—1f0 | On—1 
fot fait feteors+ fro 
This defines a polynomial 


(4) F(r) = for™) + far??? + +++ + fat 


and the solutions of (2) are written down at once as 
(5) C, = —tE (r,) /G' (rn), (h=1, 2, sty n). 


Before proving (5) we give two examples to illustrate the use of the algo- 
rithm. 

EXAMPLE I: Solve (D!—17D?+101D? —247D3-210)x(¢#) =0, where x(0) = 1, 
x'(0) =2, x’’(0) =3, x® (0) =4. 

We have at once 

G(r) = rt — 177? + 101r? — 247r + 210 = (r — 2)(r — 3) — 5)(r — 7), 


G'(2) = (2 — 3)(2 — 5)(2 — 7) = — 15, G'(3) = + 8, G5) = — 12,G'(7) = + 40. 


1-17 +4101 —247 1 -15 470 — 92}3 
1 —-17 4101 —247}1 +3 36 +102 
+2 —34 +4202} 2 “1-12 +34 + 10 
+ 3 —51)3 
+ 4/4 1 -15 +70 — 92/5 
1, -15 +70 — 92) 2 + 5 —50 +100 
+2 —26 + 88 1 -10 420 + 8 
1 -13 +44 — 4 


1 —-15 +70 —92{| 7 
+7 —56 +98 
1 —8 +14 +6 
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a(t) = 4¢e2#/15 + 5e84/4 + 3e7#/20 — 265'/3. 
EXAMPLE II: Solve 
G(D) x(t) = (D* + gD" + +++ + gn) x(t) = fl), 
subject to the conditions 
*(0) = a, (i =0,1,2,--+,2— 1). 


We first apply our algorithm to obtain a particular solution «(¢) of the homo- 
geneous equation satisfying the initial conditions x (0) =0,(2=0,1, 2, - - -,n—2) 
x"-(0) =1. This is trivially easy from the algorithm since F(r) =1. Thus 


nm ett 


x(t) = >) 


i=. G'(r:) 
It is then a known theorem that the function 


t f(g 13 (t—a) 
xo(t) = af i an do 


is a particular solution of the given differential equation, having the property 
that x(0) =0, @=0, 1, 2, - ,n—1). Thus to obtain the desired solution to 
our problem we need only add to x(t) the solution x3(¢) of the homogeneous 
equation satisfying the given initial conditions. This can be written down at 
once by the algorithm and the sum of xe(¢) and xs(¢) will be recognized immedi- 
ately as that given by the Heaviside method. Appropriate modifications may 
of course be made if the integrand “goes bad” at the point o=0. 

We now turn to the justification of the algorithm. It is evidently sufficient 
to show that it holds for C,, by the symmetry of the problem. The function 
F(r,;) may be written in the form 


1 1 1 
(6) F(r1) = aAo+ aA, + GeAg + +++ + QatAna 
where 
1 n—1 n—2 
Ao = gof1 tg feet + Sant 
1 n—2 n—3 
Ai = 2or1 + giri +++ + gn-9 
1 n—3 n—4 
(7) Ap = £071 + £171 + +++ + £n-3 


1 


An-1 = £o. 


These quantities are recognized at once as the coefficients of the polynomial 
G(r) /(r—1r1). Thus we may write 


G(r) /(r — 11) = A,r + Anor +:-++ Ag, 
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or, since 7; 1s a root of G(r) =0, 
1 n—1 


(8) G'(71) = Anti + Aor, tees Ao 


In solving the system (2) by Cramer’s rule we note that the denominator is 
a determinant having the value 


(9) H= [J @-r) =@@) ITI] Gr). 

t<7,t,J=1 4< 7,0, j=2 
The numerator, when we solve for Cye" will be obtained by replacing the first 
column of H by the right members of (2). This means that the coefficient of a,, 
(j=0, 1, 2,---+,m-—1) will be precisely the product of the coefficient of 74 
in G’(r1), namely A;, and the troublesome looking product 


% 


IL @-7). 


4<5,4,j=2 
This product, however, is a factor of H, by (9), and divides out when we take 


the quotient by Cramer’s rule to obtain the exact expression given by the 
algorithm. 


DOUBLE FACTORIALS 
B. E. MESERVE, University of Illinois 


The double factorial notation 
(Qn) !! = 2-4-6-+-+ (Qn — 2)(2n) = 27m! 


, (2n + 1)! 
(Qn + 1)!!=1-3-5-++ (Qn — 1)(2n+ 1) = — 
"n 
may be considered as a generalization of m!=1-2-3 -- +m. It was devised to 


simplify the expression of the Wallis Formulas: | 


w {2 w/2 (n _ 1)!! v 
f sint ade = f cos" *<dx = ————_—-:— 
0 0 ni 2 


if m is even; 


if m is odd; 
rie (n —1)!(m —1)!! x 
sin” x cos” xdx = ———___-:— 
0 


(m+ n)!! 2 


if m, n are both even; 
(n — 1)!!(m — 1)!! 


(m+ n)!! 


otherwise. These formulas are easily remembered and taken with the usual tri- 
gonometric substitutions are valuable time savers in many calculus problems. 
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Double factorials are also useful along with other multiple factorials in ex- 
pressing the general terms of many series. In particular, double factorials may 
be used in the expression for '(2k-+1/2) where & is any integer and, therefore, 
in the Bessel functions of the first kind Ji41/2(x). 


A REJOINDER 
A. B. FARNELL, University of Colorado 


A note by the author on the teaching of differential equations (this 
Monta ty, vol. 54 (1947), pp. 160-162) was attacked by R. A. Johnson (this 
Monrtu ty, vol. 54 (1947), pp. 410-411). 

In my note I attempted to unify the treatment of the non-homogeneous 
linear differential equation with constant coefficients, using the theorem (Ince, 
Ordinary Differential Equations, Dover, pp. 73-75) that the linear differential 
equation 


a™y . n—1 ay 
Li y} = po(x) —— + p(x) ——— + ++ + + pn-i(x) — + pala) y = 7(x) 
ax” dx} ax 
admits, under the assumption that po(x), pi(x), +++, pn(x) and r(x) are con- 


tinuous functions of x in the interval aSx3Sb and p(x) does not vanish at any 
point of that interval, a unique solution which, together with its first (7—1) 
derivatives, is continuous in (a, 6) and satisfies the following initial conditions: 
y(%0) = yo) (a0) = Ye (He)= 0 
where Xo is a point of (a, 5). If the coefficients depend upon a real parameter 
X, and are continuous for all values of x in (a, 6) where \ ranges between A, and 
Xe, then y(x) can be proved to depend continuously on \ when J lies within a 
closed interval interior to (A1, As). 

Against this the following objections were raised: first, that the general solu- 
tion is put into a peculiar form, and, second, that the latter part of the theorem 
mentioned above has not been proved at the time linear equations are first en- 
countered. 

I restrict myself to the following justification of my suggestion: The first 
part of the theorem mentioned above is certainly basic in any course in dif- 
ferential equations whether proven or not. Further, it is necessary to use it at an 
early stage in such a course whether or not we like to do it. Other cases of omis- 
sion of proof can usually be cited. (The same practice is of course followed in 
almost all mathematical subjects. It is obligatory where some idea of methods 
of’solving problems is part of the goal, and is certainly justified at times in all 
courses except perhaps in advanced graduate courses.) For example, in the case 
where the ,;(x)’s are constants and we obtain by one scheme or another a 
solution containing arbitrary constants, it is usually relegated to the “obvious” 
that we have obtained a general solution. Lastly, this existence theorem dic- 
tates a special form for the solution whether or not we choose to write it in that 
form. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED BY Howarp EVES, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished tn the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 826. Proposed by C. S. Ogilvy, Trinity College 
Find the equation of the ellipse with foci at (— 1, 0) and (1, 0) and with semi- 
perimeter equal to the length of one arch of the sine curve, y=sin x. 
E 827. Proposed by Leo Moser, University of Manitoba 


Show that the reciprocal of every integer greater than 1 is the sum of a 
finite number of consecutive terms of the infinite series 


D2 1/79 + 1). 
j=l 
E 828. Proposed by Fritz Herzog, Michigan State College | 
For positive integral x, let P(x) denote the number of distinct primitive 
Pythagorean triangles of perimeter x. Show that P(x) is unbounded; in fact, 


for any given non-negative integer 7, the equation P(x) =r has an infinitude of 
solutions. (Compare Problem E 812 [1948, 248].) 


E 829. Proposed by S. H. Gould, Purdue University 


Let f(x) be defined in a closed interval [a, 6] and have the property of assum- 
ing, in any subinterval [c, d], every value between f(c) and f(d). Prove that 
f(x) is continuous if no rational value is infinitely often assumed. 


E 830. Proposed by Victor Thébault, Tennie, Sarthe, France 


The six planes bisecting the adjacent dihedral angles around the base of a 
tetrahedron, taken four by four, form fifteen tetrahedra circumscribed about a 
common paraboloid of revolution. 


SOLUTIONS 
The Centers of Three Circles 
E 539 [1942, 546]. Proposed by Howard Eves, Oregon State College 


Give a ruler construction for finding the centers of threé given linearly inde- 
pendent circles, no two of which are intersecting, tangent, or concentric. 
(For an elucidation by the proposer, including references, see [1943, 388].) 


427 


428 ELEMENTARY PROBLEMS AND SOLUTIONS (September, 


Solution by P. H. Daus, University of California. A solution of the problem 
can be made to depend upon the following two ruler constructions. 

Construction I. It is possible to construct pointwise the circle of a coaxal 
system through a given point. 

The circles of the system determine on an arbitrary line through the point 
an involution. The point cor1esponding in the involution to the given point lies 
on the required circle. The involution is determined by the pairs of points in 
which the arbitrary line cuts the given circles and can be constructed by ruler 
alone. The difficulty introduced by the fact that there might be no line through 
the given point which cuts both circles may be avoided by first constructing 
pointwise a circle of the system through a point inside one circle. 

Construction IT. If one point of intersection of two circles is known, it is 
possible to construct pointwise a circle passing through the other (known or 
unknown) point of intersection. . 

This is accomplished by considering a variable line through the given point, 
and projecting its intersections with the given circles through two fixed points, 
one on each circle, respectively. The resulting figure for one such line is the 
Miquel configuration. 

In terms of these constructions, the Cauer-Mierendorff solution can be re- 
duced to the case of two intersecting circles by means of five circles constructed 
pointwise. A similar solution, for which there are a number of variants, can be 
made by means of the following four circles constructed pointwise. 

Let the given non-interesting circles be ci, C2, C3. 

(1) Through any point A on c construct the circle a coaxal with cz, and cg 
(by I). Let the unknown intersection of a and c; be X. (Since the three given 
circles are linearly independent, a is distinct from ¢;.) 

(2) Through a second point B on ¢ construct the circle b coaxal with ce 
and c3 (by I). Let the unknown intersection of b and c, be Y. 

(3) Through any point C on 6} construct the circle ACX (by I). 

(4) Construct the circle ACY (by IT), using the pencil of lines at B. These 
last two circles have two known points in common. 

It may be remarked here that the details of the construction (see H. Stein- 
haus, Mathematical Snapshots) when given two intersecting circles may be 
simplified by first applying Construction IT. 

An entirely different type of construction for this case than that given in 
the above reference is as follows. If K is a point on the radical axis of two inter- 
secting circles c, and ce, the polars of K with respect to these circles cut them, 
respectively, in four points on a circle & of their conjugate coaxal system. The 
polars of one such point with respect to c,and ¢c, meet ina fifth point, diametrically 
opposite this point. The circle k is thus determined pointwise. The tangents to 
k (constructed by Pascal’s theorem) at these four points determine the required 
centers. 

An attempt to use these ideas directly for the case of three nonintersecting 
circles has not been successful. 
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Editorial Note. The result of this problem, coupled with the Poncelet-Steiner 
theorem, gives us the theorem: Any euclidean construction may be accom- 
plished with ruler alone in the presence of three linearly independent circles; 
if two of the circles intersect, are tangent, or are concentric, then the third circle 
is redundant. 

We state here, without proof, some other theorems of this character. 

Any euclidean construction may be accomplished with ruler alone in the 
presence of (1) two circles and a point on their radical axis, (2) two circles and 
a center of similitude, (3) one circle and a parallelogram. 


The Mathematician and the Jester 
E 791 [1947, 545]. Proposed by G. W. Walker, Buffalo, N. Y. 


The court mathematician once received his salary for a year’s service all at 
one time, and all in silver “dollars,” which he proceeded to arrange in nine un- 
equal piles, making a magic square. The king looked, and admired, but com- 
plained that there was not a single prime number in any of the piles. “If I had 
but nine coins more,” said the mathematician, “I could add one coin to each 
pile and make a magic square with every number prime.” They investigated, 
and found that this was indeed true. The king was about to give him nine 
“dollars” more, when the court jester said, “Wait!”. Then the jester subtracted 
one coin from each pile instead; and they found in this case also a magic square 
with every element a prime number. The jester kept the nine “dollars.” How 
much salary must the mathematician have been receiving? 


Solution by C. W. Trigg, Los Angeles City College. It is desired to form a magic 
square of order three from the set of primes, »;, having the property that p;+2 
is also prime. There are 61 members of the set less than 2. ,000. The search is 
narrowed by use of the following properties: 

(1) There are four conjugate pairs having the same sum. 

(2) The central element, E, equals one-half each conjugate sum, 7.e., one- 
third the constant. 

(3) Unless 3 or 5 appears as an element, the ; must terminate with 1, 7, or 
9. 

(4) The sums of the unit’s digits of the elements in each column, row, and 
diagonal must have the same unit’s digit. 

(5) Properties (3) and (4) require that all elements have the same unit’s 
digit, or that their unit’s digits form the configuration 


1 7 9 
7 9 1 
9 1 7 


or a rotation or reflection thereof. 
Within the set there are ten values of 2H, the conjugate sum, which meet 
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these properties, namely: 298, 838, 1318, 1618, 1762, 2038 2098, 2122, 2182, 
and 2638. The first of these is the only one for which the sum of every outside 
column and row is 3E. Thus the three magic squares involved are: 


191 17 239 192 18 240 193 19 241 
197 149 101. _ 198 150 102 199 151 103 
59 281 107 60 282 108 61 283 109 


The mathematician’s salary was 9F +9 =9(149+1) or 1350 “dollars.” 


Remarks by Leo Moser, University of Manitoba. I would conjecture that the 
number of solutions is infinite, and the number of solutions with largest entry 
under 7 is O(n/(log 2)18). This estimate is based on certain conjectural formulae 
of Hardy, Littlewood, and Lord Cherwell (Quarterly Journal of Math., Vol. 17, 
pp. 47-62, Note on the Distribution of Intervals between PrimeNumbers). I would 
also conjecture that there exist magic squares of this type of any order not 
less than three. An example of such a square of order four is 


29 1061 179 227 
269 137 1019 71 
1049 101 239 107 
149 197 59 1091 


Of course, proving these conjectures would definitely not be an “elementary” 
problem, as they would imply the existence of an infinity of prime pairs, proof 
of which is one of the outstanding unsolved problems of number theory. 

Also solved by Josephine and Richard Andree, A. S. Anema, W. E. Buker, 
Joseph Clare, Monte Dernham, R. L. Greene, Frank Herlihy, Roger Lessard, 
Leo Moser, Bart Park, S. T. Parker, and the proposer. 

Buker called attention to the discussion of magic squares, whose elements 
are primes, on p. 125 of Dudney’s Amusements in Mathematics. 

Lessard claimed that the next solution to the given problem is 


6198 5502 3030 
2142 5010 7878 
6690 4518 3822 


In this case the mathematician’s salary would have been 45090 “dollars”! 


Shuffling Cards 
E 792 [1947, 545]. Proposed by N. S. Mendelsohn, University of Manitoba 
Show that a pack of 2” cards is brought back to its original position in at 
most 2%—2 perfect riffle shuffles. (A perfect riffle shuffle is one which sends the 


cards from the arrangement 1, 2, 3, 4,---, 2%—1, 2m to the arrangement 
1,n+1,2,n+2,--+,n,2n.) 
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Solution by the Proposer. Let m=2n—1. It is obvious that a perfect riffle 
shuffle sends the card in position x to position y where y=2x—1 (mod m). After 
k shuffles the card in position originally « moves to position 2*«—(2*—1) 
(mod m). If after & shuffles each card is in its original position, then 2'x — (2* — 1) 
=x (mod m) for all x. Hence (2*—1)(x—1)=0 (mod m) for all x or 2*—1=0 
(mod m). Hence the least number of shuffles needed to bring the pack to its 
original position is the minimum k>0 for which 2*—1=0 (mod m). Since m is 
odd, (2 m) =1, whence 2¢“ —1=0 (mod m). Therefore, the minimum k <¢(m) 
<m—1=2n—2. Note that for a pack of 52 cards we have k=8, a remarkably 
small number. 

Also solved by J. B. Kelly, Roger Lessard, and Leo Moser. Moser pointed 
out that this problem is essentially the same as that solved on pp. 244-245 of 
Elementary Theory of Numbers by Uspensky and Heaslet. The riffle shuffle on 
2n cards leaves the top and bottom cards fixed and shuffles the remaining cards 
in the manner there described. The number of shuffles required to regain the 
original is therefore the exponent to which 2 belongs mod (2m—1). This is a 
divisor of ¢(2n—1) and hence not greater than 2 —2. 

Irving Kaplansky stated that the problem is treated in Math. Gazette, vol. 
15 (1930), pp. 17-20. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4305. Proposed by H. F. Sandham, Trinity College, Ireland 
Prove that 
tthA2 4-2 4+h2 1424444 4,2 174 
1+ (—=*) + (== *) 4 (2) doen. _.". 
2 3 4 
4306. Proposed by Paul Erdés, Syracuse University 


Let there be given eight arbitrary points in space. Prove that one can always 
select three of them which do not form an acute-angled triangle. 
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4307. Proposed by Emma Lehmer, Berkeley, California 


Let » be a prime number of the form p=3-2¢k+1, and let 2 be any number 
not divisible by 3 or 2%. Show that there are numbers a, b, independent of 2, 
such that a, b, a+1, b+1 are mth power residues modulo p. 


4308. Proposed by H. S. Wall, University of Texas 


Let f(z) be a function of the complex variable z, such that 


F 
jew) = 22, 


where F(w) has the properties: (a) F(w) is an odd function of w, (b) F(w) is 
_ analytic and I|[F(w) |S0 for I(w) >0. Show that J[f(z) |S0 for I(z) >0. 


4309. Proposed by R. Goormaghtigh, Bruges, Belgium 


Let ABC bea triangle, D, E, F the contact points of one of the tritangent 
circles with BC, CA, AB, respectively, and let A’, B’, C’ and D’, E’, F’ be the 
projections of a point M of that circle on BC, CA, AB and EF, FD, DE. Show 
that the lines joining the projections of M on A’E’ and A’F’, B’F' and B'D’, 
C’D’ and C’E’ are concurrent. 


SOLUTIONS 
Five Parallel Forces in Equilibrium 


4080 [1943, 264]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given five points in space, if five parallel forces applied at these points are 
in equilibrium, then equilibrium results also when each force is translated to the 
center of the circumsphere of the tetrahedron which has for vertices the points 
of application of the four other forces. 

Note. The similar problem for four points in a plane was proposed by J. 
- Neuberg, Educational Times, Reprints, 1891, v. 55, p. 82. 

Solution by R. Blanchard, Le Havre, France.* Let us demonstrate first 
the following theorem: In a tetrahedron the barycentric coérdinates of a point 
with respect to the pedal tetrahedron of this point are the same as the barycentric 
coérdinates of its isogonal conjugate with respect to the given tetrahedron. 

Consider a tetrahedron ABCD, two points P; and Pe isogonally conjugate 
with respect to it, and A,B,C,D, the pedal tetrahedron of P,, and let x, y, 2, ¢ 
be the normal coérdinates of P; with respect to ABCD. The barycentric co- 
ordinates of P; with respect to A1BiC,D, are proportional to yat a, °°: , where 


Oa, +++, designate the sines [1] of trihedral angles supplementary to the tri- 
hedral angles of ABCD. The normal coérdinates of P2 with respect to ABCD 
are proportional to yzt, - - - , and its barycentric codrdinates are proportional to 
Sayat, +++, where S,, +--+, designate the areas of the faces of ABCD. The 


* Translated and checked by W. E. Byrne, Virginia Military Institute. 
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theorem follows from the proportionality of oa, ---+,and S.,-- +, (Dostor’s 
relation). 

Now let us designate by A, B, C, D, E the five given points and by 0, 0., 
Op, 0, Og the circumcenters of the tetrahedra ABCD, EBCD, ECDA, EDAB, 
EABC. The problem is equivalent to that of proving that E has the same bary- 
centric codrdinates with respect to ABCD, that O has with respect to 0,0:0.04 
[2]. Let A’B’C’D’ be the antipedal tetrahedron [3] of E with respect to ABCD 
and E’ the isogonal conjugate of E with respect to A’B’C’D’ [4]. On the one 
hand E’ has the same barycentric coordinates with respect to A’B’C'D’ that 
E has with respect to ABCD. On the other hand, Oz, Oy, O., Oa, O are the trans- 
forms of A’, B’, C’, D’, E’ under the homothety (E, 4). We conclude that O 
has the same barycentric coérdinates with respect to O,0,0.0a as E has with 
respect to ABCD. | 

J. Neuberg gave the same generalization of his proposition concerning four 
coplanar points. See Educational Times, Reprints, v. 54, 1891, p. 30. 

Notes by the Translator: 1. The sine of a trihedral angle is the triple scalar 
product of the three unit vectors laid off from the vertex along the three edges. 

2. For an explanation of the theorem of statistics attached to the barycentric 
coérdinates of Mébius, see Darboux, Principes de Géométrie Analytique, Ch. II. 

3. The antipedal tetrahedron of E with respect to ABCD is the tetrahedron 
formed by planes drawn through A, B, C, D perpendicular to EA, EB, EC, ED, 
respectively. 

4, If two points are isogonally conjugate with respect to a tetrahedron, they 
have the same pedal sphere, whose center bisects the line segment joining them. 
Hence O is the midpoint of EE’. See Coolidge, A Treatise on the Circle and the 
Sphere, p. 233. . 

An Inequality Connected with n! 


4226 [1946, 594]. Proposed by Paul Erdis, Syracuse University 

Let n!= [[p<np* (p, primes). Assume that p1> 2 and kp, <k»,. Prove that 
piri < py. 

Solution by W. J. Harrington, Pennsylvania State College. The exponent of the 
highest power of a prime p contained in n! is given by 


» ow Eells 


where [Q] denotes the greatest integer $Q.* The following well known proper- 
ties of y() will facilitate the solution 


(2) y(n) < nd 1/p? = n/(p — 1). 
(3) v(ni + m2) = v(m1) + v(m2). 


* Uspensky and Heaslet, Elementary Number Theory, pp. 99-100. 


434 ADVANCED PROBLEMS AND SOLUTIONS [September, 


For positive integers m and c, 


(4) | v(mp) = m+ v(m), 
and 
(S) v(cn) = cv(n). 


If m is defined by 
mp sn <(m-+ I)p, 


m being a positive integer, it follows from (4) that 
y(n) = v(mp) = m+ v(m). 


If m=p, then p(m) 21 and v(m) =m+1. If 1Smsp—1, then y(n) 2m. Since in 
each case nm S(m+1)p—1, we have 


(6) v(n)/n > 1/p, ne Pp’, 

(7) y(n)/n = m/[(m+ l)p—1])21/(2p-1, n< p’. 
To handle the proposed problem, let 

(8) pi = cho + 5, 


where c21 and 1S$bS.—1. We shall write k; for kp, and v;(m) for v(m) relative 
to the prime p;. From (2) we have 


and thus from (3), (4) and (8) we have 
(10) ko = v2(n) = vo( Riche + kyb — ki) 2 = kic+ vo( Ric) + vo( Rib — ki). 
Consider separately the two cases c22 and c=1. 
Case I. c22. 
From (10) we have k2>fic, and thus ps = (p3)", whence our desired result 


is established if p>. From (8), $1: (¢+1)p2—1, and hence we consider the 
inequality. 


(11) bo > (c+ 1)p2— 1. 


For all 223 with c22 and for all 222 with c23, (11) holds and the problem is 
solved. The special case p2=c2=2 requires :=5 by (8). From (9) and (10), 
ko 2 2k ++ v(2k1) 2 2k, as ky = 3 ky 
and thus 
3. ky 


= (poe) = g" > br. 


Case IT. c=1. 
We notice that the problem is equivalent to that of showing 


(12) log p1/log po < ko/ ki. 
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From (8) with c=1, and (12) it follows that it will be sufficient to show 


(13) ko/ky 2 1+ b/ po log ps», 
which, with the aid of (10) and (5), becomes 
(14) ko/ ky = 1 ++ bve(k1)/ ki. 


The investigation is continued by considering separately ki2 p3, D2 Shi <3, 
and hy < po. 

Case II (a). c=1, ki= pi. 

From (6) and (14), (13) can be established for 23. For the remaining 
case, pe=2, write ky=2h,+ho where 4y22 and ho=0 or 1. The proof of (12) for. 
the case h,=2, hy=3, hy 24 presents no difficulty. 

Case II(b). c=1, poSkhi <3. 
Take mpeSki<(m+1)p. with 1SmSp.—1. From (7) and (14), 
ko/ky = 1+ mb/[(m + 1)p2 — 1] 2 1 + b/(2p2 — 1). 
This establishes (13) for 227 and for 2:25 with m2 2. Special cases remaining 
are 
pPo=5, m=1; po = 3, m=1 or 2; po=2, m=t1, 


for each of which there is no difficulty in establishing (12). 
Case II(c). c=1, ki <po. 
Here n2hkipi=kipot+kb, and hence 


v(m) = i + v2( hab). 
For kib2 po, we have by (7) 
- Bo/ Ry = 1 + bve(Rib)/kib = 1 + 5/(2p2 — 1) 


and (13) is established for 227. As in case II(b), (12) can readily be established 
for the special cases 2=5, 3, and 2. Also for kib<pe there is no difficulty in 
establishing (12). 


Developables of a Congruence 
4238 [1947, 112] Proposed by C. E. Springer, University of Oklahoma 


At each point of the revolute 
x = U4 COS 2, y = usin v, z= o(u) 


a straight line generator of a congruence is taken with direction cosines propor- 
tional to 


COS 2, sin J, ¢’ — ud”, 


where primes indicate differentiation with respect to #. Show that the develop- 
ables of the congruence intersect the revolute in its lines of curvature. 
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Solution by V. G. Grove, Michigan State College. The problem as stated is a 
special case of a more general one. Let the generators of the cgngruence have 
direction cosines proportional to X, Y, Z defined by expressions 


X = y(u, 2) cos 2, Y = y(u, 2) sin v, = O(u, v). 
The pairs of functions (X, x), (Y, y), (Z, 2) may be shown by elementary meth- 
ods to be solutions of the following system of differential equations 
Xu = Mitut Mite + EiX, 
Xy = Moxy + Many + EoX, 


wherein M§ are defined as follows and F;, E, are not mater al for our purposes: 


AM, = u(0v. — 9.~), AM, =0 
AM, = u(6p, — ¥6.), AM2=+¥(0—¥¢’ 
A = u(0 — $'p). 


The meridians (v=const) and parallels («=const) of the revolute are known to 
be the lines of curvature. Moreover the developables of the congruence intersect 
the revolute in the parametric curves if and only if Mj;=Mj=0. (See V. G. 
Grove, A general theory of surfaces and conjugate nets. Trans. Am. Math. Soc. 
V. 57 (1945) p. 106.) Hence the congruence we are discussing has the desired 
property if and only if M;=0, AO, that is if and only if 0=yU(u). The direc- 
tion numbers of the generators of the congruence may be written in the form 


COS 2, sin 2, U(u), U * const, UA, 


U(u) being otherwise an arbitrary function of u. The function U=¢’—u@"’ in 
the problem is a special case. 
Also solved by P. D. Thomas, and the Proposer. 


RECENT PUBLICATIONS 
EpITEeD By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Elements of Mathematical Statistics. By C. V. L. Charlier. Translated and 
published by J. A. Greenwood (25 Winthrop Street, Brooklyn 25, New 
York), 1947, 120 pages. $3.00. 
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This translation follows essentially the 1920 edition. Part One, which consists 
of eight chapters, deals with homograde statistics; that is, with data in which 
each individual who has been measured with respect to an attribute either 
possesses (or is assumed to possess) the attribute to the same degree of intensity. 
Successive chapters treat the arithmetic mean, the dispersion, the mean error, 
the theorems of Bernoulli, Poisson, and Lexis, and observed statistical data. 

Part Two, which consists of seven chapters, is concerned with heterograde 
statistics; that is, data in which the degree of intensity of a measured attribute 
is of concern. There are chapters on the Normal, the Type A, and the Type B 
frequency curves; on correlation; and on certain abridged methods of calcula- 
tion. 

There is an appendix which consists of four sets of tables, a bibliography, 
and an index. The reader should consult the translator’s preface concerning 
both the tables in the appendix and those in the text. 

This reviewer believes the translator should be commended not only for 
making this monograph more available to beginning students, but also for his 
work on the tables. 

A. T. Crate. 


College Algebra. By E. R. Heineman. New York, The Macmillan Company, 
1947.9+359 pages. $3.25. 


The reviewer holds the opinion that, in undergraduate courses in mathe- 
matics, very little, if any, classroom time should be spent in discussion of new 
material, the student being required to “dig it out” for himself. Especially in 
elementary courses, such a plan requires the use of a text which is clear in its 
presentation, and which contains good illustrative examples and apt warnings 
about common errors. The text under consideration is especially good in this 
respect. 

It is of the standard type of college algebra text, devoting 22 chapters to the 
topics usually classified as college algebra. Texts covering a variety of topics 
are often well-done in parts and quite the opposite in other portions. The re- 
viewer was interested to note how consistently he found this text to treat topics 
in the fashion his experience had taught him to prefer. In only two instances was 
there disappointment in this regard: (1) In presenting the factoring method of 
solving equations the following principle alone is stated: “If the product of two 
or more quantities is zero, then at least one of the factors must be zero.” In 
examining sixteen recent texts, the reviewer found three which also confuse the 
issue by not stating this principle in reverse. (2) In treating multiplication of 
fractions, illustrations of products are given in which a factor of the numerator 
of one fraction is cancelled against the factor in the denominator of another, no 
justification for this being given. Although the text is superior in its treatment of 
incorrect cancelling in fraction simplification, the student having trouble in this 
matter will not be helped by these illustrations. 
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The presentation of conditional equations and identities is the best the re- 
viewer has seen. The treatment of mathematical induction is also outstanding. 
There are instances throughout the book of helpful cautionings and suggestions 
which are not often found in texts. Examples of these: The student is warned not 
to rule out a number as a possible rational root of a depressed equation just be- 
cause it was found to be a root of the original equation. There is an illustration of 
the importance of indicating clearly the main division line in certain complex 
fractions. 

Few errors of a typographical nature were noted, the only one of any conse- 
quence being the omission of the words “of the logarithm” in the theorem giving 
the characteristic of alogarithm. _ 

This book will rank along with the author’s Plane Trigonometry (McGraw- 
Hill, 1942) as a successful text. 

K. W. WEGNER 


NEW BOOKS RECEIVED 


Mathematical Table Makers (Scripta Mathematica Studies, No. 3). By R. C. 
Archibald. New York, Scripta Mathematica, 1948. 82 pages. $2.00. 

Modern-School Geometry. New edition. By R. Schorling, J. R. Clark, and 
R. R. Smith. Yonkers, New York, World Book Co., 1948. 12+436 pages. $1.88. 

Tables of the Bessel Functions of the First Kind of Orders Sixteen through 
Twenty-seven. Prepared by the Staff of the Computation Laboratory of Harvard 
University. Cambridge, Harvard University Press, 1948. 764 pages. $10.00. 

The Works of the Mind. By R. B. Heywood. Chicago, University of Chicago 
Press, 1947. 11-+246 pages. $4.00. 

Methods of Algebraic Geomeiry. Vol. I. By W. V. D. Hodge and D. Pedoe. 
Cambridge, at the University Press; New York, The Macmillan Company, 
1947. 8+-440 pages. $6.50. 

Basic Mathematics: A Workbook. By M. W. Keller and J. H. Zant. Boston, 
Houghton-Mifflin Co., 1948. 4+253 pages. $1.50. 

Algebre et Analyse Lineatres. By A. Lichnerowicz. Paris, Masson, 1947. 
316 pages. 800 fr. | 

Analytic Geometry. Fourth Edition. By C. E. Love. New York, The Macmil- 
lan Co., 1948. 11-+306 pages. $3.50. 

Fundamentals of Statistics. By J. B. Scarborough and R. W. Wagner. Boston, 
Ginn and Co., 1948. 7+145 pages. $2.40. 

Projective and Analytical Geometry. By J. A. Todd. New York, Pitman 
Publishing Co., 1948. 10-+289 pages. $4.50. 

Analytic Geometry. Revised Edition. By Roscoe Woods. New York, The 
Macmillan Co., 1948. 14-+322 pages. $3.50. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Summary of Papers Reported by Clubs 


A study was made of the papers presented at mathematics club meetings, as 
reported in this MONTHLY, for the period from January, 1943, to December, 
1947, inclusive. A total of 652 papers was reported for that period with 183 
somewhat different titles. It was deemed inadvisable to record here all of the 
different titles reported, so that, for summary purposes, many were grouped 
together under related headings. The number of papers reported on some of the 
most popular topics include: 


Men and women in mathematics 55 
Mathematical recreations 54 
Astronomy, meteorology, navigation and applications 46 
History and teaching of mathematics 36 
Mathematical systems 35 
Application of mathematics to war 35 
Calculating machines and other aids 30 
Topics related to probability and finite differences 29 
Various geometries 23 
Geometric figures and constructions 23 
Discussion of various curves 22 
Statistical and financial applications 21 
Greek contributions to mathematics 21 
Topological aspects 20 
Modern algebra 17 
Theory of numbers 16 
Cryptography 15 
Mathematics in arts and sciences 15 
Foundations and logical concepts 14 
Fourier and other series 12 


Club Reports, 1946-47 
Pi Mu Epsilon, University of Arkansas 


The Pi Mu Epsilon Chapter of the University of Arkansas reports that 
initiation ceremonies were held for both fall and spring semesters of 1946-47. 
Two formal programs were given; Melvin Lieberstein talked on Mathematics and 
logical systems and D. P. Richardson talked on The history of the calendar. 

Officers for the year 1946-47 were: President, James L. Fischer; Secretary, 
Lillia Dewees; Treasurer, Hartman Hotz. 

Officers elected for the year 1947-48 are: President, M. A. Lilly; Vice-Presi- 
dent, Maclyn McKeehan; Secretary, H. P. Hotz; Treasurer, Webb Henderson. 

Professor D. P. Richardson was elected permanent secretary. 
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Mathematics Club, Connecticut College 


The Mathematics Club of Connecticut College held four meetings during the 
school year 1946-47, some of which were recreational as well as educational. 

The officers for 1946-47 were: President, Shirley Bodie; Secretary-Treasurer, 
Edith Techner; Committee Chairmen, Roberta Richards, Virginia Doyle, and 
Jacqueline Greenblatt. 

Officers elected for 1947-48 are: President, Roberta Richards; Secretary- 
Treasurer, Virginia Doyle; Committee Chairmen, Eleanor Penfield, Jean Web- 
ber, and Janet Johnson. 


Kappa Mu Epsilon, Kansas (Pittsburg) State Teachers College 


The Kansas Alpha Chapter of Kappa Mu Epsilon conducts open meetings 
once a month, to which anyone interested is invited. Two of these meetings were 
picnics, one in October and the other in May. Ten new members were initiated 
in July, 1946, and twenty-three in February, 1947. This makes a total of 541 
members initiated into Kansas Alpha Chapter. Topics presented by members 
were: 

Lost and rediscovered mathematics 

Unsolved mathematics 

Addition-subtraciton logarithms 

Mathematics in the Navy 

Curves used tn civil engineering 

Ancient methods of calculating the value of + 

Modern methods of calculating w 

Scientific and mathematical satire in Gulliver's Travels 

The number 2 in mathematics 

Report of K. M. E. Nattonal Convention. 

The chapter awards Kappa Mu Epsilon keys annually to the two seniors 
making the highest grade point average in their mathematics courses. James 
Standley and Donna Stewart of the class of 1947 were the recipients of these 
awards. 

Officers for 1946-47 are: President, James Standley; Vice-President, Jack 
Lambert; Secretary, Billie Schultz; Treasurer, Donna Stewart; Corresponding 
Secretary, Professor J. A. G. Shirk. Professor R. G. Smith, as the new head of 
the Department of Mathematics, becomes sponsor of the chapter. He succeeds 
Professor Shirk, who retired as Head of the Department after serving thirty-two 
years. 


Pi Mu Epsilon, Oklahoma A. & M. College 


The Oklahoma Beta Chapter of Pi Mu Epsilon made a very successful 
attempt in restoring the mathematical interests of students to prewar level. 
The annual spring banquet and initiation was held on May 15, at which 
time fifty-two students and faculty members were initiated. The group was 
addressed by K. S. Chester, Head of the Botany and Pathology Department and 


1948] CLUBS AND ALLIED ACTIVITIES 441 


Director of the College’s Research Foundation. His topic was Measurements, 
estimates, and guesses. 

The annual Pi Mu Epsilon scholarship award to the outstanding freshman 
in Mathematics was presented at the Honors Day Convocation to Larry Gene 
Sigler. | 

During the year the following lectures were given: 

Fixed point theorems, by Dr. O. H. Hamilton 

Integral distances, by Robert R. Reynolds 

Magic squares, by Raymond L. Caskey. 

The officers for 1945-47 were: President, Roscoe Jones; Vice-President, 
Margaret Ann Reiff; Faculty Adviser, Professor J. C. C. McKinsey. 

The officers elected for 1947-48 are: President, Robert D. Morrison; Vice- 
President, Philip J. Miller; Secretary-Treasurer, Helen Dayton; Faculty Ad- 
viser, Professor J. C. C. McKinsey. 


Graduate Mathematics Club, Indiana University 


The Graduate Mathematics Club was organized at Indiana University in the 
fall of 1946. Members of the Mathematics Department gave talks on various 
fields of mathematics. The topics were: 

Mathematical quotations from non-mathematical sources, by M. A. Zorn 

Anitipodal theorems, by S. Eilenberg 

The problem of Kakeya, by J. W. T. Youngs 

The billiard ball problem, by D. Gilbarg 

The Bernoullian numbers, by H.S. Vandiver 

The motion of the perthelion of Mercury, by K. P. Williams. 

A picnic was held in a nearby State Park at the beginning of June. 

The Executive Committee for the year was composed of Mrs. Lee Pruett, 
Gordon Overholtzer, and I. M. Herstein. 


_ Delta-X, University of the City of Toledo 


In the past year, Delta-X has maintained a membership of sixty active mem- 
bers: The annual get-acquainted roast opened the social activities of the club 
early in September. A Christmas party was combined with the regular Decem- 
ber meeting and a pot luck supper was held before the March business meeting. 
The annual Delia-X banquet was held in May at which Professor Edward Ebert 
spoke on Inequaltites. Delta-X yearbooks were presented to membets at the 
banquet. The last function of the club was the annual spring picnic which was 
held in June. 

The following papers of interest to students of mathematics were presented 
at regular monthly meetings: 

The geometry of paper folding, by Jane McFillen 

The development of the calendar, by Wayne McQuillin 

The geometry of soap bubbles, by George Messomore 
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The theory of probability, by Sam Part 
Nomograms, by Richard Reisbach. 
Officers for the past year were: President, Lois Zeigler and Mary Novick; 
Vice-President, Sam Part; Secretary-Treasurer, Shirley Remmert. 
Newly elected officers are: President, Fred Miller; Vice-President, Wayne 
McQuillin; Secretary-Treasurer, Martha Goodwin. Professor Wayne Dancer is 
adviser of the club. 


Pi Mu Epsilon, University of California 


At the fall initiation banquet in December 1946, sixteen new members were 
initiated; all sixteen were students and teaching assistants of the mathematics 
department. 

The spring initiation, held in April, 1947, consisted of a picnic at the John 
‘Hinkle Park and evening entertainment in the clubhouse. 

During the year, the following mathematical papers were presented at the 
various Pi Mu Epsilon meetings: . 

Extenston of the definition of exponents to irrational numbers, by Bjarni Jonn- 
son 

The large computing units of the war, by D. H. Lehmer 

Trilinear coordinates of modern geomeiry, by F. Harary 

Survey of elementary potential theory, by Fred Newstadter 

Symbolic logic in real variables, by F. Wolf 

Cantor's definition of the real numbers in terms of fundamental sequences of 
rationals, by Alan Davis 

Suspension bridge flutter, by Edmund Pinney 

Identities in the theory of partitions, by Henry Alder. 

The officers for the academic year, 1946-47, were: Director, Henry Alder; 
Vice-Director, Mrs. Alan Davis; Secretary, Mrs. Jack Gysbers; Treasurer, 
Hewitt Kenyon; Librarian, Miss Sarah Hallam. 

The officers for the year 1947-48 are: Director, Miss Barbara Vernon; Vice- 
Director, Hewitt Kenyon; Secretary, Miss Edith Wetzel; Treasurer, Ralph 
Willoughby; Librarian, Miss Sarah Hallam. 


Pi Mu Epsilon, Hunter College 


The topics considered by the New York Beta Chapter of Pt Mu Epsilon 
during the year, 1946-47, were: the theory of higher plane curves, and certain 
functions of a complex variable and the mapping of the complex plane deter- 
mined by these functions. 

The students who presented papers were Sally Rothstein, Florence Salom, 
Helvie Thors Impola, Clara Rogovin, Jean Ruderman, Ina Pinchuck, Cecile 
Salwen, Joyce Marrits, Fay Kleiner, Annette Drucker, Blanche Marten, Mil- 
dred Vogt, Anna Ferrara, Florence Myres, Wilhelmina Fluhr, Esther Silver 
Chad, Roslyn Tarnell, Dorothy Beck, and Marianne Weisz. 

Nineteen new members were elected to the Chapter during the year. 
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At the fall initiation the speaker was Professor Lester Hill of the Hunter 
College Department of Mathematics who discussed Teaching mathematics for 
the United States Army tn the Biarritz experiment. 

The guest speaker at the spring initiation was Professor E. R. Lorch of 
Columbia University whose topic was The- foundations of Euclidian geometry. 

Chapter members participated in the Second Annual Intercollegiate Mathe- 
matics convention sponsored by the Brooklyn College, Hunter College, and 
New York University Chapters of the fraternity. This affair was held on April 
19 in Boylan Hall of Brooklyn College. The guest speakers of the evening were 
P. A. Smith of Columbia University who discussed Topics in topology and E. C. 
Molina of the Newark College of Engineering who spoke on Applications of 
probability. 

Prizes for the best papers presented to the society were given to Mary 
Greene, Cecile Salwen, and Mildred Vogt. 

The officers for the year, 1946-47, were: President, Cecile Salwen; Corre- 
sponding Secretary, Ruth Friedman; Recording Secretary, Annette Drucker; 
Treasurer, Mildred Vogt; Director, R. Lucile Anderson. 

Newly elected officers are: President, Efrosene Josephides; Corresponding 
Secretary, Alexa Drexler; Recording Secretary, Marian Boykan; Treasurer, 
Anna Lemont; Director, Marguerite Darkow. 


Mathematics Club, Kansas State College 


In addition to two social events, the members of the Mathematics Club of 
Kansas State College heard the following papers discussed: 

Methods of graphing, by James Smith 

Nomograpbhs, by Robert Kromhout 

The operational aspect as the foundation of mathematics, by Elizabeth Button 

Topology, by Thirza Mossman and Robert Reinking 

Vector methods as applied to trigonometry, by F. B. Sloat 

Probability, by Prof. H. C. Fryer. 

Officers for the year 1946-47 were: President, Joe Ludlum, Jr.; Vice-Presi- 
dent, C. S. Clay; Secretary, Elizabeth Button; Treasurer, Robert Reinking; 
Program Chairman, Marn Johnson; Sponsor, Prof. C. F. Lewis. 


Zeno Club, Alfred University 


Among the most interesting papers presented to the Zeno Club of Alfred 
University for 1946-47 were: 

Probability in Gin Rummy, a very successful and original paper by John 
Freund 

Some special methods of solving equattons, by Dr. A. E. Whitford 

Fermat's last theorem, by Marion Miller 

Mathematical serves, by Frank Olson. 

The 1946-47 officers were: President, Marion Miller; Vice-President, Juli- 
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anne Sanford; Secretary-Treasurer, Joan Berkman. 
Those elected for 1947-48 are: President, Ralph Jordan; Vice-President, 
Joan Berkman; Secretary-Treasurer, Mary van Norman. 


Mathematics Club, Butler University 


Two social events, a Christmas party and the Annual Spring picnic, were held 
by the Mathematics Club of Butler University during 1946-47. Papers presented 
include: 

Mathematical fallacies, by Marianne Buschmann and Audrey Klein 

What ts mathematics? by Reba; Marshall, leader of round-table discussion. 

Mathematical instruments, by Edward O’Nan, Mrs. Mary Bilby, and 
William Farmer 

Short cuts in computing, by Mr. W. R. Krickenberger of Technical High 
School 

Mathematics in meteorology, by Mr. Williamson of U. S. Weather Bureau 

Theory of relativity, by Mrs. Juna L. Beal | . 

The art of map making, by Mr. Walter Gingery of Washington High School 

Anti-aircraft, by Miss Elna J. Hilliard 

Atomic fission, by Mr. Donald G. Wittig 

Men of mathematics, by Clifford Wagoner and William Fuller. 

Officers for 1946-47 were: President, Betty Beck; Vice-President, Audrey 
Klein; Secretary, Elsie Popplewell; Treasurer, Reba Marshall; Sponsor, Mrs, 
Juna L. Beal. | " 7 

Officers for 1947-48 are: President, Dorothy Reinacker; Vice-President, 
William Fuller; Secretary, Ethel Jackson; Treasurer, Clifford Wagoner. 


Mathematics Club, Ball State Teachers College 


The material presented to the Mathematics Club of Ball State Teachers 
College during 1946-47 dealt with the role.of mathematics in modern warfare 
as observed by the veterans presenting the papers: 

The general problems encountered in preparation for and during a flight, by 
Roy Tussey 

Weather observing, by Ernest McClain 

The assembly of data and the drawing of maps, by Clay Babcock 

Problems encountered as chief forecaster on a Pacific island base, by Ed Shreve 

Use of the maneuvering board in fleet operations, by Fred Deal 

*Expertences at the Bikint atom bomb tests, by Clarence Oswald 

Mathematics in field artillery, by Clarence Buesking and Kenneth Paucher 

Radar, by William Miner, a former club member. 

Officers elected for 1947-48 are: President, Joe Scherrer; Vice-president, 
Kenneth Paucher; Secretary, Ed Shreve; Treasurer, Iraida Reed; Program 
Chairman, Joe Jackson. 
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Mathematics Club, New York State College for Teachers 


The meetings of the club were held monthly, featuring one or two speakers 
each meeting. The topics discussed were: 

Bridges and unicursal curves, by E. A. Butler, Instructor of Mathematics 

The curve of the devil, by Herbert Weiner 

Puzzles, by Louise Dodge 

Clerical and mechanical aspects of teaching, by C. J. Haughey, Instructor and 
Supervisor of Mathematics 

Derivation of trigonometric formulas by geometry, by Marilyn Burnup 

History of verbal problems, by Doris Quinn 

Magic squares, by Marie Balfoort 

The oddities of numbers, by Eleanor Merritt. 

The officers for the year 1946-47 were: President, Ruth Seelbach; Vice- 
president, Betty Whitney; Secretary, Florence Mace; Treasurer, Elsa Moberg. 
The officers for the year 1947-48 are: President, Eleanor Merritt; Vice-president, 
Betty Whitney; Secretary, Elsa Moberg; Treasurer, Ruth Marschner. 


NEWS AND NOTICES 
EpIteEp By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


RESOLUTIONS OF THE NATIONAL COUNCIL 


At the Annual Meeting of the National Council of Teachers of Mathematics 
on April 2-3, 1948 the following resolution was adopted: The membership of the 
N.C.T.M. commends the Mathematical Association of America in its recent adop- 
tion of resolutions stating their desire for close cooperation with the N.C.T.M. 
in the efforts of both organizations to improve the coordination of high school 
and college mathematics. 


THE PHILOSOPHY OF SCIENCE ASSOCIATION 


The Philosophy of Science Association has been reorganized with Philipp 
Frank of Harvard University as president; C. W. Churchman of Wayne Uni- 
versity is secretary-treasurer. Applications for membership may be sent to 
Professor Churchman. Dues are $5.00 per year. 


THE INTERNATIONAL CONGRESS OF MATHEMATICIANS 


An International Congress of Mathematicians will be held in Cambridge, 
Massachusetts, in 1950 under the auspices of the American Mathematical 
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Society. The Society originally planned to act as host for a Congress in Septem- 
ber, 1940, which was also scheduled to meet in Cambridge. At the 1936 Congress 
in Oslo, Norway, the invitation for the 1940 Congress was issued by the Ameri- 
can delegation in the name of the American Mathematical Society. Plans for the 
1940 Congress were practically completed when the outbreak of World War IT 
in September, 1939, made it necessary for the Society to postpone the Congress 
to a more favorable date. An Emergency Committee was established to carry 
on in the interim and, on recommendation of this Committee, the Council of the 
Society voted to hold the Congress in 1950. 

The 1950 Congress will be the third International Congress of Mathemati- 
cians to be held on the continent of North America. The first was held at North- 
western University in 1893 and the second at the University of Toronto in 
1924. International Congresses were held at intervals of approximately four 
years, except when war intervened, until 1936. There has been no international 
gathering of mathematicians since that time and it is the sincere hope of the 
Organizing Committee that the gathering in 1950 will be a truly international 
one, that the American mathematicians will attend in large numbers, and that 
all other countries will be well represented. The Council of the American Math- 
ematical Society has voted unanimously to hold a Congress which will be open 
to mathematicians of all national and geographical groups. 

Time and Place. The dates for the Congress have been fixed as August 
30-September 6, 1950. Harvard University will be the principal host institution. 
A number of other institutions in metropolitan Boston will join in the entertain- 
ment of Congress visitors by arranging special features on their campuses. 

Type of Congress. In recent years mathematicians have been much im- 
pressed by the success of the conference method for presenting recent research 
in fields where vigorous advances have just been made or are in progress. In view 
of the success of mathematical conferences on special topics which have been 
held in Russia, France and Switzerland and, more recently, at the Princeton 
Bicentennial Celebration, the 1950 Congress will include Conferences in several 
fields. For the 1940 Congress, Conferences in four fields had been planned. The 
number of Conferences was thus restricted lest the introduction of a- promising 
and novel feature result in failure through the dissipation of interest and energy. 
A subcommittee of the Organizing Committee, under the chairmanship of 
Professor A. A. Albert, is now studying the question of the number and the 
fields of the Conferences to be included in the 1950 Congress and the results of 
the committee’s deliberations will be reported at a later date. 

‘Following the established custom, the Organizing Committee plans to have 
a number of invited hour addresses by outstanding mathematicians. In addition, 
sectional meetings for the presentation of contributed papers not included in 
Conference programs will be held in the following fields: I, Algebra and Theory 
of Numbers; II, Analysis; III, Geometry and Topology; [V, Probability and 
Statistics, Actuarial Science, Economics; V, Mathematical Physics and Applied 
Mathematics; VI, Logic and Philosophy, History and Education. 
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The official languages of the 1950 Congress will be English, French, German, 
Italian, and Russian. 

Organization. The plans for the Congress are under the supervision of an 
Organizing Committee which was elected by the Council of the American 
Mathematical Society in February, 1948. The Chairman is Professor Garrett 
Birkhoff of Harvard University and the Vice Chairman is Professor W. T. Mar- 
tin of Massachusetts Institute of Technology. Other member's of the committee 
are: Professors J. L. Doob, G. C. Evans, J. R. Kline, Solomon Letschetz, 
Saunders MacLane, Dean R. G. D. Richardson, Professors J. L. Synge, Oswald 
Veblen, J. L. Walsh, D. V. Widder, Norbert Wiener, and R. L. Wilder. 

Many of the subventions promised for the 1940 Congress are still available. 
A Financial Committee under the chairmanship of Professor John von Neumann 
is endeavoring to secure additional funds. Besides support from Harvard Uni- 
versity and Massachusetts Institute of Technology, generous subventions have 
been subscribed for the Congress by the Carnegie Corporation, the Institute 
for Advanced Study, the National Research Council, and the Rockefeller Foun- 
dation. . 

An Editorial Committee under the chairmanship of Professor Salomon 
Bochner will assume responsibility for the publication of the Proceedings of the 
Congress. 

Professor J. R. Kline of the University of Pennsylvania has been named - 
Secretary of the Congress and Dr. R. P. Boas, Executive Editor of Mathematical 
Reviews, has been designated Associate Secretary. 

Entertainment. Harvard University has offered the use of its dormitories 
and dining rooms for mathematicians and their guests for the period of the 
Congress. The Organizing Committee hopes that it will be possible to furnish 
room and board without charge to all mathematicians from outside continental 
North America who are members of the Congress. Congress membership fees 
and rates for room and board will be announced well in advance of the opening 
of the Congress. 

The Entertainment Committee, of which Professor L. H. Loomis of Harvard 
University is Chairman, is planning many ‘interesting features, including a 
reception, garden party, symphony concert, and banquet. It is hoped that 
American mathematicians will be able to assist in the entertainment by putting 
their automobiles at the disposal of the Entertainment Committee for trips to 
be made out of Cambridge. 

Every effort will be made to facilitate the travel at reasonable cost of foreign 
participants while in the United States. Previous to the Congress, opportunity 
will be given them to see New York City under the guidance of some mathe- 
maticians. 

Information. Detailed information will be sent in due course to individual 
members of the American Mathematical Society and to foreign mathematical 
societies and academies. Others interested in receiving information may file 
their names in the Office of the Society, and such persons will receive from time 
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to time information regarding the program and arrangements. 
Communications should be addressed to the American Mathematical 
Society, 531 West 116th Street, New York City 27, U.S.A. 


STANFORD UNIVERSITY COMPETITIVE EXAMINATION 


The third Stanford University Competitive Examination in Mathematics 
(see this MonTHLY, vol. LIII, 1946, pp. 406-409) was held April 10, 1948, in 
53 high schools in California, with 206 students taking part. The following 
problems were proposed: 

1. Consider the table: 


1 = 1 
2+3-+4 = 1+8 
5+6+7+8+9 = 8+ 27 


10+ 11+ 12+ 13+ 14+ 15 + 16 = 27 + 64 


Guess the general law suggested by these examples, express it in suitable mathe- 
matical notation, and prove it. 

2. Three numbers are in arithmetic progression, three other numbers in 
geometric progression. Adding the corresponding terms of these two progressions 
successively, we obtain | 


85, 76, and 84 


respectively, adding all three terms of the arithmetic progression, we obtain 
126. Find the terms of both progressions. 

3. From the peak of a mountain, you see two points, A and B, in the plain. 
The lines of vision, directed to these points, include the angle y. The inclination 
of the first line of vision to a horizontal plane is a, that of the second line @. It 
is known that the points A and B are on the same level and that the distance 
between them 1s ¢. 

Express the elevation x of the peak above the common level of A and B in 
terms of the angles a, 8, y and the distance c. 

4. A first sphere has the radius 71. About this sphere circumscribe a regular 
tetrahedron. About this tetrahedron circumscribe a second sphere with radius 
rz. About this second sphere circumscribe a cube. About this cube circumscribe a 
third sphere with radius 73. 

‘Find the ratios 71:72:73 (which should be, according to Kepler, the ratios of 
the mean distances of the planets Mars, Jupiter, and Saturn from the Sun, but 
which are, in fact, rather different from the true ratios). 

The writer of the best paper, C. L. Moller, Jr., Glendora, California, student 
at Citrus Union High School, Azusa, California, received a $500 scholarship at 
Stanford University. R. C. Hill, Los Arigeles, California, student at Harvard 
School, North Hollywood, California, received honorable mention. 
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PERSONAL ITEMS 


Professor C. V. Newsom, chairman of the Department of Mathematics of 
Oberlin College, has accepted the position of Assistant Commissioner for Higher 
Education for the State of New York. Editorial correspondence in regard to 
the MonTuHty should now be addressed to Dr. C. V. Newsom, State Education 
Building, Albany 1, New York. 

Professor C. J. Coe represented the Association at the inauguration of 
President White of the University of Toledo, Ohio on May 11, 1948. 

Professor L. R. Ford was a representative of the Association at the meeting 
of the American Council on Education, Chicago, Illinois on May 7-8, 1948. 

Professor C. V. Newsom represented the Association at the inauguration of 
the president of Case Institute of Technology, Cleveland, Ohio on May 21, 1948. 

Professor Charles Wexler was appointed to represent the Association at the 
inauguration of Dr. J. B. McCormick as president of the University of Arizona, 
Tucson, Arizona on May 5, 1948. 

Professors George Pélya, E. B. Roessler, and R. M. Winger served as repre- 
sentatives of the Northern California Section of the Association at the Pacific 
Regional Conference on UNESCO on May 13-15, 1948. 

Professor C. C. Chevalley of Princeton University, Assistant Professor Irving 
Kaplansky of the University of Chicago, and Associate Professor Norman 
Levinson of Massachusetts Institute of Technology have been awarded Guggen- 
heim fellowships. 

Dr. Churchill. Eisenhart, chief of the Statistical Engineering Laboratory, 
National Bureau of Standards, has been elected a fellow of the Royal Statistical 
Society of Great Britain. 

Associate Professor Maurice Ewing of Columbia University and Professor 
E. J. McShane of the University of Virginia have been elected to membership 
in the National Academy of Sciences. 

Professor Gillie -A. Larew, head of the Department of Mathematics at 
Randolph-Macon Woman’s College, has been honored by the establishment of 
the Gillie A. Larew Chair of Mathematics. The fund for the endowment of the 
Chair was contributed by alumnae of the College. 

Dean R. G. D. Richardson of Brown University has been awarded the honor- 
ary degree of Doctor of Laws by Brown University. 

President W. M Whyburn of Texas Technological College has been awarded 
an honorary degree by Texas Technological College 

Brown University announces the following promotions: Assistant Professors 
Herbert Federer and G. W. Whitehead to associate professorships, Lecturer 
Wouter van der Kulk to an assistant professorship, Dr. Bjarni Jonsson to an 
assistant professorship. Lectures were given at the Mathematics Colloquium 
of Brown University during the past year by the following. mathematicians 
from abroad: Professor H. A. Bohr of the University of Copenhagen, Professor 
Henri Cartan of the University of Paris, and Professor Natan Aronszajn of the 
Centre National de la Recherche Scientifique. 
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Princeton University makes the following announcements: Associate Pro- 
fessor Alonzo Church has been promoted to a professorship; Assistant Professors 
R. H. Fox and J. W. Tukey have been promoted to associate professorships; 
Professor L. K. Hua of Tsing Hua University and Professor J. P. LaSalle have 
been appointed Lecturers; Associate Professor Witold Hurewicz of Massa- 
chusetts Institute of Technology has been appointed Visiting Professor. 

Purdue University announces the following: Dr. Ralph Hull of -Boeing 
Aircraft Corporation has been appointed Professor of Mathematics and Head 
of the Department of Mathematics replacing Dean W. L. Ayres, who will 
devote his full time to the School of Science; Dr. Olav Reiersol, now on a fellow- 
ship at the University of California, has been appointed Lecturer in Statistics; 
Assistant Professors M. E. Shanks and M. S. Webster have been promoted to 
associate professorships; Mr. Stanley Bolks, Mr. K. W. Crain, Mr. M. W. De- 
Jonge, Mr. L. G. Black, Mr. P. W. Overman, and Dr. W. P. Reid have been 
promoted to assistant professorships. 

Queens College announces the following promotions: Assistant Professor 
Arthur Sard to an associate professorship, and Associate Professors R. G. Archi-. 
bald and John Williamson to professorships. 

Rensselaer Polytechnic Institute announces the following promotions: As- 
sociate Professors R. E. Huston and W. G. Warnock to professorships, Assistant 
Professors J. D. Campbell, A. W. Jones, and Dis Maly to associate professor- 
ships, Mr. G. F. Guilford to an assistant professorship. 

Syracuse University announces the appointments of Associate Professors 
M. F. Rosskopf and Atle Selberg and Assistant Professor H: E. Goheen. As- 
sistant Professor D. E. Kibbey has been promoted to an associate professorship, 
Dr. P. W. Gilbert and Dr. Erik Hemmingsen have been promoted to assistant 
professorships. 

The University of Alberta makes the following announcements: Professor 
E. W. Sheldon has retired with the title of Professor Emeritus; Professor J. W. 
Campbell has succeeded Dr. Sheldon in the position of Head of the Department 
of Mathematics; Mr. Edgar Phibbs and Mr. E. T. Sheffield have been appointed 
Assistant Professors; Mr. R. C. Jacka and Mr. Thorlief Fostvedt have been 
appointed Sessional Lecturers. 

The University of Illinois announces the following appointments and pro- 
motions: Professor A. H. Taub has been appointed to a research professorship 
in applied mathematics; Mr. A. G. T. Carlton has been appointed to an assistant 
professorship; Associate Professors P. W. Ketchum and H. J. Miles have been 
promoted to professorships; Assistant Professors Harry Levy, C. W. Mendel and 
J. W. Peters have been promoted to associate professorships; Dr. V. R. Nuess 
has been promoted to an assistant professorship. | 

The University of Utah announces the following appointments: Professor 
C. R. Wylie Jr., chairman of the Department of Mathematics, Air Institute of 
Technology, Wright Field, has been appointed Professor and Chairman of the 
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Department of Mathematics; Dr. R. E. Chamberlin and Dr. James Wolfe have 
been appointed to assistant professorships. 

Washington University makes the following announcements: Mr. Eric 
Kristensen of the University of Copenhagen has been appointed Lecturer; 
Dr. Zeev Nehari of Hebrew University has been appointed to an associate pro- 
fessorship; Assistant Professors H. M. Schaerf and G. B. Van Schaack have 
been promoted to associate professorships; Assistant Professor J. Y. Stephens 
has been promoted to an associate professorship of astronomy; Dr. Franklin 
Haimo and Mr. Marlow Sholander have been promoted to assistant professor- 
ships. 

Wayne University announces the resignation of Associate Professor J. A. 
Pierce and the appointments of Associate Professor Benjamin Epstein and 
Assistant Professors Harvey Cohn and Gerald Harrison. 

Dr. P. H. Anderson has been appointed Professor of Marketing at Loyola 
University. 

Professor H. T. R. Aude of Colgate University has retired. 

Dr. R. E. Basye, Agricultural and Mechanical College of Texas, has been 
promoted to an assistant professorship. 

Associate Professor Z. W. Birnbaum of the University of Washington has 
accepted an appointment as director of the Laboratory of Statistical Research. 

Assistant Professor Robert Breusch of Amherst College has been promoted 
to an associate professorship. 

Professor W. H. Bussey of the University of Minnesota has retired. 

Professor S. S. Cairns of Syracuse University has been appointed Head of 
the Department of Mathematics of the University of Illinois. 

Professor B. H. Camp of Wesleyan University, Middleton, Connecticut, has 
retired. 

Assistant Professor D. G. Chapman of the University of British Columbia 
has accepted a position as research assistant at the University of California. 

Assistant Professor I. S. Cohen of the University of Pennsylvania has been 
appointed to an assistant professorship at Massachusetts Institute of Tech- 
nology. 

Assistant Professor Lester Dawson of Michigan College of Mining and Tech- 
nology has been appointed to an associate professorship at Adams State College. 

Dr. Wade Ellis has been appointed to an assistant professorship at Oberlin 
College. . 

Associate Professor H. F. Fehr of Montclair State Teachers College, New 
Jersey, has accepted a position as professor of mathematics at Teachers College, 
Columbia University. 

Associate Professor W. W. Flexner of Cornell University has received an 
appointment as senior statistician in charge of transport statistics in the De- 
partment of Economic Affairs of the United Nations. 
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Professor F. C. Gentry of Louisiana Polytechnic Institute has been appointed 
to an associate professorship at Arizona State College. 

Associate Professor S. G. Hacker of Washington State College has been 
promoted to a professorship. 

Associate Professor D. A. Hatch of Lafayette College has retired. 

Professor G. A. Hedlund of the University of Virginia has been appointed 
to a professorship at Yale University. 

Assistant Professor D. M. Hester of Northwest Missouri State Teachers 
College has accepted a position at Baker University. 

Associate Professor P. M. Hummel of the University of Alabama has been 
promoted to a professorship. 

Mr. Sidney Kravitz of the Newark College of Engineering has received an 
appointment as mathematician with the Ballistic Research Laboratories, Aber- 
deen Proving Ground, Maryland. 

Professor D. C. Lewis of the University of Maryland has been appointed to 
a professorship at Johns Hopkins University. 

Associate Professor E. R. Lorch of Columbia University has been promoted 
to a professorship. 

Mr. R. C. Luippold of West Virginia Institute of Technology has been 
appointed to an assistant professorship at Antioch College. 

Associate Professor C. T. McCormick of Illinois State Normal University 
has been promoted to a professorship. 

Dr. N. W. McLachlan of London served as visiting professor of mathematics 
at Carnegie Institute of Technology during the second semester of 1947-1948. 

Associate Professor A. K. Mitchell of the University of Maryland has ac- 
cepted a position as aerodynamicist at the Applied Physics Laboratory of Johns 
Hopkins University. : 

Dr. Deane Montgomery has been appointed to permanent membership in 
the Institute for Advanced Study. 

Mr. Dewey Moore has received an appointment as physicist with the Na- 
tional Advisory Committee for Aeronautics, Langley Field, Virginia. 

Professor F. C. Ogg has been appointed Head of the Department of Mathe- 
matics of Bowling Green State University. 

Mr. Richard Otter of Princeton University has been appointed to an as- 
sistant pro.essorship at the University of Notre Dame. 

Mr. Eugene Park, graduate assistant at the University of Wisconsin, has 
been appointed Assistant Professor at Clemson College. 

Assistant Professor H. V. Price of the State University of Iowa has been 
promoted to an associate professorship. 

Mr. A. O. Qualley of Lehigh University has accepted an appointment as 
assistant professor at Drake University. 

Professor J. F. Randolph of Oberlin College has been appointed Head of the 
Department of Mathematics at the University of Rochester. 


1948] NEWS AND NOTICES 453 


Professor W. D. Reeve of Teachers College, Columbia University has re- 
tired. 

Dean R. G. D. Richardson of Brown University has retired. 

Dr. Klaus Schocken, formerly of Siena College, is now a member of the 
Medical Department, Field Research Laboratory, Fort Knox, Kentucky. 

Associate Professor K. C. Schraut has been promoted to a professorship at 
the University of Dayton. 

Assistant Professor Ruth G. Simond of Morningside College has been ap- 
pointed to an assistant professorship at the University of Vermont. 

Associate Professor M. F. Smiley of Northwestern University has accepted 
an appointment as professor of mathematics at the State University of Iowa. 

Assistant Professor E. R. Stabler has been promoted to an associate pro- 
fessorship at Hofstra College. 

Assistant Professor D. W. Western of Brown University has been appointed 
to an associate professorship at Franklin and Marshall College. 

Professor Anna Pell Wheeler of Bryn Mawr College has retired. 

President W. M. Whyburn of Texas Technological College has been ap- 
pointed to a professorship at the University of North Carolina. 

Dr. Albert Wilansky of Brown University has been appointed Assistant Pro- 
fessor of Mathematics at Lehigh University. 

Assistant Professor H. P. Wirth of the College of the City of New York has 
been promoted to an associate professorship. 

The following appointments to instructorships are announced: 

Case Institute of Applied Science: Mr. Charles Saltzer 

Purdue University: Miss Marianne Bernstein, Mr. L. D. Kovach 

Syracuse University: Mr. Helmut Aulback, Mr. S. G. Campbell, Mr. Eck- 
ford Cohen, Mr. Daniel Resch, Mr. C. J. Titus. 

United States Naval Academy: Mr. F. P. Kowalewski, Jr. 

University of Illinois: Dr. M. D. Springer 

University of Utah: Mr. F. E. Haupt 

Wayne University: Mr. Willard Clatworthy. 

Connecticut College announces the appointment of Miss Elizabeth Hahne- 
mann as teaching assistant. 


Dr. Clara L. Bacon, professor emeritus of mathematics, Goucher College, 
died April 14, 1948. She was a charter member of the Association. 

Dr. C. E. Comstock, professor emeritus of mathematics at Bradley Uni- 
versity and‘a charter member of the Association, died-on April 3, 1948. 

Professor W. L. Johnson, head of the Department of Mathematics of Missis- 
sippi Southern College died March 14, 1948. He was Chairman of the Louisiana- 
Mississippi Section of the Association. 

Professor Emeritus F. R. Sharpe of Cornell University died on May 18, 1948 
at the age of seventy-eight years. 
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NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
eighty-seven persons have been elected to membership on applications duly 


certified: 


R. H. Acxerson, A.M.(Columbia) Asst. Pro- 
fessor, Catawba College, Salisbury, N. C. 

R. V. ANDERSON, A.M.(Colorado) Instructor, 
Colorado Agricultural & Mechanical Col- 
lege, Fort Collins, Colo. 

P. M. BaiLey, B.S.(Wyoming) Student, State 
University of Iowa, Iowa City, Iowa 

Mary M. Baxter, M.A.(Columbia) Instruc- 
tor, Junior College of Kansas City, Mo. 

LuLu BECHTOLSHEIM, Ph.D.(Zurich) Asst. 
Professor, University of Redlands, Calif. 

MartTIN BrerRMAN, M.S.(Virginia Polytechnic 
Institute) Instructor, University of Cin- 
cinnati, Ohio 

L. J. Berner, B.A.(St. Norbert College) In- 
structor, St. Norbert College, West De 
Pere, Wis. 

W. J. Bruns, Ph.D.(Strassburg) Visiting Pro- 
fessor, Syracuse University, N. Y. 

BrEDIE E. (Mrs. Buron) BuFFKIN, A.B.(Coker) 
Instructor, University of South Carolina, 
Columbia, S. C. 

P. B. Burcuam, Ph.D.(Northwestern) Asst. 
Professor, University of Missouri, Colum- 
bia, Mo. 

Mary P. Burxart, B.S.(Nazareth College) 
Graduate Asst., University of Detroit, 
Mich. 

C. D. CatHoon, M.A.(IIlinois) Asst. Pro- 
fessor, University of Toledo, Ohio 

P,. A. CLEMENT, M.A.(State College of Wash- 
ington) Teaching Asst., University of 
California at Los Angeles, Calif. 

W. J. Conner, M.A.(Texas) Asst. Professor, 

’ The Citadel, Charleston, S. C. 

GRACE CuTLER, M.A.(Toledo) Asst. Profes- 
sor, University of Toledo, Ohio 

R. C. Davis, B.S.(Akron) Instructor, Univer- 
sity of Akron, Ohio 

Douctas Derry, Ph.D.(Gottingen) Asso. 
Professor, University of British Columbia, 
Vancouver, B. C. 


J. G. Diaz, Agricultural Engineer, Alarcon 27, 
Madrid, Spain 

I. A. Doves, Ph.D.(New York University) 
Teacher, Stuyvesant High School, 345 East 
15th St., New York, N. Y. 

Mary C. Doremus, M.A.(Columbia) Teacher, 
North High School, Denver, Colo. 

HELEN ENGEBRETSON, M.A.(Minnesota) In- 
structor, State College, Brookings, S. D. 

O. J. FALKENSTERN, B.S.(Montana State) In- 
structor, Colorado Agricultural & Mechan- 
ical College, Fort Collins, Colo. 

Cieota G. Fry, Ph.D.(Purdue) Asst. Pro- 
fessor, Purdue University, Lafayette, Ind. 

R. N. Goss, M.S.(lowa State) Graduate Asst., 
Iowa State College, Ames, Iowa 

LittiaAN GovucH, B.A.(Buffalo) Instructor, 

‘. University of Buffalo, N. Y. 

J. B. GreeLey, M.S.(Massachusetts Institute 
of Technology) Head of Department, 
Utica College, N. Y. 

MARSHALL HALL, Jr. Ph.D.(Yale) Asso. Pro- 
fessor, Ohio State University, Columbus, 
Ohio 

LucittE F. Hetzert, A.M.(Syracuse) In- 
structor, Syracuse University, N. Y. 

Wicsur Hissarp, M.A.(Columbia) Instruc- 
tor, Lehigh University, Bethlehem, Pa. 

CLaricE Hopensacx, M.A. (Ohio State) 
Teacher, Cincinnati Public Schools, Ohio 

V. A. Hovie, Ph.D.(Princeton) Professor, 
University of North Carolina, Chapel Hill, 
N.C. 

R. S. Jacossen, M.S.(lowa State) Asso. Pro- 
fessor, Luther College, Decorah, Iowa 

M. E. Jenxins, M.S.(Syracuse) Asst. Pro- 
fessor, Mohawk College, Utica, N. Y. 

Cuosasuro Karo, Ph.D.(Ohio State) Asso. 
Professor, Denison University, Granville, 
Ohio 


454 


1948] 


G. L. Keprrers, M.A. (Colorado State College 
of Education) Instructor, Jowa State 
Teachers College, Cedar Falls, Iowa 

H. L. Kinsotvinec, A.M.(Harvard) Asst. 
Professor, U. S. Naval Academy, An- 
napolis, Md. 

CHARLES Koren, M.A.(Columbia) Chair- 
man, Math. Department, Bayonne Junior 
College, N. J. 

F. W. Lane, M.S.(St. Bonaventure) Asst. 
Professor, Mohawk College, Utica, N. Y. 

L. S. Laws, A.M.(Stanford) Asst. Professor, 
University of Minnesota, Minneapolis, 
Minn. 

Ta CuunGc-HENG LI, Ph.D.(Munich) Asst. Pro- 
fessor, Drake University, Des Moines, 
lowa 

J. J. Livers, Ph.D.(Michigan) Professor, 
Montana State College, Bozeman, Mont. 

B. H. Lows, M.S.(Colorado) Instructor, 
University of Akron, Ohio 

NATHANIEL Macon, M.A.(North Carolina) 
Teaching Fellow, University of North 
Carolina, Chapel Hill, N. C. 

PoMPEY MAINARDI, M.A.(Montclair) Asso. 
Professor, Newark College of Engineering, 
N. J. 

C. I. Mate, M.C.E.(Union) Asso. Professor, 
Union College, Schenectady, N. Y. 

Dis Marty, M.A.(Harvard) Asst. Professor, 
Renasselaer Polytechnic Institute, Troy, 
N. Y. 

W. H. Martow, B.S.(St. Ambrose College) 
Graduate Asst., State University of Iowa 
Iowa City, Iowa 

F. J. Marquis, M.A.(Miami) Asst. Professor, 
University of Toledo, Ohio 

J. M. Marr, B.S.(Central Missouri State Col- 
lege) Asst. Instructor, University of Mis- 
souri, Columbia, Mo. 

H. C. Mayer, Jr. M.S.(lowa) Instructor, 
University of Idaho, Moscow, Idaho 

Betty McKnicuat, M.A.(Southern Methodist 
University) Instructor, Centenary Col- 
lege, Shreveport, La. 

E. K. McLacnian, M.A.(Texas) Instructor, 
Baylor University, Waco, Texas 

EK. J. MILTENBERGER, M.A.(Miami) Asst. 
Professor, Miami University, Oxford, Ohio 

M. R. Moore, S.M.(Massachusetts Institute of 
Technology} Graduate Asst., Bowling 
Green State University, Ohio 
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J. B. Netson, A.M.(University of Southern 
California) Instructor, Los Angeles City 
College, Calif. 

P. W. OVERMAN, M.S.(Indiana) Asst. Profes- 
sor, Purdue University, Lafayette, Ind. 

J. F. Paris, Student, George Pepperdine Col- 
lege, Los Angeles, Calif. 

C. R. Partincton, A.B.(Earlham) Instructor, 
Purdue University, Lafayette, Ind. 

R. L. Pruitt, M.S.(Atlanta) Asst. Professor, 
Albany State College, Ga. 

R. C. Ranp, Ph.D.(Maryland) Instructor, 
U.S. Naval Academy, Annapolis, Md. 

T. R. RicHarps, M.S.(Bucknell) Asst. Pro- 
fessor, Wilkes College, Wilkes-Barre, Pa. 

C.L. Riecs, M.A.(Michigan) Instructor, Uni- 
versity of Kentucky, Lexington, Ky. 

ABRAHAM ROSENFELD, M.S.(Massachusetts In- 
stitute of Technology) Asst. Professor, 
University of Massachusetts, Ft. Devens, 
Mass. 

J. W. Sawyer, M.A.(Missouri) Instructor, 
University of Missouri, Columbia, Mo. 
JEANETTE, H., SHERWOOD, M.A.(Michigan) 

Instructor, University of Detroit, Mich. 

R. W. SHOEMAKER, M.S.(Toledo) Asst. Pro- 
essor, University of Toledo, Ohio 

SISTER “M. Dorotuea, S.S.J., M.A.(Cornell) 
Instructor, Nazareth College, Rochester, 
N. Y. 

SISTER MARY RAPHAEL HAFNER, A.B.(College 
of Chesnut Hill) Instructor, Immaculata 
College, Pa. 

J. L. Stecuticxy, M.S.(Washington Univer- 
sity) Asst. Professor, Toledo University, 
Ohio 

C. B. Smita, Ph.D.(Wisconsin) Asso. Profes- 
sor, University of Florida, Gainesville, Fla. 

J. E. SNover, B.A.(New York State College for 
Teachers) Instructor, Mohawk College, 
Utica, N. Y. 

R. H. Spoun, A.B.(Lebanon Valley College) 
‘Instructor, Lehigh University, Bethlehem, 
Pa. 

E. M. Steinsacu, A.B.(Northern State Teach- 
ers College) Instructor, University of De- 
troit, Mich. 

J. R. SutLivan, A.B.(Georgetown) Instructor, 
Clemson College, S. C. 

J. D. Swirt, Ph.D.(California Institute of 
Technology) Instructor, University of 
California at Los Angeles, Calif. 
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ErHeL W. Tapper, B.S.(Ilinois) Librarian M.D. Wer1nert, M.Ed.(Boston Teachers Col- 


and Asst. Professor, Aurora College, lege) Instructor, University of Massa- 
Illinois chusetts, Ft. Devens, Mass. 
C. J. Trcets, B.A.(St. John’s University) MARGARET F, WILLERDING, Ph.D.(St. Louis) 
Instructor, University of Detroit, Mich. Instructor, Harris Teachers College, St. 
W.J. Tucker, Asst. Projects Engineer, Sperry’s Louis, Mo. 
Radio Engineering Research, New York, A. D. Wirsaup, M.A.(Columbia) Instructor, 
N. Y. Multnomah College, Portland, Ore. 
Nura D. TuRNER, M.A.(State University of W. D. Woop, B.S.(Case Institute of Technol- 
Iowa) Instructor, New York State Col- ogy) Graduate Student, Oberlin College, 
lege for Teachers, Albany, N. Y. Ohio 
G. W. TYLER, M.A.(Duke) Asso. Professor, A. G. Wootton, B.S.(Rutgers) Asst. Profes- 
Virginia Polytechnic Institute, Blacksburg, sor, Mohawk College, Utica, N. Y. 
Va. V. A. Zora, B.S.(Pittsburgh) Chemical Proc- 
C. B. Watton, B.S.(Pennsylvania) Senior ess Engineer, Blaw-Knox Const. Co., 
Engineer, Federal Power Commission, Chemical Plants Division, Pittsburgh, Pa. 


Washington, D. C. 


THE EIGHTH CARUS MATHEMATICAL MONOGRAPH 
“RINGS AND IDEALS” BY N. BH. McCOY 


This worthy addition to the series of Carus Monographs is a clear and concise 
exposition of the fundamental concepts and results in the elementary theory of 
rings, with some emphasis on the role of ideals in the theory. 

Members of the Association may purchase one copy each of this monograph 
for $1.25. Orders accompanied by remittance should be sent to: The Mathe- 
matical Association of America, University, of Buffalo, Buffalo 14, New York. 
Additional copies for members and copies for non-members are priced at $2 each 
and must be purchased directly from the Open Court Publishing Company, La 
Salle, Illinois. 

It is expected that the prices of all Carus Monographs will be increased as of 
December 1, 1948, and the above-mentioned prices will hold only until that 
date. 


NEW SECTIONAL GOVERNORS OF THE ASSOCIATION 


The following have been elected Governors of the Association for a three- 
year term beginning July 1, 1948 by vote of the membership of the Association 
in the Sections indicated: 


Allegheny Mountain H. L. Dorwart, Washington and Jefferson College 
Indiana P. D, Edwards, Ball State Teachers College 
Kentucky M. C. Brown, University of Kentucky 
Metropolitan New York F.H. Miller, Cooper Union 

Nebraska C. C. Camp, University of Nebraska 

Northern California F. R. Morris, Fresno State College 

Oklahoma N. A. Court, University of Oklahoma 

Rocky Mountain A. J. Lewis, University of Denver 


Wisconsin R. H. Bardell, University of Wisconsin in Milwaukee 


Since the system of Regional Governors is being replaced by a system of 
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Sectional Governors, no elections have been held to replace the Regional Gover- 
nors whose terms expired on July 1, 1948. 


BACK NUMBERS WANTED 


One dollar a copy will be paid (or credited on members’ dues) for any of the 
following issues of this MONTHLY until fifty copies of each number are received: 
1946—January, May, June-July, August-September 
1947—January, December 
1948—January, February, May 

Copies should be mailed to the Mathematical Association of America, Uni- 
versity of Buffalo, Buffalo 14, New York with the name and address of the’ 
sender marked clearly on the package. 


JANUARY MEETING OF THE NORTHERN CALIFORNIA SECTION 


The tenth annual meeting of the Northern California Section of the Mathe- 
matical Association of America was held at the University of California on 
Saturday, January 24, 1948. Professor George Pélya, Chairman of the Section, 
and Professor G. C. Evans, Vice-Chairman, presided at the morning session, 
and Mr. S. A. Francis presided at the afternoon session. 

The attendance was ninety-three including the following twenty-nine mem- 
bers of the Association: H. M. Bacon, G. A. Baker, T. J. Bass, E. M. Beesley, 
M. T. Bird, A. C. Burdette, Louise Chin, M. A. Dernham, G. C. Evans, S. A. 
Francis, C. M. Fulton, J. M. Good, W. R. Hanson, Sophia McDonald, E. D. 
Miller, F. R. Morris, W. H. Myers, C. D. Olds, George Pélya, Edris P. Rahn, 
R. M. Robinson, E. B. Roessler, Kathryn Rolfe, Abraham Seidenberg, Pauline 
Sperry, Ruth Sumner, Gabor Szegé, L. A. Walker, A. R. Williams. 

At the business meeting the following officers were elected for the coming 
year: Chairman, G. C. Evans, University of California; Vice-Chairman, H. M. 
Bacon, Stanford University; Secretary-Treasurer, E. B. Roessler, University of 
California at Davis; Representative on the California Journal of Secondary Edu- 
cation, Ruth G. Sumner, Oakland High School. 

By invitation of the Section, Professor Harold Davenport of University 
College, London, and Visiting Professor at Stanford University, gave an address 
during the morning session. 

The following papers were read: 

1. A matrix arising in correlation theory, by Professor H. M. Bacon, Stanford 
University. 

Consider a set of variables m1, x2, %3, «+ * , Xn, representing observations taken in m successive 
years, with correlation coefficients 7;; between x; and x;. If the correlation coefficients are assumed 
to diminish in such a way that 74;=7;;=1— |i—j| p, where 0<p<2/(n—1), then the determinant 
| ra| = R can be expressed in terms of 2 and . It was shown that 

R = 2n-2pn-1[2 — (nm — 1)p]. 


Expressions for the cofactors R;; of the elements r;; of R were given. Assuming the x; to be normally 
distributed, an expression for the frequency function was obtained in terms of m and p. 
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2. Treatment of trigonometric functions in calculus, by Dr. C. M. Fulton, 
University of California at Davis. 


Instead of introducing the number e¢ as a limit, one can define log «= /7(1/#)dt for x>0, or 
taking its existence for granted, the function log x can be characterized by means of the properties 
D,z log x =1/x, log 1=0. The addition theorem is proved by observing that D, log ax=D, log x. 
Further properties of the logarithm and its inverse function follow easily..A graphical construction 
of the exponential curve using pieces of tangent lines is recommended. 

In an analogous way let tan! x = {> [1/(1+#?) ] dt. From D, tan! [(a+x)/(1—ax)]=D, tan x 
the addition formula of the inverse tangent is found. Some difficulties arise with respect to the 
intervals. The inverse function and the other trigonometric functions and their basic properties 
can be derived by simple manipulations. A geometric interpretation of the defining equation for 
tan—! x is given. Finally it is pointed out that tanh x can be handled in like fashion. 


3. The geometry of numbers, by Professor Harold Davenport, University Col- 
lege, London, and Visiting Professor at Stanford University, introduced by the 
Chairman. 


In the geometry of numbers, we treat a general class of problems in the theory of numbers by 
methods which are suggested by a geometrical interpretation. The problems in question relate to 
“Diophantine inequalities,” i.e. inequalities which are to be satisfied by integral values of the 
variables. Questions of this kind arise quite naturally. For example, if we wish to prove the theorem 
of Fermat that every prime p of the form 4”-++1 is representable as x?+-y?, we easily find a general 
formula which represents only multiples of p as x?+-y?, and the proof can be completed by showing 
that the formula also represents a number less than 2 (and not zero). 

The geometrical approach is that of conceiving an inequality f(™, - +° - , %n.) <A as representing 
a certain region in m-dimensional space. We then ask for conditions which will ensure that this 
region contains a point with integral coordinates. If the inequality is trivially satisfied by 
y= +++ =X,=0, we then need a point other than the origin. 

In the special example where the inequality represents an ellipse in the plane, it is not difficult 
to prove that if the area of the ellipse is greater than 27/,/3, there is always a point with integral 
coordinates in it, other than the origin. But the argument used is too special to be applied effec- 
tively in ~ dimensional space, or to more general regions. 

A simple train of reasoning was discovered by Minkowski (about 1891) which led him to this 
very general theorem: Any body in 2 dimensional space, which is convex and symmetrical about 
the origin, and which has a volume greater than 2", must contain a point other than the origin 
with integral coordinates. This result has many applications in the theory of numbers. 

In the last few years, new methods have been developed by several English mathematicians 
for dealing with problems in which the region represented by the inequality is not convex. 


4. How to solve it, (Report on the New Haven Symposium of the Association) 
by Professor George Pélya, Stanford University. 


Reports of the meeting appeared in this MONTHLY, vol.°54, p. 612, and vol. 55, p. 22. 


5. A problem in calculus, by Professor M. T. Bird, San Jose State College. 


Given a continuous curve y=f(x) which intersects the line y= mx-+0 in just two points, namely 
the points for which x=a and x=c. It is required to find the volume generated when the area 
between the curve and the line is revolved about the line. An erroneous analysis with elements of 
volume which are circular plates is seen to lead to the correct value for the volume. An analysis with 
elements of volume which are conical shells is seen to be appropriate. 


6. The variance of the proportions of samples falling within a fixed interval for a 
normal population, by Professor G. A. Baker, University of California at Davis: 
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The usual variance of the proportions of a sample falling in a fixed interval given in ele- 
mentary textbooks is the binomial variance p(1—)/N, and is the same for all parent populations. 
If a normal population is sampled, estimates of # and s? being formed in the usual way, and if p 
is estimated by putting # and s? for m and o? in the integral defining p, we get an estimate of p 
that has a considerably smaller variance than the corresponding binomial variance. 


7. The Banach-Tarski paradox, by Professor R. M. Robinson, University of 
California. 

It is possible to cut a solid sphere into five pieces and reassemble then by rigid motions to 
form two solid spheres of the same size. No fewer than five pieces may be used, but one of the 
pieces may consist of just one point. The proof of this result will appear in Fundamenta Mathe- 
maticae. A similar result with an unspecified finite number of pieces was proved by Banach and 
Tarski in 1924. It is evident from the Banach-Tarski paradox that there cannot be any completely 
general method of defining volume so that it will be additive and invariant under motion. 


E. B. ROESSLER, Secretary 


FEBRUARY MEETING OF THE OKLAHOMA SECTION 


The annual meeting of the Oklahoma Section of the Mathematical Associa- 
tion of America was held in connection with the convention of the Oklahoma 
Education Association in Tulsa on Friday, February 13, 1948. Professor D. R. 
Shreve, Chairman of the Section, presided. 

Fifty-three persons attended the meeting, including the following sixteen 
members of the Association: A. Bernhart, J. C. Brixey, H. N. Carter, N. A. 
Court, N. A. Eisen, J. O. Hassler, O. H. Hamilton, J. E. LaFon, Eunice Lewis, 
R. D. McDole, Josephine Mitchell, E. P. Northrop, C. C. Pruitt, D. R. Shreve, 
R. W. Veatch, Marion West. : 

At the business session the following officers were elected: Chairman, J. E. 
LaFon, University of Oklahoma; Vice-Chairman, H. V. Huneke, Northwestern 
State College; Secretary, J. C. Brixey, University of Oklahoma. 

The program consisted of the following nine papers: 

1. Professor W. T. Short Memorial, by Professor N. A. Court, University of 
Oklahoma. 

2. How to use the history of mathematics in teaching, by Professor J. O. Hassler, 
University of Oklahoma. 

Professor Hassler recounted briefly the most significant items in the history of the develop- 
ment of algebra, trigonometry, analytics, and calculus, suggesting how and where the material 
could be included with the instruction in the subject matter without the necessity of a separate 
course in the history of mathematics. He also made a plea for the inclusion of more historical 


material’in mathematical instruction in order to give the students the proper appreciation of the 
place of mathematics in the development of civilization. 


3. Use of trigonometric and hyperbolic functions in empirical equations, by 
N. A. Eisen, Mid-Continent Petroleum Corporation. 
A procedure for fitting an equation of the form y=a-+Df(x), where f(x) is a trigonometric or 


hyperbolic function, was developed. This included the determination of the range of the angle to 
be used. The procedure involved the determination of four constants. 
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4. Mathematics of the drafting board, by Mr. S. S. Orman, Tulsa Industrial 
Arts High School, introduced by Professor D. R. Shreve. 


The speaker described the geometrical constructions and calculations pertaining to drafting, 
with emphasis on the need to visualize three-dimensional figures. The comprehension and ac- 
curacy necessary to do detail design work was discussed. 


5. On asymptotes, by Professor D. R. Shreve, University of Tulsa. 


The vertical asymptotes of the locus of an irreducible integral rational equation of the form 
aox™+ayx"-1+ - +--+ +a,=0 are known to be the locus of a9=0. (Here ao is understood to be a 
polynomial in yy of degree m21.) An extension to the determination of asymptotic planes and 
cylinders of surfaces was indicated. 


6. Summability of double orthogonal series whose coefficients satisfy certain con- 
ditions, by Professor Josephine Mitchell, Oklahoma A. and M. College. 


A discussion of the known results on convergence and (C, 1) summability of simple orthogonal 
series was given. A theorem on the connection between (C, 1, 1) summability and the convergence 
of the double orthogonal series which has been proved by the author was described. 


7. An upper bound for the number of irreducible factors of a polynomial with 
coefficients in a Gaussian domain, by Mr. R. R. Gordon, introduced by Professor 
J. C. Brixey. 


Given a Gaussian domain G, and k distinct elements b;©G, j=1, 2,---,, anda polynomial 
of degree x 


t 
(1) P(x) = TI a(x) 

t=1 
where the coefficients of P(x) and each #;(x) are in G, each p;(x) being of degree greater than zero, 
and irreducible into polynomials of type (1). Then the total number of irreducible factors f in (1) 
for any positive rational integral k and m is such that 


k 
(2) ps4 ev cro] 


where u is the number of distinct units in G, and for any element b€G, c[P(b,) | is the total number 
of primes in G contained by any factored form of b in which each factor is a unit or a prime in G. 
By assigning certain conditions to (2) and some of its arrangements, certain interesting conclusions 
can be obtained. 


8. Roots of polynomials, by Professor A. Bernhart, University of Oklahoma 


In applying Descartes’ rule of signs, a negative coefficient between two positive coefficients of 
greater absolute value indicates a pair of conjugate imaginary roots. 

The average product of roots taken 7 at a time is the same for a polynomial and its derivative. 
Representing the roots of a cubic by A, B, C, on a Gauss plane, the quadratic roots L, N may be 
interpreted geometrically by means of the auxiliary points R, T at the centroids of equilateral 
triangles with base AB. 

Let S be the midpoint of AB and RT, and M the midpoint of LN. Then SR and ST are the 
geometric means of SZ and SN; and conversely ML and MN are the geometric means of MR and 
MT. Thus L, N, R, T are concyclic, and LN is parallel to an asymptote of the equilateral hyper- 
bola with center S which passes through R. 


. 9. Some generalizations of Brouwer’s fixed point theorem for n-cells, by Profes- 
sor O. H. Hamilton, Oklahoma A. and M. College. 
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Brouwer’s fixed point theorem for n-cells was stated. Generalizations of the theorem were 
classified as those which deal with continua more general than an z-cell subjected to a continuous 
transformation, and those which pertain to transformations more general than single valued con- 
tinuous transformations. Examples of applications of fixed point theorems to analysis were given. 


J. C. Brixey, Secretary 


MARCH MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The twenty-eighth regular meeting of the Southern California Section ofthe 
Mathematical Association of America was held at the University of Redlands, 
Redlands, California, on Saturday, March 13, 1948. Professor D. V. Steed 
Chairman of the Section, presided at the morning and afternoon sessions. 

The attendance was one hundred, including the following forty-eight mem- 
bers of the Association: L. J. Adams, O. W. Albert, H. M. Bacon, E. F. Becken- 
bach, May M. Beenken, Clifford Bell, L. T. Black, Herbert Buseman, F. A. 
Butter, Jr., W. D. Cairns, Frances L. Campbell, L. M. Coffin, E. L. Crow, D. R. 
Curtiss, P. H. Daus, R. P. Dilworth, Iva B. Ernsberger, B. K. Gold, J. W. 
Green, H. J. Hamilton, W. L. Hart, R. B. Herrera, M. R. Hestenes, P. G. Hoel, 
R. E. Horton, D. H. Hyers, C. G. Jaeger, B. W. Jones, Margaret B. Lehman, 
Ada McClellan, Sophia L. McDonald, G. F. McEwen, F. R. Morris, P. M. 
Niersbach, C. L. Olsen, W. T. Puckett, H. R. Pyle, E. C. Rex, J. M. Robb, 
G. E. F. Sherwood, Ernst Snapper, I. S. Sokolnikoff, R. H. Sorgenfrey, D. V. 
Steed, C. W. Trigg, S. E. Urner, Morgan Ward, Euphemia R. Worthington. 

At the business meeting the following officers were elected for the next 
academic year: Chairman E. F. Beckenbach, University of California at Los 
Angeles; Vice-Chairman, H. R. Pyle, Whittier College; Program Committee, 
Herbert Buseman (Chairman), F. A. Butter Jr., E. J. Hills, and the Secretary, 
P. H. Daus, ex-officio. The next meeting was scheduled for March 12, 1949 at 
John Muir Junior College, Pasadena, California. 

The following papers were presented: 

1. A college teacher's attitude toward the secondary curriculum in mathemaitcs, 
by Professor W. L. Hart, University of Minnesota. 


Professor Hart called attention to the fact that uncomplimentary opinions are frequently 
expressed about the attitudes of college teachers of mathematics toward the curriculum in sec- 
ondary mathematics. He indicated his belief that many of these adverse opinions, and certain 
serious evils in the secondary field, are a consequence of attaching the label “college preparatory” 
to the high school courses containing the most substantial mathematics. Then, for a college teacher 
of mathematics, Professor Hart advised a viewpoint designed to be helpful to the secondary field 
as well as to the colleges. 


2. Current practices and problems in secondary mathematics, by Mr. Dale 
Carpentar, Supervisor, Mathematics Education Section, Los Angeles City 
Schools, introduced by Professor P. H. Daus. 


Mr. Carpentar reviewed the history of the reorganization or reconstruction of high school 
mathematics, and the effect that the organization of Junior High Schools has had upon the prob- 
lem. He suggested a mathematics program which would meet the vocational needs and aptitudes 
of all major groups of secondary students, and gave reasons why progress toward such a program 


462 THE MATHEMATICAL ASSOCIATION OF AMERICA [September, 


has been slow. He cited what the Los Angeles School District is planning to do to meet this prob- 
lem. This involves the organization of a non-college preparatory sequence in mathematics, and an 
experimental mathematics program for college preparatory students who are not science majors. 
This experiment, which is still in the organizational stage, represents a cooperative endeavor of 
the Los Angeles City and County High Schools and the University of California. 


3. Geometry and physical space, by Professor H. P. Robertson, California 
Institute of Technology, introduced by Professor J. W. Green. 


This was an invited address given before a joint meeting of this Section and the Southern 
California Section of the American Association of Physics Teachers. 

The speaker discussed the relation between the notion of curvature of a space, with its geo- 
metrical implications, and the nature of the device with which distance in the space is measured. 
This relation was illustrated by consideration of a plane in which exists a steady temperature dis- 
tribution, and in which distances are measured by a rod which expands with change of temperature 
according to a linear law. The geometry which one would deduce from such measurements is a 
non-euclidean geometry, which in the case of a linear temperature distribution is the geometry of 
the Poincare half-plane. 


4. Report of the joint committee on mathematical education, by Professor F. R. 
Morris, Fresno State College. 


This was a progress report on the activities of the committee, appointed last year, and repre- 
senting the Northern California and Southern California Sections of the Association. 


5. Concerning variations on Newton's method, by Professor H. J. Hamilton, 
Pomona College. 


Let z* be a regular point for f(z) and ¢(z), and a simple zero for ¢(z). Putting 2,=f(%n-1), 
for n=1, 2,---+, and taking 29 sufficiently near to z*, we shall have 2,-2* with (%,—2*) 
=0[(gn-1—2*)*], (k an arbitrary integer 22), if and only if f(z) is expressed in certain ways in 
terms of ¢(z) and its derivatives. Thus for k=2 we have f(z) =s—[¢(z)/¢’(z) ]+(z) [¢(z) }?, where 
h(z) is regular at 2*. The derivations involve elementary manipulations of power series. 


6. Problems with many or no solutions, by Professor Herbert Buseman, Uni- 
versity of Southern California. 


The curves of constant width furnish a solution of a mechanical problem which at first sight 
seems to have the circle as the only solution. The problem of Kakaya to find a domain of least area 
in which a segment ab can be moved continuously such that a falls on b, and 6 on a, was discussed 
as an example of a seemingly reasonable problem with no solution. 


7. Calculations of some properties of certain supersonic wing secttons, by Dr. 
F. A. Butter, Jr., Hughes Aircraft Co. 


A method is derived for the calculation of the area, the principal and polar moments of inertia, 
and the squares of the corresponding radii of gyration of a biconvex supersonic airfoil section in the 
form of a hollow double circular segment with chord c, thickness ¢, and constant skin thickness 
7(=difference between internal and external radii). Let Q denote any one of the seven quantities 
to be calculated. The calculation of Q is effected by two divisions, three to five multiplications, and 
the reading of a value from curves. The error due to curve interpolation does not exceed 0.8 per- 
cent, which accuracy is more than ample for the purpose intended, that is, the preliminary design 
phase of an airfoil. If Q has the dimensions L*, where L is length, and s =2 or 4, then Q is expressed 
in the form 


Q = Nr*cieH (g ,k) 
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where N (=1 or 2) is dimensionless, g=2r/t=skin ratio, k=t/c=thickness ratio, and a, b, and a 
are non-negative integers with a+b+a=s. The “shape function” H(g, k) has positive lower and 
upper bounds in the closed unit square 0 Sg $1, 0S# 3X1. Each of the seven functions H(g, k) has 
been calculated to five significant figures for g and k equal to 0.0, 01., , 1.0, and is presented 
graphically as a function of g with one curve for each value of k, all Mlotted on n the same pair of axes. 


8. On p-adic numbers, by Professor B. W. Jones, Cornell University. 


The p-adic numbers were defined in terms of formal series, and their fundamental properties 
derived. Their relation to congruence theory was discussed, and some applications were briefly 
dealt with. 


P. H. Daus, Secretary 


MARCH MEETING OF THE PACIFIC NORTHWEST SECTION 


The second annual meeting of the Pacific Northwest Section of the Mathe- 
matical Association of America was held at the University of Oregon, Eugene, 
on Friday and Saturday, March 26-27, 1948. 

Fifty-nine persons attended, including the following forty-four members of 
the Association: W. H. Bunch, L. G. Butler, Paul Civin, C. L. Clark, Douglas 
Derry, N.S. Free, K. S. Ghent, W. M. Gilbert, F. L. Griffin, S. G. Hacker, H. H. 
Irwin, R. D. James, J. M. Kingston, W. J. Kirkham, Celia E. Klotz, M. S. 
Knebelman, J. C. R. Li, J. J. Livers, C. F. Luther, L. H. McFarlan, H. C. 
Mayer, A. S. Merrill, W. E. Milne, A. F. Moursund, D. C. Murdoch, Ivan 
Niven, Andrewa Noble, T. G. Ostrom, T. S. Peterson, A. R. Poole, H. F. Price, 
Margaret Ramsey, R. A. Rosenbaum, J. J. Rowland, R. B. Saunders, W. G. 
Scobert, R. H. Stair, W. M. Stone, G. H. Van Arkel, J. R. Vatnsdal, G. A. Wil- 
liams, L. B. Williams, R. M. Winger, F. E. Wood. 

At the business meeting of the Section the following officers were elected for 
the year 1948-9: Chairrian, W. E. Milne, Oregon State College; Vice-Chairman, 
R. M. Winger, University of Washington; Secretary-Treasurer, S. G. Hacker, 
State College of Washington. The section voted to accept the invitation of 
Oregon State College to hold the next annual meeting in Corvallis in the spring 
of 1949. 

The Friday afternoon session was opened by Professor M. S. Knebelman, 
Chairman of the Section, and Professors F. L. Griffin and R. M. Winger were 
invited by him to preside. Professor Ivan Niven, University of Oregon, delivered 
an invited hour address on The Density of a Set of Integers. He gave various 
definitions of number theoretic density and some of the basic theorems in each 
case, including a discussion of the recent work of R.'‘C. Buck on measure theo- 
retic dénsity and H. B. Mann’s solution of the a+ problem. 

Following the business meeting on Friday night a conference on the mathe- 
matical training of prospective secondary school teachers in the Pacific North- 
‘west was held, with Professor Milne presiding. Professor Knebelman presented a 
brief report of the studies being made by this Association’s Committee for the 
Coordination of Studies in Mathematical Education, of which he is a member. 
As a result of the spirited discussion which the conference provoked, it was de- 


464 THE MATHEMATICAL ASSOCIATION OF AMERICA [September, 


cided to appoint a committee with representation from the several institutions 
represented in this section to study this important matter and to make specific 
recommendations, including the possible specification of minimum requirements 
in mathematical preparation for certification of prospective high school teachers 
of mathematics in this region. Professor H. H. Irwin, State College of Washing- 
ton, was appointed chairman of this committee. 

The first five of the following papers as well as Professor Niven’s address 
were presented at the Friday afternoon session. The remainder were read on 
Saturday morning, Professors A. S. Merrill and R. D. James presiding at the 
invitation of Professor Milne. 

1. Some theorems on measure, by Professor R. A. Rosenbaum, Reed College. 

A generalization of a theorem of Ostrowski on the Lebesgue measure of the direct sum of cer- 


tain euclidean sets was proved. This theorem, together with some others, was applied to a discus- 
sion of finite solutions of sub-additive functions. 


2. Power series and Laplace transforms with multiply monotonic conditions, 
by Mrs. Helen Clucas, University of Oregon, introduced by Professor Paul 
Civin. 

The behavior of a power series with multiple monotonic functions was discussed. In particular, 
asymptotic evaluations were given for the remainder term of power series with coefficients of 


monotonic order 3 and of Laplace transforms of functions of monotonic order 4. (In the absence of 
the author this paper was read by Mr. W. G. Scobert, University of Oregon.) 


3. The solution of linear integral equations by means of Wiener integrals, by 
Professor T. G. Ostrom, Montana State University. 


An abstract of this paper has appeared in the Bull. Amer. Math. Soc., vol. 53, 1947, p. 490 
(Abstract 53-5-222). 


4. The spherical representation of a hypersurface, by Professor M. S. Knebel- 
man, State College of Washington. 


This paper dealt primarily with the total curvature of a hypersurface expressed in terms of the 
curvature tensor. Allendoerfer gave such an expression as a rational function for a subspace of an 
even number of dimensions. The expression obtained in this paper is valid for any number of 
dimensions but it is not rational, and in the case of a space of an odd number of dimensions it may 
fail to be real. 


5. The June meeting of the American Mathematical Society at the University 
of British Columbia, by Professor R. D. James, University of British Columbia. 
Professor James gave an interesting account of the extensive scientific and social preparations 
which have been made for the entertainment of the mathematicians and other scientists meeting 
in Vancouver during the month of June .A cordial invitation was extended to the members of this 


section to attend these meetings and also to enjoy the many recreational facilities of Vancouver 
and its environs. 


6. On the precision of representative sampling, by Professor Z. W. Birnbaum, 
University of Washington. 


The frequently stated belief that the precision of the mean of a representative sample is always 
at least as good as that of the mean of a random sample of the same size is shown to be incorrect 
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for sampling without replacements. This paper was read by title. 


7. A discussion of the basic course in statistics, by Professor W. J. Dixon, 
University of Oregon, introduced by Professor A. F. Moursund. 


An outline and discussion of a course in statistics for all students which follows the recom- 
mendations of the National Research Council were presented. 


8. The quadrilaterals of Pascal’s hexagram, by Mr. W. H. Bunch, Nyssa 
(Oregon) High School. 


This paper has since been published in this MONTHLY, vol. 55, 1948, p. 210. 


9. An intermediate algebra course for third year, by Professor Douglas Derry, 
University of British Columbia. 


The author criticized the traditional theory of equations course as failing to be in accord with 
modern algebraic development. An alternative course in linear algebra and analytic geometry 
was suggested. 


10. The axiomatic method in analysis, by Professor Paul Civin, University of 
Oregon. 


Certain weaknesses are pointed out in the logical structure of the analysis program as it is 
typically presented to the undergraduate. The desirability and feasibility of placing analysis on the 
same foundation as algebra or topology at the beginning graduate level is noted. This paper was 
read by title. 


11. The Babbage idea and its realization, by Professor S. G. Hacker, State 
College of Washington. 


Babbage’s idea regarding his difference and analytical engines was discussed, with lantern 
slide illustrations of the respective parts completed by C. and H. P. Babbage. A realization of 
Babbage’s “analytical engine” was first accomplished in the Harvard IBM-ASCC. The relative 
merits of the ASCC and ENIAC, as balanced machines, were cited. It was suggested that the 
average mathematics department should not allow interest in the high-speed automatic calculators 
to overshadow, in instruction and research, the importance of the modern “difference engines,” 
electric and hand desk computers, and certain ledger-posting machines. The work in this connec- 
tion of L. J. Comrie and others was cited. A brief critical bibliography of the latter, as well as of 
the Babbage machines and their modern counterparts, was given. 


12. Note on the solution of differential equations by symbolic methods, by Pro- 
fessors W. H. Gage and R. D. James, University of British Columbia. 


In textbooks on differential equations there is usually a fairly complete account of the use of 
symbolic methods in finding the particular integral of a linear differential equation with constant 
coefficients. The authors stated that it does not seem to have been pointed out, however, that a 
symbolic method may also be employed to find the complementary function. This paper described 
such a method which the authors have used to advantage in classes at the University of British 
Columbia. 


13. The adjoint of a partial differential equation, by Professor L. H. McFarlan, 
University of Washington. 


The formation of the adjoints of certain types of partial differential equations was shown to 
be simplified by use of Euler equations of the calculus of variations. 
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14. Alternate digit cancellation, by Mr. G. M. Peterson, University of 
British Columbia, introduced by the Secretary. 
In certain cases the operation of cancelling alternate digits in numerator and denominator 


yields a result which coincides with ordinary cancellation (e.g. 16/64 =1/4). All two digit fractions 
having this property, for radix a, were determined. 


15. Some remarks on indices, by Mr. G. E. Latta, University of British Co- 
lumbia, introduced by Professor R. D. James. 

The é of a prime to the base a, £a(p), is defined to be the exponent to which a belongs mod p: 
and if a%14+-2+4 .-- +a-+1 is the smallest number of this form which p divides, then £.(p) =a. 
Certain intéresting sequence of numbers such as the Fermat and Mersenne numbers are such that 
the £ of all the factors of any one of these numbers is the same. This makes it possible to form a 
certain diophantine equation, the integral solutions of which lead to the factors of the number in 
question. By one of the properties of &(), the relative primeness of the Mersenne numbers was 
demonstrated, and a method was obtained for forming any desired number of infinite sequences 
of relatively prime integers. 


16. The graph of a function, a classroom note, by Professor S. A. Jennings, 
University of British Columbia. 

When functions of the form f(x), f(x, y), f(x, y, 2) are defined as numerical valued mappings of 
regions in one, two, or three dimensions, they are all of the type P—f(P). Methods of presenting 


this idea at an elementary level are discussed, and certain of its advantages for the teaching of 
multiple integration are pointed out. This paper was read by title. 


S. G. HACKER, Secretary 
CALENDAR OF FUTURE MEETINGS 


Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 

Thirty-first Summer Meeting, Boulder, Colorado, September, 1949. 

The following is a list of the Sections of the Association with dates of future 
meetings insofar as they have been reported to the Secretary. 


ALLEGHENY MOUvNTAIN, University of 
Pittsburgh, November 6, 1948 

ILLINOIS, Peoria, May 13-14, 1949 

INDIANA 

IowsA, Drake University, Des Moines, 
April 15-16, 1949 

KANSAS 

KENTUCKY 

LovuIsIANA-MississippPi1, University of Mis- 
sissippi, Oxford, Spring, 1949 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 

GINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

MIssouRI 

NEBRASKA, Lincoln, May, 1949 

NoRTHERN CALIFORNIA, San Francisco, 
January 29, 1949 


Oxn10, Ohio State University, Columbus, 
April 2, 1949 

OKLAHOMA 

PaciFic NorTHWEST, Oregon State Uni- 
versity, Corvallis, Spring, 1949 

PHILADELPHIA, Philadelphia, November 
27, 1948 

Rocxy Mountain, Colorado School of 
Mines, Golden, April, 1949 

SOUTHEASTERN, University of Alabama, - 
University, March 18-19, 1949 

SOUTHERN CALIFORNIA, John Muir Junior 
College, Pasadena, March 12, 1949 

SOUTHWESTERN 

TEXAS 

Upper New York STATE, University of 
Buffalo, May, 1949 

WISCONSIN, Lawrence College, Appleton, 
May, 1949 


First Year College 
Mathematics with Applications 


By Daus and Whyburn 


‘This new text presents a coordinated study of college algebra, analytical 
trigonometry, and analytical geometry complete in one volume. Emphasis 
throughout the book is placed on creating understanding as well as on 
learning manipulative techniques. Each topic has been included because 
of its immediate applications as well as future needs. ‘These applications 
include problems of a geometric character with an applied background, 
problems in curve fitting, and elementary electric circuit theory when re- 
lated to mathematical problems involving algebra or analytic geometry. 
To be published in the fall. $5.00 (probable) 


PauL H. Daus is Professor of Mathematics at the University of 
California in Los Angeles. WILLIAM M. WHyBuRN is President of, 
and Professor of Mathematics at Texas Technological College. 


A Course 


of Pure Mathematics 
By G. H. Hardy 


Rapidly achieving the status of a classic textbook, A Course of Pure Mathe- 
matics in recent years has been adopted in a steadily increasing number of 
American colleges. This book serves as an introduction to the subject for 
mathematical students and is intended particularly for those who will con- 
tinue in mathematical studies, disregarding the requirements of students 
of engineering and other subjects. ‘The author’s enthusiasm for his subject 
and his human understanding of the student’s needs make this a most 
stimulating text. $4.75 


THE MACMILLAN COMPANY New York I! 


Jimdy. WicGnraw-diill Books 


MATHEMATICS OF FINANCE 


By Pau M. HUMMEL and CHARLES L. SEEBECK, JR., University of Alabama. 365 
pages, $4.00 


@ Contains all the material usually found in a work of this kind: simple interest, 
compound interest, general annuities, amortization and sinking funds, bonds, 
perpetuities, depreciation, life annuities, and life insurance. Many of the treat- 
ments are noteworthy for their simplicity, and many of the methods introduced 
are new and original. 


THE MATHEMATICAL SOLUTION OF ENGINEERING 
PROBLEMS 


By Mario G. SALVADORI and KENNETH S. MILLER, Columbia University. Ready 
in fall 


e A practical text on elementary engineering mathematics, reviewing the funda- 
mental ideas and techniques of mathematics, and widening the student’s mathe- 
matical knowledge of algebra, plane analytic geometry, calculus, power series, 
elementary functions of a complex variable, Fourier series and harmonic analysis. 
There are more than 1100 problems. 


THE REAL PROJECTIVE PLANE 
By H. S. M. Coxeter, University of Toronto, Ready in fall 


@ This is an introduction to projective geometry, including a thorough treat- 
ment of conics and a rigorous presentation of the synthetic approach to coor- 
dinates. The restriction to real geometry of two dimensions makes it possible 
for every theorem to be adequately represented by a diagram. 
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INTRODUCTION TO COMPLEX VARIABLES AND 
APPLICATIONS 
By Rue. V. Cuurcuit., University of Michigan. Ready in fall 


® Meets the needs of students preparing to enter the fields of physics, theoretical 
engineering, or applied mathematics. The selection and arrangement of material 
is unique, and an effort has been made to give a sound introduction to both 
theory and applications in a complete, self-contained treatment. The book sup- 
plements Professor Churchill’s Fourier Series and Boundary Value Problems and 
Modern Operational Mathematics in Engineering. 


«. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


Four outstanding texts in the Prentice-Hall Mathematics Series 


FUNDAMENTALS OF BUSINESS 
MATHEMATICS 


By W. R. Van Voorhis and C. W. Topp, Fenn College 


Step-by-step, introducing difficult problems gradually, this self-teaching text covers 
such subjects as probability, logarithms, progressions, compound interest and an- 
nuities, Correlated business subjects are integrated on the mathematical structure 
of the text. 


@ Simplicity of treatment assumes no previous knowledge. 
@ Organization of material allows full coverage for each topic. 
@ A wealth of drill problems to develop student skill. 
454 pages BIA” x 8” 


MATHEMATICS IN HUMAN AFFAIRS 


By Franklin W. Kokomoor, University of Florida 


An unusual and absorbing text, combining the history and study of mathematics. 
The subject is presented as exciting narrative, and explanations are simple enough 
for the student with almost no previous training—scrupulous accuracy is maintained 
at all times. | 


Emphasis is always on what mathematics has meant, and means today, in the world. 
754 pages 6” x 9” 


THE PRINCIPLES OF FINANCIAL AND 
STATISTICAL MATHEMATICS 


Revised Edition (1941) By Dr. Maximilian Philip, College of the 
City of New York - 
Intended for commercial divisions of colleges and universities, this valuable book 


serves as a basis for the application of mathematical principles to actual business 
problems. 


It consists of three parts—(I) basic mathematics, (2) financial mathematics, and 
(3) statistical mathematics (a complete introduction to the mathematical methods 
used in statistical calculation). 


A wealth of illustrative examples and exercises. 
335 pages (plus tables) Bio" x 8” 


ADVANCED CALCULUS 
By David V. Widder, Harvard University 


This scholarly text is distinguished by two gratifying innovations in subject matter: 
chapters on the Stieltjes Integral and the Laplace Transform. These subjects have 
never before been easily accessible in elementary form, and they are becoming 
increasingly important to mathematicians. 


@ Presents an exceptional treatment of Line Integrals and Green's Theorem. 


"A careful and rigorous treatment .. . particularly useful as an introduction 
to theoretic questions for the student of pure mathematics."—Professor Philip 
Franklin, Massachusetts Institute of Technology 
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WHAT IS A FUNCTIONAL? 
L. M. GRAVES, University of Chicago 


1. Introduction. The use of the word “functional” (French—“fonctionnelle”) 
to denote a function whose value depends on the form of an ordinary function 
of a real variable began with the work of Volterra and Fréchet about a half 
century ago. An example of such a functional is the length 


L(y) -{ V1 + yl? dx 


of the graph of y=y(x). Here the value of L(y) depends on all the values taken 
by y(x) on the interval (a, b). The same remark is true in general of the in- 
tegrals 


F(y) = f o(x, y, y’)dx 


of the calculus of variations. The calculus of variations is in fact concerned 
with the theory of maxima and minima for a somewhat vaguely characterized 
class of functionals. In the general theory of functionals it is convenient to admit 
to consideration such special functionals as 


Fi(y) = y(c), 
Foy) = y"(c), 


where c is a fixed point of the interval (a, 6), as well as other more general types 
which are not considered in the calculus of variations. 
The values taken by a functional may also be functions, as, for example, 


b 
(1) (a) = f K(x, t, y(4))dt 


We may write this equation in the form z= T(y), where we use T(y| x) as a sym- 
bol for the right hand side of (1). Such functionals are sometimes called “func- 
tional transformations.” Another example of a functional transformation is 
given by the familiar operation of taking the derivative of a function. 


2. Functional equations. Many types of functional equations which may be 
used to determine functions are well known, and in fact their study makes up a 
large part of analysis. For example, we may consider an ordinary differential 
equation 


y’ = (x, ¥) 


with fixed initial condition y(£) =. Then under suitable conditions on the func- 
tion ¢, the solution y(x) is uniquely determined. This solution clearly depends 
on the form of ¢, so we may write y= F(¢), and inquire into the properties of 
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the functional transformation F(¢). A theory of “differential corrections” based 
on such an inquiry was developed by Bliss [3, 4|. This theory is useful, for exam- 
ple, in computing the perturbations of the trajectories of projectiles, due to 
wind or other disturbances. 

Another type of functional equation is the linear integral equation 


(2) y(2) =f K(x, DyQat + a(2). 


Here the solution y(x) depends on both 2(x) and K(x, #), so we are led to consider 
the functional transformation y= F(z, K) giving the solution of (2) for each z 
and K for which it exists. In this case the transformation F is linear in the vari- 
able z. 


3. Development of abstract function theory. The common features of 
various existence theorems in analysis suggest that a general and abstract the- 
ory, embracing many of them under one head, is possible. It is now generally 
recognized that an abstract theory has many advantages. For example, the 
existence and embedding theorems for ordinary differential equations become 
special cases of a general implicit function theorem. The title “functional analy- 
sis” is frequently used for an abstract theory of functions, as well as for theories 
of special functionals such as those described above. But the term “functional” ’ 
has now become somewhat outmoded, and the term “function” is used to refer 
to a correspondence between variables of any type whatever. 

The most widely used set of postulates for the basis of an abstract function 
theory characterize what is usually called a Banach space. Memoirs using es- 
sentially equivalent sets of postulates were published about the same time by 
Banach [1, 2], Hahn [7], and Wiener [14]. Another equivalent set may be 
stated as follows. 

I. 2) is a class of elements, denoted by 4, 1, ye, - - + , and called points, which 
is a linear space over the real numbers. That is, (a) Addition of elements of 9) 
is defined, and ¥) with addition forms a commutative group; (b) Scalar multi- 
plication (meaning multiplication of elements of 9) by real numbers) is defined, 
and is associative with multiplication of real numbers, and distributive with 
respect to addition of real numbers and to addition of elements of 9). 

II. Corresponding to each point y in 2) there is determined a real number 
|||, called the norm of y, such that: (a) ||yi+ell $||1{| +lloells (6) [ley|l = [al Ilolh; 
(c) || || =(0 if and only if y is the identity element © of the group (9), +). 

III. The space Y) is complete, in the sense that to every sequence (y,) such 
that limmacyn=||¥m—Jn||=0, there corresponds a point y in 2) such that limpas|| yn 
— | =(). In other words, every Cauchy sequence in the space has a limit in the 
space. 

The following examples of Banach spaces are very frequently useful. 

1. The space ©,, which is the n-dimensional number space consisting of all 
n-uples (y!, +--+, y") of real numbers. Here we may take ||y||=max | ‘|, or 


loll = (ol | 2962. 
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2. Real Hilbert space §, consisting of all infinite sequences (y*) of real num- 
bers such that ||y|| = (>>| ‘| 2)¥/2 is finite. 

3. The space %,, corresponding to a fixed measurable set E and a number 
p21, and consisting of all functions y(#) which are measurable on E and have 
| y(t)| » Lebesgue-integrable over E. Here we set ] | = [fal y(#) | pdt|/, and it 
becomes necessary to identify functions which are equal almost everywhere. 

4. The space ©, composed of all functions y(#) which are continuous and 
bounded on a fixed set E. Here we set |||] =1.u.b. | y(¢)| on E. The set E is some- 
times required to be bounded and closed, and may even be restricted to be an 
interval. 

5. The space ©”, composed of all functions y(t) which are continuous and 
bounded on a set E with suitable properties, and which have continuous and 
bounded derivatives up to and including those of the mth order. Here we may set 
||| equal to the least upper bound of | y(¢)| and of all its derivatives up to the 
nth order. | 

At the present time Hilbert space is also usually characterized postulation- 
ally. From this point of view the space % becomes another realization of Hilbert 
space, on a par with § as described under 2 above. It is clearly possible to admit 
functions with complex values in all the examples listed above. The scalar multi- 
pliers in the postulate system may then be allowed to be complex also. 

Examples of functions defined on the spaces ©, are familiar. The integrals 
of the calculus of variations mentioned above are functions defined on the space 
©, with real values. If we consider the transformation 


(2) = [ K(x, do(0de 


we see that it defines a function z= F(y) on the space &, with values also in the 
space % if K(x, t) is in the space & for the square aSxSb,aSisb. If K(x, 2) is 
in the space €, then the values of F(y) are also in the space G. 

The generalizations of the fundamental ideas of function theory to abstract 
spaces, so far as these generalizations have been developed, naturally present 
a greater variety than is present in the classical function theory. For example, 
definitions of differentiability which coalesce for functions defined in the space 
©, turn out not to be equivalent in general. For brevity, we shall state only a 
definition of the class C’ of functions defined on an open set Yo in a Banach space 
Y). Such a function F(y) is said to be of class C’ on Yo in case there exists a func- 
tion dF(y; dy) defined for each y in Yo and each dy in Y), with the properties: 
(a) dF(y; dy) is linear and continuous in dy; (b) dF(y; dy) is continuous in y 
uniformly for ||dy|] =1; (c) for each y in Yo. 

_ (F(y + &) — F(y) — 4F(y; ®)| 
im —______—__—-— = 
Ia=0 || 
The function dF(y; dy) is called the differential of F. When the space 9) is the 
Cartesian product of two Banach spaces %& and 3, that is, the variable y is a 
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symbol for the pair of variables (w, 2), then the differential dF(y; dy) is the sum 
of the partial differentials d..F(w, 2; 6w) and d.F(w, 2; 62). 

The ordinary theorem on the existence of functions defined implicitly has 
an immediate generalization in Banach spaces. See [8]. Let F(y) = F(w, 2) be of 
class C’ on the open set Yo, with values in the space ¥8, and suppose that 
F(wo, 20) = © =the zero of the space %&. Suppose also that the linear transforma- 
tion dF (wo, 20; 5w) maps the space QW into itself in one-to-one fashion, that is, 
w' =dyF (wo, 20; W) has an inverse transformation dw =Ko(w’). (This condition 
takes the place of the usual hypothesis on the non-vanishing of the Jacobian.) 
Then there is a unique function G(z) defined and of class C’ near 2 and taking 
values near wo, such that F(G(z), 2) =©. This theorem may be proved by the 
classical method of successive approximations applied to the equation 


w= w— Ko(F(w, 2)), 


which is equivalent to F(w, z)=9. It is interesting because such results as 
existence theorems for differential equations (including boundary value prob- 
lems) and integral equations may be regarded as special cases of it. Moreover, 
various apparent extensions of the theorem itself become special cases of it when 
appropriate new variables are introduced. 

As an application of the implicit function theorem, we may consider an 
integral equation of the form 


(3) y(#) = f K(a t, y(t))dt + 2(«). 


If we require the functions y and z to be in the class ©, and suppose that K(x, ¢, y) 
and its partial derivative K,(x, t, y) are continuous, and if equation (3) has an 
initial solution (yo(x), %0(%)) at which the linear integral equation 


n(a) = f K(x, t, yo(d))n(4)dt + ¢(x) 


has a unique solution for y(x), then the nonlinear equation (3) has a unique solu- 
tion y(x) near yo(x) for each 2(x) near zo(x). Furthermore, the solution y =G(z) 
is of class C’ as a function of z. 

The general implicit function theorem may also be applied in certain cases 
to show the existence of solutions of differential equations satisfying boundary 
conditions. Let the equation be of the form 


(4) yy" = fli, My yy) 


where f is of class C’ for aStSb, and for all values of y and y’, and suppose 
the partial derivatives satisfy the inequalities 


0S fit, 7) SM 
| fur(t, yy)| <M 
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for all (¢, y, y’). Then the differential equation (4) has a solution taking arbitrary 
preassigned values A and B at the ends of the interval (a, 0). Other applications 
include embedding theorems for use in the calculus of variations, in cases where 
a direct proof would be extremely involved, and theorems on elliptic partial 
differential equations. 


4. Conclusion. The functional calculus has developed in many other direc- 
tions, and no adequate notion of these developments and their ramifications 
can be conveyed here. As an additional sample, a theorem on the existence of a 
minimum for a function may be mentioned. As is well known, a function f(y) 
defined and lower semi-continuous on a bounded closed set S in the space ©, 
has a minimum, that is, an attained lower bound, on S. If we suppose that S 
is a set in an abstract Banach space 9, the condition that S is bounded and 
closed is no longer sufficient. Instead, we may now require that S is compact on 
itself, that is, that every infinite subset of S has a point of accumulation in S. 
But this makes a theorem which is too restricted for applications in the calculus 
of variations. If we call a sequence (yn) in Sa minimizing sequence for f in S in 
case 


lim f(4n) = lower bound of f on S, 


then we may state the following extension of the theorem on existence of a 
minimum: 


THEOREM. If f(y) has a minimizing sequence (yn) in S which 1s compact on S, 
and if f(y) ts lower semi-continuous relative to compact subsets of S, then f has a 
minimum on S. 


This theorem is valid in spaces more general than Banach spaces, and is only 
one of a number of theorems which it is interesting and useful to study under the 
least restrictive hypotheses. 

Several books devoted to various aspects of functional analysis are included 
in the bibliography below. The number of memoirs on the subject is enormous, 
and the few works listed can give only an introduction to the field. Some of the 
numerous books and memoirs of Volterra include applications to hysteresis, 
phenomena connected with competing or codperating populations, and phe- 
nomena of heredity. 


Bibliography 


1. Banach, Sur les opérations dans les ensembles abstraits et leur application aux équations 
intégrales, Fundamenta Mathematicae, 3 (1922) pp. 133-181. 

2. Banach, Théorie des opérations linéaires, Warsaw (1932). 

3. Bliss, Differential equations containing arbitrary functions, Transactions of the American 
Mathematical Society, 21 (1920) pp. 79-92. 

4. Bliss, Functions of lines in ballistics, Ibid., pp. 93-106. 

5. Evans, Functionals and their applications, American Mathematical Society Colloquium 
Publications, Vol. 5 (1916). 


472 A CALL FOR REFORM IN HIGH SCHOOL MATHEMATICS [October, 


6. Graves, Topics in the functional calculus, Bulletin of the American Mathematical Society, 


41 (1935) pp. 641-662. 
7. Hahn, Uber Folgen linearer Operationen, Monatshefte fiir Mathematik und Physik, 32 


(1922) pp. 3-88. 
8. Hildebrandt and Graves, Implicit functions and their differentials in general analysis, 
Transactions of the American Mathematical Society, 29 (1927) pp. 127-153. 


9. Levy, Lecons d’analyse fonctionnelle, Paris (1922). 
10. Levy, Analyse fonctionnelle, Fasc. V in Memorial des Sciences Mathematiques, Paris 


11. Volterra, Lecons sur les fonctions de lignes, Paris (1913). 

12. Volterra, The theory of functionals, London (1930). 

13. Volterra and Pérés, Théorie générale des fonctionnelles, Paris (1936). 

14, Wiener, Limit in terms of continuous transformation, Bulletin de la Société Mathématique 


de France, 50 (1922), pp. 119-134. 


A CALL FOR REFORM IN HIGH SCHOOL MATHEMATICS* 
C. N. SHUSTER, New Jersey State Teachers College 


Down through the ages mathematics has been a highly respected subject, 
but in our present scientific, mechanistic, industrial civilization, mathematics 
is vastly more important than it ever was in any former age. Furthermore, the 
need for mathematics and trained mathematicians is constantly increasing, and 
this seems to be a permanent trend. 

At a time, however, when mathematics is becoming constantly more nec- 
essary, and the talented student with deficient mathematical training is finding 
more and more doors leading to interesting professions closed to him, mathe- 
matics is being slowly but surely crowded out of our secondary curriculum by far 
less important subjects and activities. In a large portion of the country a pupil 
may graduate from high school with one year or less of mathematics. 

High school mathematics is in a very unhealthy condition at the present 
time. When a doctor seeks to cure a patient, it is quite important for him to 
determine the cause of the malady. 

Fifty years ago, mathematics was king of the required subjects; mathe- 
matics was supposed to develop, strengthen, and discipline the mind. However, 
early in the present century, educators and administrators began to question 
seriously the value of the mathematics then being taught. Teachers with little 
knowledge of mathematics or rigor were constantly insisting on mathematical 
rigor. Mortality in mathematics was very high; and as the great influx of pupils 
of lesser ability began, this became a serious problem. Finally the entire doc- 
trine of formal discipline was swept away, and the mathematics based on this 


* The second paper of a Symposium, “College entrance requirements in mathematics,” held 
at the thirty-first annual meeting of the Association, Athens, Georgia, January 1, 1948. The first 
paper appeared in the August-September issue. 
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doctrine began to be supplemented by less difficult and more interesting sub- 
jects. This trend was augmented by the wave of soft pedagogy that began to 
sweep the country like a plague. 

Unfortunately, leaders in mathematics did not first put their house in order 
before essaying its defense. As a result we have had a forty-year war between the 
educator and the mathematician, with mathematics constantly on the losing 
end. Like most wars, this has been unnecessary. More than fifty years ago the 
great leaders, Klein, Tannery, Perry, Borel, Eliot, Judd, Young, and Moore, 
pointed the way to reform that would have given us mathematics so easy to 
defend that no defense would have been necessary. 

We can easily double the value of high school mathematics, make it far more 
interesting to our pupils and much easier to teach by heeding the advice given 
by E. H. Moore in 1903 and by dozens of other great leaders since his time. 
Among these leaders are Myers, Breslich, Smith, Reeve, Schorling, Betz, Clark, 
Hedrick, and Swenson. But as Hedrick said shortly before his death, “Every- 
body renders lip service to the reform movement, but nobody does anything 
about it.” 

To be brief at the expense of a certain amount of oversimplification, the 
reforms needed are as follows: 


1. We must stop trying to teach mathematics by the stupid “water-tight 
compartment” method long since abandoned or greatly modified by practically 
all other countries. The now classic report of the Association’s 1923 Committee 
on Mathematical Requirements says: “The results already achieved by those 
who are experimenting with the new methods of organization warrant the 
abandonment of extreme ‘water-tight compartment’ methods of presentation.” 

W. D. Reeve says, “Our traditional ‘water-tight compartment’ method of 
teaching algebra, then geometry, then intermediate algebra, leads to a great 
deal of unnecessary repetition of subject matter that results in the loss of time 
and energy” [1]. B. Bradford repeats the charge with the statement, “Of the 
many vices characteristic of much mathematical education not the least is the 
separation of the science into a number of almost water-tight compartments” 
[2]. W. Betz says, “The prevailing curriculum ignores not only the organic rela- 
tionships of the various branches of mathematics but also their fruitful applica- 
tion. Instead we still insist on studying each mathematical subject in a com- 
partment by itself and in a manner which is neither psychological nor practical. 
Moreover, we crowd each of these compartmentalized courses into a single 
semester or a single year” [3]. And, from D. E. Smith comes the accusation, 
“Of all the advanced countries of Europe and America, and we may also include 
Japan, we have been unquestionably the most backward in our introductory 
work in mathematics” [4]. 

2. We must remove the large amount of relatively useless material that is 
found in our best modern texts, and introduce more interesting and more prac- 
tical mathematics to take the place of the dead wood eliminated. 

More than twenty-five years ago a committee of the Association reported: 
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“The situation that needs to be met may best be illustrated by the case of alge- 
bra. Our elementary algebra is, in theory and symbolism, substantially what it 
was in the seventeenth century. The present standards of drill work, largely on 
non-essentials, were set up about fifty years ago. A considerable number of 
teachers, both in the secondary schools and the colleges, believe that the amount 
of time spent by pupils on abstract work in difficult problems in division, factor- 
ing, fractions, simultaneous equations, radicals, et cetera, is excessive; that such 
work leads to nothing important in the science, and adds little to facility in the 
manipulation of algebraic forms.” This was quoted in the recent report of the 
National Council of Teachers of Mathematics Commission on Post War Plans 
and is one of the highlights of the report. W. D. Reeve says, “We shall have to 
get rid of the deadwood, the debris that clutters up the courses in mathematics” 
[1]. Raleigh Schorling also asserts, “No one should assume that all is well with 
the traditional courses. In most schools they are woefully out-of-date as regards 
both subject matter and method” [5]. 

3. We must have ability grouping in mathematics. There must be at least 
two and at best three types or levels of mathematics in high schools. 

For “track” one we should have four years of the best type of “integrated” 
mathematics or some form of superior “general mathematics” for our very best 
students. Unfortunately, the term “general mathematics” has come to mean 
inferior or non-college mathematics. Other terms used for the original meaning 
are “fused,” “correlated,” “integrated,” and “related.” This is the kind of mathe- 
matics taught in all countries outside the United States. 

For “track” two we should have three years of highly practical mathe- 
matics including at least a year of social and economic mathematics. 

For “track” three we should have, where possible, a third track of two years 
of work similar to that of track two but less difficult. 


We have always had ability grouping in athletics. If the results in the teach- 
ing of mathematics were as immediately determined as in athletics, we should 
have ability grouping at once. Ability grouping is the essence of true democ- 
racy, that is, each pupil entitled to be developed to his limit without being held 
back by less capable pupils. 

Unfortunately, ability grouping has been tried in many places without much 
success. We must have texts, courses of study, and methods for each level, or 
much of the possible efficiency of ability grouping will be lost. We have never 
had such texts. 

In the January Mathematics Teacher, Professor Reeve says, “How can the 
content be so reorganized and taught as to be worth while in the lives of the 
boys and girls who make up the secondary school? It is time for action.” And 
in a recent letter from which I have received permission to quote, Professor 
Wren says, “I have a matter I want to present to you for your consideration. 
I have been thinking for some time that there is a big problem which the Na- 
tional Council and the Association ought to attack together. It is a reconsidera- 
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tion of the problem of the curriculum and instruction in mathematics, including 
teacher training, for grades 1 through 14. We need a strong committee, repre- 
sentative of the best thought in the organizations. It should be given money 
with which to operate, with the thought in mind that it should think through 
its problem and frame its procedure in such a way that an appeal might be 
made for support from some foundation such as the General Education Board 
or the Carnegie Foundation. This is really a major problem of great import to 
the schools. The personnel of the committee should be composed of individuals 
who have a sincere interest in mathematics but who are not so steeped in tradi- 
tionalism that they cannot approach the problem with an open mind. We need 
to weed out some of the errors and stupidity of traditionalism and shape a pro- 
gram which is directed more nearly toward the interests and welfare of the pupils 
concerned.” 

No one can see the problem and its possible solution more clearly than Pro- 
fessor Wren. If the problem can be solved, it will be worth many millions of 
dollars yearly to the country and will be one of the most important projects in 
the history of American education. To secure the needed and long overdue re- 
forms in mathematics we must have a committee of experts with adequate 
financing, so that they may devote their full time to this most important project. 
This may well take a year or more. The final report should be printed and given 
wide distribution. Part of this report could be a set of specimen or model text- 
books from which textbooks authors could use any material they desired. 

Nothing is so important to a nation, school, association, or factory as a 
plentiful supply of the best possible raw material. We can never expect to get 
adequate raw material—pupils with the mathematical training the colleges 
desire—until we have solved the problem Professor Wren poses. 

At the present time several state curriculum committees are studying the 
reorganization of mathematics. There is very little hope that they will mate- 
rially improve the situation in mathematics. A few tired teachers with heavy 
teaching schedules cannot do the work that Professor Wren and the author 
believe to be beyond the financial ability of such strong associations as the 
Mathematical Association of America and the National Council of Teachers of 
Mathematics. It is like sending a child with a trowel to do the work of a power- 
ful bulldozer. In fact, considerable harm may be done by such state committees, 
should they succeed in convincing the teachers in their states that they have 
solved the problem. 
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ON THE PARTITION OF NUMBERS INTO SQUARES 
D. H. LEHMER, University of California 


1. Introduction. Let us denote by P;(”) the number of partitions of 1 into k 
integral squares 20. The term partition implies that we do not reckon as dis- 
tinct two decompositions of m into k squares in which the squares are merely 
permuted. For example, since 


98 = 974 424 12 
= O21 324 724 92 
= 824 524 32 
= 84 42+ 324 3? 
= 724. 72 
= 7+ 67+ 324 2? 
= 6+ 67+ 524+ 1? 


we have P,(98) =(Q, P2(98) = 1, P3(98) =3 and P,(98) =7. 

The function P;(m) is practically unknown in spite of the extensive literature 
on sum of squares, and it appears to be a function of great complexity. The 
simplest question one can think of is that of solving the equation P;(n) =0. 

This problem is completely solved. Every number, according to Fermat’s 
theorem, is the sum of four squares, so that for k 24, Pi(n) >0. For k =3, every 
number, except all those of the form 4%(8m-+-7), is a sum of three squares. For 
k=2, Po(n) =0 if and only if the highest power of a prime p=4x+3 dividing 
n is odd. For k=1, Pi(n) =0 only for non-squares. 

In this note we attempt the modest question of solving the equation 


P,(n) = 1, 


that is, of finding all integers which are sums of & squares in essentially one 
way. We shall see that this problem is almost solvable. It is comparatively easy 
to write down generating functions for Pz(m). One such is 


k 


co F) 
k!>> Pi(n)x" = 


n=0 OZ k 


{(4 — z)(1 — xz)(1 — wx4z)(1 — w8z)--- =] , 


However this is not a very useful tool for the direct attack on P;(m) since the 
development of the right member in powers of x is best accomplished by 
actually partitioning each number # into squares. 


2. Partition into 4 squares. We begin with the case of k=4. The question of 
the number of ways in which every number is the sum of four squares was 
answered by Jacobi [1] in 1828 by the following remarkable theorem: 


476 
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Jacosi’s THEOREM. The number R,(n) of representations of n as the sum of 
four squares 1s given by 


Ra(n) = 8[2 + (—1)*]oo(n), 
where oo(n) denotes the sum of the odd divisors of n. 


This beautiful result would seem to leave nothing to be desired. Thus for 
n=98 we have 


Ri(98) = 8-3-00(98) = 8-3-(1 + 7+ 49) = 1368. 


However, as we have seen, P,(98)=7. The explanation of this apparent dis- 
crepancy lies, of course, in the distinction between “partition” and “representa- 
tion.” For the problem of 4 squares the latter term implies that all permuta- 
tions of the summands and both signs of the square roots of the squares >0 
are reckoned as distinct solutions of the problem of making up the desired sum. 
To put the same thing in geometrical language, R4(m) is the number of lattice 
points in four-dimensional space on the surface of the hypersphere of radius 
nt about the origin. To the uninitiated student there appears to be only 7 
“really” distinct solutions and to him this note is dedicated. To him it is a fair 
question to ask how one may obtain the reasonable number 7 from the obviously 
inflated value 1368. This problem is unfortunately one of extreme difficulty. 
At least no solution has ever been given. The difficulty lies in the unequal 
number of representations derivable from a single partition. It is not difficult 
to see that there are eleven different types of partitions as far as we are con- 
cerned. These may be listed, each with the number of derivable representations, 
as follows, where a, b, c, d represent different non-zero integers. 


I a? + 6? + ¢? + @? 384. 
IT 07+ a? + b?+ c? 192 
III a’?+t+ @?+ pb? + ¢ 192 
IV a? + a?-+ 5? + D? 96 
V 0? + a?+ a? + DB? 96 
(1) VI a? + qg?-+ gq? + 0? 64 
VII 0? + 0?+ a? + B? 48 
VIII 0?+ a+ a’?+ a? 32 
IX 07+ 0?+ a’?+ a 24 
x a? + g?+ g?+ @? 16 
XI 0? + 0? -+ 0?+ @? 8 


Thus the above 7 partitions of 98 into squares are of the types IT, III, II, IT], 
IX, I, III, respectively, and we find that 
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192 + 192 + 192 + 192 + 24 + 384 + 192 = 1368 


as predicted by Jacobi’s Theorem. 
A fundamental relation for the function P.(n) is 


This follows at once from noting that any partition of 8” into 4 squares 20 


must involve even squares only. Hence there is a one to one correspondence 
between the partitions of 


2 2 2 2 

2n = %1 + 42+ x3 + HX 

and 
8n = (241)? -+ (2x2)? -+ (2x3)? -+ (2x4). 

By a similar argument it is seen that 
where P,(m) is the number of partitions of m into 4 odd squares. This relation 
contains (2) as a special case when 7 is even. Formula (2) shows that we may 
confine our problem of evaluating P,(m) to the case in which x is not divisible 
by 8. 


Inequalities for Py(m) follow at once from Jacobi’s theorem and from (1) 
which shows that 


Thus if w is an odd number, 


(3) Pi(w) = o(w)/48 
(4) P4(2w) = o(w)/16 
(5) P4(4w) 2 o(w)/16 


where a(w) is the sum of all the divisors of w. 
We can prove the following theorems. 


THEOREM 1. The numbers 1, 3, 5, 7, 11, 15, 23 and 4%, r=2, 6, and 14, a20, 
and no others may be partitioned into 4 squares =O in only one way. 


THEOREM 2. The numbers 9, 13, 17, 21, 29, 31, 35, 39, 47, 71 and 5-22, 11-22, 
M-4*(M=1, 3, 30, 46), a>0, and no others may be partitioned into 4 squares =0 
in precisely two Ways. 


A recent table of Gino Loria [2] gives partitions of n into four squares 20 
for all 7100. This makes the proofs of Theorems 1 and 2 very easy. In fact 
we may invert this table after correcting its errata [3] and list for each r21 
the values of 7100 for which P,(n) =r as follows: 
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1,2, 3, 5, 6, 7, 8, 11, 14, 15, 23, 24, 32, 56, 96 

4,9, 10, 12, 13, 16, 17, 19, 20, 21, 22, 29, 30, 31, 35, 39, 40, 44, 46, 47, 48, 64, 71, 80, 88 
18, 25, 26, 27, 28, 33, 37, 38, 41, 43, 51, 53, 55, 59, 60, 62, 72, 79, 92, 95 

34, 36, 42, 45, 49, 57, 61, 63, 65, 67, 68, 69, 77, 78, 83, 87, 94 

50, 52, 54, 58, 70, 73, 74, 75, 76, 84, 85, 86, 89, 91, 93 

66, 81, 97, 99 

82, 98, 100 


90 


OenrTA KTP WN SN 


To prove Theorem 1 we note that inequalities (3), (4), and (5) imply 


a(n) nn 
Pi(n) 2 B > IB (n ¥% 4m) 
G) 
P,i(n) = S44 * (n = 4w). 
16 64 


In order that P,(m) =1, it is therefore necessary that 1 <64 if m is not a multiple 
of 8. Hence, excepting multiples of 8, inspection of the above table shows that 
n=1, 2,3,5, 6, 7, 11, 14, 15, and 23. If m isa multiple of 8, write n =4*-2m, where 
2m is not a multiple of 8. Then by @ applications of (2), 


In order that P.(n) =1 it is therefore necessary and sufficient that 2m =2, 6, 14. 
Thus the proof of Theorem 1 is complete. 
Theorem 2 may be proved in the same general way. 
The case of k>4. We now consider the case of partitions into 5 squares. Let 
n be an integer for which P;(n) =1. Suppose first that 7216. Then each of the 
integers 
n — 0’, n — 1?, n — 2?, n — 3%, and n— 4? 


is non-negative and hence is the sum of 4 squares. Each of these partitions into 
4 squares implies a partition of x itself into 5 squares of which one of the squares 
implies a partition of 1 itself into 5 squares of which one of the squares is 
07, 12, 27, 37, and 4?, respectively. Since u is supposed to possess but one such 
partition it follows that 


n = 0? + 17+ 22+ 32+ 47 = 30. 


But also 30=3?+3?+2?+2?+ 2? so that P;(30) >1. Hence we must look for x 
among the first 15 integers. By Theorem 1 we narrow the search to n=1, 2, 3, 5, 
6, 7, 8, 11, 14 and 15. But 5, 8, 11 and 14 are each sums of 5 non-zero squares. 
Hence /;(7) =1 if and only if n=1, 2, 3, 6, 7 and 15. 

Now 6 and 15 are sums of 6 non-zero squares so that Ps(m) =1 if and only if 
n=1, 2, 3, and 7. Finally for k>6, P,(n) =1 if and only if n=1, 2 and 3. 
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The case of k<4. It remains to consider the cases k=1, 2 and 3. The first 
of these is trivial since Pi(z)=1 or 0 according as m is a square or not. By a 
theorem announced by Fermat [4] and proved by Euler it follows that P2(n) =1 
if and only if 2 is of one of the forms 


n= 2°90? or n= 2°07, 


where in either case a 20, Q is an odd integer having no prime factor of the form 
4x%-+1, and where is a prime of the form 4x-+1. 

Finally we take up the case k =3. It is easy to see that there is a one-to-one 
correspondence between the solutions of x?+y?+22=n and of (2x)?+(2y)? 
-+-(22)?=4n. Hence we may lay aside those n’s which are multiples of 4. Also 
n=8x—1 is not sum of three squares. For all other values of ~ the number 
R3(n) of representations of ~ as a sum of three squares is expressible in various 
ways [5| in terms of the number of classes of binary quadratic forms of de- 
terminant —n. Here we find that in order to get this result one uses only non- 
negative values of x, y, 2 in x?+y?+2?=mn (as opposed to the case of four 
squares). All permutations of x, y, g are counted. There are thus only the follow- 
ing three types of partitions with corresponding numbers of representations 


I a? + $2? + ¢? 6 
II a? + a? + 5? 3 
III a? + a*#+ a? 1 


where a, 0, c, are distinct integers 20. What prevents us from repeating the 
type of argument used in solving P4(m) =1 is the absence of a good inequality 
for the class number function similar to a(n) >n. Recent researches [6] have 
shown that the class number function assumes a given value only finitely often, 
as conjectured by Gauss. Hence the equation P3(z) =1 has only a finite number 
of solutions which are not multiples of 4. | 

A recent table of Gupta [7] gives the number of representations R3(m) for 
all 210000. In order that P3(m)=1, it is necessary but not sufficient that 
R3(n) =1, 3, or 6. By examining all cases where R;(n) has these values we are 
led to the following theorem. 


THEOREM 3. The equation P3(n)=1 has the following solutions: n=4* m, 
where a=0, and m=1, 2, 3, 5, 6, 10, 11, 13, 14, 19, 21, 22, 30, 35, 37, 42, 43, 46, 
58, 67, 70, 78, 91, 93, 115, 133, 142, 162, 182, 190, 235, 253, 403, 427. Any further 
values of m re beyond 10000. 


It is extremely likely that the above list of solutions of P3(n) =1 is complete. 
An actual proof of this fact however must await more precise information about 
the class number of binary quadratic forms. 
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THE ACTUARIAL PROFESSION 
F. B. GERHARD, Newark, New Jersey 


1. Character of actuarial work. This article has been prepared to furnish 
college students with a brief description of the character of actuarial work and an 
outline of the opportunities, inasmuch as there is a great shortage of young 
men with the mathematical ability, knowledge, and qualities of business leader- 
ship required in the actuarial profession. 

It is the actuary who is responsible for calculating the premiums a life insur- 
ance company must charge and it is he who prepares the tables of death rates 
upon which such calculations are based. In actual practice his duties cover a much 
wider field than such technical responsibilities. They include the decision as to 
what benefits shall be contained in life insurance policies and how much money 
must be set aside from year to year to guarantee the payment of such benefits 
many years in the future. The actuary must analyze the sources of earnings 
under policy contracts so that he may determine proper rates of dividends. 
He investigates the effect on mortality of various physical impairments, 
hazardous occupations, and other unusual risks, and in collaboration with 
the medical officer determines the basis for accepting or rejecting applicants 
for insurance. Because of his broad fundamental training, the actuary of a life 
insurance company usually has an important part in developing the general 
executive policies of the company. Although he cannot operate without a thor- 
ough knowledge of the mathematical basis of life insurance, he is more of a 
business man than a mathematician. Not the least of his duties is to explain 
complicated problems to other business men and to policyholders in language 
clear enough to be readily understood. 

The great changes in our social and economic structure that have taken place 
in recent years have brought about problems requiring the special attention of 
the actuary. The severe reduction in the rate of interest realized on new invest- 
ments has required a general revision of premium rates as well as comprehen- 
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hospitalization and surgical and medical reimbursement benefits. 
(5) Social insurance: fundamental principles; existing social insurance 
plans in the United States and Canada. 


MATHEMATICAL NOTES 


EDITED BY E. F, BECKENBACH, University of California 
and Institute for Numerical Analysis 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


CASSINI OVALS ASSOCIATED WITH A SECOND ORDER MATRIX 


J. C. Currie, Alabama Polytechnic Institute 


In a recent paper [1], Brauer proved that, if 


n 


P, = » | ax; |, k=1,2,--+-,4n, 


j=l, jxek 


then each characteristic root, A, of a matrix A =(a;;) lies in the interior or on the 
boundary of at least one of the n(n —1)/2 Cassini ovals: 


|z — aen|| 2 — dmm| = P,P». 


In case ~=2, there is only one oval and the characteristic roots are on its 
boundary. The purpose of this note is to exhibit a relationship between the 
Cassini oval thus defined for a second order matrix and the field of values of the 
matrix, used elsewhere as the basis of theorems on limits for the characteristic 
roots [2]. 

Consider the set M of matrices which are unitary transforms of a given 
second order matrix A (i.e., the matrices UA U’, where UU’ =I). These matrices 
have the same characteristic roots as A and the same field of values, an ellipse 
whose foci are the characteristic roots [3]. Since for each matrix of M there is 
a unique Cassini oval there is generated a set, C, of Cassini ovals associated 
with the fixed ellipse. Each Cassini oval of C has as its foci the principal diagonal 
elements of the corresponding matrix of M. Now the principal diagonal elements 
of a matrix belong to its field of values, and, since 


n n 
» by = > Nis 
i=l i=1 


they have the same centroid as the characteristic roots. Therefore, the foci of 
any Cassini oval of C are a pair of points within or on the ellipse and sym- 


488 MATHEMATICAL NOTES [October, 


metrically placed with respect to its center. Conversely, each two such points, 
p and q, are the foci of some curve of C, for, to obtain the corresponding matrix 
of M, it suffices to take as the first row of U a unit vector u such that uAa’=p. 

The idea of comparing the Cassini ovals of C with the field of values as limits 
for the characteristic roots led to the following result. 


THEOREM. The set of potnts covered by the intertors and boundaries of the 
Cassini ovals of C consists of the intertor and circumference of the circle concentric 
with the ellipse and with radius [a?-+-b?|*/2, where a is the semi-major axis, and b 
the semt-minor axts, of the ellipse. 


The ellipse may be assumed in standard position. Evidently the Cassini ovals 
which extend farthest from the center are those whose foci are on the circum- 
ference of the ellipse. Consider, then, the sub-family C’ whose foci are at (u, v) 
and (—u, —v) for u?/a?+v?/b?=1. Let r and s be the constants of the Cassini 
oval; thus, 7 is the distance from the center to a focus, and s? is the product 
of the distances from a point on the oval to the two foci. Then 

a*b2 + c2u? 
r= yr? +ty? = ———____, 
aq? 
where c is the distance from the center to a focus of the ellipse. 

Since the oval passes through the foci of the ellipse, we have 

4 c2y? 


= [(c- w+ PPL + e+ ope = 


aq? 
On adding the above results, we obtain 
vy? -+ 5? = q? + D?. 


But [r?+s?]"/2 is the distance from the origin to the end of the major axis of the 
Cassini oval, so that this distance, for members of C’, is constantly [a?+?]*/2. 
Furthermore, all other points of the oval are closer to the origin. The fact that 
C covers the circle of the theorem is now evident, as each point in or on the 
ellipse is a focus for some oval of C, and hence certainly interior to it, and each 
point outside the ellipse but inside or on the circle lies on the line joining the 
focus of some member of C’ to the end of its major axis. 

The diagonals of the circumscribing rectangle of the ellipse with sides parallel 
to the axes of the ellipse are diameters of the circle of the theorem, and serve to 
classify the ovals of C’ into those with two loops, the lemniscates, and those 
with one loop, according as the foci are in the smaller angle formed by the 
diagonals, on a diagonal, or in the larger angle. 

Some special cases are of interest. There are some matrices in M whose di- 
agonal elements are equal; the associated Cassini ovals are degenerate, being cir- 
cles with the line joining the foci of the ellipse as diameter. If b=0, the ellipse 
degenerates to a straight line segment, and the circle of the theorem has this line 
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segment as diameter. If ¢=0, the ellipse is a circle, and the associated Cassini 
ovals are all lemniscates. 
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A SYMBOLIC FORM OF AN INVERSION FORMULA FOR A LAPLACE TRANSFORM 
D. V. WippER, Harvard University 


In a paper which appeared in this journal [1], W. C. G. Fraser proved the 
following theorem 


THEOREM A. If a(t) ts a function of bounded variation in every finite interval 
(1, R) with a(1) =0, and af 


(1) f(s) = [ redals, 
1 
the integral converging for some value of s, then 
oe) (— 1) k+1 
(2) a(t) = lim >> ———— t*sf(ks) 


S00 k= 1 k! 
at points t where a(t) ts continuous. 


As Fraser pointed out, this is an elaboration of an earlier result of E. Phrag- 
mén [2]. If a(é) is the integral of a function ¢(#), a corresponding theorem follows 
by the same methods. The conclusion can be obtained formally by differentiat- 
ing both sides of equation (2) with respect to ¢. Using the more usual form of the 
Laplace transform, we state it as follows: 


THEOREM B. If (é) ts continuous and such that the integral 


(3) fs) =f erocpa 
converges for some value of s, then 
(4) o(t) = lim s >> LoD" puery(hs), O<t<o), 


S740 = keol (R _ 1)! 


This inversion is of particular interest since it involves only the values of 
f(s) itself (and not of its derivatives) for large positive values of s. It thus 
appears, at first sight, to be very different from the well known inversion (3, 
288 | 
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5 wt) = im —P wo(AN(B,  @crcey 


k++ L 


The present author has shown [4]| that the inversion operator on the right-hand 
side of equation (5) may be regarded symbolically, after an exponential change 
of variable, as 1/['(D), where F(s) is the classical gamma function and D is the 
operation of differentiation. It is the purpose of the present note to show that 
the inversion of Phragmén and Fraser (4) is also symbolically 1/T'\(D), so that 
from this point of view formulas (4) and (5) are equivalent. 

The exponential change of variable referred to above transforms equation 
(3) into 


fle) = FG) = [Gls — Naas, 
G(t) = ee, &(t) = d(eye?. 


Equation (4) becomes 


(ate 
(6) im Se ya (hb! 


We should like to show that equation (6) is equivalent, in some sense, to 


1 
——__——_— ekse'f (ioe—) = (ft). 
ks 


1 
To) F(t) = &(%). 


If we set x =se', equation (6) becomes 


(—1)F 
(7) jim > (h— DI! e*=F(t — log kx) = ®(Z). 


As is customary in operational theory, we define e*? F(t) to be F(t+a), so that 
equation (7) may be written as 


00 —| k—-1 kz 
lim E ~~ (9) : 
r—-+ k=1 (Rk — 1)! (Rk x)P 
Hence our result will be established if we can show that 


(— 1) k—1 eke 1 


“| F(t) = (2). 


oP Ger Te OSS) 
But this follows from Theorem B itself if we observe that 
1 % yl 
ans cia (0 < 4,5 < &), 


and take $(t) =#—"/T (y), f(s) =1/s%, =1. Then Theorem B yields 
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_ i _ iim ) (—1)*-1 eke 
ah) = T'(y) pee *2. (k= 1)! (ka) 


and our assertion is proved. 
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THE nTH DERIVATIVE OF A FRACTIONAL FUNCTION 


V. F. IvANoFF, San Francisco 


Let f be a fractional function, 


4 
faa 
Then 
hf = ¢ 
h'f + hf" = g’ 
h''f + 2h’ f' + hf” — g” 
n n 
Af + ( ; ) hin) ft ( ; ) AnD f tev ee He Af) = gin), 
Hence 
h 0 
h! h / 
foo) = h 2h g 


A@ ({ ior (5 ier wee @: gin) 


Incidentally, the solution of Problem E 789, this MONTHLY, vol. 54, 1947, 
p. 471; vol. 55, 1948, pp. 366-367, can be derived immediately from the above 
formula. 
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NOTE ON A THEOREM IN n-DIMENSIONAL GEOMETRY 


O. Taussxy, Institute for Numerical Analysis, National Bureau of Standards, and 
L. A. WiGGLESworTH, University College, London 


The following result due to Schafli* turns up in various connections. 


THEOREM 1. If A, ts the determinant of the system of linear homogeneous equa- 
ttons 


(1101 +eee + XinUn)(%j1U1 tree Hf XinUn) = Q, (4, j =1,--:, nN), 
with the in(n+1) quantities U,U1 as unknowns, (k, 1=1,---+, n), then A,40 
if A= |x| ~0. 


The above result can be interpreted by means of projective geometry. For 
it expresses the fact that there cannot exist a quadric which has a given non- 
degenerate simplex both inscribed in it and self polar with respect to it; the 
tangent space at each vertex would have to contain all the remaining vertices. 

We now give a proof of Theorem 1 by means of metrical geometry. The 
proof depends on the generalization of a very well known theorem in elementary 
geometry: Two triangles whose sides are of equal length are congruent. The n- 
dimensional analogue can be stated in the following way: 


THEOREM 2. Let P;=(*u, +++, Xin), (4=0, +--+, ), be n+1 (not necessarily 
veal) points where X1=Xo2= °° * =Xon=0 and 
V11° °° Xin 
A=|. - | 0. 
Epi + Kon 


Then a transformation xi = > jaxj;%; which carries these points into points (say 
P!) with the same squared distances must necessarily be orthogonal: 


>, Onin. = 5j1. 
k 


Proof of Theorem 2. Since 


Lik = » Qe jXisy (4, kj = 1, me fy n), 
7 
it follows that 
> ein X ij 
(1) oj = —____ A ’ 


where X,; is the cofactor of x;; in A. Since 
(PsP;)? = (PiP3)*, (i,j =0,+++,m), 
it follows that 


* Denkschriften d. Akad. d. Wiss. Wien (2), 1857, pp. 1-24; actually, A,-is the n(#—1)/2th 
power of A. 


1948] MATHEMATICAL NOTES 493 

(2) >; LEX, = » Lit shy (i,j =1,-+-, 2). 
k k 

From (1) and (2) we obtain 


} / 
> winX ej anX v1 Dd, LintnaXseiX at 
1,k,h i,k,h 


dX Qnj@kl = rr = a = X On Ot = O71, 
which is the required result. 

Proof of Theorem 1. Assume that A, =0. Let win, (l, m=1, +++ ,m), be a non- 
trivial solution of the system of linear homogeneous equations with the quan- 
tities > ,dx1dem— 51m as unknowns: 


> ( » wen — 1) (%i2 — 441)? + es 20nICkm( Lit — Xj1)(Xim — Xjm) = 0. 
l ke l<m k 


A non-trivial solution exists since the determinant A* of this system coincides 
with A, apart from a factor (—2)"*—»/?, The rows 


Ri = (ses, sie, cy Sin 24 i1Xi2, °° ~) 
are common to both determinants. The row 
Rijs = (ij, LiaXje, °° +» LinXjny VirXz2 + LieKp, ++ - ) 
of A, can be obtained from the row 
((4i1 — 4 41)?, +++, (Xin — 2 jn)?, 2(Hi1 — %y1)(i2 — H72), °° +) 
of A* by adding —Ri:—R;; and multiplying by —4. 
We can then find numbers a; such that 


(3) Dy Fim — btm = Wim 
k 

This is possible since it means to find z (not necessarily real) vectors in m dimen- 
sions (@i, - + * , @in) whose scalar products are given. This is equivalent to the 
problem of finding (not necessarily real) points in x dimensions if their squared 
distances from (0, - - - , 0) and from each other are given. The latter is always 
possible. f 

Consider then the linear transformation x/ = >_,a,;x; and its effect on the 
points P;. Suppose that the transform of P; is P/ =(«j, +++, xm). Then 


Ph 2 2 ; 
(P:Pi) — (PiPi) = DE (Qi aa — 1)(#a — 211) 
t k 
+ DED 2aertim( wir — 252)(Him — Zim) = 0 
l<m k 


t See A. Wald, Erg. Math. Koll (Vienna) 5, 1933, pp. 32-42, and O. Taussky, Erg. Math. 
Koll. (Vienna) 6, 1935, pp. 20-23. See also L. M. Blumenthal, Distance Geometries, University of 
Missouri Studies, (13), 1938, pp. 70-71. 
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because of (3). This is a contradiction because from Theorem 2 the transforma- 
tion xx’ is orthogonal so that wim, =0. 


Conversely, Theorem 2 is a consequence of Theorem 1. This can be shown 
by a mere rearrangement of the proof given for Theorem 1. 


CLASSROOM NOTES 


EDITED By C. B. ALLENDOERFER, Haverford College 


All material for this department should be sent to C. B. Allendoerfer, Institute for 
Advanced Study, Princeton, New Jersey. 


TEACHING NOTE ON REPEATED ROOTS IN LINEAR DIFFERNTIAL EQUATIONS 


J. B. Reynotps, Lehigh University 
The following simple and direct method of proving the rule for double roots 
in the solution of linear differential equations with constant coefficients is seldom 
seen in elementary texts on the subject. 


If 
(1) Ay™ + By» + eee + Ly + My + Ny = 0 


is a differential equation in which y™ stands for the mth derivative of y with 
respect to x and 


(2) f(m) = Am™ + Bm™1+ +--+ Lm? + Mn+ N = 0, 
and we substitute 

(3) y = c1e™" + Coxe™ 

into (1) we find 

(4) [cif(m) + cof(m) + coxf(m) lem* = 0 


in which f!(m) is the derivative of f(m) with respect to m. 

Equation (4) is satisfied, making (3) a solution of (1), if f(m) =0 and f!(m) =0, 
simultaneously. 

Since these are the conditions for (2) to have two equal roots, (3) is a solu- 
tion of (1) in case (2) has two equal roots. 

The method can readily be extended for the case of any number of multiple 
roots. 
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ANGLE BISECTORS OF AN ISOSCELES TRIANGLE 
W. E. Biercx, U.S. Naval Postgraduate School 


The following is an indirect proof that a triangle ABC is isosceles if the 
angle bisectors AD and BE are equal. If the triangle is not isosceles, one of the 
bisected angles must be greater than the other. Assume that angle EAB is 
greater than angle ABD. Construct a line through £ parallel to BC and inter- 
secting AB at G. Construct a line through D parallel to AC and intersecting 
AB at F. Then EG>£EA since BC>AC by hypothesis. Also DF>EG from 
triangles DFA and EGB. Now AG=AB-—EG and BF=AB-—DF. Hence 
BF<AG since DF>EG. The triangles ABC, AGE and FBD are similar. Hence 


C 


BF/AG=DF/EA, from which it follows that DF<EA since BF<AG. But 
EA <EG from above. Hence DF<EG which contradicts the inequality DF 
> EG above. Hence the bisected angles must be equal. This proof was obtained 
by Maria Goeppert Mayer in 1932. 


EQUATION OF VALUE IN INVESTMENT THEORY 
G. F. Ross, University of Wisconsin 


Let us define an investment system to be any set of parties who have agreed 
upon a method of calculating the obligation of each one of them to each of the 
others. 

An investment system is said to be in equilibrium if none of its parties has 
an obligation to any of the others. The I¢quidation value at a given time of any 
party A of an investment system is defined to be the net amount (with proper 
algebraic sign) that would be received by A in the process of instantaneously 
bringing the system into equilibrium at that time. 

Any problem in the realm commonly denoted by “Mathematics of Finance” 
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can be reduced to the analysis of one or more investment systems. The almost 
universally used method of calculating obligations makes the mathematics of 
this analysis especially simple. Thus, it turns out that the liquidation value of 
any party A varies according to the following rules: 

1. Upon completion of a payment to or from A, A’s liquidation value is 
decreased or increased respectively by the amount of the payment. 

2. Between payments, A’s liquidation value varies at a fixed compound 
interest rate which will be referred to as A’s yield rate. 

The direct application of rules 1 and 2 constitutes the form of computation 
known as the amortization table, which consists of a payment-to-payment study 
of liquidation value. A more convenient procedure, however, is formulated by 
the following theorem. 


THE EQUATION OF VALUE THEOREM: The following process is valid for any party 
A whose liquidation value follows the above rules 1 and 2. 

1. Consider the investment system over any time interval. 

2. Choose any reference date. 

3. Using A’s yield rate, bring to the reference date A’s liquidation value at the 
beginning of the interval and also all items leaving A’s hands within the given 
interval. Sum the resulting values. 

4, Using A’s yield rate, bring to the reference date A’s liquidation value at the 
end of the interval and also all items entering A’s hands within the given in- 
terval. Sum the resulting values. 

5. Hquate the sum in 3 to that in 4. 


I wish to call attention to the fact that the equation of value process has not 
the status of an axiom; on the contrary, it stands on the prior concept of the 
amortization table procedure. To prove the equation of value theorem, let us 
consider a party A, with yield rate (j, m), over a time interval to to ta41. Suppose 
that, within this interval, A makes and receives a total of n payments P,; call 
their respective dates t; (to<iS +++ Sta<tns1). Let V(t) denote A’s liquidation 
value at date ¢#. Let r be any reference date. With rules 1 and 2 as our sole 
assumptions, we must establish the validity of 
(1) V(to)kro+ >) Pik % = V(t kt + Py rm ts, 

(1SiSn,P; from A) (1SiSn,P; to A) 
where k = (1+j/m)™. 

Let I; be P; or —P; according as P; is from A or to A respectively. We will 
prove by induction on 7 that A’s liquidation value after payment at date 
i:(1S2S7n) is 


(2) V(t) = V(t) ktm + DT btn, 


j=1 


In the first place V(t) = V(é)k4-+],. Furthermore, 
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Vitszi) = Ves) Rem + To 


= (by induction hypothesis) | V(t ats 4+ }> rk Rieti ti te Tey 


7=1 
i+1 


= V(t) Rt + DoT kt 4, 
j=1 


Hence (2) is established. As a consequence, 


V (tna) = V(t) beet" 


= V(to) ktati-to + » I kien 
j=1 


= V (to) bint to Dd Pyke — DY Py kio4, 


(1S j7Sn,Pj from A) (1S jSn,Pj to A) 


from which (1) follows after multiplying through by k's, 


TANGENT TO A CIRCLE FROM AN EXTERIOR POINT 
F. H. Youne, Oregon State College 


The following method of finding the equation of a line tangent to a circle 
and passing through a point outside the circle has proved popular with my class 
in elementary analytic geometry. 

Consider the circle 


(x— hy +(y— kar 


and the exterior point (x1, y,). Denote by S the length of tangent to the circle 
from (%1, yi). Denote by m, the slope of the line joining (h, k) and (*1, yi). Denote 
by ¢ the tangent of the angle between the line from (*1, 1) to (4, k) and the tan- 
gent line. Obviously, ¢=7/.S. Then, by using the formula for tan (a+b), we ob- 
tain 


Mett 
m = ——) 
1+ md 


the slopes of the tangent lines. Knowing the point and the slopes, we can easily 
obtain the desired equations. 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EDITED By Howarp EvEs, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 


E 831. Proposed by K. W. Crain, Purdue University 


If squares be constructed on the legs of a right triangle, the lines (which do 
not lie along the sides of the triangle) drawn from each end of the hypotenuse to 
a vertex of the opposite square intersect on the altitude which passes through the 
vertex of the right angle. 


E 832. Proposed by V. E. Dietrich, Purdue University 


If a circle has a center with at least one irrational coérdinate, then there are 
at most two points on the circle with rational coérdinates. 


E 833. Proposed by P. D. Thomas, Washington, D. C. 


A surveyor in laying out a square park area in a city found it was necessary 
because of obstructions to shorten two opposite sides by one foot, but both the 
length and width were in integral feet. To check his work he ran a diagonal of the 
resulting rectangle. Imagine his surprise to find that the semi-perimeter (di- 
agonal+length-+width) was in integral rods! What were the dimensions of the 
field ? 


E 834. Proposed by Don Walter, Pomona College 


Show that 
1-1 1-1 1-1--- 
1 0 1 O 
F, =| 0 0 0 ; 
0 0 1 0 
where F,, is the nth term of the Fibonacci sequence 1, 1, 2, 3, 5,--+-,x, y, x 
+y,--°-+ and the determinant is of order n—1. 


E 835. Proposed by Kenneth May, Carleton College 


If x1, yi1, and a are real numbers, and for all integral n21 we have Xnas1 
=a(xa—ye) and yaii=2axnyn, for what values of x, and y, will lim,..%, 
=]iMns0¥n =O? 
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SOLUTIONS 


Binomial Coefficients 


E 794 [1947, 545]. Proposed by Huan-Ting Kuo, National Wuhan University, 
China 


Show that 


r+i1 
( r ) r+i 
(“**) ) (*) 0 _ 
r r+i1 r+2 = 


() Gi) GE) Gi) > GAD 


Solution by R. A. Bradley, University of North Carolina. Let us give a proof 
by induction. We first note that the identity holds for n=r-+1 and r+2. On 
the assumption that the identity is true for n=r+1, 7+2,---,k—1 we now 
show that it is true for =k. Denote the determinant for n=k by D;. Expanding 
D; repeatedly with respect to the elements of the last column we obtain 


p= a(t *)- Meo D(P?) 4, RAS DEW DRS) 


k(k — 1)--- (r+ 2) ("* ‘)+() 
+ -F ; 
(k-—r-—1)! r r 
Factoring out (%)(k—r) from all terms, (k—r—1)/2 from all but the first, 
(k—r—2)/3 from all but the first two, etc., we obtain 


n= (S)onofi Ania Peat Aaa. 
att 


Successively simplifying the last bracket, the jth bracket is seen to be 
(k—r—j)/(k—r), and continuing 


p= (‘)o-nfr—ot-1 2} (4) 


The identity is now established for all integral n2r-++1. 

Also solved by J. C. Eaves, Shai-shi Ting, and John Williamson. Irving 
Kaplansky pointed out that the identity is a special case of a formula on p. 257 
of Netto’s Lehrbuch der Combinatorik. Reference is made there to Zeipel, Lunds 
Universitets Ars-Skrift, 1865. 


1 
TD 0 0 wee 0 


a aN 
om) 

"es 

x 3s 

~nee™” 
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Tetrahedron and Perspective Triangles 
E 795 [1947, 546]. Proposed by N. A. Court, University of Oklahoma 


The pairs of points U’, U’’; V’, V’’"; W’, W”’ are marked, respectively, on 
the edges DA, DB, DC of a tetrahedron ABCD. Determine three points U, V, W 
on the edges BC, CA, AB, respectively, so that the three lines joining the vertices 
of each of the triangles UV'’W"’", VW'U"’", WU’ V"’, UVW to the corresponding 
vertices of the triangles DCB, DAC, DBA, ABC, respectively, shall have a 
point in common. 


Solution by the Proposer. If triangle UV’W”' is perspective to DCB, the line 
V'W"' meets BC in the harmonic conjugate P of U with respect to the points 
B, C. Similarly, the lines W’U’’, U’V"’ meet the edges CA, AB in the harmonic 
conjugates Q, R of V, W with respect to the pairs of points C, A; A, B. Now if 
triangle UVW is perspective to ABC, the three points P, Q, R are collinear, for 
they belong to the axis of perspectivity of ABC and UVW. 

Thus a necessary condition for the problem to have a solution is that the 
three points P=(V’W"’, BC), Q=(W’U", CA), R=(U'V", AB) shall be col- 
linear. It is readily seen that this condition is also sufficient. When this condi- 
tion is fulfilled the problem has only one solution. | 


Coin-Tossing Experiment 


E 796 [1946, 596]. Proposed by Henry Scheffé, University of California at 
Los Angeles 


Describe a coin-tossing experiment in which the probability of success is one- 
third. 


I. Solution by R. V. Andree, University of Wisconsin. Following are some 
solutions: 

1. Five uniform coins are tossed until they do not all show the same face. 
Then (a) the probability of exactly two heads is 1/3, (b) the probability of 
exactly three heads is 1/3, (c) the probability of a four to one split is 1/3. 

2. Given one normal coin and one two headed coin, one coin is selected at 
random and tossed. It comes down heads. Then the probability that it is the 
normal coin is 1/3. 

3. A game of chance is played as follows: A has two coins, B has one coin. 
All three coins are tossed. If all three coins agree, each player takes his own 
coins back and no exchange is made. Otherwise A wins if both of A’s coins dis- 
agree with that of B and B wins if only one of A’s coins disagrees with that of 
B. Then the probability that A will win is 1/3. 

4, An interesting possibility is brought up by discarding the assumption 
that the coin is “thin” and thus that the probability of its standing on edge is 
negligible. Let us consider a coin the ratio of whose diameter to height is ~/ 3/1 
Then the probability that this coin will land heads is 1/3. 
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II. Solution by Leo Moser, University of Manitoba. Following are some solu- 
tions: 

1. Two coins are tossed repeatedly until not both of them fall tails. If both 
of them are then heads the experiment is counted a success. The probability of 
success is 1/3. 

2. A single coin is tossed repeatedly until the number of heads is one greater 
than, or two less than, the number of tails. The probability of the latter case is 
1/3. This method can be used to obtain an experiment having any preassigned 
rational number as probability of success. For proof of this see Whitworth’s 
Choice and Chance, p. 231. 

3. We describe a coin-tossing experiment E, having probability of success 
p, where p is any preassigned real number, 0S /S1. Express p as a binary 
decimal, p= > f.,a;/2?, a;=0 or 1. Where two expressions are possible, as for 
1—.10=.01, take either one. Now toss a coin repeatedly and let b;=1 if the ith 
toss results in heads and 0 if the zth toss results in tails. Let the experiment 
terminate when first a;6; and be a success if then a;>0;. The probability that 
the experiment will never terminate is clearly 0. The probability that it will 
terminate in success at the zth toss is a;/2‘, so that the total probability of suc- 
cess is p. 


III. Solution by A. C. Cohen, Jr., University of Georgia. The following simple 
case of the “king bee” matching scheme furnishes a solution. Three individuals 
agree to match, each tossing one coin. They agree to toss until one member of 
the trio is “odd,” and the “odd” man is declared: winner. The probability that 
any designated member of the trio be declared winner is 1/3. 


IV. Solution by J. P. Kelly, Carbide and Carbon Chemicals Corp., Oak Ridge, 
Tennessee. A and B toss a coin alternately until one gets a head. If A tosses first, 
then the probability of B getting a head first is 1/3. 

Also solved by Colin Blyth, G. F. Cramer, George Grossman, P. R. Hill, Sr., 
H. G. Landau, C. F. Pinzka, Hanan Rubin, E. D. Schell, R. J. Walker, and the 
proposer. 


Ellipses in a Circle 


E 797 [1947, 596]. Proposed by C. O. Hines, University of Toronto 


If ellipses are described on diameters of a given circle as major axis, and such 
that they all pass through a given point (within, or on the boundary of, the 
circle), then they will also all pass through a second point, symmetrical about 
the center to the first, and the locus of their foci will be an ellipse having the 
two fixed points as foci and the common diameter as major axis. 


Solution by Colin Blyth, University of North Carolina. Let A and B, the sym- 
metrical fixed points, lie on the diameter MON of the circle, whose center is O. 
Let Cand D be the foci of a general ellipse of the given family. Then CA+AD 
= MN. But, by symmetry, CB=AD. Therefore CA+CB=WMN, and C lies on 
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the ellipse with foci A and B and major axis MN. 

Also solved by R. V. Andree, W. G. Brady, Ragnar Dybvik, Bradford Had- 
not, Roger Lessard, Miriam Millman, Margaret Olmsted, P. D. Thomas, Maud 
Willey, and the proposer. 


Distribution of Suits in a Bridge Hand 
E 798 [1948, 30]. Proposed by J. M. Elkin, Chicago, Iil. 


Prove that II(n;!), where 2; is constant, is a minimum when >| n.—n;| is 
a minimum, and that, consequently, the most likely distribution of the four 
suits in a bridge hand is four cards of one suit and three cards each of the other 
three suits. 


Solution by Leo Moser, University of Manitoba. lf n;>n;+1 then 
niln;! = (ng — 1) (np + Dln/(n;+ D> Gs —- D!'m;+ DY! 


Hence a necessary and sufficient condition that II(n;!) be minimum with 2n; 
constant is that | n;—n5| <1. But, since we are dealing with integers, a necessary 
and sufficient condition that |n;—n,| $1 with Zn; constant is that =| 2;—7,| 
be a minimum. This completes the first part of the problem. 

The distribution 4, 3, 3, 3, however, is not the most probable distribution of 
suits in a bridge hand. The actual state of affairs and also the ‘common mistake’ 
leading to the statement made in the problem are discussed in Mathematical 
Puzzles for Beginners and Enthusiasts, Geoffrey Mott-Smith, pp. 91, 101, 214. 

Also solved, partially, by Richard Courter, E. D. Schell, and the proposer. 


Editorial Note. It would seem that the theorem of the problem cannot be 
directly applied to the problem of finding the most likely distribution of the 
four suits in a bridge hand. The number of bridge hands with m cards of one 
suit, #2 of another, m3 of another, and m, of another, is 


4C(13, m1)C(13, m2)C(13, ms)C(13, m4) = 4(13!)4/M[n51(13 — n;)!], 


where m-+-+”3+2,=13. By actual computation this is found to be a maxi- 
mum for the distribution 4, 4, 3, 2. This distribution, then, is the most likely. It 
occurs better than once in five hands, and is over twice as frequent as the 
4, 3, 3, 3 distribution incorrectly supposed by the proposer to be the most fre- 
quent. For the numbers of bridge hands corresponding to the various suit dis- 
tributions see Bridge Hands, this MonTuLy [1941, 329]. 


A Combinatorial Identity 
E 799 [1948, 30]. Proposed by Leo Moser, University of Manitoba 
Prove that for all n 


Eb) Ce CD 
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I. Solution by J. G. Herriot, Stanford University. We have 


+= OT )em 


r=0 


and 


(24+ 2)" = 2 (")arrer 


r=0 


n 2 
» ar( ” ) 
r=0 r 


is the coefficient of «* in the expansion of (x+1)"(2+<x)*. But 


It is obvious that 


(x + 1)"(2+ «)*™ = (1+ «)*[(1+ *) +1]* = >(" Ja + x)?"-", 


r=0 


The coefficient of x” in the last expression is 
> (" — ‘) ( ") 
r= 0 nN r 
n n\?2 mn (ln —-1\f{n 
eae zEC DC), 
ro=() r r=0 nN 7 


which is equivalent to the required expression. 


IT. Solution by E. D. Rainville, University of Michigan. Let P,(x) be the 
standard Legendre polynomial. We shall show that the left member of the equa- 
tion in the problem is [P,(3) —P,(3)], and therefore vanishes for all n. 

Two standard forms for the Legendre polynomial are 


" ro ECV) G) 


and 


Hence 


1—<x 
P,,(%) =F (=n n+, 1, ; ) 


Replacing r by (7 —r) and reversing the order of summation in (2) yields 


(2) 
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peg = Sat (HH 


0 ri{(n—r)t]?\ 2 


or 


© ne EC LYNE. 


Equations (1) and (3) lead us to the identity, for integral m and any x, 


n(n x+1\""/n 2n— r x—1\" 
© SCE O-CIIGI-« 
r—0 \ 7 2 r nN 2 
Put x =3 in (4) to get the proposer’s identity. 

Also solved by E. D. Schell, F. C. Smith, and F. B. Thompson. The proposer 
stated that he obtained the identity by solving in two entirely different ways the 
following problem: What is the number of ‘‘paths’’ from (0, 0) to (”, 2), the pos- 
sible ‘‘moves’’ being of three kinds—(1) increasing the x coérdinate by 1, (2) in- 
creasing the y coédrdinate by 1, and (3) increasing both the x and y coérdinates 
by 1? 


ADVANCED PROBLEMS AND SOLUTIONS 


EDITED BY E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewrttien, 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4310. Proposed by Paul Erdés, Syracuse University 
Let f(z) =2"-+ +--+ bea polynomial of degree n. Denote by A; the closed re- 
gion (not necessarily connected) where | f(z)| <1. Prove that there always 
exists a in Ay with | f (zo) | =n. Equality occurs only for 2”. 


4311. Proposed by V. L. Klee, Jr., University of Virginia 
If & and x are positive integers, let f;(x) =ké(x), where d(x) is Euler’s totient. 
For j=2, 3,-°°, let 


file) = fe [fe(x)]. 
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Show that for # $3, the sequence, f;(x), fz(x), - + * , is eventually constant, while 
for k=4, the sequence is eventually monotonically increasing. 


4312. Proposed by R. C. Lyness, Staffordshire, England 


In order to help our school savings campaign, Morris organized a lottery. 
Certain members of the savings group were each issued a book containing a 
gross of tickets. The tickets were sold for a penny each and the prize for the 
winning ticket was a number of sixpenny savings stamps. When I asked Morris 
how many stamps the winner got, he said that I could work it out for myself. All 
he need tell me was that before the winning ticket was drawn all the ticket sell- 
ers had assembled around a circular table and each had handed in his takings 
and his unsold tickets; that (a) no two had sold the same number; that (b) the 
number of unsold tickets returned by each seller was in every case equal to 
the product of the values in shillings of the tickets sold by his two neighbors at 
the table; and that (c) when the ticket sellers were rewarded with a penny each 
for their trouble the sum left over exactly bought the winner’s stamps. 

How many sellers were there and how many tickets did each sell ? 


4313. Proposed by Victor Thébault, Tennie, Sarthe, France 

Two perpendicular chords AB, CD of a circle O intersect at a point P inside 
the circle. There are eight circles O,, Ox, O3, O14, Of, Of , OF, Of tangent to both 
chords and also to the circle O, the first four exteriorly, the last four interiorly 
and such that O;and O/ lie in opposite quadrants formed by the given chords. 
(1) The sum of the squares of the distances 0,0/ , 0202 , 0303 , O,0/ is independ- 
ent of the position of P, and the products (O10/ )(O3;03 ) and (0202) (O01) are 
equal. (2) The radical axes of the circles 01, Of , O3, Of taken in pairs and those of 
the circles Oo, Of Ou, Of taken in pairs, intersect one another in thirty-six points 
of which twelve are on the circle O, four of these coinciding with the vertices of 
the square whose diagonals are parallel to AB and CD. 


4314. Proposed by N. J. Fine, Washington, D. C. 
Prove the identity: 
x x? x3 
+G-y  G-»a_-* G-»a-d— a 
1—x+ x8 — x64 gl? —..- 


(4 — «(1 — 2) — 2) ++ 


1 


SOLUTIONS 
Circles and a Locus Problem 
4165 [1945, 346] Corrected. Proposed by Victor Thébault, Tennie, Sarthe, 
France. 


Let A and B be two fixed points of a given circle while C and Dare two vari- 
able points of the same circle such that the arc length CD remains constant. 
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The orthogonal projection of D on AC is P and on BC is Q. Show that (1) The 
Simson line of C and D for the triangles ABD and ABC have fixed directions. 
(2) The centers of the circles tritangent to DPQ (inscribed and escribed) de- 
scribe two Pascal limacons. 


Solution by the Proposer.* Suppose arcs AB and CD are each less than a 
semi-circumference and have the same sense. 

1. Let B’, A’ be the points where the perpendiculars DP, DQ to the sides 
AC and BC of triangle ABC again cut the given circle (O); let O’, O1, Oz be 
the midpoints of the chords CD, AB’, A’B. The circle (O’) on chord CD as 
diameter passes through P and Q; the arcs AB’, A’B are equal, each being equal 
to the supplement of arc CD; their chords are twice the length of OO’; the lines 
AA’, BB’, O,O2 are parallel; the segments O,P, O.Q are equal and parallel to 
OO’; O:PQOz2 is a parallelogram and PQ is equal and parallel to 0102. When 
chord CD moves so as to retain the same length, the points A’, B’, O1, Os» re- 
main fixed; hence the direction of the Simson line PQ of point D for triangle 
ABC does not change. 

2. The bisectors of the interior and exterior angles at D of triangle DPQ cut 
the circles (O’) and (O) again at diametrically opposite points FE, F of (O’) and 
G, H of (O); EF is perpendicular to PQ and GH is perpendicular to A’B’. The 
lines CE, CF cut (O) again at K and L respectively. Therefore the chords GK 
and HZ are each equal to twice the length OO’. When chord CD moves, the 
points G, H, K, L remain fixed and points E, F describe the circles (O4) and (O;5) 
on diameters GK and HL respectively. Now the centers of the circles tritangent 
to triangle DPQ are the points where the two circles through P and Q with 
centers £ and F cut the lines DG and DH respectively. The locus of these centers 
then are Pascal limacons whose poles are G and H and whose director circles are 
(O.) and (Os) with parameters EP and FP for which 


EP? + FP? =CD*, and 2EP-FP = CD-0,02. 


A particular case arises when AB and CD are diameters of (O). The locus of 
centers of circles tritangent to triangle DPQ is then formed by circles through A 
and B with centers at £ and F respectively. 


Editorial Note. The translator adds the following remarks. Using isotropic 
coérdinates, we may choose the circumcircle to be the given circle, and repre- 
sent points A, B, C by unit vectors a, 8 and y respectively. Let D be represented 
by the unit vector #?; then, since the arc CD is constant in magnitude, we may 
replace y by fof? where fo is constant with unit modulus. From these data we ob- 
tain ato is the clinant of the Simson line of D for triangle ABC and aG/to as 
that of the Simson line of C for triangle ABD; since each of these is independent 
of t, the Simson lines have fixed directions. The map equation of the locus of the 


* Translated from the French by O. J. Ramler, Catholic University of America. 
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incenter and excenter of triangle DPQ within the angle D is 
Qe = (1+ tot? + (atl? + B12)(1 — ty)t + (to — 1)0:1/281/2 


which is a limacon unless 1+¢)=0. t=4/a gives g=a, and t=4/B gives z=. 
Thus the locus goes through A and B. If fp = —1, CD is a diameter, and the map 
equation reduces to that of a circle. Thus it appears that the locus degenerates 
to a circle when CD is a diameter, whether AB is a diameter or not. 

Howard Eves notes that part (1) follows immediately from the theorem on 
p. 206 of Johnson’s Modern Geometry. For, by this theorem, the Simson line of 
C for ABD must be perpendicular to BC’, the isogonal of BC for angle ABD. 
But as Cand D move along the circle, arc length CD remaining constant, BC’ 
remains fixed. Similarly for the Simson line of D for ABC. 


A Square with Curious Digit Pattern 


4227 [1946, 594]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In what number systems is the square of a number of three digits of the form 
bcb of the form aabbcc? 


Partial solution by C. R. Phelps, Rutgers University. If r is the base of the 
number system, we have by hypothesis 
(br? + cr + 0)? = ar + art t+ O72? + O72 +r + 
= (r + 1)(art + br? + 0). 
If r-+1 has no square factor, then br?-+cr+b=0 mod r+1, whence 2b—c 


=k(r+1). Since 0<b<r, 0Sc<r, & is either 0 or 1. Suppose k=0, then c=26 
and (1) becomes 


(1) 


(br? + 2br + b)? = (r + 1)(ar* + br? + 25), 
hence 
(2) b2(r + 1)8 = art + br? 4+ 20. 
Expanding, we get 
(3) ar* — bv? + (b — 3b?)r? — 3b%r — (6? — 2b) = 0. 


The leading coefficient 6 of the number bcb cannot vanish. If 6 is not a divisor of 
a, since all coefficients in (3) after the first are divisible by 6, Eisenstein’s cri- 
terion implies that there is no rational root 7 unless b? divides the constant term 
b?—2b. This gives b=1, 2. With b=1 in (3) we have r= +1, which is impossible. 
With 6=2, c=4 and (3) becomes ar?—4r?—107—12 =0. 6 and 12 are the only 
rational roots (>4) possible; r=12 gives nonintegral a; but r=6 gives a=1. 
Thus one solution is 


242? = 112244 to the base 6. 
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If in (3) } is a divisor of a, say a=nb, then (2) becomes 
br? + 367? + 307 + 06 = nr* + 72 2. 


Hence, since the base ¢ is a divisor of b—2, we must have b—2=0 and r=6 or 3; 
but this gives n=1/2 or »=13/9, both contrary to the assumption that 0 
divides a. 

The cases in which #=1 or in which r+1 has a square factor present com- 
plications. There are no instances, however, with r<100. 


Editorial Note. The Proposer has carried considerably further the investiga- 
tion of cases not included in Phelps’ treatment above without, however, finding 
any further solutions or completing the proof that no further solutions exist. 


Numbers Having Same Digits in Two Systems of Numeration 
4240 [1947, 168]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Determine the relations which must connect JN, B, B’, in order that the num- 
ber NV may be written with the same three digits in the system of numeration of 
base B as in the system ot base B’. Having given B, find B’ and N. Apply the 
results when B=10. 

Solution by G. W. Walker, Buffalo, New York. Let x’, y’, 2’ be the digits 
x, y, in any order and suppose 


(1) xB? + yB+¢= «B+ y'B’ + 2’. 
For fixed values of B and B’, this equation can be put in the form 
(2) px+qy+rz=0, 


where #, q, 7 are integral functions of B and B’. Infinitely many sets of integral 
values of x, y, g exist which satisfy (2), viz. 


x= kaq/ (2, q) —_ kor/ (2, r), y= kir/(q, r) _ ksb/(p, q); 
z= kep/(p, 7) — kig/(g, 7); 


where (a, 6) is the (positive) greatest common divisor of a and }, and hi, ke, ks 
are arbitrary integers. For our problem, we require in addition 


(3) Osx, vy, 2<B, B’. 


Values satisfying both (2) and (3) need not exist, but if they exist they are easily 
found by trial. - 

If B =10, we take successive values for B’ and seek solutions for x, y, 2 sub- 
ject to (3). The method is essentially one of trial, although numerous ways of 
saving work appear in practice. All solutions thus far discovered for B=10 are 
listed below. Numbers for which the initial digit is zero to either base have been 
excluded. 
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26510 = 5267 77419 = 47713 82519 = 25819 
31619 = 631, 83419 = 43814 55119 = 15501 
15819 = 1855 206119 = 12615 91219 = 21901 
22719 = 2724 37110 = 17316 Si1i9 = 11522 
44519 = 544, 91319 = 39116 91019 = 19026 
19619 = 16911 78219 = 27818 91119 = 19126 
28319 = 23811 A4liy = 1441, te me eee 

37010 = 30711 51819 = 18519 91919 = 199o¢ 
19119 = 11913 88219 = 28819 96110 = 1698 


Note in particular: 91210 = 21901 = 19206; 91310 = 39 116 = 193g. 
Also partially solved by Murray Barbour. 


Editorial Note. The interest in such problems as this is not so much as studies 
in scales of notations as for the other questions which they suggest in elementary 
number theory. For example, suppose in the above problem that x, y, 2, are 
given arbitrarily with x’, y’, 2’ an arbitrary permutation of x, y, z, and suppose 
that xx’ is not a perfect square. There are then infinitely many sets of values 
of B and B’ which satisfy (1) and (3). In fact, if p, g are positive integers for 
which 


p? — xx'q? = 1, 
it is easy to verify the Bay, B’n41 as given below, will satisfy (1) whenever B,, 
Bi do: 
Bagi = (p? + 22/q*)Bn + 2a'pgBn + (pay’ + g?a"y) 


4 ? ? 
4) Bayi = 2xpqBa + (p? + %4'q?) Ba + (pay + 9?xy’). 


Now By)=Bj =1 satisfies (1). Therefore (4) gives an infinite sequence of sets of 
values of B, B’ all of which, from a certain point on, will satisfy also (3). This 
particular sequence does not in general include all solutions. 

Again, we may find in many ways parametric solutions of (1) after assigning 
a relation between B’ and B. Thus if B’=2B+41, x’=y, y’=2, 2’=x, we have 


Bx + By+2= (2B+4+ 1)*y+ (2B+4 1)2+ «, 


whence at once x +y=0 mod B, so that x+y =B. Upon eliminating x and divid- 
ing by B we find 


B? —1 = (5B + 3)y + 2z. 
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Here 22—2y=0 mod B+1 or 22—2y=m(B+1) with m=0, 1, —1. Thus we 
have B—1=5y-++m. Finally 
(m=0), B=S5y+1, s=y, x=4y+1, with y arbitrary; 
(m=1),B=S5y+2, 2=3(7y9 +3), x= 4y+2, with y odd. 
m= —1 is excluded since it implies z<0. 
A few of the many other sets which may be obtained similarly are: 
x= 3y+3,2,=3y+1, B=4y4+ 3, B’ = B+ 1; xyzeg = sxyp; y arbitrary. 
x=4y—1, B=5y—2¢-—1, B’ = 2B—1; xyzg = yexp sz, y(>2z) arbitrary. 
y= Q2ex+24+1, 8B =3e+24+1, BD = B+ 1; xyzg = yeu; x, g arbitrary. 
x=4y+1,B=7y-+ 2, B’ = 2B; xyzg = yxep; y, 2(<B) arbitrary. 
=g+2,y=0,B=22+1, BD’ = B+ 2; xyzpg = zyxp; 2 arbitrary. 
x= u,y = 2u,2= 07, B= ko+ 1, BD’ = ku t+ 1; xyzp = syxp-; with 


u, v, k arbitrary except that u>v, ku>max (u?—1, 2uv—1). 


A Tetrahedron of Maximum Volume 
4243 [1947, 168]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The point M, situated in the interior of a tetrahedron ABCD, such that the 
volume of the tetrahedron having for vertices the points of intersection of the 
lines AM, BM, CM, DM, with the opposite faces of ABCD be a maximum, 
coincides with the centroid of ABCD. 


Solution by L. M. Kelly, University of Missours. Let the barycentric co- 
érdinates of the point M be 1, x2, %3, x4, subject to the condition x1+%2+43 
+x,=1. Then the coérdinates of the points of intersection of 4M, BM, CM, 
DM with the respective opposite faces will be (0, x2, x3, x4), (41, 0, %3, %4), 
(x1, %2, 0, %4), (*1, X2, X3, 0). The volume of the tetrahedron in question will be 


O %2 x3 4 0 11 1 

x1 O x3 x4 1011 
V= = Cx1%2.X3X4 ’ 

41 xX, O 4%, 1101 

%1 X2 x3 O 1 i110 


where C is a constant. It is thus a question of maximizing the product x1Xex3x4 
subject to the condition that «;-+%2+%3+%,=1. It is clear that this occurs when 
X= X_=xX3=x4 and hence when WM is the centroid. It is equally clear that this 
theorem is true for a simplex of m dimensions. 

Also solved by R. Bouvaist and the Proposer, who notes that the analogous 
problem for n=3 is solved in Mathesis, 1885, p. 87. 
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Perfect Squares of Special Form 

4244 [1947, 232]. Proposed by Victor Thébault, Tennie, Sarthe, France 

Consider squares of 2” digits which can be formed by bringing together two 
consecutive n-digit numbers. Show that in every system of numeration there is 
at least one unending sequence of such squares. Show also that, if ~ and B are 
given and if x? is such a square, then y? is another where x+y =B"-+1 (provided 
squares with initial zeros are admitted). As a particular example let B=12, 
n= 3. 


Solution by Roger Lessard, Ecole Polytechnique, Montreal. Let A be an n-digit 
number in the scale of B and let 


(1) ot = ABY+ (441) =A(B*4+1) +1, A+1< Be 
whence 

(2) (+ 1)(% — 1) = A(B + 1). 

Consider 


x+i1= ab, x—1=cd, A= ae, Bb + 1 = 6d, 


and suppose that 6 and d are chosen relatively prime and having the product 
B*+1. We require also 0, d>2; otherwise we have x+12B"+1, whence A+1 
= B". Then ab —dc=2 has an infinite number of positive solutions: 


a= a,-+ kd, c= ¢,-+ Rd, 


where a; and q are the unique solutions for which 0<ai:<d, 0<ca,<0b. Since 
A =ac is greater than B” if k0, a, and c provides the only valid solution. 

We will therefore get as many solutions for given B and 7 as there are ways 
in which B*-++1 is separable into two relatively prime factors each of which ex- 
ceeds 2. If B"+1 is divisible by p distinct primes, the number of solutions will 
be 2?—2, except however that if B"+1 is even, 2 is not counted as one of the 
primes unless B"+-1 is divisible by 4. But B*+1 is composite with at least two 
prime factors larger than 2 whenever n is not a power of 2. Therefore there are 
solutions for any base B and for most of the values of n. 

If we substitute x =B"+1—y in (1) we have 


(3) (BX + 1— y)?—1= A(B* + 1), 
from which we get 
(4) y? = A’B*+ A’ + 1, A’+x=At+y. 


Therefore y is another solution whenever x is one. 

If B=12, n=3, we have B*+1=7-13-19. Corresponding to d=7, 13, 19, 
7-13, 7-19, 13-19 we use the above method to find that x? equals respectively 
02030, 193194, 283284, 340341, 468469, 870871. These values of x? are writ- 
ten in the scale of 12 with T and E as the digits for ten and eleven. 
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Note that if we interchange the values of b and d we get the corresponding 
y instead of x. 
Also solved by Murray Barbour and the Proposer. 


Editorial Note. The proposed problem admits also the interpretation 
(1’) x? = AB™+ (A — 1). 


For such values of x the argument in (3) and (4) above still holds, for we have 
x+y=Br+1, x—y=A-—A’, which imply 


(4) y? = A'B™ + Al — 1. 


There are no numbers of this form for B=12, n=3 because B*+1 is a multiple 
of 7 and therefore cannot be a divisor of x?-++1. 

The Proposer points out that for x =B”, the number x? consists of the 2m- 
digit number A =00 - - - 01 followed by 2m zeros. Therefore for y=B*"+1-—B™ 
we shall have A’=y—x+A=B™"-—2B"+2. Thus y? is the 4m-digit number 


B—1 B—1--- B—1 B—-200---2 B—1 B-1--- B—1 B-200--:-01 


in which there are m—1 digits in each set of (B—1)’s and in each set of zeros. 
We thus have an explicit form for the members of an infinite sequence of 
squares as required. 

The Proposer suggests also the study of squares formed by the juxtaposition 
of A and A+2, or in general A and A+a. For example, with B=10, 9011? 
= 81198121, 990?=00980100, 7312? = 53465344, 26892 =07230721. 

For squares of 2n digits formed by bringing together two equal n-digit 
numbers, see the National Mathematics Magazine, Problem no. 431, May 1942, 
p. 409. 

nth Derivatives 

4246 [1947, 232]. Proposed by J. A. Greenwood 

Evidently y’=x'Dy, y’’=(«"’D+x«”"D?)y, +--+, where D=d/dx and primes 
indicate differentiation with respect to t. Find an explicit expression for y™. 


Solution by Robert Breusch, Amherst College. Consider the partitions of n into 
positive integers, 


n= pit 2pet 3pst-++ +7, 
An expression for y™ may be given as 
(1) ym) = » K(p1, pa oy pra! PialP2 oo + lt) prDprt ss stpey, 
n!} 


where the summation is taken over all possible partitions of ~. The formula is 
correct for n=1 and ~=2. Assume that it holds for any particular and dif- 


K(p,, pa, a) pr) = 
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ferentiate. From any term of (1) we will obtain: 

a) one term x“/?l*1ly//p2 . . . x @prPpititpet ... TPray, and 

b) further terms in which one exponent decreases by unity and the following 
exponent increases by unity, while the remaining exponents and the index of D 
remain unchanged; as, for example, 


yl Ply! pe-ly! pat ly lps... gr) Pr P)prb sb Pray, 
In each case the sum of the exponents of x’, x’’, - - +, x™ is equal to the index 


of D, while the sum of the weighted exponents is »+1. Thus y+» is a sum of 
terms: 


(2) vy (ntl) = » C(q, da, °°, Js) x Ma! 92 coe x (sasP)art ++ -Fasyy, 
git 22+ 3gat ++ + SQ n+ I. 
Now, considering the different ways in which 


yl dle. x (s)asPairt + +raey 


can be obtained through differentiation of terms in (1), we have 


n} 
Ca 0) = Gia (sle(g = Digal gl 
n'(qi + 1) 
n'(qo + 1) 


r (2!)artt(3 last. . - (st) eqil(ge + 1)'gs — 1)!--+ ge! 


4 n\(qs—1 + 1) ; 
(2!) -- + {(s— 1)lferr(slertat- ++ (goat 1)!(gs — 1)! 


Here, whenever ¢=0, 1/(¢—1)! is to be understood as having the value 0, so 
that 1/(¢—1)!=¢/¢! is generally correct. Then finally 


m'(qi + 2qg2 + 3q3 + +--+ + Sqs) 
_ (n+ 1)! 


Cu +s Ge) = 


and the proof is complete by induction. Also solved by Chih-yi Wang. 


Isosceles n-Points 


4254 [1947, 345]. Proposed by Paul Erdis, Syracuse University 
We have seven points in the plane. Prove that we can always select three 
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which do not form an isosceles triangle. For six points this does not necessarily 
hold. (If A, B, Care on a line we can define that they do not form an isosceles 
triangle if AB¥BC.) 


Soluiton by Michael Golomb, Purdue University. If every triangle formed by 
three of the z points, 1, 2, - - + , ”, is isosceles we call the figure an isosceles n- 
point. 

Isosceles 4-points. 1. Let there be three equal sides issuing from one vertex, 
say 12=13=14. Then 234 is an isosceles triangle and 1 is its circumcenter. Con- 
versely, the vertices and circumcenter of any isosceles triangle form an isosceles 
4-point (type I.) 

2. Suppose there is no vertex from which issue three equal sides, and suppose 
12 =13. We distinguish two cases: (a) 42 =43. Then since 1412 and 4142, 
we have 21=24. Similarly, 31 =34. Hence the 4-point is a rhombus (type II). 
(b) 24=23. Then 42 =41 and 34=31. Hence 21=13=34=a and 14=42 =23=b. 
We have a trapezoid with three equal sides a and with base b=4a(1+4/5). 
Hence 1, 2, 3, 4 are four vertices of a regular pentagon (type III). 

Isosceles 5-points. Since four vertices of an isosceles 5-point must forman 
isosceles 4-point, we may show by similar elementary argument that every 
isosceles 5-point is of one of the three types: (I) a square with its center, or (II) 
the vertices of a regular pentagon, or (III) the center and four of the vertices 
of a regular pentagon. 

Isosceles 6-poinis. Among the six points there must be either a square or four 
vertices of a regular pentagon. In the first case there is only one position left 
for the remaining two points, hence no isosceles 6-point is obtained. In the sec- 
ond case, there are two positions left for the remaining two points and we obtain 
the only isosceles 6-point: the vertices and center of a regular pentagon. 

Isoceles 7-points. Among the seven points there must be the vertices of a regu- 
lar pentagon. Since there is only one position left for the remaining two points, 
the isosceles 7-point is impossible. 


Editorial Note. See also the solution and notes for No. E 735 (1947, 227-229). 
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EDITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Elementary Concepts of Mathematics. By B. W. Jones. New York, The Macmillan 
Company, 1947. 13-+294 pages. $4.00. 


The author of this book faced a problem much more difficult than that of 
writing a text for a standardized course in introductory college mathematics. 
The book is one more attempt to present a terminal course for students of mini- 
mum training who want firmer grounding in such mathematics as may be useful 
or interesting to them in later life. In designing such a course not only must 
there be kept in mind the limited ability and even more limited training of the 
students concerned, but it must be realized that the present day applications of 
mathematics are so numerous and involve so many techniques that even a 
minimum list of topics is larger than can be effectively dealt with. 

In his book Mr. Jones has treated at about equal length topics useful to his 
readers and those primarily of recreational interest to them. His choice of topics, 
as would that of any other writer, invites argument, for if mathematics is to be 
a part of a liberal education we must discover what domains of mathematics 
throw most light upon the nature of the discipline and what ones are of most use 
to persons of scant training. Mr. Jones has touched upon many areas of mathe- 
matics, including several of relatively recent discovery, such as groups, non- 
euclidean geometry and topology, and, as indicated below, has presented the 
material understandably, coherently and interestingly. But there are two cen- 
tral ideas in mathematics of such far-reaching importance that one wonders if 
their omission can be justified. The idea of an infinite sequence appears more or 
less incidentally in the paragraphs on the integers, on the decimal representation 
and on prime numbers. But infinity, as a concept, and the exciting and stimu- 
lating field of the infinite are passed by. Limits enter only with regard to the 
convergence of a geometric series; the vast domain of the calculus, with the 
limit at its heart and itself the heart of the most widely applied mathematics, is 
wholly neglected. The reviewer seriously questions whether anyone can claim 
even a casual acquaintance with mathematics unless he has at least met the 
basic ideas of the calculus. 

The first chapter of the book is a brief discussion of logic, in which Boolean 
diagrams are introduced, the syllogism is treated (without naming it), and types 
of bad argument are exposed. Much more is covered than the few pages would 
indicate. The exercises, of which there are many, are varied and interesting, and 
should stimulate the thinking of any college freshman. In Chapter 2 the author 
first takes up a discussion of counting and one-to-one correspondences, defining 
the natural numbers as those we obtain by counting things, in particular, arrays 
of dots. The sum of two natural numbers is defined as the natural number of the 
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obvious compound array of dots. Using this definition the commutative and 
associative laws are established. Multiplication is then similarly treated. Sub- 
traction and division are clearly defined in terms of addition and multiplication. 
It is emphasized that the difference and quotient are not always defined in the 
system of natural numbers. The remainder of the chapter is devoted to such 
topics as number system bases, the game of Nim, congruences, groups, prime 
numbers and tests for divisibility. The pace quickens in Chapter 3 and in rapid 
succession the author introduces the negative integers, the rationals, the irra- 
tionals and complex numbers. At each step the point is well made that the 
numbers introduced are new creations, invented to serve needs not served by 
those of previous categories. Although no attempt is made to establish in any 
completeness the fact that these new numbers satisfy the usual laws, it is em- 
phasized that this fact requires proof. There is a good discussion of the decimal 
notation. 

Chapter 4, entitled Algebra, covers such topics as square numbers, Pascal’s 
triangle, compound interest, annuities, the binomial theorem, and linear and 
diophantine equations. The distinction between identities and conditional 
equations is emphasized, and the importance of the equivalence of equations 
well explained. The chapter abounds in exercises of both practical and recrea- 
tional interest, including several of the puzzle type. Chapter 5 is concerned 
with graphical matters. Measurement is introduced as an ordering process, 
refinement being brought about through suitable choices of units of measure- 
ment. Data graphs are defined, the straight line and its equation are discussed 
and a few non-linear graphs are illustrated. Curve fitting by straight lines and 
parabolas is treated in connection with first and second differences. Frequency 
tables, the histogram, the mode, the median, and the three common means are 
defined. The treatment here is almost too brief to be of much value. In partic- 
ular, although four pages are devoted to the five averages, there is little indi- 
cation of the varying importance of each of these for different types of data. 
Permutations, combinations and simple combinatorial probability are treated 
in Chapter 6. Mathematical induction makes its sole entry in the derivation of 
the formula for ,Cn. There is reference to mathematical expectation and its 
application in gaming and insurance. 

The remainder of the book is devoted to geometry and topology. In Chapter 
7, entitled Mirror Geometry, reflection, as a particular type of geometric trans- 
formation, is the central idea. Rotation and translation are defined, and the 
three transformations are tied together by a statement and discussion of the 
theorem that the product of an even number of reflections is equal to that of a 
translation and a rotation. Definitions of euclidean congruence and the group 
of euclidean displacements close the chapter. Lorentz geometry, in which the 
admissible transformations are x'=kx-+c, y’=y/k-+d, forms the subject of 
Chapter 8. The invariance of incidence relations and the non-invariance of 
(euclidean) distance are shown. Congruence is defined and the congruence of 
non-equal angles is illustrated. Although very brief, the material isso presented 
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that any intelligent student should catch from it some glimpse of the richness of 
non-euclidean geometries. The final chapter, Topology, is one of the best from 
the standpoint of exposition. The linear graph is introduced via the Kénigsberg 
problem and the important simple theorems established. The four-color problem 
is defined and the six-color and five-color theorems proved. The chapter closes 
with brief paragraphs on planar networks, surfaces, the Mébius strip and maps 
on the torus. 

There is a bibliography of nearly forty items to which the student is re- 
peatedly referred for material for additional study. The bibliography is notable 
in being well annotated, a feature of too infrequent occurrence. 

It is scarcely a criticism of the book to say that its classroom use requires 
superior teaching. But it must be emphasized that it is not a book which can 
be handed to the pedestrian teacher with the expectation that he will impart 
even the substance of the material let alone the spirit. The book is not adequate 
as a text in the hands of such a person; too much must remain unwritten which 
only an enthusiastic teacher and well-trained mathematician can supply in 
classroom discussion. 

The reviewer’s major criticism of the book is that it is flippant. One feels 
much too strongly that the author is merely trying to show that mathematics is 
fun. Mathematicians know their subject is fun, but they know also that it is a 
serious discipline; in fact, as any first-rate mathematician will witness, the real 
fun comes only when one recognizes the importance of mathematics and does 
serious thinking about it. Motivation is not wholly lacking in this book, but that 
for the really important ideas is scant and subordinated. One gathers that the 
author feels apologetic about the importance of his subject or that he is impatient 
to get on with the fun. 

This flippancy is aided and abetted by one feature which distinctly mars the 
book. The author indulges in “asides” on almost every other page. These are 
intended to be humorous, and in the proper atmosphere they might be, but that 
atmosphere is the classroom and not the text. It is annoying when reading an 
otherwise cogent argument suddenly to have one’s train of thought upset by a 
facetious reference to elements which form no proper part of the argument. The 
use of good English is not always observed; definitely awkward constructions 
are too frequent. 

Although it is mentioned in the preface, the title page makes no reference to 
the fact that the book is a rewriting of an earlier set of notes which were the 
joint product of several members of the staff at Cornell University. 

G. B. Van SCHAACK 


Intermediate Algebra. By R. S. Underwood, T. R. Nelson, and S. Selby. New 
York, The Macmillan Company, 1947. 7-+283 pages. $2.60. 


This is another in the growing list of textbooks written especially for college 
students in algebra who, for any reason, are not ready for the kind of course 
ordinarily given under the name of “College Algebra.” It is unquestionably one 
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of the better books of the type and deserves consideration by anyone who is 
selecting a book for a course in intermediate algebra. 

The discussions in the book have been written with a clarity and definiteness 
that should be very helpful to the students. They show a regard for mathematical 
accuracy that is not always found in books of this level. The number of prob- 
lems should be ample for all but the very slowest classes, and the sets of prob- 
lems are well graded in difficulty. 

The book starts at the beginning of algebra and includes all the topics one 
would expect to find up through the simpler types of simultaneous quadratic 
equations, the factor theorem, the binomial theorem, variation, progressions 
and logarithms. 

The publisher deserves credit for producing a book in which the typography 
is pleasing and the binding is quite attractive and apparently substantial. 

W. C. McDANIEL 


A Handbook on Curves and Their Properties. By R. C. Yates. Ann Arbor, Ed- 
wards Brothers, Inc., 1947. 10-+245 pages. $3.25. 


This is a second edition of Curves by the same author which was reviewed 
in this MONTHLY, Vol. 54 (1946) pages 175-176. The chief changes from the first 
edition include a more substantial binding, an expanded index, additional and 
more complete references, and minor revisions of the text in the interest of 
greater accuracy and clarity. 

C. B. ALLENDOERFER 


Analytic Mechanics. (Prepared for the Department of Mathematics of the 
United States Naval Academy.) By A. E. Currier. Annapolis, The United 
States Naval Institute, 1948. 10+306 pages. $4.75. 


This text was prepared to meet the requirements of the curriculum at the 
United States Naval Academy. The purpose, as stated in the preface, is to pro- 
vide the student with an adequate understanding of mechanics to facilitate fur- 
ther study of the engineering and professional subjects prescribed at the Acad- 
emy. In accomplishing these objectives the author has presented a well organized 
and concise treatment of analytic mechanics in two dimensions. A knowledge 
of elementary calculus and an introductory course in differential equations is 
assumed as a prerequisite for the reader. Indeed, the author should be com- 
mended for persistently emphasizing the role of mathematics in the derivation 
of the laws of Newtonian mechanics from the fundamental postulates (Newton’s 
Laws). The definitions and the laws (theorems) are, in general, clearly and pre- 
cisely stated. It is evident that a careful attempt is made to emphasize the 
assumptions upon which these laws as formulated are based and to enumerate 
the consequent limitations of the theory. 

The order of presentation of the material is as follows: Chap. I. Introduction; 
Chap. II. Components, Sums, Moments and Equilibrium of Forces in the Plane; 
Chap. III. Physical Significance of a System of Forces in Equilibrium, and Ap- 
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plications to Statics Problems; Chap. IV. Trusses; Chap. V. Equivalent Forces, 
Equivalent Systems of Forces and Resultants; Chap. VI. Resultant of Gravity 
Forces, Center of Gravity, Center of Mass, Centroids; Chap. VII. Moment of 
Inertia; Chap. VIII. Normal Force and Force of Friction; Chap. IX. Strength 
of Materials, and Beams; Chap. X. Plane Dynamics of a Particle; Chap. XI. 
Work, Energy, and Potential Functions; Chap. XII. Motion of a System of 
Particles; Chap. XIII. Impulse and Momentum, Impulsive Forces. 

The first nine chapters are devoted primarily to the theory of statics for two 
dimensional force systems, while the remaining four chapters treat the dynamics 
of particle systems and rigid bodies with plane motion. The chapter headings 
are in most cases sufficient to describe the contents of the chapter without the 
addition of further details. An excellent choice of topics is displayed throughout 
the text. In this respect, Chapter X on the dynamics of a particle is representa- 
tive. It includes the following list of topics: 1. Assumptions Implied by Newton’s 
Law of Motion: 2. Position, Velocity, and Acceleration; 3. The Hodograph of 
the Motion of a Point; 4. Motion of a Particle Acted on by the Force of Gravity, 
Assumed Constant; 5. Harmonic Motion with Damping; 6. Forced Harmonic 
Motion; 7. Tangential and Normal Components of Acceleration; 8. The Simple 
Pendulum; 9. Motion of a Particle Acted on by a Central Force Obeying the In- 
verse Square Law; 10. Effect of the Earth’s Rotation, Coriolis and Centripetal 
Acceleration; 11. Ballistics: The Path of a Projectile. 

One of the noteworthy features of the book as a text is the profusion of exam- 
ples illustrating the theory. The clear explanation of the solutions of these ex- 
amples and the detailed interpretation of the results will be very helpful to the 
student in understanding the theory and its application to the solution of prob- 
lems. The student is given ample opportunity to become proficient in the solu- 
tion of problems by the inclusion of an abundant set of well selected exercises. 
The answers are given to alternate problems. The excellent diagrams and figures 
illustrating the theory and the exercises are also worthy of special mention. 

The format of the book is excellent. The proof has been carefully read, for 


there are remarkably few typographical errors. 
R. C. F. BARTELS 


The Early Work of Willard Gibbs in Applied Mechanics. By L. P. Wheeler, E. O. 
Waters, and S. W. Dudley. New York, Henry Schuman, Inc., 1947. 7+78 
pages. $3.00. 


The year 1947 was the first centennial anniversary of the founding of the 
Sheffield Scientific School of Yale University, and this little volume was pub- 
lished as a part of the commemoration of that occasion. 

Josiah Willard Gibbs was one of the most illustrious graduates of Yale and 
was internationally known for his work as a mathematical physicist. The pres- 
ent volume, however, presents some early practical work that probably many 
people were unaware of. He graduated in 1863 with the degree of Doctor of Phi- 
losophy, his being the fifth such degree to be granted in the United States. The 
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subject of his dissertation was “On the Form of the Teeth of Wheels in Spur 
Gearing,” but it was not printed during his lifetime. 

That this was indeed his doctoral thesis is, however, a matter of inference 
and not of record. It was the contents of a manuscript, lacking title page and 
binding, which was found among the papers in the study at his home following 
his death. In this connection Professor Waters points out “the records of that 
time are confused and meager; there was no requirement that theses be pub- 
lished, and no complete file was kept in the Yale Library or elsewhere of theses 
that had been accepted.” But the manuscript was examined by two of Gibbs’ 
colleagues and they gave it as their considered opinion that it was his doctoral 
thesis. 

The original manuscript, in Gibbs’ own handwriting, was bound in 1925 and 
placed in the Rare Book Room of Yale University Library. It appears in printed 
form for the first time in this volume. 

There is an Introduction contributed by Dr. Lynde Phelps Wheeler and a 
Commentary by Professor Everett Oyler Waters, both associated with Yale 
University. 

Included in the book are also accounts of two other contributions of Gibbs 
in his early days in the practical realm. One is a discussion of An Improved Rail- 
way Car Brake by Dean Samuel Wilbur Dudley of Yale School of Engineering, 
and the other an account of The Gibbs Governor for Steam Engines by Dr. 
Wheeler. 

The book throws an interesting sidelight on the early life and times of one of 
America’s greatest scientists. 

J. W. CAMPBELL 


Les Principes Mathématiques dela Mécanique Classique. By M. Brelot. Grenoble, 
B. Arthaud, 1945. 62 pages. 120 fr. 


This monograph is essentially a sketch of a modernized treatment of classical 
mechanics. The author considers that the usual treatments are wanting in clar- 
ity and precision, and he wishes to develop the subject in a new and concise way, 
on the basis of a clearly stated system of axioms. He indicates that the exposi- 
tion that he has in mind would be somewhat comparable with the modern treat- 
ments of the theory of probability. 

His first criticism of the traditional expositions relates to the procedure that 
is employed in advancing from the theory of systems consisting of finite sets of 
particles to the theory of systems consisting of continuous distributions of mat- 
ter. He describes the practice of replacing the finite summations in the first the- 
ory by the integrations in the second theory as being “sans justification séri- 
euse.” In order to avoid this difficulty he introduces the concept of additive set 
functions at an early stage, and states the dynamical formulae and theorems in 
terms of this concept. In brief, he postulates a point set, depending upon a 
parameter ft, in Euclidean space, with various scalar and vector additive set 
functions defined on the set. These functions represent distributions of mass, 
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velocity, acceleration, force, and so forth. Then it turns out that it is possible 
to write the fundamental dynamical relations in general forms, which are im- 
mediately applicable to all particular cases. 

Another of the author’s criticisms relates to the way in which the notion of 
internal forces is usually treated. He emphasizes the fact that this notion is 
largely conventional, and he subjects the significance of the notion, and its ap- 
plications, to a careful analysis. 

At a point about half way through the booklet we find statements of the 
classical theorems concerning the existence and continuity of solutions of sys- 
tems of differential equations. Most of the latter part of the work is devoted toa 
study of certain dynamical consequences of these theorems. Specifically, much of 
this part relates to the delicate problems presented by the motion of a system in 
the neighborhood of an equilibrium configuration. 

The last few pages are devoted to a rapid discussion of percussions. 

The author’s general objective is one that will appeal strongly to all mathe- 
maticians and to many physicists. Furthermore, there will probably be general 
agreement that the specific proposals made are entirely sound. However, this 
sketch seems to be too summary to permit the implications and merits of the 
new ideas to become fully apparent. It is to be hoped that before long the author 


will expound his point of view in a full-length treatise. 
L. A. MacCoii 


Curso de Matematica, en Forma de Problemas. By J. Gallego-Diaz. Madrid, Edi- 
torial Dossat, S. A., 1944. 12+344 pages. 60 pesetas. 


This is a rather good collection of problems with solutions, except in a very 
few cases, in the subjects which are usually covered by undergraduate courses in 
American colleges. Some of them are in the nature of exercises, but most of them 
call for more than mere application of a few theorems; many of them are taken 
from examination papers set in some of the Spanish engineering schools in recent 
years. They are on the general level of the problems in the sections of this 
MONTHLY devoted to problems, elementary and advanced. In several instances 
important standard topics enter into the solutions; references to the literature 
would have been in order in such cases. The different topics are given treatments 
which vary a great deal in length. The longest section is that on limits, se- 
quences, and infinite series and products, containing 44 problems. There are 25 
problems in the section on conics, 18 on kinematics and differential geometry, 
15 on probability, 10 miscellaneous problems, and groups of less than 10 each 
in sections on maxima and minima, transformations, quadric surfaces, and so 
on, several topics being represented by but a single problem. 

The three problems which follow are quoted so as to give some idea of the 
general character of the contents of the book: 

1. An urn contains one white ball and one black one. One ball is drawn and 
returned to the urn, with another ball of the same color as the one drawn. Con- 
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tinuing in this manner, after each drawing the number of balls will be increased 
by one. What is the probability that, when the urn contains 20 balls, there will 
be 10 white ones and 10 black balls? The problem is solved and generalized in 
obvious manner, with a reference to Polya’s paper in vol. 1 of the Annales de 
Institut Henrt Poincaré. 

2. On a half line points, marked 0, 1, 2, ---, are laid off, equal distances 
apart. These points are projected on another line giving rise to the points 
Po, P;, Po, - » + ;a uniform scale is established on this new line and in this scale 
the distances P2P; and Pis5P.; are given. It is required to determine the limit of 
the length of the segment PoP, as ” tends to infinity, and also the lengths in this 
scale, of the segments P)P; when P, falls on a division point of the scale. 

3. It is required to determine the conditions on 4 lines in space, Ri, Re, Rs, 
and R,, in order that, starting with an arbitrary point Py in space and construct- 
ing P; as the mirror image of P;_1 in Ri, 7=1, 2, 3, 4, the point P, will coincide 
with Po. 

This book could be very useful for college teachers of mathematics. 

ARNOLD DRESDEN 


Nomography. By A. S. Levens. New York, John Wiley and Sons, Inc., 1948. 
8+176 pages. $3.00. 


A nomograph, or nomogram, or alignment chart, is a graphical device for 
solving an equation in three unknowns for one of the unknowns when the 
values of the other two are given. One draws a straight line across the three 
scales which constitute the nomograph, and the three scale readings at the 
points of intersection yield a set of values for the unknowns which satisfies the 
equation. Not all equations lend themselves to this graphical device. An equa- 
tion in four or more unknowns may sometimes be solved by the successive use 
of two or more nomographs. 

The present book is intensely practical. The author chooses nine type equa- 
tions of general interest and gives detailed instructions for making a convenient 
nomograph for each type. Although the emphasis is always on the practical con- 
struction, the author does give a geometric proof of the correctness of the nomo- 
graph for each case. The explanations are clear, and are accompanied by numer- 
ous examples and figures. The use of three-rowed determinants, which plays 
such a large part in the theory of nomographs, is briefly presented in ten pages. 
There is an appendix containing about thirty nomographs intended for practical 
use. There is also a bibliography of eighteen references. The book is well indexed. 

This book may be recommended to one who wishes to make nomographs or 
teach the art of making them, provided his interest is altogether on the practical 
side of the subject. The author’s nine types do cover most of the usual cases that 
arise in practice, and very little mathematical background is presupposed. 


D. F. BARROW 


1948] RECENT PUBLICATIONS 523 


The Strange Story of the Quantum; An Account for the General Reader of the 
Growth of the Ideas Underlying our Present Atomic Knowledge. By Banesh 
Hoffmann. New York, Harper and Brothers, 1947. 11+239 pages. $3.00. 


Professor Hoffmann’s subtitle gives a concise description of his aim, and of 
his achievement; he gives an excellent account of the growths of the concepts 
underlying quantum mechanics and atomic and nuclear theory. Although the 
author is a mathematician, at present Professor of Mathematics at Queens Col- 
lege, New York, he tells his story, and many of its details, without the use of 
mathematical formalism. The contents of the theories, their relationship, “par- 
entage,” and cross-fertilization are clearly outlined, so far as it is possible with- 
out the use of the mathematical tools. The relations of theory and experiment 
are stressed at many points. 

The book, or, following the author, the drama, starts with Hertz’s discovery 
of electromagnetic waves, that triumph of the predictions of classical theories. 
Then the “Strange Story” begins to unfold; in Chapter 2 “The Quantum is 
Conceived” an account of Planck’s work is given. The photoelectric effect is dis- 
cussed in Chapter 3; this chapter and the next “Tweedledum and Tweedledee” 
dealing with interference, bring home, right at the start, the crucial wave-parti- 
cle dualism. Chapters 4 and 5 give an exposition of the Bohr theory, the Rydberg 
principle, and the limitations of the Bohr model. 

In “Act II” the author proceeds to follow “The Exploits of the Revolution- 
ary Prince.” De Broglie’s work and the strong impetus of relativity to the de- 
velopment of his thoughts is mentioned in Chapter 8. In Chapter 9, headed 
“Laundry Lists are Discarded,” the author speaks about the Heisenberg-Born 
Matrix Mechanics, and tries to bring out the mathematical as well as the physi- 
cal problems involved. This is one of the chapters where this reader had mis- 
givings about the reactions of the “general reader.” The following two chapters 
“The Ascetism of Paul” and “Electrons are Smeared,” on the Dirac symbolical 
method and Schroedinger’s wave equation, are high points of the book. In Chap- 
ter 12 “Unification” the equivalence of the wave and matrix theories is dis- 
cussed, and in Chapter 13 “The Strange Denouement” leads to the resolution 
of the wave-particle paradox, and the role therein of the Heisenberg indetermin- 
acy principle. The last chapter of “Act II,” the “New Landscape of Science,” 
describes the general consequences of the new concepts. 

In the “Epilogue” the developments of the thirties are traced. The discovery 
of the new particles, the positron, the neutrino, the neutron, and the meson, and 
the success of the quantum mechanical theory of coping with them are de- 
scribed. 

The book is very good and absorbing reading; it is a serious attempt to show 
the relationship of mathematics and physics, and to trace the growths and re- 
placement of concepts, without using the mathematical tools of quantum me- 
chanics. It is unfortunate that in so aptly constructed a book the story is a bit 
overdramatized in places. Sometimes this will not help the reader much, and 
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may lead to misunderstandings, for instance the use of the author’s “principle 
of perversity.” 

Another point is the lack of units, say on page 22, when speaking of h the 
author says “Its value is a mere .000 000 000 000 000 000 000 000 006 6.” Also 
one would have liked a stronger emphasis on the permanence of classical theory, as 
far as macroscopic quantities are concerned. Notwithstanding these few objec- 
tions, it is a fascinating book, almost in a class with Jeans and Eddington and 
the other great classics of Popular Science. It will be good collateral reading in 
courses on the history of science. 

F. T. ADLER 


NEW BOOKS RECEIVED 

Intermediate Algebra for Colleges. By W. L. Hart. Boston, D. C. Heath and 
Co., 1948. 71316 pages. $2.50. 

College Algebra. By T. S. Peterson. New York and London, Harper and 
Brothers, 1947. 8+334 pages. $2.50. 

Algebra for College Students. By J. R. Britton and L. C. Snively. New York, 
Rinehart and Co., 1947. 111529 pages. $3.00. 

Higher Algebra. (Sequel to Higher Algebra for Schools). By W. L. Ferrar. 
New York, Oxford University Press, 1948. 6+320 pages. $5.00. 

Essentials of Analytic Geometry. By D. R. Curtiss and E. J. Moulton. Boston, 
D. C. Heath and Co., 1947. 44259 pages. $2.80. 

Analytic Geometry. By P. K. Rees and E. D. Mouzon. New York, Dryden 
Press, 1948. 28+305 pages. $2.75. 

Analytic Geometry. By P. R. Rider. New York, The Macmillan Co., 1947. 
10+383 pages. $3.25. 

Solid Analytic Geometry. By J. M. H. Olmsted. New York, Appleton- 
Century Co., 1947. 13+257 pages. $4.00. 

Plane Geometry. By D. T. Sigley and W. T. Stratton. New York, Dryden 
Press, 1948. 12+242 pages. $2.25. 

Unified Calculus. By E. S. Smith, M. Salkover, and H. K. Justice. New 
York, John Wiley and Sons; London, Chapman and Hall, 1947. 10+507 pages. 
$3.50. 

Modern Mathematics. By S. A. Walling and J. C. Hill. New York, The Mac- 
millan Co., 1948. 6+153 pages. $1.00. 

A Text-book of Mathematical Analysis. The Uniform Calculus and its Applica- 
tions. By R. L. Goodstein. New York, Oxford University Press, 1948. 124475 
pages. $9.00. 

Modern Operational Calculus. By N. W. McLachlan. New York, The Mac- 
millan Co., 1948. 14+218 pages. $5.00. 

Applied Differential Equations. By F. E. Relton. London, Blackie and Sons, 
Ltd., 1948. 6+264 pages. 20s net. 

Introduction to the Differential Equations of Physics. By L. Hopf. Translated 
by Walter Nef. New York, Dover Publications, 1948. 5+154 pages. $1.95. 

Cours de Mecanique Rationnelle. By J. Chazy. Paris, Gauthier-Villars. Vol. 
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I, Dynamique du Point Materiel. 482 pages, 900 fr.; Vol. 2, Dynamique des Sys- 
temes Matertels. 6+511 pages, 1100 fr. 

Set Functions. By Hans Hahn and Arthur Rosenthal. Albuquerque, Univer- 
sity of New Mexico Press, 1948. 9+324 pages. $12.50. 

A Treatise on Set Topology. Part I. By R. Vaidyanathaswamy. Madras, S. 
Mahadevan, 1947. 6+304 pages. Rs 16-4. 

Mathematics for Use in Business. By C. E. Hilbron. Boston, Houghton- 
Mifflin C., 1948. 7+472 pages. $3.50. 

Mathematics of Finance. By J. B. Linker and M. A. Hill. New York, Henry 
Holt and Co., 1948. 8+175+83 pages. $2.90. 

The Mathematical Theory of Finance. Revised Edition. By K. P. Williams. 
New York, The Macmillan Co., 1947. 10+274 pages. $4.50. 

Theory of Experimental Inference. By C. W. Churchman. New York, The 
Macmillan Co., 1948. 11+292 pages. $4.25. 

Sampling Inspection. By The Statistical Research Group, Columbia Univer- 
sity. New York, McGraw-Hill Book Co., 1948. 20+395 pages. $5.25. 

Studies and Essays. Anniversary Volume Presented to R. Courant. New 
York, Interscience Publishers, 1948. 470 pages. $5.50. 

A Collection of Papers in Memory of Sir William Rowan Hamilton. The 
Scripta Mathematica Studies, No. 2. New York, Scripta Mathematica, 1945. 
82 pages. $1.00. 

Newton Tercentenary Celebrations. By E. N. da C. Andrade, H. J. Keynes, 
and Others. New York, The Macmillan Co., 1948. 15+91 pages. $3.00. 

Tables of Spherical Bessel Functions. Vol. 2. Prepared by the Mathematical 
Tables Project, National Bureau of Standards. New York, Columbia Univer- 
sity Press, 1947. 20+232 pages. $7.50. 

_ The Differential Analyser. By J. Crank. New York, Longmans, Green, and 
Co., 1948. 8+137 pages. $2.50. 

The Theory of Mathematical Machines. Revised Edition. By F. J. Murray. 
New York, King’s Crown Press, 1948. 9+ 139 pages. $3.00. 

Proceedings of a Symposium on Large-Scale Digital Calculating Machinery. 
Vol. XVI. Cambridge, Harvard University Press, 1948. 29+302 pages. $10.00. 

Heat Conduction. By L. R. Ingersoll, O. J. Zobel, and A. C. Ingersoll. New 
York, McGraw-Hill Book Co., 1948. 12-+-278 pages. $4.00. 

Nuclear Forces. Part I. By L. Rosenfeld. New York, Interscience Publishers, 
1948. 20+181 pages. $5.00. 

Mathematics for the Consumer. By R. Schorling, J. R. Clark, and F. G. Lank- 
ford, Jr. Yonkers, New York, World Book Co., 1947. 10+438 pages. 

Mathematics for Radio Engineers. By L. Mautner. New York, Pitman Pub- 
lishing Co., 1947, 8+327 pages. $5.00. 

Two- Dimensional Fields in Electrical Engineering. By L. V. Bewley. New 
York, The Macmillan Co., 1948. 144+204 pages. $5.50. 

Introductory Chemical Calculations. By S. J. Smith. New York, The Macmil- 
lan Co., 1947. 7+144 pages. $1.00. 
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Traffic Performance at Urban Street Intersections. Technical Report No. 1. 
New Haven, Yale Bureau of Highway Traffic, 1947. 15+152 pages. 

Sobre las Orbitas A parentes de las Estrellas Dobles Visuales. By Enrique Vidal. 
University of Santiago, 1947. 8+58 pages. 

The Scientists Speak. By Warren Weaver. New York, Boni and Gaer, 1947. 
13-+369 pages. $3.75. 

Biblaograpmte des Multigrades avec quelques Notices Biographiques. By A. 
Gloden and G. Palama. Luxembourg, 1948. 4+64 pages. 

Secret. By W. W. Stout. Detroit, Chrysler Corp., 1947. 67 pages. 

Number Readiness in Research. By A. Riess. New York, Scott, Foresman, 
and Co., 1947. 70 pages. $1.00. 

Math 1s Fun. By J. Degrazia. New York, Gesham Press, 1948. 159 pages. 
$2.75. 

A Centenary of Marxism. Edited by Samuel Bernstein and the Editors of 
Science and Society. New York, Science and Society, 1948. 196 pages. $2.50. 


CLUBS AND ALLIED ACTIVITIES 
EDITED BY L. F, OLLMANN, Hofstra College 
Send reports of all activities, such as club reports, special features, topics with references, 


student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Mathematics Club, Hunter College 


The Mathematics Club of Hunter College held two parties, a buffet supper, 
and a boat ride to Bear Mountain in addition to the regular meetings at which 
the following papers were presented: 

Philosophical problems relating to statistics and probabthty, by Jerzy Neyman 
of the University of California 

Self-inductive theorems, by Professor James Singer of Brooklyn College 

Transcendental numbers, by Professor J. H. Bushey 

Mathematics and art, by Marian Boykan 

Number scales, by Florence Burg 

The number 7, by Cecile Cohen 

Mobius strips, by Marcia Geiger 

Pythagorean numbers, by Dorothy Beck 

An introduction to map projections, by Marianne Weisz. 

The club was invited to join the Physics Club of Hunter College to hear I. F. 
Ritter of New York University speak on Soap films and minimal surfaces. 

The officers for 1946-47 were: President, Wilhelmina Fluhr; Vice-President, 
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Florence Myres; Secretary, Ceceil Cohen; Treasurer, Ruth Friedman; Interclub 
Committee Representative, Marcia Geiger; Publicity Chairman, Florence Burg; 
Faculty Adviser, Carolyn Eisele. 


Mathematics Club, University of Dayton 


Biweekly meetings were held during the year at which the following papers 
were presented by members: 

The construction of Pythagorean triangles, by Joseph R. Berry 

Fundamental concepts of analysis, by J. R. Flynn 

Fundamental number theory, by E. J. Freeh 

Nomographic or alignment charts, by R. J. Schweller 

Exterior ballistics, by R. R. Luthman 

Curve fitting, by J. R. Westerheide 

The irrational number system, by J. D. Griffin 

Paradoxes of the infinite, by N. A. Engler 

The application of Fourier’s series to electrical circuits, by P. F. Swift. 

Faculty talks presented during the year were: 

The transcendence of e, by Dr. K. C. Schraut 

A civil engineer looks at mathematics, by Prof. J. J. Chamberlain, acting head 
of the University Civil Engineering department 

Questions after the lecture, by Prof. Merriman of the University of Cincinnati. 

During the first semester the club took a special field trip to the University 
of Cincinnati Observatory where Dr. Paul Herget, Director of the observatory, 
spoke on An application of finite differences to the computation of orbits. The an- 
nual banquet, attended by the president of the University, the Dean of Science, 
several Mathematics Club Alumni including three past presidents and other 
distinguished guests was held at the Wishing Well Inn. 

The Dean of Science Award, consisting of two volumes of Differential and 
Integral Calculus, by R. Courant, given to the student who delivers the most 
interesting paper during each semester, was presented to R. J. Schweller for the 
first semester and to J. D. Griffin for the second semester. The mathematics 
club alumni awards for excellence in advanced mathematics were presented to 
J. R. Berry, a senior, and to Charles Keller, a junior. 

Several members attended and assisted in the annual symposium and dinner 
of the National Mathematics Honor Society of Secondary Schools, which was 
founded under the auspices of the Club, and aided in the installation of an ad- 
ditional chapter at Elder High school of Cincinnati. 

The first edition of a proposed annual Mathematics Club Bulletin, containing 
reprints of all the student papers delivered before the Club and over ninety 
pages in length, was edited by the secretary. A new constitution, drafted by the 
officers, was accepted by the members. 

Officers of the Club during the year were: President, John R. Westerheide; 
Vice-President, Edward J. Freeh; Secretary, J. Dennis Griffin; Publicity Secre- 
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tary, Thomas P. Hanlon; Treasurer, Peggy Ens; Faculty Advisor, Dr. K. C. 
Schraut. 


Pi Mu Epsilon, Duke University 


Two meetings of the North Carolina Alpha Chapter of Pt Mu Epsilon were 
held this year. At the fall meeting Dr. J. H. Roberts presented the topic Para- 
doxes and mathematics. At the spring meeting Dr. H. Hotelling presented the 
topic Applications of mathematics. 

Initiation was held at both the fall and the spring meetings. In the fall nine 
new members were taken into the fraternity, and in the spring there were 
forty-nine new members taken in. The officers elected for 1947—48 are: Director, 
Jo Anne Walker; Vice-Director, Nancy Bloom; Treasurer, Wayne Bainbridge; 
Secretary, Jean Bellingrath. 


Mathematics Club, Swarthmore College 


The Mathematics Club of Swarthmore College, having lapsed into inactivity 
during the war, was revived last year and is now in its second year of existence. 
Meetings are held on alternate Thursdays, at which papers on topics of interest 
are given by students and faculty members. The object of these talks is to 
acquaint the students with areas of mathematics not taken up in the regular 
curriculum and to stimulate students to investigate these subjects further. 

Papers given during the semester were: 

Partition of numbers, by Dr. Rademacher of the University of Pennsylvania 

Crypianalysis, by Paul Mangelsdorf 

Laplace transformations, by Dr. Elmore 

Group theory, by Carl Levinson 

Calculus of variations, by Irving Dayton 

Finite fields, by Dr. Carruth. | 

The club also sponsors a problem contest every semester in the belief that 
active participation is essential to the study of mathematics. The winners of this 
term’s contest are: Ned Freeman, Carl Levinson, Douwe Yntema, and Bob 
Kuller. 

Officers for the semester were: President, George Yntema; Vice-President, 
Carl Levinson; Secretary, Patricia Plank; Treasurer, Nancy Burnholz. 

For the spring semester the officers are: President, Carol Levinson; Vice- 
President, Edward Rawson; Secretary, Charlotte Garceau; Treasurer, Nancy 
Burnholz. 


Mathematical Society, The University of Adelaide 


The Mathematical Society of the University of Adelaide was conducted as a 
Colloquium or Seminar on the Theory of the Gamma function and some of its 
applications. The lectures of the students were prepared from typed notes on the 
subject by Prof. H. Schwerdtfeger. In 13 meetings the theory of the real Gamma 
function was covered as far as it is treated in Cours d’analyse by de la Vallée 


1948] NEWS AND NOTICES 529 


Poussin, but using the method of E. Artin’s Einfuehrung in the Theorie der 
Gammafunkiton (Leipzig 1931). As an application we have dealt with Riemann- 
Liouville’s Fractional Integration, using various sources; e.g., papers by J. D. 
Tamarkin (Annals of Mathematics 31, 1930, 219-229), W. L. Ferrar, (Proc. 
Royal Society Edinburgh 48, 1927-28, 92-105) and H. T. Davis (American 
Journal of Mathematics 46, 1924, 95-109). 

The principle collaborators with Prof. Schwerdtfeger were: A. T. James, 
B.Sc., N. Munroe, B.Sc., R. B. Potts, B.Sc., Mrs. M. Sved, G. E. Wall, B. W. 
Worthley, B.Sc. 

A colloquium on the Theory of Matrix Functions is contemplated along 
similar lines for the next school session. 

Prof. Schwerdtfeger states that “the concentration upon a single subject de- 
fined in advance has, in fact, reduced the popularity of the mathematical society; 
but in return it gave more satisfaction to the more serious kind of students. It 
was therefore agreed to continue the society in this manner, changing the subject 
from year to year. This seems to be the more desirable under the circumstances.” 


Mathematics-Physics Club, College of Saint Teresa 


The theme for the activities of the Mathematics-Physics Club of College of 
Saint Teresa for 1946-47 was measurement. Applications were made of the cross- 
staff, drum-head, clinometer, visor, range-finder, scout staff, square and cross 
staff, mirror, and yardstick. 

Demonstrations of an oscillograph and a student-constructed radio as well 
as films on the parabola and crystallization were shown. Progressive mathemati- 
cal games, a Christmas cryptograph, and quotations of mathematicians fur- 
nished digression at other meetings. 

The year’s activities were closed with a mathematical scout picnic at which 
the participants were tested in mapping, surveying, estimating measurements, 
the compass, the scout code, and laws. Appropriate badges were awarded. 

The officers for 1946-47 were: President, Jean Stephany; Vice-President 
Gladys Schmitz; Secretary, Mary Vroman; Treasurer, Clarice Abts. 


NEWS AND NOTICES 


EpITtED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
ttems to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


RESEARCH FELLOWSHIPS IN PSYCHOMETRICS 


The Educational Testing Service, Princeton, New Jersey is offering for 
1949-50 two research fellowships in psychometrics leading to the Ph.D. degree 
at Princeton University. These fellowships carry a stipend of $2,200 a year. 
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They are available to men who are acceptable to the Princeton University 
Graduate School and who show exceptional aptitude for advanced training in 
psychology, psychological measurement and statistics. 

Applications must be received in Princeton by January 15, 1949. Application 
blanks may be obtained from the Director of Psychometric Fellowship Pro- 
gram, Educational Testing Service, Box 592, Princeton, New Jersey. 


SYMPOSIUM ON MODERN CALCULATING MACHINERY 


A Symposium on Modern Calculating Machinery and Numerical Methods 
was held at the University of California at Los Angeles on July 29-31, 1948. It 
was sponsored by the Departments of Astronomy, Engineering, and Mathe- 
matics of the University and by the Institute for Numerical Analysis in coopera- 
tion with the Association and other scientific societies. The program included 
reports on computing machine developments in various research centers and on 
numerical methods in applied mathematics. 


PERSONAL ITEMS 


Professor W. D. Reeve, retiring head of the Department of Mathematics of 
Teachers College, Columbia University, has been honored by the establishment 
of the William David Reeve Scholarship in the Teaching of Mathematics. 

Carnegie Institute of Technology anounces the following appointments for 
the year 1948-49: Professor F. D. Murnaghan as visiting professor for the first 
semester and Professor E. R. Lorch as visiting professor for the second semester ; 
Dr. Abraham Charnes of the University of Illinois to an assistant professorship ; 
Assistant Professors H. J. Greenberg and George Handelman of Brown Uni- 
versity to assistant professorships. 

Cornell University announces: Associate Professor C. J. Thorne of the Uni- 
versity of Utah has been appointed Visiting Associate Professor; Associate 
Professor R. J. Walker has been promoted to a professorship; Assistant Profes- 
sor Harry Pollard has been promoted to an associate professorship; Professor 
W. B. Carver has retired. 

At Kent State University Assistant Professor R. Y. Iwanchuk of St. Basil's 
College and Mr. B. B. Dressler have been appointed to assistant professorships. 

Rutgers University makes the following announcements: Mr. C. W. Saal- 
frank of Franklin and Marshall College, Mr. A. G. Makarov of the University of 
Pennsylvania, and Mr. D. A. Darling of University College have been ap- 
pointed to assistant professorships; Mr. J. N. Livingood and Mr. E. D. Nering 
have resigned. 

The University of Michigan announces the following promotions: Associate 
Professor S. B. Myers to a professorship, Assistant Professor R. M. Thrall to an 
associate professorship, Mr. P. S. Jones to an assistant professorship. 

The University of Wyoming announces: Dr. W. N. Smith has been appointed 
Assistant Professor of Mathematics; Assistant Professor S. R. Smith has been 
promoted to an associate professorship. 
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Dr. H. G. Apostle, formerly of Amherst College, has been appointed to an 
associate professorship at Grinnell College. 

Professor A. S. Besicovitch is serving as visiting professor at the University 
of Pennsylvania during the academic year 1948-49. 

Dr. P. T. Bateman of Yale University is now at the Institute for Advanced 
Study. 

Assistant Professor Truman Botts of the University of Delaware has been 
appointed to an acting assistant professorship at the University of Virginia. 

Professor Louis Brand of the University of Cincinnati has received an ap- 
pointment as visiting professor at the University of Hawaii for the year 1948-49. 

Dr. C. T. Bumer of the Massachusetts Institute of Technology has been ap- 
pointed Professor of Mathematics and Chairman of the Department of Mathe- 
matics at Clark University. 

Associate Professor W. J. Combellack of Northeastern University has been 
appointed Professor of Mathematics and Head of the Department of Mathe- 
matics at Colby College. 

Assistant Professor W. W. Dolan of the University of Oklahoma has ac- 
cepted an appointment as professor and head of the Department of Mathe- 
matics at Linfield College. 

Miss Geneva E. Durham of Atlantic Union College has been appointed 
Assistant Professor of Mathematics and Astronomy at Pacific Union College. 

Assistant Professor Howard Eves of Oregon State College has been promoted 
to an associate professorship. 

Professor H. P. Fawcett of Ohio State University has been appointed Chair- 
man of the Department of Education. 

Dr. R. D. Gordon of Indiana University has been appointed to an assistant 
professorship at the University of Buffalo. 

Assistant Professor F. G. Graff of Amherst College has been appointed to 
an assistant professorship at Oberlin College. 

Professor E. H. Hadlock of Hastings College has been appointed to an asso- 
ciate professorship at the University of Florida. 

Dr. G. P. Hochschild of Harvard University has been named Assistant Pro- 
fessor of Mathematics at the University of Illinois. 

Assistant Professor Carl Holtom of Purdue University has accepted an ap- 
pointment as associate professor of mathematics at the U. S. Air Force Institute 
of Technology, Wright-Patterson Air Force Base, Dayton, Ohio. 

Dr. L. H. Kanter of the University of Wisconsin has been appointed to an 
assistant professorship at the University of Arkansas. 

Dr. Samuel Kaplan has been appointed Assistant Professor of Mathematics 
at Wayne University. 

Professor C. E. Melville has retired from his position as professor of mathe- 
matics and chairman of the Department of Mathematics after forty-six years of 
teaching at Clark University. 
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Professor G. W. Mullins of Columbia University has been given the title 
of Emeritus Professor of Mathematics. 

Dr. Edward Paulson of the University of Washington has been promoted to 
an assistant professorship. 

Miss Lucille K. Pinette of Colby College has been promoted to an assistant 
professorship. 

Mr. I. H. Rose of Pennsylvania State College has been appointed to an 
assistant professorship at the University of Massachusetts. 

Associate Professor Wladmir Seidel has obtained a year’s leave of absence 
from the University of Rochester in order to work at the Institute for Numerical 
Analysis, University of California at Los Angeles. 

Dr. Shien-Sin Shu has received an appointment as associate professor of 
mathematics and research associate in mechanics at Illinois Institute of Tech- 
nology. 

Professor R. R. Shumway of the University of Minnesota has retired. 

Professor E. R. Sleight of Albion College has retired. 

Assistant Professor W. D. Temple, Agricultural and Mechanical College of 
Texas, has been appointed to an associate professorship at Louisiana Polytechnic 
Institute. 

Brother L. Thomas is now a member of the faculty of Christian Brothers 
College, Memphis, Tennessee. 

Assistant Professor E. P. Vance has been appointed Chairman of the Depart- 
ment of Mathematics at Oberlin College for the year 1948-49. 

Dr. W. E. Wilson has been appointed President of the South Dakota School 
of Mines and Technology. 

The following appointments to instructorships are announced: 

Dartmouth College: Mr. D. G. Dickson 

Franklin and Marshall College: Mr. J. R. Holzinger 

Illinois Institute of Technology: Mr. R. B. Brady 

Kent State University: Mr. A. P. Boblett, Mr. W. C. Lowry, Mr. F. R. Ol- 
son, Mr. E. T. Stapleford, Miss Jane A. Uhrhan. 

Rutgers University: Mr. W. W. Boone 

University of Arkansas: Mr. W. C. Guenther 

University of Buffalo: Miss Janet E. Abbey 

University of Oregon: Mr. W. L. Shepherd 

Lehigh University announces the appointment of Mr. R. R. Townsend to a 
graduate assistantship. 


Professor Mae R. Andersen of Concordia College died on Marsh 28, 1948. 

Sister M. Borgia Clarke of Webster College died on January 21, 1948. She 
had been a member of the Association for twenty-five years. 

Professor Emeritus R. M. Ginnings of Western Illinois State Teachers Col- 
lege died on June 19, 1948. He was a charter member of the Association. 

Assistant Professor T. R. Long of the University of Rochester died on July 
11, 1948. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing seventy persons have been elected to membership by the Board of Governors 


on applications duly certified: 


Rev. H. B. ALBiseEr, S.S.E., A.B. (St. Michael’s) 
Instructor, St. Michael’s College, Winoo- 
ski, Vt. 

P. M. ANSELONE, Student, College of Puget 
Sound, Tacoma, Wash. 

L. G. ARNOLD, B.A.(Oberlin) Graduate Stu- 
dent, University of Michigan, Ann Arbor, 
Mich. 

H. G. H. Bartram, B.A.(Colorado) Part- 
time Instructor, University of Colorado, 
Boulder, Colo. 

V. N. BrEurns, B.A.(Buffalo) Instructor, 
University of Buffalo, N. Y. 

E. J. Berger, M.A.(Colorado State) Instruc- 
tor, Monroe High School and College of St. 
Catherine, St. Paul, Minn. 

LipMAN Bers, Ph.D.(Syracuse) Asso. Pro- 
fessor, Syracuse University, N. Y. 

Jacos Borsux, B.A.(Brooklyn) Mathemati- 
cian, U.S. Coast & Geodetic Survey, N. Y. 

LEONARD Bristow, Ph.D. (Illinois) Asst. Pro- 
fessor, University of Wyoming, Laramie, 
Wyo. 

C. G. Burcer, Jr., B.S. (Rensselaer Polytech- 
nic Institute) Instructor, Rensselaer 
Polytechnic Institute, Troy, N. Y. 

NIKOLINE A. Bye, A.M.(Michigan) Asst. 
Professor, Central Michigan College of 
Education, Mount Pleasant, Mich. 

HELEN SELFRIDGE (Mrs.) Criucas, M.A. 
(Oregon) Public Assistance Worker, Kern 
Country Welfare Dept., Bakersfield, Calif. 

W. B. Conroy, JR., M.A. (St. Lawrence) Asst. 
Professor, Clarkson College, Potsdam, 
N. Y. 

VIOLET B. Davis, M.A.(Toledo) Asst. Pro- 
fessor, University of Toledo, Ohio 

Rev. H. F. DeBacais, C.I.C., Ph.D. (Notre 
Dame) Instructor, University of Notre 
Dame, Ind. 

M. W. DEJoncE, M.A. (Illinois) Asst. Profes- 
sor, Purdue University, Lafayette, Ind. 

B. K. Dickerson, M.A.(Northwestern) In- 
structor, Syracuse University, N. Y. 


W. M. DuKE, Sc.M.(New York) Chairman of 
Research Division, Cornell Aeronautical 
Laboratory, Buffalo, N. Y. 

M. B. Evans, B.S.E.(Michigan) Instructor, 
Missouri School of Mines and Metallurgy, 
Rolla, Mo. 

Ky Fan, D.Sc.(Paris) Asst. Professor, Uni- 
versity of Notre Dame, Ind. 

W. E. FELLING, B.S.E.E. (St. Louis) Graduate 
Student, St. Louis University, Mo. 

H. H. Fox, M.A.(Wisconsin) Assistant, Uni- 
versity of Illinois, Urbana, II. 

C. V. FRONABARGER, M.A.(Geo. Peabody) 
Asst. Professor, Southwest Missouri State 
College, Springfield, Mo. 

J. B. GARRETT, Student, Siena College, Loudon- 
ville, N. Y. 

SIDNEY GLUSMAN, M.A.(Columbia) Instruc- 
tor, Seton Hall College, South Orange, 
N. J. 

N. H. GortesMAN, B.S.(Notre Dame) Teach- 
ing Fellow, University of Notre Dame, Ind. 

G. F. GuItrorp, JRr., M.S.(Syracuse) Asst. 
Professor, Rensselaer Polytechnic Insti- 
stitute, Troy, N. Y. 

SmiTtH HiccIns, JR., M.S.(Notre Dame) In- 
structor, University of Notre Dame, Ind. 

H. K. Hitton, M.A.(Northwestern) Instruc- 
tor, University of Wyoming, Laramie, 
Wyo. 

K. E. Hoceatt, Student, College of Puget 
Sound, Tacoma, Wash. 

V. E. Hoceatt, JR. Student, College of Puget 
Sound, Tacoma, Wash. 

R. J. Howerton, M.S.(Northwestern) In- 
structor, Regis College, Denver, Colo. 

N. R. HucGues, A.B.(Wabash) Instructor, 
Wabash College, Crawfordsville, Ind. 

T. R. Humpureys, M.A.(Oregon) Professor, 
Bergen Junior College, Teaneck, N. J. 

R. E. Huston, Ph.D.(Chicago) Professor, 
Rensselaer Polytechnic Institute, Troy, 
N. Y. 
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T. C. HurcnHison, Student, Pennsylvania 
State College, State College, Pa. 

RutH E, KENNEDY, B.S. (Louisiana Polytech- 
nic Institute) Instructor, Louisiana Poly- 
technic Institute, Ruston, La. 

P. J. KieRNAN, A.M.(Columbia) Instructor, 
Lawrenceville School, N. J. 

F. P. KOwALEWSKI, JR., M.A.(Buffalo) In- 
structor, University of Buffalo, N. Y. 
SIDNEY Kravitz, M.Ae.E.(New York) 
Mathematician, Ballistic Research Labo- 

ratory, Aberdeen Proving Ground, Md. 

W.G. Leavitt, Ph.D. (Wisconsin) Instructor, 
University of Nebraska, Lincoln, Neb. 

J. V. Limpert, A.M.(Syracuse) Instructor, 
Syracuse University, N. Y. 

R. L. Lokenscarp, Ed.D.(Columbia) Head 
of Dept., Winona State Teachers College, 
Minn. 

R. B. McHucn, B.A.(Minnesota) Teaching 
Asst., University of Minnesota, Minne- 
apolis, Minn. 

R. A. Miter, M.A.(Mississippi) Asst. Pro- 
fessor, University of Mississippi, Univer- 
sity, Miss. 

Texas Morris (Miss) 
Wilmington, N. C. 

HELEN DorotHy MortTetyt, M.A. (Catholic 
University) Instructor, Catholic Univer- 
sity of America, Washington, D. C. 

F. R. Otson, B.A. (Alfred) Instructor, Hamil- 
ton College, Clinton, N. Y. 

S. R. Orr, B.A.(Hiram) 129 North Elm St, 
Columbiana, Ohio 

FLORENCE E. Poot, M.A.(Nebraska) Instruc- 
tor, University of Nebraska, Lincoln, Neb. 

W. G. PREBLE, B.S.(Tulane) Computer, 
Corps. of Engineers, U. S. Army, New 
Orleans, La. 

HeNnRy Rainsow, B.A.(Cambridge) Shell 
Research Laboratory, Bellaire Road, Hous- 
ton, Tex. 

R. R. REED, A.B.(Union) Instructor, Clark- 
son College, Malone, N. Y. 

G. X. SALTARELLI, M.S.(Notre Dame) Teach- 
ing Fellow, Notre Dame University, Ind. 
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A. C. SCHAEFFER, Ph.D. (Massachusetts Insti- 
tute of Technology) Professor, Purdue 
University, Lafayette, Ind. 

SISTER MARY VIRGILIA DRAGOWSKI, O.S.F., 
Ph.B. (Detroit) Student, University of 
Notre Dame, Ind. 

SISTER MARY FERRER McFaruanp, M.S.(De 
Paul) Student, University of Notre Dame, 
Ind. 

RUBIN SMULIN, B.S.(Miami) Electrical Engi- 
neer, Unity Electric Co., Inc., Miami 
Beach, Fla. 

F, M. Srein, M.S. (State University of Iowa) 
Instructor, lowa Wesleyan College, Mount 
Pleasant, Iowa 

EUGENE STEPHENS, M.S.(Washington) Asst. 
Professor Emeritus, Washington Univer- 
sity, St. Louis, Mo. 

R. A. StRuUBLE, B.S.(Notre Dame) Graduate 
Assistant, University of Notre Dame, Ind. 

Anna K. Suter, A.M.(Indiana) Instructor, 
Purdue University Extension Division, 
Indianapolis, Ind. 

A. K. Terzuoui, M.S.(New York) Instructor, 
Polytechnic Institute of Brooklyn, N. Y. 

W. J. THron, Ph.D.(Rice) Asst. Professor, 
Washington University, St. Louis, Mo. 

G. L. TILLter, Ph.D.(Kentucky) Asst. Pro- 
fessor, Utica College of Syracuse Univer- 
sity, Utica, N. Y. 

G. R. Trott, Ph.D.(Johns Hopkins) Profes- 
sor, University of Mississippi, University, 
Miss. 

ELEANOR B. Watters, M.A.(Duke) Acting 
Head of Dept., Delta State Teachers Col- 
lege, Cleveland, Miss. 

N. M. WATERMOLEN, B.S. (St. Norbert) As- 
sistant, University of Wisconsin, Madison, 
Wis. 

H. F. Wixson, M.S.(Oregon State) Director 
of Research, Pickett & Eckel, Inc., Al- 
hambra, Calif. 

W.J. YOUDEN, Ph.D. (Columbia) Mathemati- 
cian (Statistical), National Bureau of 
Standards, Washington, D. C. 


MARCH MEETING OF THE SOUTHEASTERN SECTION 
The annual meeting of the Southeastern Sectien of the Mathematical Asso- 
ciation of America was held at The Citadel, Charleston, South Carolina, on 
Friday and Saturday, March 19-20, 1948. Professor J. W. Cell, Chairman of 
the Section, presided at the Friday afternoon and Saturday morning meetings, 
except for the meetings of the subsections, which were presided over by Major 
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L. A. Dye, Vice-Chairman, and Professor H. K. Fulmer. Colonel C. F. Myers, 
Jr., of The Citadel presided on Friday evening at the informal dinner given in 
honor of the visiting speaker, Lt. Colonel R. C. Yates. 

After the dinner, an informal discussion was led by Professor Tomlinson 
Fort on Common Problems Due to Overcrowding, Poor Preparation, and Inexperi- 
enced Instructors. 

There were about one hundred and fifty present, including the following 
seventy-eight members of the Association: R. H. Ackerson, Louise Adams, G. E. 
Albert, J. C. Barnes, D. F. Barrow, Helen Barton, W. S. Beckwith, R. C. 
Blackwell, R. G. Blake, J. P. Brewster, N. R. Bryan, Berdie J. Buffkin, R. C. 
Bullock, E. A. Cameron, J. W. Cell, B. G. Clark, A. C. Cohen, J. B. Coleman, 
W. J. Conner, R. W. Cowan, Nelle C. Douglas, Jeanette R. Durst, L. A. Dye, 
R. B. Folsom, Tomlinson Fort, Jack Frierson, H. K. Fulmer, L. L. Garner, 
W. W. Graham, C. L. Hair, E. A. Hedberg, R. A. Hefner, C. W. Hook, H. B. 
Hoyle, Jr., V. A. Hoyle, G. B. Huff, L. P. Hutchinson, J. A. Hyden, Rosa L. 
Jackson, F. W. Kokomoor, G. B. Lang, J. W. Lasley, Jr., R. J. Levit, Anne L. 
Lewis, F. A. Lewis, Nathaniel Macon, C. F. Martin, W. J. Mays, S. W. Mc- 
Innis, W. G. Miller, J. D. Novak, W. V. Parker, William Pennington, Jr., R. I. 
Pepper, Lillian Perkins, Mary Pettus, C. G. Phipps, Alice B. Rabon, Ellen F. 
Rasor, B. P. Reinsch, G. E. Reves, H. A. Robinson, L. V. Robinson, C. L. 
Seebeck, Jr., E. B. Shanks, D. C. Sheldon, C. Eucebia Shuler, T. M. Simpson, 
W. B. Stovall, Jr., Cora Strong, C. S. Sutton, J. M. Thomas, R. Z. Vause, J. A. 
Ward, W. W. Weber, W. L. Williams, R. C. Yates, G. C. Zader. 

At the business session the following officers were elected for the coming 
year: Chairman, L. A. Dye, The Citadel; Vice-Chairman, F. A. Lewis, Univer- 
sity of Alabama; Secretary-Treasurer, H. A. Robinson, Agnes Scott College. The 
Section voted to hold its March 1949 meeting at the University of Alabama. 

The program consisted of the following papers: 

1. Dissection of the euclidean plane by the conic sections, by Lt. W. J. Conner, 
The Citadel. 


The plane is divided into not more than 2n?—n-++1 regions by m parabolas. Similar formulas 
were obtained for the other conic sections. 


2. On the characteristic equations of certain matrices, by Professor W. V. 
Parker, University of Georgia. 

This speaker generalized a theorem proved by Brauer, and published under the same title in 
the Bulletin of the American Mathematical Society, Vol. 52, pp. 605-607. The generalized theorem 
was stated as follows: Let A, Ci, and C2 be m-rowed square matrices such that ,A=AC,=0. If 
C=C,+C2, and if B is an arbitrary -rowed square matrix, then AB and A(B+C) have the same 
characteristic equation. 


3. The effect of hyperbolic grooves on the stress distribution in a wood plate, by 
Professor C. B. Smith, University of Florida, introduced by H. A. Robinson. 
This paper consisted of an analysis of the stress distribution existing in a wood plate of large 


length with hyperbolic grooves. Assuming a wood plate had two perpendicular axes of elastic sym- 
metry in the plane of the plate, the analysis furnished a formula for the factor of stress concentra- 
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tion, that is, the ratio of the maximum stress occurring at the bottom of the grooves to the average 
tensile stress over the cross section. 


4. The exponential function and the Laplace transform, by Professor J. W. 
Cell, North Carolina State College. 


With this expository paper, some fifty slides were shown which illustrated the following ideas: 
(1) the meaning of the transformation x’=bx and y’=y/a to reduce y=ae’* to the simpler form 
y =e* (both graphical meaning and the interpretation in terms of dimensionless variables); (2) ap- 
plications of this law of growth or decay to many fields of science and technology; (3) functions 
related to the exponential function by compounding this function with other basic functions; (4) the 
meaning of the Laplace transformation, with graphical illustrations showing the transforms of 
several elementary functions; (5) types of problems to which the Laplace transform method ap- 
plies. 


5. Groups of birational transformations transitive*on the rational points of a 
plane curve, by Professor G. B. Huff, University of Georgia. 


It was shown that for any elliptic cubic curve, there exists a group G(c) of Cremona trans- 
formations which is transitive on the rational points of the cubic, and which has a finite number 
of generators. These results were capable of being generalized in several directions. 


6. The expansion of x" in terms of (3), by Professor G. B. Lang, University of 
Florida. 


Explicit formulas were obtained for the expansion. The results included a solution to Problem 
4276 in this MONTHLY, vol. 54, 1947, p. 601. 


7. A generalization of Taylor’s theorem, by Professors C. L. Seebeck, Jr., and 
P. M. Hummel, University of Alabama. 


A set of series expansions for functions of one variable which reduced to Taylor’s series with 
remainder as a special case was developed. For a symmetric case, the error for ” terms of the 
series was found to be less than that for a Taylor’s series of 2” terms. 


8. Quast-monotonic series, by Professor Tomlinson Fort, University of 
Georgia. 


Series of the type a1+a2-++a3+ + - -, where @n2@n4:20 are known as monotonic series. Such 
series have been extensively studied and many properties developed. The present paper con- 
sidered certain generalizations and analogues of the relationship a, =dan41>0 which assures for the 
series many of the well known properties of monotonic series. 


9. Some properties of plane curves, by Lt. Colonel R. C. Yates, United States 
Military Academy. 


Colonel Yates discussed the following topics: (1) folding and creasing the conics; (2) the 
projection upon a focal radius of the normal length N of a conic (constant and equal to the semi- 
latus rectum); (3) instantaneous centers and the construction of tangents to such curves as the 
ellipse, limacon, conchoid, strophoid, and cycloid; (4) caustics, particularly the evolute of a central 
conic formed by light rays refracted through a plane surface; (5) the rose curves and their genera- 
tion as special hypotrochoids; (6) the carpenter’s square and its use in describing the conics, 
cardioid, strophoid, cissoid, and conchoid. 


10. Determinants and undergraduate mathematics, by Major L. A. Dye, The 
Citadel. 
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The content and methodology of most undergraduate courses in mathematics are long over’ 
due for a critical evaluation as to their justification and merit. It was suggested that the study 
and use of determinants in courses up to and including the calculus was an essential waste of time. 


11. An expression for a general law of mortality, by Mr. W. J. Mays, Assistant 
Actuary, Liberty Life Insurance Company. 


It was assumed that the probability of joint survival of m lives over any period of time may 
be expressed as a function of n variables (1 <m). This assumption led to a set of linear differential 
equations involving the probabilities of survival of single lives. The solution was remarkable in 
that it comprehended almost every function that had been used successfully on empirical grounds 
to represent the mortality function /,, that is, the number of persons who attain exact age x ac- 
cording to the mortality table. 


12. Imaginary graphs of elementary real functions of “excluded” portions of the 
x-axts, by Professor J. W. Ward, University of Georgia. 

Let the X, Y, and Y; axes be three mutually perpendicular axes in space. Real values of y 
are plotted along the Y,-axis, and imaginary values of y along the Y;-axis. The codrdinate X is 
restricted to be real. The real graph of the real function f(x, y) =0 will lie in the X Y,-plane. Real 
values of x that give pure imaginary values of y will give points in the X Y;-plane. For example, 
x? — y%=1 is a hyperbola in the X Y,-plane, and a circle in the X Y,-plane. Professor Ward showed 
the imaginary parts of several elementary functions that are generated by “excluded” values of x. 


13. On the Lagrange multiplier, by Professor C. G. Phipps, University of 
Florida. 


This speaker considered the Lagrange multiplier as a constant, as a function of the variables 
involved, and as a function of certain parameters. The usual manipulation was justified; the 
multiplier was interpreted geometrically; and finally the problem of working backwards from the 
first results was discussed. 


14. On the sign of certain minors arising tn the expansion of a Vandermonde 
determinant, by Dr. R. J. Levit, University of Georgia. 
In the theory of extremal properties of functions on a finite set it is important to determine 


the algebraic sign of certain determinants closely related to Vandermonde’s. In this paper it was 
shown by an indirect method that the determinants are all non-negative. 


15. Iterations of quadratic polynomials, by Lt. C. S. Sutton, The Citadel. 


A set D, associated with any quadratic polynomial P(x) is defined as the set of all points in the 
complex plane whose iterates under P(x) are uniformly bounded. The author proved that D is 
connected if and only if it contains the point P(p), where p is the zero of the equation P’(x) =0, and 
that otherwise D consists of a non-denumerable number of closed disjoint sets. 


16. Two dimensional Riemannian spaces that admit continuous groups of 
homothetsc transformations, by Mr. E. B. Shanks, Vanderbilt University. 


It was shown that there exists only a one parameter family of Riemannian spaces admitting 
a two parameter group, while euclidean space alone has a group associated with it with a greater 
number of parameters than two. The latter admitted a four parameter group. 


17. Some examples in which the Pearson criteria for classifying frequency curves 
break down, by Professor A. C. Cohen, Jr., University of Georgia. 


The Pearson criteria for typing frequency curves indicate that the distributions of sample 
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means from various Pearson populations are of the same type as the populations from which the 
samples are selected. In this paper, certain problems connected with the classification of frequency 
distributions were discussed. By employing the Pearson moment recursion formulas, it was demon- 
strated that the typing criteria break down in classifying distributions of sample means from 
Type II and Type VII populations. 


18. On properties of polynomial solutions of certain linear differential equa- 
tion, by Dr. R. W. Cowan, University of Florida. 

The general solution of the differential equation was obtained by Frobenius’ method. The 
infinite series thus obtained reduced to polynomials for certain integral values of the parameter. 
Dr. Cowan established an orthogenality relation, and the integrated square of the polynomials was 
evaluated. 


19. Some peculiar integral operators, by Professor L. V. Robinson, University 
of South Carolina. 


Two of the operators discussed were x + D—!, and the third was (x -D~1)(x+D7). Interesting 
properties were found, especially for the third. 


20. The integration of csc"v dv, by Professor W. G. Miller, Clemson College. 


The author developed methods of integration involving odd powers of the secant and cosecant 
by the use of trigonometric manipulation only, the primary value of which was to establish a 
continuity in an elementary calculus course. 


21. Formulas for expressing a function of three variables in nomograph form, 
by Professor D. F. Barrow, University of Georgia. 

Professor Barrow gave two formulas for expressing a function of x, y, 2 in the form of a 3- 
rowed determinant, the elements of the first, second, and third rows being functions of x alone, of 
y alone, and of z alone, respectively (provided such an expression was possible). This was the first 
step in constructing a nomograph for the solution of the equation obtained by equating the func- 


tion to zero. 
H. A. Rospinson, Secretary 


SPRING MEETING OF THE MICHIGAN SECTION 


The Spring meeting of the Michigan Section of the Mathematical Associa- 
tion of America was held in conjunction with the meeting of the Michigan 
Academy of Science, Arts, and Letters at the University of Michigan at Ann 
Arbor on Saturday, April 3, 1948. This meeting also constituted the meeting 
of the Mathematics Section of the Michigan Academy of Science, Arts, and 
Letters. Morning and afternoon sessions and a luncheon-business meeting were 
held, at all of which the Chairman, Professor Harold Blair, presided. 

About ninety persons attended the meeting including the following fifty- 
four members of the Association: N. H. Anning, J. W. Baldwin, J. H. Bell, 
H. L. Black, Harold Blair, W. M. Borgman, J. W. Bradshaw, D. M. Brown, 
W. H. Cain, R. E. Carr, R. V. Churchill, C. J. Coe, A. H. Copeland, P. C. Cox, 
M. L. DeMoss, P. S. Dwyer, C. M. Erickson, F. D. Faulkner, C. H. Fischer, 
J. W. Foust, J. S. Frame, G. W. Grotts, G. E. Hay, Fritz Herzog, T. H. Hilde- 
brandt, E. E. Ingalls, L. A. Jehn, L. S. Johnston, Wilfred Kaplan, A. E. Lampen, 
H. D. Larsen, G. E. Markle, E. D. McCarthy, L. E. Mehlenbacher, D. C. Mor- 
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row, A. L. Nelson, E. A. Nordhaus, Sister M. Paula, George Piranian, H. H. 
Pixley, P. H. Raker, M. O. Reade, C. C. Richtmeyer, Hans Samelson, E. R. 
Sleight, Wallace Smith, T. H. Southard, H. E. Stelson, B. M. Stewart, L. O. 
Thompson, R. M. Thrall, Leonard Tornheim, C. P. Wells, R. L. Wilder. 

The following officers were elected for the coming year: Chairman, Profes- 
sor B. M. Stewart, Michigan State College; Secretary-Treasurer, L. J. Rouse, 
University of Michigan. 

At the morning and afternoon sessions the following program of seven papers 
was presented: 

1. Polygenic functions and monogenetty, by Professor Emeritus V. C. Poor, 
University of Michigan, introduced by the Secretary. 

This paper includes a fundamental theorem on polygenic functions and a discussion of a cer- 
tain type of monogeniety of such functions. A rather explicit characterization of such monogenic 


functions is exhibited in a particular theorem, and the dual relation between this and a second 
class of monogenic functions is considered. 


2. Some elementary proofs concerning binomial coefficients, by Professor Fritz 
Herzog, Michigan State College. 


Let » be a given prime and cn, be a given binomial coefficient. The familiar formula for the 
highest power of p dividing ¢,,, can be interpreted in an elementary way in terms of the addition 
of k and n—k, written in the scale of p. This interpretation furnishes a simple method of proving 
certain divisibility theorems concerning binomial coefficients. As examples, explicit expressions for 
the greatest common divisor and for the least common multiple of ¢n,1, Cn,2, + * * » Cnsn—-1 are derived. 


3. The other half of euclidean geometry, by Dr. Kenneth Leisenring, Univer- 
sity of Michigan, introduced by the Secretary. 


With respect to the undefined terms “point” and “line,” euclidean plane geometry is not dual; 
parallelism is defined for lines but not for points. Since, however, the euclidean plane can be de- 
scribed in purely projective terms, it follows from the duality of the projective plane that there 
must exist a geometry dual to the euclidean plane, obtainable by dualizing the projective descrip- 
tion. In this dual we have a point at infinity rather than a line, and parallelism is defined for 
points. If we choose as a model for the projective plane the conventional euclidean plane aug- 
mented by the line at infinity, we can choose an arbitrary point as the point at infinity in the 
dual metric, and the two metrics can be simply related to each other. This dual metric can be 
intuitively grasped and systematically exploited. Results indicated are the obtaining of new theo- 
rems by dualization, (which can be repeated at will) and the unification and simplification of 
metric theorems on conics. 


4. An approximation to the quotient of Gamma functions, by Professor J. S. 
Frame, Michigan State College. 


A close approximation to the ratio of two nearby values of the Gamma function is obtained 
by neglecting the remainder R,(w) in the formula 


w/2 
i+w 1—w\ | 1 — w? ~Ratw 


This remainder vanishes for all m when w=0, +1, or +2. It is less than 1/2(4”)— for w <1, so that 
it may be neglected for 2 >2.5 and w <1 if only four significant figures are required. Furthermore, 
the Gamma function arguments are so chosen that R,(w) is an even function of ” and an odd func- 
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tion of w. Approximations to the values of certain binomial coefficients and Beta functions follow 
immediately. 


5. What Ohio colleges are doing about mathematics, by Professor Wayne 
Dancer, University of Toledo. 

This paper presents the results of a recent questionnaire regarding policies and practices in 
mathematics in the various Ohio colleges. The study deals with college requirements in mathe- 
matics, organization of courses, the proper curriculum for a student majoring in mathematics, 
poorly prepared students, supervision of instruction, and other problems encountered by the de- 
partments of mathematics. 


6. Report of committee on high school mathematics, by Professor C. C. Richt- 
meyer, Central Michigan College. 

7. The evaluation of determinants with pivotal methods, by Professor P. S. 
Dwyer, University of Michigan. 

After a brief discussion of the more general elimination, synthetic, and condensation methods, 
the treatment was directed to pivotal methods. Special emphasis was given to the exact pivotal 
method of multiplication and subtraction with exact division. Applications were made to the com- 
pact solution of simultaneous linear equations, to determinants whose elements are complex num- 
bers, to determinants whose elements are approximate numbers, to determining all the principal 
minors of a determinant, and so on. A plea was made for a greater use of pivotal methods in 
elementary and advanced instruction dealing with the evaluation of determinants. 


L. J. RousE, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-Second Annual Meeting, Columbus, Ohio, December 31, 1948. 


Thirty-First Summer Meeting, Boulder, Colorado, September, 1949. 
The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY Mountain, University of Pitts- 
burgh, November 6, 1948. 

ILLINOIS, Peoria, May 13-14, 1949 

INDIANA 

Iowa, Drake University, Des Moines, April 15- 
16, 1949 

KANSAS 

KENTUCKY 

LovuIsIaANa-MississippP1, University of Missis- 
sippi, Oxford, Spring, 1949 

MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA 

METROPOLITAN NEw YORK 

MICHIGAN 

MINNESOTA 

MIssoURI 

NEBRASKA, Lincoln, May, 1949 

NORTHERN CALIFORNIA, San Francisco, Janu- 
ary 29, 1949 


Ouro, Ohio State University, Columbus, April 
2, 1949 

OKLAHOMA 

Paciric NoRTHWEST, Oregon State College, 
Corvallis, Spring, 1949 

PHILADELPHIA, Philadelphia, November 27, 
1948 

Rocky Mountain, Colorado School of Mines, 
Golden, April, 1949 

SOUTHEASTERN, University of Alabama, Uni- 
versity, March 18-19, 1949 

SOUTHERN Ca.irorniA, John Muir Jr. College, 
Pasadena, March 12, 1949 

SOUTHWESTERN 

TEXAS 

Uprer New Yorx STATE, 
Buffalo, May, 1949 

WIsconsIN, Lawrence College, Appleton, May 
14, 1949 


University of 


“Definitely Different’’— 


COLLEGE ALGEBRA 


By Moses Richardson, Brooklyn College 
A lucid exposition that gives unusual insight into sound mathematics. 
Beginning with first principles, it covers thoroughly all conventional 
subjects and adds optional material needed by science and mathe- 
matics students for future specialization. Fundamental concepts are 
stressed but not at the expense of technical achievement. 

472 pages 6" x9" 


Ideal for Refresher Courses— 


COLLEGE MATHEMATICS: A First Course 


By W. W. Elliott, Duke University; and E. R. C. Miles, Research 
Engineer, Glenn L. Martin Co., Baltimore, Md. 


Covering full-year general freshman mathematics studies, this out- 
standing one-volume book includes all essential topics—algebra, plane 
trigonometry, an introduction to plane analytic geometry and dif- 
ferential and integral calculus. Each topic is treated completely in its 
own separate section, enabling chapters to be omitted without dis- 
turbing the continuity. 

396 pages 6" x 9" 


A Beginning Text— 


CALCULUS AND ITS APPLICATIONS 


By Raymond Donald Douglass and Samuel Demitry Zeldin, Mas- 
sachusetts Institute of Technology 
A significant volume designed to give a clear understanding of prin- 
ciples, to train the student in their proper usage and to cover the cal- 
culus program in a much shorter time. Concise presentation and an em- 
phasis on essentials permits inclusion of topics not often found in one 
ook. 
568 pages 5I/2" x 8” 


Revised and Enlarged 


MATHEMATICS OF FINANCE, 2nd Edition 


By Dr. Thomas Marshall Simpson, Zareh M. Pirenian, University 
of Florida; and the late Bolling H. Crenshaw, Alabama Poly- 
technic Institute 

This popular, practical volume is designed to equip the student for the 

everyday problems of business. Part One deals with Commercial Al- 

gebra; Part Two is an introduction to the mathematical theory of com- 
pound interest, annuities, and life insurance. Both parts may be pur- 
chased in one volume or separately. 


469 pages Published 1936 6" x 9" 


Send for your copies today! 
HOAOUDUADADEDANENAVSOUANONOQONAESESENEVEVOUOEAENANOTOUQUENEUGESENANSNSNONNTE 


PRENTICE-HALL, INC., Kew vencYENet 


BOOK NEWS 


Raymond W. Brink’s 
PLANE TRIGONOMETRY, Revised Edition 


M ODERN in purpose and material, conservative in method, this 
widely used text is designed to simplify the approach to analytical trig- 
onometry and to emphasize the practical uses of trigonometry. With 


tables, $2.50. 


PLANE AND SPHERICAL TRIGONOMETRY 


ComsBininc in one volume all of the material in Brink’s Plane Trig- 
onometry and all of the material in Brink’s Spherical Trigonometry, 
this book offers a full and interesting course adaptable to special needs 
and situations. $2.75. 


SPHERICAL TRIGONOMETRY 


P RESENTS a systematic treatment of right and oblique spherical tri- 
angles, supplemented by illustrative material. Among its features are the 
immediate introduction of the terrestrial sphere; an abundance of real. 
istic problems; and a lucid treatment of the mil. $1.00. 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street New York 1, New York 


Now Available Again 


THREE INDISPENSABLE HANDBOOKS 
By SAMUEL I. JONES 


MATHEMATICAL NUTS 352 pages 
$3.50 

MATHEMATICAL WRINKLES 376 pages 
$3.50 

MATHEMATICAL CLUBS AND RECRATIONS __ 256 pages 
$3.00 


Highly commended by leading teachers, professors, editors. Unexcelled source 
books for mathematics clubs, teachers, school and public libraries. Excellent for 
supplementary classroom use. 


Write for free descriptive circular or send order with remittance to 


S. I. JONES CO., Publisher 
1122 Belvidere Drive, Nashville 4, Tennessee 


Just Published! 


The First Book in the University 
Series in Higher Mathematics 


ANALYTIC THEORY OF 
CONTINUED FRACTIONS 


by 


H. S. WALL 


Professor of Mathematics, Department of Pure Mathematics 
The University of Texas 


We take great pride in announcing the University Series in Higher Mathe- 
matics, which will consist of outstanding books in the fields of pure and 
applied mathematics, to be chosen by an editorial board consisting of Dr. M. 
H. Stone, Chairman, and Dr. D. C. Spencer, Dr. Hassler Whitney, Dr. John 


von Neumann and Dr. Oscar Zariski. 


The first title in this series ANALYTIC THEORY OF CONTINUED 
FRACTIONS by H. S. Wall, has just been published. The first book in English 
on continued fractions and the only one which develops their modern theory, 
this work has the most direct value for study and reference in the field of 
analytic functions, and generally throughout the entire domain of analysis. 


Results published in this book for the first time include: a systematic de- 
velopment of the properties of chain sequences, a new proof of a convergence 
theorem of Van Vleck, details of a method for determining a rectangle 
containing the roots of a polynomial with complex coefficients and a method 
for computing the roots. There are many other striking developments from 
basic theoretical principles. Anyone doing research in analysis and in applied 
mathematics will find this an excellent reference work, abundant in useful 
ideas, clearly and simply set forth. An examination copy will be sent free of 
charge on request, Write for yours today! 


D. VAN NOSTRAND COMPANY, INC. 
250 Fourth Avenue, New York 3, N.Y. 


Send me a copy of ANALYTIC THEORY OF 
CONTINUED FRACTIONS. Within 10 days 
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cory HE method of rhythmical design 
: presented by Joseph Schillinger 
= links together on a mathematical basis 
music, design and all the graphic arts. 
In his method, Schillinger reveals the 
fundamental mathematical laws of struc- 
ture underlying plant and animal life, 
and the applications thereof in the art 
forms of developed cultures of the past. 
g In my opinion his achievement is a genu- 
f ine and valuable contribution to the 
study of esthetics and to art education. 
1 Because the laws which he formulates are 
§ mathematically fundamental, Schilling- 
er’s method is applicable not only in the 
analysis of existing works of art and of 
musical compositions, but offers a defi- 
nite and workable procedure for archi- 
tects, painters, composers, sculptors, and 
designers in the industrial fields. 

“While in no way interfering with or 
limiting the imagination and feeling of 
the artist, it replaces the ‘trial and error’ 
method with one that is logical, easy of 
application, and as precise and sound as 
the structure of nature itself.”—Prof. C. 
J. Martin, Teachers College, Columbia 
University. 

“ESTHETIC realities, states the orig- 
inal and intriguing mathematician, 
# Joseph Schillinger, are in no way discon- 
| tinuous with physical realities. Schilling- 
er possesses for his affirmations and pro- 
phecies a base in technology and artistic 
7 experience. Bertrand Russell announces 
the gospel and Schillinger designs and 
constructs the machinery of its applica- 
tions.” —Dr. Horace M. Kallen, Ari and 
Freedom. 


LIMITED EDITION | 
ORDER NOW 
© 


PHILOSOPHICAL LIBRARY 
Publishers 


i 


THE 
MATHEMATICAL 


BASIS 


OF THE 


ARTS 


By Joseph Schillinger 


“THE AUTHOR’S goal is, in his 
own words, ‘to disclose the mechanism 
of creatorship as it manifests itself in 
nature and in the arts.’ We are con- 
vinced he has achieved that goal. All 
the arts, like Architecture, must be 
built. And toward their building— 
perhaps as a guide in their planning 
and certainly as a corrective of their 
creator’s mortal errors of execution, a 
knowledge of the MATHEMATICAL 
BASIS OF THE ARTS is of profound 
importance.”—Rockwell Kent. 


$12.00 


At Your Bookstore, or Use Coupon: 


PHILOSOPHICAL LIBRARY, Publishers 
15 E. 40th Street, Dept. 300, New York 16, N.Y. 


Please send me ....ccccocce copies of the MATHE- I 
MATICAL BASIS OF THE ARTS, at $12.00 per copy. | 
| 
| 


Enciosed Is $..........000 
NAME 


A Definitive Work in Modern Set Function Theory 


A systematic, unified, and detailed S ET 
theory of additive and totally addi- 

tive set functions, measure func- FU NCTIONS 
tions, and integration and differenta- 

tion in abstract spaces. A thorough by Hans Hahn 
presentation of material, accom- 


panied by careful development of the 
basic principles and a very detailed 


iti f fs. 
exposition of proots and Arthur Rosenthal 


324 pages $12.50 Professor of Mathematics, 
Purdue University 


Late Professor of Mathematics, 


University of Vienna 


THE UNIVERSITY OF NEW MEXICO PRESS 


ALBUQUERQUE, NEW MEXICO 


Available Vow Lae $1.50 
THE TRISECTION PROBLEM 


By Robert C. Yates, Ph.D. 


A complete historical and logical exposition of the famous problem of trisecting 
the angle. Written primarily for the high school and college student, the treatment 
is elementary yet rigorous. Chapter titles indicate the completeness with which 
the subject is presented: 


I The Problem Il Mechanical Trisectors 
If Solutions by Curves IV Approximations 
V Don Quixotes 


Among the 43 figures which illustrate the text will be found more than a dozen 
mechanical devices for trisection. Particularly suitable for club activities and as sup- 
plementary material in Algebra, Trigonometry, and Geometry classes, this book 
should be in the library of every high school and college. 


Order from the author .......... 0.0... ccc ec cee cece eeas West Point, N.Y. 
(Please Remit with Order) 


BRIEF COLLEGE ALGEBRA, revised 
by WILLIAM L. HART 


Designed as the basis of a substantial course for well-prepared students. 


Ideally suited as a text where the students have just completed a college 
course in intermediate algebra. 


Covers an extensive body of content on logarithmic graphing, curve 
fitting by the method of least squares, and miscellaneous topics of partic- 
ular utility to technical students. 


Brief review followed by a leisurely treatment of all definitely collegiate 
topics. 


292 pages, text. $2.75 


Note: Brief College Algebra (1932) is also available as an alternate 
edition. 


CALCULUS, revised 
by NELSON, FOLLEY, and BORGMAN 


Designed primarily for the beginning student, as a tool in engineering 
and other scientific fields. 


Early introduction of integration as well as differentiation. 


Carefully selected and graded problems, well placed and introduced by 
illustrative examples. 


Applications to physics and engineering. 


Large, clear figures, including isometric drawings to help the student 
visualize the problems. 


386 pages. $3.00 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 


a 


NMicGRAW-HILL BOOKS 


NUMBER THEORY AND ITS HISTORY 

By Oyste1n Org, Yale University. 367 pages, $4.50 

¢ Gives an account of some of the main problems, methods, and principles of the 
theory of numbers, together with the history of the subject and a considerable 
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ON THE APPLICATION OF VECTOR ALGEBRA TO 
PROJECTIVE GEOMETRY 


SHOU CHEN, National Nankai University, Tientsin, China 


1. Introduction. The study of projective geometry by vector methods was 
originated in principle by Grassman in his Ausdehnungslehre. It was carried out 
in detail by E. Study in his Einlettung in die Theorte der Invartanien linearer 
Transformationen auf Grund der Vektorenrechnung (1923), and appears also in 
the book of H. G. Forder, The Calculus of Extension (1941). Since this work 
does not appear to be generally known, it is the purpose of this paper to pub- 
licize it by giving a connected treatment of some of the chief theorems of two- 
dimensional projective geometry based upon this vector approach. 

- We define a= (a, de, a3) to be a vector representing a point in the projective 
plane. The usual definitions and identities of vector algebra hold, and we give 
the most important ones below: 


(1) a+ b = (a1 + b1, 2 + be, a3 + bs) 


(2) ha = (Aa1, Ade, Ads). 

For \;0, this represents the same point as the vector a. 
(3) ab = a1b1 + debe + asbs 
(4) aX b = (debs — asbe, 301 — dibs, a1b2 — ab). 


We have then, besides the well known associative, commutative, and dis- 
tributive laws: 


Qi GQ 43 

(5) (aX b)*c = ar(b Xc) =| bi be bs | = [abc] 
C1 C2 C3 

(6) (aX b) Xc = (a-c)b — (b-c)a 


(7) (a X b) X (a’ X b’) = [aa’b’ |b — [ba’b’ Ja 
= [abb’]a’ — [aba’ |b’ 
(8) (a X b)*(a’ X Db’) = (asa’)(b-b’) — (arb’)(a’ sb). 
This relation is known as Lagrange’s identity. From (8), we derive: 
[aX a’, b Xb’, c X c’| = [abb’][a’cc’] — [acc’ |[a’bb’ | 
(9) = [bec’ |[b’aa’| — [baa’]|b’cc’ | 
= [caa’||c’bb’| — [cbb’]|[c’aa’ | 
which will be used frequently later on. 
We shall also introduce the vector @=(a, Q2, a3) to represent the line co- 


ordinates of a line in the plane. As above \a@ = (Aaj, Ace, Aas) represents the same 
line. We shall henceforth use Latin letters for points and Greek letters for lines. 
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2. Determination of points and lines in the plane. We see at once that: 

(i) aea@=0 is the condition for a, @ to be in incidence. 

(ii) aXb=0 is the condition for a and 6 to coincide. By 0 we mean the vec- 
tor (0, 0, 0). 

(iii) aXb0 is the line joining a and 0. 

(iv) [abe] =0 is the condition for a, b, and ¢ to be collinear. We also have the 
duals of (ii), (iii), and (iv). From these it follows that: 

(v) (aXb) Xa=(a:a)b—(b°a)a is the point of intersection of the line joining 
a, b with the line a; 

(vi) (aXb) X(a’ Xb’) = [aa’b’ |b — [ba’b’ Ja is the point of intersection of the 
lines joining a, b and a’, b’; 

(vii) (aXb)*(a@XB) =0 or (aa) (6° b) = (a+b) (+a) =0 is the condition for 
the line joining a, b to pass through the point of intersection of a, 8; 

(vii) [aXa’, bXb’, cXc’]=0 is the condition for the three lines joining 
a, a’; b, b’; c, c’ in pairs to be concurrent. From (9), we see that this condition 
may be written in three different ways. 

In this manner, our list may be extended indefinitely. All may be dualized. 

The advantage of the present representation in numerical problems is ob- 
vious; it saves considerable calculation. It can also be used to prove in a simple 
and concise manner many theorems of fundamental importance in plane pro- 
jective geometry. We shall give a few examples of such theorems. 


3. Diagonal triangle of a complete quadrangle. As a first illustration, let us 
prove the 


THEOREM. The three diagonal points of a complete quadrangle form a triangle. | 


Let a, b, c, d be the vertices of a complete quadrangle so that no three of 
them are collinear. The diagonal points of the quadrangle are the intersections 
of opposite sides; namely, 


(aX b) X (¢ Xd), (a Xc) X (d X b), (a Xd) X (b XC). 


These three points are not collinear; for, applying (9) twice, we find that their 
determinant is equal to 


— 2[bed |[acd | [abd | [abc | 


which is not zero by (iv), since no three of the points a, b, c, d are collinear. 
4, Desargues’ theorem on perspective triangles. Next, let us take up 


DESARGUES’ THEOREM. The corresponding vertices of two triangles te on con- 
current lines if and only if the points of intersection of corresponding sides meet in 
collinear potnts. 


Let a, b,c be the vertices of one triangle and a’, b’, c’, the corresponding 
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vertices of the other. The condition for the lines joining corresponding vertices 
to be concurrent is 


(10) laxa’,bXb’,c Xc’] =0 


and the condition for the points of intersection of corresponding sides to be 
collinear is 


(11) [(b Xc) X (b’ Xe’), (¢ X a) X (c’ Xa’), (a Xb) X (a’ X D’)] = O. 


Applying (9) again, we find that (10) is equivalent to 


(12) [abb’ |[a’cc’] — [ace’|[a’bb’| = 0 
and (11) to 
(13) [abe |[a’b’c’ |( [abb’ |[a’cc’] — [acc’|[a’bb’]) = 0. 


Since a, b, c as well as a’, b’, c’ are non-collinear, [abe] [a’b’c’] 0 and the con- 
ditions (12) and (13) are equivalent. 

In particular, if a’, b’, c’ lie on the sides of the other triangle opposite to 
a, b, c respectively, we may put 


a’ = vib + mec, 
(14) b’ = A»c + pea, 

c’ = 3a + usb. 
Substituting into (12), we have the condition 
(15) (AAeAs — paemts) [abe]? = 0 
or 


ArAoA3 — Mifoos = 0. 


This gives the Theorem of Ceva. Its dual, the Theorem of Menelaus, is proved 
in a dual fashion. 


5. Pole and polar w.r.t. a triangle. Again, let us prove the 

THEOREM. If three points, each lying on a side of a triangle, are collinear, the 
lines joining their harmonic conjugates w.r.t. the vertices of the triangle to the op- 
posite vertices are concurrent and conversely. 


Let a; b, c be the vertices of the triangle and a’, b’, c’ be points on the sides 
opposite to a, b, ¢ respectively. If we assume that a’, b’, c’ are given by (14), 
the condition for these points to be collinear is 


[Arb ++ mic, Ae + pea, Asa + wsb| = 0, 
or 


(16) (ArA2A3 + [isops) [abc | = 0, 
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If a", b”, c” are the harmonic conjugates of a’, b’, c’ w.r.t. b, c3 c, a3 a, b re- 
spectively, we may put . 


a’ = \ib — me, 
b’” = doc — pea, 
c’’ = Asa — usb, 
so that the condition for the lines joining a’’, b’’, c’’ to a, b, c to be concurrent 
is, by (15), 
(17) [a X a”, b Xb”, c X c”] = (ArAaAs + wimeus) [abe]? = 0. 
Since [abc|+0, the conditions (16) and (17) are equivalent. 
6. Pappus’ Theorem. We now prove 


Pappus’ THEOREM. If a,b, care three points on a line and a’, b’, c’ three points 
on another, the three points of intersection of the pairs of lines joining b and c’, b’ 
and c; cand a’, c’ and a; aand b’, a’ and bare collinear. 


We have to show that 
(18) [(b Xe’) X (b’ X c), (c X a’) X (c’ X a), (aX b’) X (a’ X b)] = 
which, according to (9), is equivalent to 
(18’) [bb’c | [cc’a][aa’b | [a’b’c’] — [c’b’c][a’c’a][b’a’b| [abc] = 0. 


Now since a, b, and ¢ are collinear, [abe] =0 and similarly [a’b’c’] =0, and so 
(18’) is satisfied. 


This result extends immediately to give a proof of 


PASCAL’S THEOREM: If a, b, c, a’, b’, c’ are six points on a conic, the three 
points of intersection of the pairs of lines joining band c’, b' and c; c and a’, c’ and 
a;aand b’, a’ and bare collinear. 


Let us think of (18’) as an equation in the variable point c. It appears at 
once that this equation is of the second degree in the coordinates of ¢ and hence 
represents a conic. Further it is easy to see that the equation is identically 
satisfied when c is equal to any one of a, b, a’, b’, or c’3 and hence this is an equa- 
tion of the conic passing through these last five points. Since the point c given 
jn the theorem lies on this conic by hypothesis, (18’) is satisfied and the conclu- 
sion follows. This demonstration illustrates the fact that Pappus’ Theorem is a 
degenerate form of Pascal’s Theorem. 

From (18’) we also have the following joint converse of these two theorems: 


CONVERSE THEOREM: If six points a, b,c, a’, b’, c’ are so located that the three 
points of intersection of the patrs of lines joining b and c’, b’ and c; c and a’, c’ 
and a;aand b’, a’ and b are collinear, then 
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(1) af no three points are collinear, the six points lie on a non-degenerate conic; 
(2) af three points (say a, b, and c) are collinear either: one or more of a’, b’, c’, 
lies on the line abc or: a’, b’, and c’ are collinear. 


In interpreting these results it should be noted that the exact form of (18’) 
is not unique. Indeed it has 60 equivalent forms obtained from the one given by 
permuting any five of the given points. The equivalence of these forms can be 
shown directly by careful algebraic manipulation in the reduction of (18) to 
(18’).or from the fact that the equation of a conic through five points clearly is 
independent of the order in which these points are chosen. 


MUSIC AND TERNARY CONTINUED FRACTIONS* 
J. M. BARBOUR, Michigan State College 


1. Introduction. The most important interval in music is the octave, ex- 
pressed by the ratio, 2:1. The number of notes within the octave has varied at 
different times and in different places. The pentatonic or black-key scale is very 
old and is widely distributed, occurring in such countries as Scotland and China. 
The heptatonic, diatonic, or white-key scale, in its various major and minor 
forms, is the foundation of our classic musical system. The duodecuple or chro- 
matic scale includes both the white keys and the black keys of the piano, and has 
become increasingly important during the past two or three centuries. 

After harmony was introduced into music during the late Middle Ages, 
major and minor triads emerged as the principal chords. The major triad, as 
CEG, was regarded with especial favor, because it occurs naturally in the 
harmonic series, as on bugles, and can be expressed by the simple ratios, 4:5:6. 
A system of tuning for the diatonic scale known today as just intonation gained 
support in the 16th century, because its principal triads, CEG, FA C, and 
G B D, had these just ratios. But an important minor triad, D F A, is harsh in 
just intonation, and other unsatisfactory triads result when this tuning is ex- 
tended to the complete chromatic scale. 

To correct the worst of these pitch errors, various systems of temperament 
were devised, in which the intonation of some (or all) notes was altered slightly, 
so that no intervals would be unusable. In practice, temperament was often 


* Presented to the Michigan Section at Ann Arbor, March, 1947. The author wishes to thank 


Professors B. W. Jones, J. S. Frame, and Fritz Herzog for valuable assistance in preparing this 
article. 
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haphazard, a rule of thumb which some musical theorists exalted into definite 
systems. More important are the regular systems, those in which a particular 
value of the perfect fifth (as CG) is used as the tuning unit. The meantone 
temperament is a regular system in which the fifth (3/2) is flatted by 1/4 syn- 
tonic comma, and the major third is pure (5/4). A comma is a very small in- 
terval, the difference between two larger intervals. The syntonic, or Ptolemaic, 
comma is the difference between two tones, (9/8)?, and a pure major third, 
(5/4). Since the difference between intervals is expressed by the quotient of 
their ratios, this comma has the ratio of 81/64 to 5/4, or 81:80. A fifth tempered 
by 1/4 syntonic comma then has the ratio (3/2)(80/81)1/4=51/4:1, in place of 
3:2. Other regular systems in which the fifth is tempered by an aliquot part of 
the comma, such as 1/3 or 1/5, may be thought of as varieties of the meantone 
temperament. 

Today the only tuning system in common use is equal temperament, in which 
the fifth is tempered by 1/12 ditonic comma. The ditonic, or Pythagorean, 
comma is the difference between six tones, (9/8)®, and the pure octave, (2/1); 
that is, the ratio 531441:524288, which lies between 75:74 and 74:73. A fifth 
tempered by 1/12 ditonic comma has the ratio (3/2)(8/9)'/22!/12 = 27/12: 1, 
This same ratio is obtained directly from the consideration that the interval of 
the fifth contains 7 semitones; that is, it is 7/12 of an octave. 

Equal temperament was used on fretted instruments (lutes and viols) in 
the early 16th century. It was advocated for keyboard instruments before the 
end of the 16th century, but was not universally accepted until the middle of 
the 19th century. The reason for its slow-acceptance was the sharpness of its 
major thirds. These deviations will be clearer if the intervals are expressed in a 
logarithmic unit known as the cent, 2"/2, The octave contains 1200 cents; the 
fifth of equal temperament, 700; its third, 400. The pure fifth, with ratio 3:2, 
contains 1200 (log 3/2) +log 2=702 cents, and thus has been slightly flatted in 
equal temperament; but the pure third, with ratio 5:4, contains 386.3 cents, 
and thus has been sharped by almost 14 cents. The syntonic comma contains 
21.5 cents; the ditonic comma, 23.5. 

The tremendous advantage of equal.temperament over other regular sys- 
tems of 12 notes is that it is a closed, or cyclic, system. In a cyclic tuning system 
the nth power of the value chosen for the fifth will be a higher octave of the 
initial note. A great many suggestions have been made from time to time for 
improving the quality of the thirds by increasing the number of notes in the 
octave. The best of these systems operate upon the principle that an equal divi- 
sion of the octave is much to be preferred to an extension of just intonation. In 
making the. division, care must be taken that the improvement of the thirds 
does not result in too great an impairment of the fifths. An increase in the num- 
ber of notes in the octave has the further advantage that such enharmonic pairs 
as Gt and Ab can be differentiated. 


2. Systems of multiple division. In the middle of the 16th century Nicola 


1948] MUSIC AND TERNARY CONTINUED FRACTIONS 547 


Vicentino described his six-manual Archicembalo, in which the octave is divided 
into 31 equal parts. Since he wrote before the invention of logarithms, he had no 
way of expressing these intervals by numbers on a monochord. But he directed 
that the fifths are to be tempered “according to the usage and tuning common 
to all the keyboard instruments,” that is, according to the 1/4 comma meantone 
temperament. It remained for Christian Huyghens to show that the two sys- 
tems are almost identical. The meantone fifth contains 696.6 cents; its third 
386.3. The fifth of the 31-division contains 696.8 cents; its third, 387.1. 

The division of the octave into 19 equal parts was accomplished a few years 
after Vicentino’s successful attempt at multiple division. Both Zarlino and 
Salinas discussed harpsichords with 19 keys to the octave, and the latter advo- 
cated a system in which the fifth is tempered by 1/3 comma. This corresponds 
very closely to the equal 19-division. The fifths of both systems contain 694.7 
cents; their thirds, 378.9. The large distortion of both intervals would make 
this system inferior to the ordinary 1/4 comma meantone temperament were it 
not that it is a cyclic system of only a few more notes than our present equal 
temperament of 12 notes. There have been eloquent advocates of the 19-division 
even in our own day, including the Russian-American, Joseph Yasser. 

The best cyclic division with fewer than 100 parts is the 53-division. It was 
implied by the Pythagoreans, who held that there are 4 commas in the diatonic 
semitone and 9 in a tone, whence the octave will contain 5-9-+2-4=53 commas. 
Since 1200+53=22.6 cents, this is a mean comma between the syntonic and 
ditonic commas. It was appreciated by a medieval Chinese theorist, King Fang, 
and was referred to by 17th century European musical theorists (Mersenne and 
Kircher) ; it was used by Nicholas Mercator as a “common measure” for all in- 
tervals, and applied by Bosanquet to the “generalized” keyboard of his Enhar~ 
monic Harmonium. The fifths of the 53-division are practically perfect .(701.9 
cents), and its thirds are slightly flat (384.9 cents). Since this is a “positive” sys- 
tem, with fifths larger than those of equal temperament, its third must be formed 
as a diminished fourth, as C Fb. (The “negative” definition of the third in terms 
of fifth and octave is: T=4F—20; the “positive,” T=50—8F.) This would bea 
confusing feature to a performer used to thirds that are really thirds. 

Of the three systems [1] of multiple division discussed above, only the 19- 
division would have any practical value. The others would have been too ex- 
pensive to construct and too cumbersome to play. And so, as we discuss various 
theories of the division of the octave, it must be realized that such a scheme is 
useless to the musician. Of course, some of the workers in this field have tried 
seriously to perfect instruments for multiple division, believing they would 
help the cause of music thereby. Events have proved them wrong. But others, 
who glibly talked of dividing the octave into more than 100 parts, had nothing 
to say about how their theories could be applied to instruments. They may have 
been deceiving themselves, but probably were aware that this was nothing but 
mathematical speculation. 
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3. Theories of multiple division. Joseph Sauveur, the French geometer and 
acoustician, was greatly interested in multiple division. In one of his articles [2] 
he gave a very impressive list of octave divisions, consisting of 25 terms: 12, 17, 
19, 31, 43, 50, 53, 55, 67, 74, 98, 105, 112, 117, 122, 136, 141, 153, 160, 177, 184, 
189, 208, 232, 256. All of these except 12, 17 (which he calls an Oriental system), 
and 53 are what Bosanquet called “negative,” that is, they have fifths that are 
flatter than those of equal temperament, and thus form their major thirds 
properly. 

Sauveur’s theory is based on the division of the tone, as C D, into a diatonic 
semitone, as C Db, and a chromatic semitone, as Db D. In just intonation, if the 
ratio 16:15 or 112 cents is taken for the diatonic semitone, and the ratio 135:128 
or 92 cents for the chromatic semitone, the ratio of the diatonic to the chromatic 
semitone will be 112:92 or 28:23. Convenient approximations to this ratio are 
5:4, 6:5, and 11:9. Since the octave contains 7 diatonic and 5 chromatic semi- 
tones, we may use the formula, O=7d++5c, where d>c. If d/c=5/4, O=7-5 
+5-4=55 parts; if d/c=6/5, O=7-6+5-5=67 parts; if d/c=11/9, O=7-11 
+5-9=122 parts. 

In Sauveur’s list there are combined several independent series, each deter- 
mined by the formula d=c-+1, where +=1, 2, 3, 4. If, for example, 7=4, O 
= 7(c+4)+5¢=12c+28. Using only odd values of c from 7 through 19, Sauveur 
obtained 112, 136, 160, 184, 208, 232, 256. The ratio of the third to the fifth to 
the octave in this series is (4c+8):(14¢—5):(24c—8). The limit of these ratios 
is 4:7:12, as in equal temperament. Therefore, as c increases beyond a certain 
value, the fifths continue to improve, but the thirds become sharper and sharper, 
since equal temperament has good fifths and very sharp thirds. This will be 
true of each of Sauveur’s series. It would seem to be a false theory by which 
series are generated in which the middle terms are the best. Romieu [3] and 
Bosanquet [4], both of whom did outstanding work in this field, had no better 
theories than Sauveur. 

M. W. Drobisch [5] made the first notable contribution to the theory of 
multiple division of the octave through the use of continued fractions. Having 
expressed the ratio of the fifth to the octave (log 3/2:log 2) as a decimal, 
0.5849625, or as a fraction, 46797/80000, he used ordinary continued fractions to 
find successive approximations to this ratio. He obtained for his denominators 
(the octaves) this series: 2, 5, 12, 41, 53, 306, 665, [15601], ---. Then, ap- 
parently not trusting these results, he found all the powers of 3/2 from the 13th 
to the 53rd, to ascertain which of them approach a pure octave. This should 
have checked closely with his previous list, to which 17 and 29 would be semi- 
convergents. His complete list is: 17, 19, 22, 29, 31, 41, 43, 46, 51, 53. Having 
eliminated all positive divisions (those with raised fifths), he still had 19, 31, and 
43 to add to his previous list. 

Drobisch’s continued fraction expansion was the first really scientific method 
of dividing the octave with regard to the principal consonances, the thirds and 
the fifths. The difficulty with it is that there are three magnitudes to be com- 
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pared (third, fifth, octave), but only one ratio (third to octave, or fifth to 
octave) can be approximated by binary continued fractions. If we must choose 
a single ratio, it is better to use the ratio of fifth to octave, as Drobisch did, 
since the third may be expressed in terms of the fifth. But the “negative” for- 
mula, T=4F—20, is valid only through O=12. The syntonic comma (81:80 or 
21.5 cents) is about 1/56 octave; hence this formula will fail to give a correct 
number of parts for the third in any octave division greater than 28. For exam- 
ple, if O=41 and F=24, the formula gives T=14, whereas the correct value is 
13. Knowing the approximate size of the comma, we can correct the formula 
to read: T=4F—20—[0/56]. But even this would give only by accident a 
value for the third with as small an error as that for the fifth in the same divi- 
sion. 


4. Use of ternary continued fractions. The desired solution can be obtained 
only by ternary continued fractions, which are a means by which the ratios of 
three numbers may be approximated simultaneously, just as the ratios of two 
numbers may be approximated by binary continued fractions. C. G. J. Jacobi 
[6] was the first person to explore the possibilities of ternary continued frac- 
tions. The most thorough study of the subject has been made by Oskar Perron 
in half a dozen articles over a period of 30 years [7]. American workers in this 
field include D. H. Lehmer, J. B. Coleman, and P. H. Daus, most of their articles 
being published in the American Journal of Mathematics. The principal questions 
discussed in these papers are convergence and periodicity, especially the relation 
between periodic ternary continued fractions and the roots of cubic equations. 
None of the theory developed by these men appears to have any bearing upon 
the present problem. 

Jacobs's algorithm. P. H. Daus has stated Jacobi’s algorithm for ternary 
continued fractions as follows [8]: 

If u1, v1, w be any three numbers, we define a ternary continued fraction 
expansion for them by the equations 


(1) Unt1i = Vz — Pntn; VUnt41 = Wn — QnUn; Wnt+1 = Un. 


The numbers (A, B, C), defined by the recursion formulas (3) below, form 
the nth convergent set to the ternary continued fraction 


V1 Wi 
(=, =) = (p1, di; Poy Ja3°°* 5 Pay Qny * * ). 


U1 U1 
An = QrAn—1 + pnAn—2 + Ans, 
(3) By = QnPn—1 + PrBr—2 + Br—s; 


Ch = nC n—1 + PrCn—2 + Crs; 
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with the initial conditions 


In his earlier article [9|, Daus had shown that 
An—2 An-1 An n 0 0 1 


Br-2 Bra Brl = II} 1 0 Pn| 
Cr—2 Cr—1 Ch 0 1 In 


from which the formulas in (3) follow. In [9], Daus, following Jacobi’s errone- 
ous example, had interchanged $’s and q’s in the formulas for A,, Bn, and Cy, 
given correctly in (3). 

Jacob's method in the tuning problem. For our musical problem 


uy, = log 5/4; V1 = log 3/2; Ww, = log 2. 


The ratios A,:B,:C, represent successive approximations to the ratios of these 
three logarithms. The musical interpretation is that if the octave is divided into 
C, parts, A, parts are a good approximation to the major third, B, to the perfect 
fifth. In Table I are shown the results of applying Jacobi’s expansion to the 
three logarithms. 


TABLE I, JAcoBI’Ss TERNARY CONTINUED FRACTIONS, WITH 
APPLICATION TO THE TUNING PROBLEM 


Pn Qn An By Cn 
1 3 1 1 3 
0 1 1 2 3 
1 7 8 15 25 
0 1 9 16 28 
0 1 10 18 31 
0 2 28 «51 87 
3 8 4.78 263 817 


There are two serious faults with these results. In the first place, the expan- 
sion converges too rapidly, and we are interested chiefly in small values, those 
for which C’<100. In the second place, the first few terms are foreign to every 
other proposed solution, such as those by Sauveur and Drobisch on previous 
pages. Compare this table with Table IV that follows, which is a composite of 
Tables I-III. 

Reversed Expansion. Jacobi’s method is not the only way to obtain a ternary 
continued fraction expansion. What might be called the reverse of Jacobi’s ex- 
pansion is defined as follows: 


Unti = Un — Pun; VUnt1 = Wn — Qndn; Wnt1 = Un. 
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Here 
An-2 An-1 An , (2 0 Pa 
Bi2 Bri Bal = [[|0 0 1 
Cy-2 Cn1 Cr “10 1 de 


from which 
An = qnAnt + Ana + Pm 
B, = QnBn—1 + Bn-o, 
Ch = dnCn—-1 + Cro, 


with the same initial conditions as before. 


TABLE II. REVERSED TERNARY CONTINUED FRACTIONS, WITH 
APPLICATION TO THE TUNING PROBLEM ’ 


Pn dn An Ba Ch 
0 1 0 1 1 
0 1 0 1 2 
1 2 1 3 5 
2 2 4 7 12 
0 3 13 24 41 
0 1 17 31 53 
0 5 98 179 306 
1 2 214 389~ 665 


Since 2 is log 3/2 and w, is log 2, and since B, and C,, are independent of pn, 
the series for the ratio of perfect fifth to octave (B,:C,) will be the same as that 
obtained by Drobisch by binary continued fractions. However, the correction 
for the major third for octave divisions greater than 28 is no longer needed, since 
the correction is made directly by the formula for A,, with its extra member. 

‘It probably is an accident that in this particular problem the solution by 
the reversed method yields a more familiar series than Jacobi’s expansion does. 
(Again compare with Table IV.) Its rate of convergence is slightly lower, but it 
is still somewhat high. The method is presented here chiefly as an added basis 
for the expansion next to be discussed. 

Defects of both expanstons. Since neither the Jacobi nor the reversed ternary 
continued fraction expansion converges slowly, some method must be devised 
for slower convergence. In binary continued fractions, about half of the semi- 
convergent sets that lie between two convergent sets form better approxima- 
tions to the ratio of the given numbers than the former of the two convergent 
sets does. But semi-convergents are a doubtful expedient in ternary continued 
fractions. Although their peculiarities have never been completely charted, a 
brief study of them by the present writer shows that a careful selection of co- 
efficients provides semi-convergents superior to the latter of the two convergent 
sets, something impossible in binary continued fractions. For example, between 
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the second and third sets of Table I may be inserted the semi-convergent sets 
(taking g; as 5 and 6, respectively) 6 11 19 and 7 13 22, both of which, as can be 
seen from Table IV, are superior to the next convergent set of Table I, 8 15 25. 

Mixed expansion. It is possible, however, to obtain fairly slow convergence 
without recourse to semi-convergents. At any stage of the expansion there are 
two possible divisors, vu, and v,, the former being used in the Jacobi expansion 
and the latter in the reversed method. If either of these expansions is used, the 
rate of convergence is likely to be somewhat irregular, but approaches a mean 
value. But if fast convergence is desired, one should consistently divide by 
whichever of uw, and 2, is the smaller. In our tuning problem, slow convergence 
is the desideratum. Hence one should always divide by the larger of uy, and dn. 

This mixed expansion, as it may be called, presents certain difficulties, since 
it is no longer possible to express an approximation in terms of the three im- 
mediately preceding approximations. No new definitions of wasi, Unga, and Wasi 
are needed; for at any stage either the Jacobi (J) or the reversed (R) expansion 
is to be used. 

Then, in terms of a matrix product, for a J stage, 


A n—2 An-1 An Anns An—2 An-1 0 0 1 
Bro Bat Bal = | Ba-nszs Bae Bail 11 O pal, 
C,- 2 Ch 1 Cr Ch k—3 C,—2 Ch 1 0 1 qd n 
where & is the number of R stages between this stage and the last previous J 


stage. For an R stage, substitute on the right the matrix for the reversed expan- 
sion, 


O pn 
0 1 
Qn 
From the above we obtain, 
for an R stage: Sn = dwn—-1 + Sn-2 + PaSn—K-3} 
for a J stage: Sn = dvSn—-1 + PoSn—2 + Sn—1—s. 


It is understood that 
Sn=An, Ba, or Cr 


5. Mixed expansion in the tuning problem. In the application of the mixed 
method to our tuning problem, we shall use the Jacobi (J) method whenever 
Un >Un, and the reversed (R) method whenever un<vn. Hence all the p’s will be 
0. In Table ITI this application is shown, together with a determinant in which 
An, Bn, and C, are the coefficients of a, b, and ¢, respectively, in the expansion 
of the determinant. 
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TABLE III. Mixep TERNARY CONTINUED FRACTIONS, WITH 
APPLICATION TO THE TUNING PROBLEM 


Pn dn An Ba Cr 

a-1 00 00 0000 0 0 0 1 oO 1 1 
c 0-1 00 00 00 0 0 0 Ro 1 0 1 2 
b tf m—-1 0 0 00 00 0 0 Jo 1 1 1 2 
0 fp 1 gw—-t1 0 0 0 0 00 0 Jo 1 1 2 3 
0 1 0 pp gw—-l1 0 0 0 0 0 0 Ro 1 2 3 «5 
0 0 0 1 f gw—-l 0 0 0'0 0 Jo 1 2 4 «7 
0 0 0 0 pp 1 g—-i1 0 0 0 0 Ro 1 4 7 12 
0 0 0 0 1 0 pf gw-i 0 0 0 Ro 1 6 11 19 
0 0 0 0 0 0 pf 1 g-i 0 Of RO 41 10 18 31 
0 0 0 0 0 0 pf 0 1 gt 0 Jo 1 11 20 34 
0000 00 fp 0 0 1 gt Jo 1 17 31 53 
000 0 0 0 1 0 0 0 fi gro Ro 1 28 51 87 
Joo 1 38 69 118 

Ro 4 180 327 559 

J 0. 1 197 358 612 


Table IV contains all the terms from the other three tables, through C=118, 
together with a few other good approximations not found in any of the previous 
tables. The errors in cents for the major third (in some cases to 0.1 cent) have 
been computed by the formula: Error A,=386.3 —1200A,/C,; the errors for 
the fifth by: Error B,=702 —1200B,/C,. The total error is taken as | Error Aa| 
+|Error B,|. 


TABLE IV. COMPOSITE OF APPROXIMATIONS TO TUNING Ratios (LOG 5/4: LOG 3/2: LOG 2), 
WITH Best APPROXIMATIONS STARRED 


An Ba Cn Error An Error B,, Total Error 
* 0 1 1 — 386 498 884. 
* 0 1 2 — 386 —102 488 
* 1 1 2 214 —102 316 
* 4 1 3 14 — 302 316 
* 1 2 3 14 98 112 
* 2 3 5 94. 18 112 
1 3 5 — 146 18 164 
* 2 4 7 — 43 — 16 59 
* 3 5 9 14 — 35 49 
* 3 6 10 — 26 18 44. 
* 4 7 12 14. — 2 16 
* 6 11 19 — 7 — 7 14. 
* 7 13 22 — 4 7 11 
8 15 25 — 2 18 20 
9 16 28 3 - 1 — 16 17 
*10 18 31 8 — §.2 6.0 
*11 20 34 1.9 3.9 5.8 
13 24 31 — 6 1 7 
‘4 31.53 — 1.4 — 1 1.5 
*28 51 87 — 1 1.4 1.5 
*38 69 118 2 _— 5 | 
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Of the starred best approximations in Table IV, only C=9, 10, and 22 are 
missing from Table III; but none of these occurs in Tables I or II either. The 
only serious omission from Table III is the Hindoo division, C=22, and it 
would occur as a semi-convergent, by assuming a J instead of an R for the term 
where 31 now stands. Note the two terms, 31 and 34, nearly the same size: it 
would have been impossible to include them both (even if one had been a semi- 
convergent) if binary or Jacobi ternary continued fractions had been used. Both 
53 and 118 are present; but between them lies 87, a term superior to 65, the mid- 
dle term in the binary series. The last term shown, 612, was said by Bosanquet 
[4] to have been considered excellent by Capt. J. Herschel; it would have had 
no place in any other series derived by continued fractions in which 559 was 
also present. 


6. Euler’s problem. This mixed method for ternary continued fraction ex- 
pansions has been shown to satisfy the need for slow convergence in our special 
problem. It should be equally valuable wherever slow convergence is desired. 
In this connection, let us return to Jacobi. His articlé on ternary continued frac- 
tions was preceded, both literally and logically, by an article [10] in which he 
treated integral solutions of a linear equation in any number of variables. He 
made special reference, however, to Euler’s problem: to solve in integers the 
equation 4a+Bb+ Cc=0, where the capital letters are given integers, possibly 
integral approximations to irrational numbers. 

Euler’s first example was 49a+59b+75c=0. To obtain a general solution, he 
placed u on the right, and then replaced it by 0 for the particular solution. His 
method was to divide two coefficients by the remaining coefficient, always 
dividing by the smaller remainder in each stage. Thus his method made for 
rapid convergence. It is irregular, but for a purpose, as is our method of dividing 
by the larger remainder. In the example just given, the coefficients are so chosen 
that the smaller remainder is always on the left, thus agreeing with Jacobi’s 
method, which he first used in this connection before applying it to continued 
fractions. Both Euler and Jacobi obtained as the smallest solution: a= —13, 
b=—7, c=14. 

Euler’s second example was 1,000,000a+1,414,214b+-1,732,051¢=u, where 
the second and third coefficients will be recognized as approximations to ~/2 
and +/3, with the decimal point omitted. Euler again divided by the smaller 
remainders, and thus got a different result from Jacobi, who divided by the left- 
hand remainders. With u=0, Euler’s smallest solution was: a = 8104, b= — 6889, 
c= 946; Jacobi’s, a=282, b= —2377, c=1778. 


7. Mixed expansion in Euler’s problem. The results already obtained in 
this paper suggest that Jacobi’s results may have been better than Euler’s in 
this second problem, not because his method was regular, but because of the 
slower convergence arising from a casual mixture of small and large remainders 
as divisors. Hf, then, the larger remainders are used uniformly as divisors, as in 
the tuning problem, better results than Jacobi’s might be expected. As applied 
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to Euler’s first problem, our mixed method gives: a=u—81+j, b=3u+131—-11y, 
c= —3u—51+87. If w=0, t=1, 7=1, then a=—7, b=2, c=3. The Euler- 
Jacobi solution above is then obtained by letting «=2, j=3. 

Again, in Euler’s second problem, division by the larger remainders yields 
superior results. This method gives: a=51u—2403a+8956, b=264u+1829a 
—14026, c= —245u—106a0+6286. If uw=0, a=1, B=1, then a=—1508, 
b=427, c=522. Euler’s solution is obtained by letting a= —3, @=1; Jacobi’s, 
with a=1, B=3. 


8. Conclusion. Insufficient study has been given the mixed expansion for 
ternary continued fractions to ascertain all of its possibilities and weaknesses. 
Without the use of semi-convergents, the mixed method clearly provides slower 
convergence than Jacobi’s method. It can be used to good advantage also when 
fast convergence is desired, by a simple reversal of the hypotheses. In this case 
the divisors are so selected than none of the ’s will be 0. Thus the mixed expan- 
sion would seem to fulfill a definite need which Jacobi’s expansion does not meet. 
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CLAIRAUT AND THE ORIGIN OF THE DISTANCE FORMULA 
. C. B. BOYER, Brooklyn College 


The familiar distance formula of plane analytic geometry 


D = V(%2 — #1)? + (y2 — 91)’, 


is ascribed [1] universally to Lacroix, who published it [2] in 1797 and 1798. 
Paradoxically, the corresponding formula for space of three dimensions, once 
ascribed to Monge [3], has been traced back to Clairaut’s classical Recherches 
sur les courbes & double courbure of 1731. Coolidge consequently expressed the 
traditional view when he wrote: 


Clairaut published the distance formula in three dimensions three-quarters 
of a century before LaCroix gave the corresponding formula in plano. 


Coolidge prudently added, however, 


My conclusion is that LaCroix’s formula had been for a long time more 
or less common property and could be found by sufficiently diligent re- 
search [4]. 


It is the object of this brief note to point out that Coolidge was quite correct 
in his conclusion. The distance formula for two dimensions can indeed be found 
before LaCroix, and exactly where one would expect to find it—in Clairaut! 


A B 


The Recherches of Clairaut, composed when he was only sixteen years 
old, is devoted primarily to twisted curves in three-space, and hence the for- 
mula for distance in a plane appears but incidentally, as a preliminary to the 
determination of the equation of the sphere. Let the center of the sphere be C 
with coérdinates AB = +a, BD= +b, and DC= +e, with respect to the axis AB 
and the reference plane ABD; and let N be any point on the sphere with coér- 
dinates AP=x, PM=y, and MN=zs. Then Clairaut wrote [5] that EN=MD 


556 
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=VxFa'+y+0’, possibly the first time that the distance formula had appeared 
in print. He gave the analogue for three-space immediately afterwards as f 
—V/ xFa+y+Fb'+z24c', where f=CN. Consequently, to Clairaut, pending fur- 
ther evidence, must go the credit for the distance formula, both in two dimen- 
sions and in three, for his forms differ but slightly from the modern equivalents, 
mainly in the failure to regard the literal constant quantities a, b, and c as indif- 
ferently either positive or negative. More modern forms, also overlooked by his- 
_torians, were given in 1773 by Lagrange for both two and three dimensions. In 
the preface to Clairaut’s Recherches there is a hint of a system of spherical codrdi- 
nates, but Lagrange was one of the first to develop this; and it is in his transfor- 
mation from Cartesian to spherical coérdinates that one finds [6] distances 
given by the expressions »/(*«—a)?+ (y—6)? and »/(x—a)?+ (y—b)?+ (g—c)?. 

The contribution of Clairaut in this connection should not, however, be 
exaggerated. The distance formulas are, after all, obvious analytical expres- 
sions of an ancient theorem, named for Pythagoras, but known to the Babylo- 
nians of some four thousand years ago. There can be little doubt but that their 
equivalents were familiar to the earliest analytical geometers, including the 
inventors, Fermat and Descartes. The equations of circles and spheres, given 
long before Clairaut, are tantamount to distance formulas: and the rectification 
of curves, known since 1659, is dependent upon some such equivalent. The for- 
mulas for distance in infinitesimal analysis, »/dx?-+-dy? and 4/ dx?+ dy?+-dz?, also 
appear in Clairaut’s Recherches; but these are not attributed to him. It would 
not be surprising if “sufficiently diligent research” would reveal explicit, as well 
as implicit, anticipations of Clairaut’s distance formulas, not only for the cal- 
culus, but also for analytic geometry. 
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MATHEMATICAL NOTES 


EpItEepD By E. F. BECKENBACH, University of California and 
Institute for Numerical Analysis 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


DETERMINANTS OF FOURTH ORDER MAGIC SQUARES 
C. W. Tricc, Los Angeles City College 


1. Introduction. In the editorial note to problem E 674 [this MoNTHLY, vol. 
53, 1946, p. 99| the question was raised, “What is the minimum necessary con- 
dition that the determinant of a magic square be zero?” The conditions are given 
below for fourth order squares whose elements are in arithmetic progression. 

Dudeney, in his “Amusements in Mathematics” (1917), page 120, classifies 
fourth order magic squares into twelve types according to the relative positions 
of the conjugate pairs whose sum, X, is one-half the constant. These twelve types 
fall into four “determinant” types. As indicated on the opposite page, Types 
I, II, III are included in Determinant Type A; Types IV, V, VI are in De- 
terminant Type B; Types VII, VIII, IX, X are in Determinant Type C; and 
Types XI, XII are in Determinant Type D. Type I is a Nasik (pandiagonal) 
square; Types II, III, IV and V are semi-Nasik squares; Type VI may be semi- 
Nasik or simple; and Types VII, VIII, IX, X, XI and XII are simple magic 
squares. The type numbers and patterns (in which connected cells contain conju- 
gate pairs) are Dudeney’s. 


2. Transitions. The transitions within the “determinant” types are as fol- 
lows: 
Type A. 


Type II. Interchange 2nd and 3rd rows, and then interchange 2nd and 3rd 
columns to get Type I. 

Type III. Interchange 3rd and 4th columns, and then interchange 3rd and 
4th rows to get Type I. 


Type B. 
Type IV. Place first row below the 4th row to get Type VI. 
Type V. Interchange 3rd and 4th rows to get Type VI. 


Type C. 


Type VII. Interchange 3rd and 4th rows, and then place first row below the 
4th row to get Type VIII. 

Type VIII. Interchange first and 2nd rows to get Type X. 

Type IX..Place first row below 4th row to get Type VII. 


Type D. 


Type XI. Interchange 2nd and 3rd columns and then 2nd and 3rd rows to 
get Type XII. 
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3. Evaluations. Since the absolute value, A, of a determinant is unaltered by 
transposition of columns or of rows, by reflection or by rotation, it will be neces- 
sary to evaluate only one of each determinant type, provided that no property 
of the diagonals is used in evaluating the representative chosen. The general 
square may be represented conveniently by 


A BC D 
EF GH 
I J KL 
MN P O 


and the conjugate sum by X so that the constant is 2X. Evidently the sum of 
each of the columns, rows and principal diagonals in all of the squares is 2X. 

Type A. Schell showed in E 674 that A=0 for Type I. All members of Type 
A therefore have A=0. This may be shown also by evaluating Type II, which 
may be written 


A B C D 
X—-B X-A X-—-D X-C 
I J K L 
X—-J X-I X-L X-K 
By subtracting the first column from the 2nd and the 3rd column from the 4th, 
then subtracting the 2nd row from the first and the 4th row from the 3rd, then 


adding the first.and 3rd columns (noting that A+ B+C+D=2X=I+J+K 
+L), 


A+B—-X 0 0 0 
X—~B B-—-A 2X—~B—-D D-—-C 5 
I+s-X 0 0 0 7 


x-—J J-—-I w2Xx-J-L L-K 
is secured. 

Type B. It is evident upon inspection that if the first row of Type IV be 
added to the second row, and the third row be added to the fourth, a deter- 
minant is secured with two rows of identical elements, namely X. Therefore, 
for Type IV and for all of Type B, we have A=0. 

* Types Cand D. Type VII may be written 


A B C D 
E X-B X—-C H 
X—E J K X—H 
X—-A X—-J X-K X—-D 
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From the second and third rows, 2X -B—C+E+H=2X and 2X—-E—H+J 
+K=2X, so B+C=E+H=J+K. The determinant is evaluated by adding 
the first three columns to the fourth, then the first three rows to the fourth, and 


factoring out 4X. Then adding the first row to and subtracting the fourth row 
from the second row, we obtain 


BcCc1 
=—AX(ALE-X)|J K 1 
Xx xX 2 


The evaluation is completed by adding the first column to the second, and then 
subtracting the first row from the second. Thus 


A= — 8X[A — (X — B][B —s][C — (X — B)] 
= — 8X(A —I)(B—J)\(C — FP). 


Therefore, if all elements are distinct, we have A0 for Type VII and for the 
other members of Type C. 

' The other members of Type C may be evaluated by expansion, or by trans- 
posing Type VII and setting the square thus secured into a one-to-one cor- 
respondence with the standard square. Types XI and XII are separately evalu- 
ated. Thus for the members of Types Cand D: . 


Type VII = — 8X(A —-D(B—-J\(C—-F) 
Type VIII = — 8X(A — E)(B — F\(C — N) 
Type IX = — 8X(A — I)(B — J\(C — N) 
Type X A= 8X(A—E\(B-F\(C—J) 
Type XI A= 8X(4 —1)(B-—D)(C — A) 
Type XII A= 8X(A — E)(B — A)(C —D). 


4, Conclusion. It is therefore apparent that in order for a fourth order magic 
square with elements in arithmetic progression to have a zero determinant, it 
is necessary and sufficient that it meet the conditions for a semi-Nasik square or 
that it be of Type VI. 

Since the sum 5S of all the elements of the square is 8X, a secondary result is 
that if all the elements are integers then A/S is an integer. This property is 
proven in another manner in the solution to problem E 813, where it is also 
shown that A/S is an integer for squares of order » when n is odd and also when 
n is even if the difference d is even. 
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THE NUMBER OF DISTANCES IN A CUBICAL NETWORK 
J. L. Uttman, Cambridge, Mass. 


We consider the set of points {(a, b, c)} in a three dimensional Euclidean 
space, where each coordinate a, b and ¢ assumes the values 0, 1, --- , m inde- 
pendently of the values of the other coordinates. Let A, be the number of 
straight lines of length k which connect one point of the set with another, and 
let Ay equal the total number of points in the set. Then the following identity 
holds: 


(1) Ay + 2D dae =[(n $1) 42D ot ey, 


d>1 


Proof: Consider the six fold sum 
n nN nN nN n n 
(2) ~>s>ds>d » Se) BH)? C9)? 
a=0 B=0 y~0 A=0 w=1 v=0 


Each term of this sum corresponds to either (1) a point of the set {(a, b, c)} or 
(2) a pair of points of this set. 


Case (1). For every point (a’, 5’, c’) there will be exactly one term in the sum 
(2) for which 


a= A=, B=p=I', y=uv=c 


and the value of this term is 1. 

Case (2). For every pair of distinct points (a@”’, 6”, c’’) and (a’”, b’”’, c’’") there 
will be two terms with the exponent (a’” —a’’’)?+-(b” —b’”)?+-(c” —c’”’)*. This 
exponent is the square of the distance between the points. Since every term of 
the sum (2) arises under case (1) or case (2), the coefficient of x*” when the terms 
are combined, will be equal to 2A,. (A,=0 if there are no terms with exponent 
k?.) The constant term is equal to Ao. Hence (2) is equal to the left hand side of 
(1). 

The following transformations show that (2) is also equal to the right hand 
side of identity (1). We write (2) as follows: 


(3) | > > xo] 


a=0 B=0 


Let a—\=», then v takes on the values —n, —n+1,---, —1,0,1,---, 72. 
For each value of v, there are n— | y| +1 pairs a, \ for which a—d\ =v. Hence (3) 
can be written 


(4) | S (n =| >| + ne], 


y=—N 


and finally as 
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(5) Cn +1) + 2> (n— y+ ne], 


which is the form of the right hand side of (1). 
Identities of a similar nature can be obtained for a set of points in » dimen- 
sional space, and also for points whose array is rectangular rather than cubical. 


NOTE ON THE GAMMA FUNCTION 
J. G. WENDEL, Yale University 


In this note we use the inequality of Hélder to establish the classical asymp- 
totic relation . 


Tr 
(eta _, 


M4) goo X°I'( x) 


for real a and x. 


Proof: Let 0<a<1, p=1/a, g=p/(p—1)=1/(1—a), f(é) =e-*4, 
Z (t) == g7(1—a) t¢(1—a)eta—1 


and apply the inequality 
t 


J soe - J . ” "a 4 f soraeh " 
to obtain 
2) T(«+a)= f etre < { f “rah . f “ea _ 


= [I(x + 1) ]*[1(x) ]*-*. 
Since 
(3) T(x + 1) = «I(x), 
(2) becomes | 
(4) T(x + a) S x°T (x). 


Replacing a by 1—a in (4) we get 


(5) (a+ 1—a) S$ x-T(2), 
from which we obtain 
(6) (e+ 1) S$ (w@+a)T(x + 4), 


by substituting x-+a for x. 
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Combining (4) and (6) we get 


° I(x) S$T(x+ a) S xT (x). 


(~%-++ a)'4 
Therefore 
l—a 
(7) ( * ) < Ie + 4) <1 
x+a x°T'( x) 


Letting x tend to infinity in (7) yields (1) for 0<a<1. The extension to all 
real a is immediate on repeated application of (3). 


THE NUMBER OF r-TUPLES OF PAIRS OF INTEGERS 
Roy Dusiscu, Fresno State College, Fresno, California 


Our problem may be stated as follows: 


Let n>1 be a positive integer and let (s1, t1), - + + , (Sr, ty) be an r-tuple of pairs 
of wntegers satisfying 


(1) N2S>4 21, Siti > Siti < kh, (4=1,---,7). 


If S(k, m) ts the number of such r-tuples beginning with (k, m), and K ts the total 
number of r-tuples, show that 


—k —1 
S(k, m) = (" ~” ), 
n—k 
and hence that K =2"-1—1., . 
(For example, if 2 =5, the 15 possible r-tuples are (5, 4); (5, 3); (5, 2); (5,1); 


(4, 3); (4, 3), (S, 2); (4, 3), (5, 1); (4, 2); (4, 2), (5, 1); (4, 1); (3, 2); (3, 2), (4, 1); 
(3, 2), (5, 1); (3, 1); and (2, 1).) 


We first show that 


(2) S(k, m) = 2) S(i,m— 1), S(k, 1) = 1, (m > 1). 
im 
Indeed (2) follows from the fact that the r-tuples (1, mi), (Re, me), ++ +, with 


mM2>m,—1, may be put into 1—1 correspondence with the r-tuples with first 
term (ki, m—1) via 


(Ra, m1), (Re, M2), (Rs, ms), se (Ri, m1 — 1), (Re, m2), (ks, ms), cy 


while the r-tuples (1, 71), (Re, mi—1), (Rs, ms), - + + , may be put into 1 —1 cor- 
respondence with the r-tuples beginning with (2, m1—1) via 


(Ra, m1), (Re, m,—1), (ks, Ms), 7" <>(Re, m,—1), (Rs, Ms), 8 te 
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To show then that 


3) stim = ("EBA En), 


n—k m— 1 


we first observe that (3) holds for m=1, since 


sa e(A= 


for all admissible & (i.e., form 2=k>1). Likewise, for m =2, the r-tuples beginning 
with (k, 2) are enumerated by remarking that there is one r-tuple consisting of 


(k, 2) alone while the choices for a second term are (k+1,1),---,(,1). Thus 
—k+1 
S(b 2) = n= b+ 1=(" a ). 


Assume, then, that (3) holds for S(z, ¢), for +<m and for any admissible k. 
Then (2) implies 


(4) (km) = ("EE * 


i=k m—2 


under our induction assumption that m> 2, so that the proof of (3) reduces toa 
proof of 


(5) a(n re an), (m > 2). 


i=k m— 2 m— 1 


With s=m—2, p=n—k-+s, j=n—i+tm-—z2, (5) becomes 


6 EC) Ch): 


Now (6) holds for p=s or s+1 for any s, since 
(CG) 
Ss 7 s+ 1 7 
S s+il s+ 2 
(S)+ C2 )- Cay) 
S S s+l1 
and (6) also holds for =1 and any admissible s (i.e., here, s =1), since 


()-()-4 


and 
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We suppose (6) holds for the values 1, 2,-+-, P—1 for any admissible s (ie., 
s<p) and re-write |(6), for 'p¥s oris+1, as 


stil ep) @ i). (°+) 
poleg tL As +1)" 


p—i S\ ( P 
Oo deo tC) G2, 
by our induction hypothesis for s<—1; and ‘since 
CE JCA Et (CE) 
p—s\s+1 sti/ p—s\s+1 s+1/’ 
it follows that (6), and hence (5) and (3), are proved. 
Then : 


(7) Y sk m = > ("| 


k=m+1 k=m+1 k —- mM — 1 


But 


by (3). We let n—m—1=t, k—m—1=z7s0 that (7) becomes 


© EG )-G)+ BG) ore n =a 


Finally, since it is clear that 
n—1 n 
K = > > S(k, k- m)), 
m=1\ k=m+1 


we have, by (7) and (8), 
n—} 
K= > 2n—m-1 
m=1 


which is a geometric progression of n—1 terms with first term 2*—! and common 
ratio 3, so that 


1- @) 
1 — (3) 

By varying the conditions (1) a number of similar problems may be stated, 

while extensions may be made by considering r-tuples of triples etc. The prob- 


lem which has f;41<é;in (1) replaced by t:41>¢;is considered in a study of the ideals 
of a certain type of nilpotent algebra being made by Sam Perlis and the author. 


K = al | = (2-2 — 2-1)2 = 2e1_ 1, 
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- POINTING OFF IN SLIDE RULE WORK 


J. M. THomas, Duke University 


For placing the decimal point in answers to problems solved on the slide rule 
there are available the method of the characteristic and the method of estima- 
tion. The first of these is precise although it has relatively few users. The second, 
although it borders on mysticism, seems entirely satisfactory in practice. In 
stating here a rigorous method of estimation, our purpose is to illuminate rather 
than to modify present procedure. 

Suppose that a is the exact value of a fraction whose numerator and denomi- 
‘nator are products of decimal numbers or roots of such numbers. To simplify 
language, suppose further that the slide rule gives the exact answer and that 
all numbers have exactly three significant digits. These assumptions in no way 
limit the generality of the results. Without using the characteristic we find from 
the slide rule merely the set of values 


(1) -++, 10-%a, 10-44, a, 10a, 107a,--- 


which contains the answer but we do not know which number of the set to iden- 
tify with a. 

We interpret the method of estimation to involve rounding the given factors 
to one digit. The extreme case of rounding which decreases a replaces a factor 
199 in the numerator by 100 and consequently multiplies a by more than 1/2. 
Similarly, the extreme case of rounding which increases a replaces a factor 199 
in the denominator by 100 and consequently multiplies a by less than 2. If there 
are m factors in the fraction to be computed, rounding by decreasing and 
rounding by increasing give a lower bound a; and an upper bound a, for a and 
these bounds satisfy 


(2) (1/2)™a < a1 S ae < 2. 


Once a1, a2 have been computed mentally, it is easy to pick out which of (1) lie 
on the interval [a:, a2]. If only one number of (1) lies on [a1, ae], the identifica- 
tion is complete. 

From (1), (2) it is seen that the method is successful for all values of the 
factors if and only if 


a 
a § (1/2) "a < 2a $10a. 


Solving for m by logarithms or by trial gives m3. The foregoing method of 
bounds therefore always works if no more than three factors are involved. More- 
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over, in any particular case of more than three factors it is apparent whether or 
not the method is reliable. 

The usual method of estimation, however, employs only a single rounding, 
which we suppose is to the nearest single digit. The result 0 is not known to be 
either a lower bound or an upper bound in general. The extreme case of rounding 
replaces 149 by 100. Hence if ~ roundings decrease and p roundings increase the 
fraction, the factor by which a is multiplied is bounded below by (2/3)" and 
above by (3/2)?: 


b 
(3) (2/3)" < a < (3/2)?. 


For the product 1.42 1.43 1.44 =2.92 the set (1) is 
(4) ++, 0292, .292, 2.92, 29.2, 292.,--- 


and the rounded value is 1. We might be tempted to select the value in (4) near- 
est 1. Since this gives .292, which is not the correct value, we see that some other 
principle of selection must be used for comparing (1) with the rounded values in 
a rigorous statement of the rule of estimation, although even a novice would 
intuitively point off correctly in the present case. 

Let us agree to select the number in (1) so that the relative error of the esti- 
mated value 6 is numerically less with respect to that number than with re- 
spect to any other number in (1). To determine when this principle gives the 
correct answer, we find a necessary and sufficient condition that 
b 10-*b 


—-1 
a a 


(5) < —1 


for all integers k except 0. 

Put c=b/a. It is found (k#0) that 0OSk(1—c) implies (5) and that k(1—c) 
<0<(1—c)(1—10-*c) contradicts (5). Hence only the cases where k(1—c) <0 
and (1—c)(1—10-*c) S 0 need be considered. It is thus found that in the pres- 
ence of k0 (5) is equivalent to 0<k[2—(1+10-*)c| and also to the two in- 


equalities got from this by making k= —1, k=1. Hence we have as the final 
condition 
2 b §=6.20 
(6) —<—<-—: 
: 11 a tii 


Segment (3) lies in segment (6) if and only if 
(7 ~ < (2/3), (3/2)? S — 
117 ~ 11 


Making the calculations by means of logarithms or by trial we find that for non- 
negative integers 7, p (7) is equivalent ton $4, pS1. Hence we have 
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THEOREM 1. If in rounding to the nearest single digit the fraction 1s decreased at 
most four tumes and increased at most once, the decimal point ts correctly placed by 
requiring that the relative error of the rounded value be least. 


It will be noted that the principle identifies 2.92 as the answer in (4) and that 
the decision is not even close. 

The result given is the best possible unless the method of estimation is 
changed. It is questionable whether this can be done without sacrificing gen- 
erality or introducing complications which would offset the advantages of using 
the slide rule. 

The limits given in the theorem car in general be exceeded with impunity 
because (i) the multipliers have values much nearer 1 than the extreme values 
which it is necessary to use in the above calculations and (ii) the increases and 
decreases tend to cancel. A lower bound P(n, p) for the probability that the deci- 
mal point is correctly placed when 4<z or 1 <p could be calculated. The results 
in practice, however, might well be better than this bound would indicate be- 
cause the operator intuitively modifies the process so as to keep 6 near a. In 
fact, the writer has yet to have knowledge of a point misplaced by error of judg- 
ment on the part of an experienced operator. 

A result which seems to cover the usual situations in the solution of triangles 
is given in Theorem 2, which is easily proved by the law of sines. The angle 6° 
can be replaced by: the principal value of sin~!.1, but there is usually no advan- 
tage in doing so. 


THEOREM 2. If the ratio of two sides of a triangle ts at least 10, the angle oppo- 
site the smaller side is less than 6°. 


SOME APPLICATIONS OF AITKEN’S METHOD OF INTERPOLATION 
L. A. Aroran, Hunter College 


Aitken’s method of interpolation published in 1930 [1] seems relatively 
unknown, although it has been discussed by various authors [2], [3], [4], [5], 
[6], [8] in some detail. With the rapid increase of interest in computational 
techniques it should be one of the tools familiar to every student of mathematics. 
We shall point out some applications of the method to the mathematics of 
finance. We have used it for some years in those classes with considerable suc- 
cess. Since the references may not be readily available, we quote the elegant 
proof of Feller [6]. 

“Let it be required to compute f(£) of a polynomial of the nth degree f(x), 
given f,=f(x,) for k=0, 1, ---,2. We note 
f 0 Xo — & | 
fa) e- 8 


is a polynomial of degree n—1, and f1(£) =f(£). Hence we are required to find 


(1) f(x) = 


> (4 — x0) 
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f(§) knowing 


1 | fo to—é|' 
2 — 7” fl] ) 
(2) ic hon —# (x — %o) 
for k=1, 2, - --,n. Thus the problem is reduced from 2 to n—1. In like fashion 


the problem is further reduced to n—2. We note that x,—xo = (x, —&) — (“0 —&).” 
We change our notation to that conventional in finite differences and illustrate 
the process for four points (a, ua), (0, us), (€, uc), (d, ua), to determine u, given 
a<x<d. A table is constructed 


tha a— x 
Uy u(a, b) : b— 
Ue u(a, C) u(a, 0, c) ; c— x 
ha u(a, @) u(a, b, d) u(a, b, c, d) d—x 


where a—x, b—x, c—x, d—x are called “parts” and ' 


Ua G2 %& Ug GAB— xX 
u(a, b) = + (b — a), u(a,c) = + (¢ — a), 
uy b—x Ue C—% 
Ue &G—-% ula, b) b— «x 
ula, d) = +(d—a), ua, b,c) = ~ (¢ — b), 
Ua a— Xx ula, c) ¢c—% 
| , d= u(a, b) bm) ; 
u(a, ’ ) = ula, d) d—x ° ( ~~ ); 
hed ula, b,c) ¢— % = (g _ 
u(a, b, c, d) ula, b, d) d—2 |" (d — c) = Uz. 


The iteration is discontinued as soon as the desired number of significant figures 
ig determined. 

We stress the peculiar advantages of the method. The intervals need not be 
equal; x may be anywhere among the arguments, that is, the interpolation may 
be central or non-central; it is well adapted to machine calculations; no differ- 
encing is required; and finally it may be used for inverse interpolation as well as 
direct interpolation merely by interchanging the argument and the function. Of 
course the method is not intended for routine calculations in the construction 
of, tables or for the purposes of subtabulation. 

We give only one example in the mathematics of finance, a problem involv- 
ing the yield of a bond, although the method is applicable wherever inter pola- 
tion is needed. Thus the power of the usual short tables of interest functions 
given in the typical text is greatly increased making unnecessary seven place 
logarithms so frequently advocated. The method is quite effective in the solution 
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of any equation g(x) =0. A 53% bond, coupons payable semi-annually, redeem- 
able in 25 years at 110 is purchased for 105; what is the yield? [7, pp. 190, 226]. 
Denote the yield for the half year by z, and the equation we must solve is 


f(a) = 5 + (2.75 — 1102) az), = 0. 
The table will be — 


1.75 — 32.34150 
2.00 2 .5538343 — 22 .28299 
2.50 2 .6371542 6/612588 — 5.00000 
3.00 2.7243090 6|746793 6/6001 9.15137 
3.50 2.8150126 6|889149 6/6618 552 20.80118 


Hence 7 =2.66552%, the extra figures are carried since errors accumulate rapidly 
in successive multiplications. It should be noted that in iterating the process 
one multiplies only where the figures disagree. Since Todhunter insisted that the 
answer was 2.6656%, f(4%) =30.44560 was added to the table resulting in 
4=2.665651%. Using f(2.665651%) = —.001176 and f(2.6656%) =.000314, we 
obtain by linear interpolation 7=2.665611% correct to seven significant figures. 
If an interval of 4% is taken using 2%, 24%, 24%, 22%, and 3%, then 2 
=2.665607% by Aitken’s method. Most texts give values only at intervals 
of 4% after 21%. For an interval of 4% our experience shows that at most an 
error of 2 or 3 will occur in the fifth significant figure in a bond yield problem. 
Even the utility of a bond table is extended by Aitken’s method. 

Other uses are finding (1+7)”, v", a7], sq], if the value of 7 is not given in the 
tables. Generally, it is advisable to start with five points. One might think it 
worthwhile to make a change in origin and scale, but in our experience the 
extra time spent was not justified. Inverse interpolation will be rather difficult 
for most students and a little patience is required. It is best to start a class on 
direct interpolation with equal intervals. In statistics, Aitken’s method makes it 
easy to extend the linear interpolation formula employed in determining the 
median; essentially one solves the equation f(x) =.5, assuming that the proba- 
bility function is continuous. 
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INTRODUCING e=2.718+ 
W. R. Ransom, Tufts College 


Textbooks of calculus usually introduce the number e by considering the 
limit of (1+1/n)". Such treatment frequently omits many of the essential steps 
and leaves the student not much enlightened. An alternative approach is sug- 
gested in this note which leads to 2.718 by a more natural and elementary con- 
sideration. 

The most familiar exponential is y =27. The slope of this curve at the point 
(0, 1) can be found by interpolation using a four place table as 0.70, while the 
slope of the exponential y=3* comes out 1.10. These two results suggest the 
query: is there some number between 2 and 3, for which the corresporiding slope 
is 1? Let us assume there is and call this number e, and thus assume that when 
Ax is the smallest value for which we can interpolate we shall have y =e? yielding 
Ay/Ax =1. 

For Ay we have e4*—1 at the point (0, 1), and so we must solve the equation 
(e47~1)/Ax =1, or e4*=1+Ax, whence Ax(log e) =log (i+Ax). 

From a seven place table we have 


log (1 — .001) = — .000 4345 
log (1+ .001) = + .000 4341 


and these items suggest that when Ax is nearer to zero than either plus or minus 
.001, we should use the intermediate decimal, .0004343, and the interpolation 
formula 


log (1 + Ax) = .000 4343 (Ax/.001). 


Putting this into the equation for Ax(log e) above we obtain log e =.4343, whence 
e=2.718-+. 
If a four place table is used, a less accurate value, 2.7++, is obtained. But the 
assumption that there is a number e such that for y=e’, dy/dx =e" exactly, 
makes it possible to obtain the familiar expansion for e*, from which the value of 
~ ecan be determined as accurately as desired. 
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TANGENT LINES AND PLANES 


F. H. YounG and J. L. EricKsen, Oregon State College 


Although the problem of finding a tangent line to a conic or a tangent plane 
to a quadric presents no great difficulty, the problem can be solved by a method 
even simpler than that ordinarily seen. 

Consider a given circle and a fixed point on the circle. Write the equation of 
a circle with its center at the point and of radius less than that of the given circle. 
If the two equations are normalized, the difference between the equations of the 
first and second circles is then the radical axis, a straight line passing through 
the points of intersection of the circles. Now, if the radius of the second circle 
were decreased, the intersection points would approach the tangent line at the 
fixed point. This suggests the following method: solve simultaneously the equa- 
tion of the given circle and the equation of the null circle at the fixed point. The 
method is so simple that in many cases the answer may be obtained by inspec- 
tion. 

In the case of an ellipse, much the same method may be used. At a point on 
the given ellipse, consider a null ellipse of the same orientation whose eccentric- 
ity is the same as that of the given ellipse. Then the difference between the two 
equations will represent the tangent line. 

In the case of a hyperbola, we can make use of the degenerate hyperbola of 
the same eccentricity and orientation as the given hyperbola. Geometrically, 
this means the equation of two straight lines, parallel to the asymptotes, inter- 
secting at the fixed point on the given hyperbola. Again the difference is the re- 
quired tangent. 

For a parabola, we use the equation of a degenerate parabola with vertex at 
the fixed point and axis parallel to that of the given parabola. The method still 
works. 

Geometrically, our method consists of employing a degenerate form of the 
conic section of the same eccentricity and orientation as that of the curve on 
which the fixed point lies. Algebraically, we subtract the equation satisfied by 
the codrdinates of the point from the given equation, thus obtaining a linear 
equation. 

The general equation of the conic, and this includes the degenerate, null, and 
imaginary cases, is 


(1) ax*® + bey + cy? + dx+ey+ f= 0. 


Consider the point (u, v) satisfying the above equation. Then our null or 
degenerate form of the same eccentricity will be 


(2) ax — u)? + b(% — u)(y — v) + cy — 0)? = 0. 
Expanding and subtracting, we obtain 


(2au + bv + d)x + (bu + 2cv + e)y — (au? + buv + cv? — f) = 0. 
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It is then easily verified that this is the equation of the line tangent to the given 
curve at the point (u, v). If equation (1) represents a null circle or null ellipse, it 
will be identical with equation (2). This is the only case in which a tangent line 
cannot be obtained. It is interesting to note that the method works equally well 
for points on imaginary conics. 

An especially simple example of this method is the case of the tangent line 
at the origin to a conic passing through the origin. Consider, then, the conic 


ax? + bxy + cy? + dx+ ey = 0. 


The desired tangent is merely dx-+ey =0. 
It is apparent that this method may be extended to the case of the general 


second degree surface in m dimensions to obtain the equation of the tangent 
plane. 


RATIONAL SOLUTIONS OF A CERTAIN TRIGONOMETRIC EQUATION 


L. J. MatTrEson, Mount Vernon, N:Y. 


To students of trigonometric equations it may be of interest to find the re- 
lationship between the constants of the trigonometric equation 


(1) acosw+ bsinw =¢ 


such that the solutions for cos w and sin w will be rational numbers. 

Certain values of the constants can be found by inspection. Thus, when one 
function sin w or cos w is zero the other must be + 1 or —1. Then c= +a, or 
c= +b, which are the relations existing for quadrantal angles, are the relations 
which will assure rational. values for the two functions. However, more general 
conditions on the constants of equation (1) can be found by turning to a general 
solution of the given equation. 

In the April 1947 issue of this MonTHLY, R. W. Wagner uses effectively the 
substitution ¢=tan (w/2) which leads to the following values for sin w, cosw and — 
tan (w/2): 

sin w = 2¢/(1 + 2°), cosw = (1 — #)/(1+ #), 
(2) 


@) 
tan — = sin w/(1 + cos w). 


This shows that the functions sin w and cos ware rational if and only if tan (w/2) 
=t is rational. 


By means of (2) equation (1) becomes the quadratic in #: 
(3) , (a+ coc)? —2dt}+¢-—a=0. 


Let 4k? represent the discriminant of this equation. The values of t, which are 
the roots, will be rational if and only if 4k? is zero or a perfect square. This leads 


1948] CLASSROOM NOTES 575 


to the condition 


(4) : a+ 0? — ¢? = ?, (k = 0, or an integer). 
At the same time it is noted that the values of ¢ are 
(5) i= (b+ k)/(a+c). 


From the conditions in (4) it is evident that a?+0?2c?, that the constants a, D 
and c occur as squares, also that a and b can be interchanged. Let the equation 
(1) which contains the constants a, b and ¢ be denoted by the symbol (a, 8, c). 
Then (4) which is the necessary and sufficient condition for rational values of sin w 
and cos w in the equation (a, b, c) will also assure rational values of the func- 
tions in the seven related equations which may be designated by the symbols 
(5, a, c), (—a, b, c), (—), a, c), (—a, —b, Cc), (—), —a, c), (a, —b, c) and (0, —a, 
Cc). 
The equation (4) can be rewritten so as to introduce the positive integer NV; 


(6) N= e+ =o + B 


Since the problem now may be reduced to finding the integers NV which may be 
written as the sum of two squares in more than one way, a notation for N equiv- 
alent to equation (6) may prove convenient: 


(7) | = (a, b; ¢, k). 


Such numbers JN, as implied in Dickson’s The History of the Theory of Num- 
bers, Vol. II, p. 228, can be found by the following method: all the products and 
doubles of these products of two or more of the prime numbers of the form 
4n-+-1 (n an integer) including multiple powers of these numbers are numbers 
that may be expressed as the sum of two squares in more than one way. Thus 
5, 13, 17, 29 - +--+ are such prime numbers. From these a few of the products 
which may be the numbers WN are 25, 50, 85, 100, 125, 130, - - -. By the notation 
in (6) a few numbers for N are N=25 =(3, 4; 5, 0), N=50=(1, 7; 5,5), N= 
=(1,8;4, 7), - 

In (a, b; c, k) there are four basic sets of constants that may be used in (1) to 
give rational solutions. They are (a, b,c), (a, b, k), (c, k, a) and (c, k, 6). Each set 
has the seven related equations described above, making 32 possible combina- 
tions of constants for each N, if a, 6, c and k are distinct. As an example, from 
N=65=(1, 8; 4, 7), the four basic sets are (1, 8, 4), (1, 8, 7), (4, 7, 1) and (4, 7, 8). 
Of these (1, 8, 4) will represent the equation 


(8) cosw-+ 8 sinw = 4. 


Substitution in (5) leads to ¢=3 and sin w=3/5, cos w= —4/5 or t=1/5 and 
sin w=5/13, cos w=12/13. 
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SOLUTIONS 
A Ruler Construction 


E 793 [1947, 545]. Proposed by Joseph Rosenbaum, The Milford School, 
Connecticut 


With straight edge alone construct a hexagon which can possess both an 
inscribed and a circumscribed conic. 


Solution by R. T. Hood, University of Wisconsin. Let us show how, given five 
lines, a sixth may be determined so that the resulting hexagon shall possess 
both an inscribed and a circumscribed conic. 

Draw any four lines a, 0, c, d, forming a quadrilateral with vertices ab=1, 
bc=2, cd=3, da=4. Let the sides a and c intersect in a point P and let 6 and d 
intersect in a point Q. Let any fifth line be drawn intersecting ¢ in a point 5 and 
dina point 6. Call this line e. The problem is now to determine a sixth line to go 
with a, 0, c, d, e. 

Draw the diagonals 13 and 24 of the quadrilateral; call their point of inter- 
section 7. Draw the lines 57 (intersecting a in a point 8) and 67 (intersecting c 
in a point 9). Draw the line 89 and call it f. Let it intersect the line e in a point 
R. Then the figure 489256 (or afbced) is the desired hexagon. 

For, by construction, the three diagonals (24, 58, 69) of the hexagon are con- 
current at 7. Hence, by the converse of Brianchon’s theorem, there is a conic 
having the sides of the hexagon as tangents. Now lines 13, 85, and 96 are also 
concurrent at 7, and these are lines joining corresponding vertices of the two 
triangles 189 and 356. Hence, by Desargues’ theorem, the corresponding sides 
of these two triangles intersect in three collinear points. That is, a and c inter- 
sect in P, b and d intersect in Q, e and f intersect in R, and P, Q, and R are 
collinear. But a and ¢c, 6 and d, e and f are simply pairs of opposite sides of the 
hexagon. Hence, by the converse of Pascal’s theorem, there is a conic having as 
six of its points the six vertices of the hexagon. 

Thus this hexagon can have both an inscribed and a circumscribed conic. 

Also solved by Frederick Bagemihl and the proposer. 


Associated Conjugates 

E 800 [1948, 30]. Proposed by Victor Thébault, Tennie, Sarthe, France 

The polar planes, with respect to a tetrahedron, of the isotomic conjugates 
of a set of collinear points are coaxal. 

Note. If the cevians AP, BP, CP, DP, for a tetrahedron ABCD, of a point 
P, cut the planes of the faces BCD, CDA, DAB, ABC, in A’, B’, C’, D’, then 
the isotomic conjugate P’ of P is the point of concurrency of the lines joining 
A, B, C, D to the isotomic conjugates A’’, B’’, C’’, D’’ of A’, B’, C’, D’ in the 
faces of the tetrahedron. 


Solution by L. M. Kelly, University of Missouri. Let a1, de, a3, a4 be the tetra- 
hedral codrdinates of one of the collinear points. Then 1/a1, 1/de, 1/as, 1/a4 are 
the coérdinates of its isotomic conjugate. The polar plane of this point ts 
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A1X1+A2Xe+d3x3-+a.x4=0. Thus if (a) and (6) are two fixed points of the line, 
and (c) any third point of the line, the matrix of the codrdinates of these points 
has rank less than three, and hence the matrix of the coefficients of the cor- 
responding polar planes has rank less than three. But this is the condition that 
the planes be coaxal. 

Also solved by the proposer. 


Editorial note. This problem extends to the tetrahedron a problem proposed 
by this editor in the National Mathematics Magazine (vol. XX, no. 2, pp. 95- 
97). 

Let (p1, pe, Ps, Ps) be tetrahedral codrdinates of any point P and let P’ be 
the point (k1/p1, Re/pe, ks/3, ka/ps), where ki, ke, ks, ky are fixed non-zero con- 
stants. Then we may call P’ the assoctated conjugate of P, for the given tetra- 
hedron and the constants hy, Re, ks, ks. The polar plane, p’, of P’, with respect to 
the tetrahedron, may be called the associated polar of P, and P the associated 
pole of p’. If P and P’ coincide, P will be called a self- -conjugate point. The fol- 
lowing theorems are easily established. 

1. The associated polars of a set of collinear points are coaxal, and dually, 
the associated poles of a set of coaxal planes are collinear. 

2. The associated polars of two points collinear with a self-conjugate point 
intersect on the polar plane of that self-conjugate point. 

3. The associated polars of a set of coplanar points are copunctual, and du- 
ally. 

4, The common point of a set of copunctual planes is the associated pole of 
the plane of complanarity of their associated poles, and dually. 

5. Cross-ratio is invariant under an associate correlation. 

6. The tetrahedron determined by four points P, Q, R, S is perspective with 
the tetrahedron determined by their associated polars p’, gq’, r’, s’, the center 
and plane of perspectivity being corresponding associated pole and polar. 

7. The locus of points lying on their own associated polars is the conicoid 
D: xt/kitxg/ke+x3/ks+x5/ks=0. 

8. A point and its associated polar are pole and polar with respect to the 
' conicoid 2. 

9. A point and its isotomic conjugate are associated conjugates for the con- 
stants 1, 1, 1, 1. A point and its isogonal conjugate are associated conjugates for 
the constants Aj, A3, A3, A?, where Ai, As, As, Ag are the areas of the faces of 
the given tetrahedron. 

10. The polars of the isotomic conjugates of any two points collinear with the 
ceritroid of the tetrahedron are parallel. 


Bidding Sequences 


E 801 [1948, 95]. Proposed by J. P. Ballantine, University of Washington 
How many different bidding sequences are possible in one hand of Bridge? 
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Solution by Roger Lessard, Ecole Polytechnique, Montreal. Consider any spe- 
cific set of n bids. The bidding will cease if and only if three passes occur in 
succession. Since a bid can be made in place of the first, second, or third pass, 
there are three times as many ways of continuing the bidding as of finishing it. 
Let us count the ways the bidding can be finished. The three passes can be pre- 
ceded by any one of the following sequences: B, BD, BDR, BPPD, BPPDR, 
BDPPR, BPPDPPR. After each bid there are, then, seven ways of finishing 
the bidding, and twenty-one ways of continuing the bidding. Thus any specific 
set of 2 bids can be made in 7(21"~') ways. But, because there are five suits and 
seven levels, there are 35 possible bids. Thus the number of sets of m bids is 


C(35, 2). Now 


5 C(35, n)(7)(21-9) = (7/21) 3.035, 0) (21%) 


~ = [(1 + 21)35 — 1]/3 = (2285 — 1)/3. 


But each player can make the first bid. Therefore the number of bidding se- 
quences is 4(22%5—1)/3. If we count the case in which no bid is made we have 
[4(22%5) —1]/3. 

Also solved by J. F. Darling, Karl Itkin, and the proposer. Itkin said that, 
in expanded form, the final result above is 


128,745,650,347,030,638,120,231,926,111,609,371,363,122,697,577. 


The Sum of Cubes 
E 802 [1948, 95]. Proposed by E. A. Nordhaus, Michigan State College 


(1) Find the smallest positive integer N having the property that the sum of 
its digits does not divide the sum of the cubes of its digits. 

(2) Find the two consecutive positive integers each of which equals the sum 
of the cubes of its digits. 


Solution by J. M. McLynn, Washington, D.C. (1) Since a+-d is a factor of 
a*-+-b3 no two digit number will satisfy the problem. However, a+0-+c is nota 
factor of a?+-b3+-c3, and on second trial (since we need not consider numbers 
containing zeros) we find 112 to be the required number. 

(2) If the required numbers are N and N-+1, then N must end in 0, because 
0 and 1 are the only cubes whose difference is 1. No two digit number will satisfy 
the problem because a?+03=10a+0 (where 6 must be 0) has no integral solu- 
tion. The equation a?+6?+c?=100a+10b-+c (where a and 0 are digits and c 
is 0) has only one solution: a=3, b=7, c=0. Thus the required numbers are 370 
and 371. The solution is unique since a?+03+c?+d'=1000a+1000+10c+d 
(where d=0 and a, b, ¢ are digits) has no satisfactory solution. There can be no 
five digit solution, since 5(9) is only a four digit number. 

Also solved by Colin Blyth, W. E. Buker, R. E. Crane, Monte Dernham, 
L. A. Dwight, Frank Herlihy, Frank Kocher, R. S. Lehman, Roger Lessard, 
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Leo Moser, C. S. Ogilvy, George Shapiro, C. W. Trigg, G. W. Walker, and the 
proposer. 

Moser pointed out that there are just four numbers having the property of 
being equal to the sum of the cubes of their digits: 153, 370, 371, 407. This fact 
is given in Ball-Coxeter, Mathematical Recreations and Essays, p. 13, 1944 edi- 
tion. There a further reference is given to Sphinx, 1937, pp.-72, 87. 


Triangle with Squares of Sides in Arithmetic Progression 


E 803 [1948, 95]. Proposed by J. H. Butchart, Arizona State College 


If the squares of the sides of a triangle form an arithmetic progression, the 
line joining the centroid and the symmedian point is parallel to one side of the 
triangle. 


I. Solution by L. M. Kelly, University of Missourt. If b is the middle side 
in the progression the sum of the squares of the sides is 36’. The distance to the 
side b from the symmedian point is given by 


2Ab/(a? + b? + c?) = 2A/3b = h,/3, 
where A is the area of the triangle and / is the length of the altitude on side b. 


But the distance of the centroid from side 0 is likewise /,/3. 


II. Solution by the Proposer. Let A, B, C, K, G be position vectors of the 
vertices, symmedian point, and centroid of the.triangle. Then 
WA+HB+ CC (B—dAt+0?B+ (B+ da)C 
a 
_A +B+C 


—+—(C-—A)=G+—(C-A 
3 $a ) $a ). 


Thus the join of K and G is parallel to the join of C and A. 
Also solved by Yu Yuan Chin, K. W. Crain, L. A. Dwight, Frank Herlihy, 
B. R. Leeds, D. W. Matlack, N. C. Scholomiti, P. D. Thomas, and C. W. Trigg. 


Editorial Note. For a similar problem where the tangents of the angles of the 
triangle are in arithmetic progression see E 259 [1937, 541]. For the case where 
the sines of the angles (or the sides) of the triangle are in arithmetic progression 
see E 411 [1940, 708]. 


The Euler Line of a Tetrahedron 


/E 805 [1948, 96]. Proposed by N. A. Court, University of Oklahoma 


If two coplanar edges of a tetrahedron are each equal to the respectively op- 
posite edge, the remaining two opposite edges are each coplanar with the Euler 
line of the tetrahedron. 


Solution by P. D. Thomas, U. S. Coast and’Geodetic Survey, Washington, D. C. 
(Numbers in parentheses refer to articles in the proposer’s Modern Pure Solid 
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Geometry, Macmillan, 1935.) The bimedians of a tetrahedron meet in the cen- 
troid. Under the conditions given, one of the bimedians is also a bialtitude (201). 
The circumcenter is the point common to the mediators of the six edges. But 
two mediators must have in common the bimedian which is also a bialtitude, 
whence the circumcenter lies on this bialtitude. That is, the bimedian which is 
also a bialtitude is the Euler line of the tetrahedron. 

Also solved by L. M. Kelly, C. W. Trigg, and the proposer. 

The proposer established the more complete theorem: In a tetrahedron (T) 
consider the bimedian relative to a pair of opposite edges of (T), the bialtitude rela- 
tive to the same pair of edges, and the Euler line of (T). If any two of these three 
lines coincide, the third line coincides with them. If two of the bimedians of a 
tetrahedron coincide with the respective bialtitudes, then, by this theorem, the 
Euler line of the tetrahedron would coincide with two distinct lines. The para- 
dox is resolved by the fact that in this case the centroid and the circumcenter 
coincide, and the Euler line becomes indeterminate (297, 298). 


The Two Pedestrians 
E 806 [1948, 158]. Proposed by Leo Moser, University of Manitoba 


Lewis Carroll once proposed the following problem. 

“Two travellers spent from 2 o’clock till 9 in walking along a level road, up 
a hill, and home again; their pace on the level being x miles per hour, up hill y, 
and down hill 2y. Find the distance walked.” 

In the original problem x and y were giver integers. Deduce the solution to 
the original problem without a priori knowledge of what these integers are. 


Solution by Monte Dernham, San Francisco. If it is r miles along the level road 
and h# miles up hill, then 


2r/a + h/y + h/2y = 7, 


whence . 
Ayr + 3xh = 14x, 


where 7 and # are the variables, and x and y unknown integers. Clearly, 7 and h, 
which need not be integers, are severally indeterminate; also, their sum is in- 
determinate except in the single case where 4y = 3x. Thus the unique answer for 
a pedestrian is given by x=4, y=3, from which r+h=14; and, presuming that 
Lewis Carroll proposed a problem having a determinate solution, we conclude 
that,each of the travellers walked 28 miles. 

Also solved by R. V. Andree, D. M. Brown, W. E. Buker, W. B. Campbell, 
Richard Courter, R. E. Crane, J. S. Cromelin, Jerome Drexler, R. L. Greene, 
Sam Kravitz, C. S. Ogilvy, S. T. Parker, E. D. Rainville, F. Underwood, G. W. 
Walker, and the proposer. 

Several solvers pointed out that the assumption that the original problem has 
a determinate solution is equivalent to insisting that the average rate on the hill 
be equal to the rate on the level (for otherwise the total distance would be a 
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function of the ratio of the length of the hill to the length on the level). Hence 
the harmonic mean between y and 27 is x, or (4/3)y =x. 

The Lewis Carroll problem appears on p. 1025 of Complete Works of Lewts 
Carroll, Modern Library. 


Center of Liquid Pressure 
E 807 [1948, 158]. Proposed by R. V. Andree, University of Wisconsin 


An elliptical endgate of a reservoir is to be mounted with the minor axis 
parallel to the water’s surface and in such a manner that it will turn about a 
horizontal axis in the plane of the gate. Where should this axis be placed so 
that the gate will not tend to rotate in either direction: when the water level 
is at a given distance above the top of the gate? Generalize to a gate of any 
“shape. — 


Solution by S. T. Parker, Kansas State College. Let the equation of the ellipse 
be 


ax? + b%y? = ab? 

and the height of the liquid c units above the top of the gate. Let the desired 
axis be denoted by the equation y= —z. We have 

AA = 2xAy, 

AF = 2wx(c + a — y)Ay, 

AM = 2wx(c + a —“y)(y + 2)Ay, 
- which gives us 
fi rwxXc +a— y)(y + 2)dy = 0. 


Therefore 
f C+a- Ny +9@ — y May = 0. 


On evaluation, this leads to the result 
z= a?/4(c + a). 


, This can be generalized to a gate of any shape as follows. Let the x axis be 
taken horizontally through the centroid of the area in question. Let the limits 
of the area be y= —b, y= -+ta, and let H (2a) be the height of the liquid above 
the centroid of the gate. As before, we obtain 


f #(H ~ yy + 2)dy = 0, 
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or ; 


J “(H — y)ydy = — J (HH — y)ady. 
—) —b 
Now 

f xydy = 0. 

—b 
Therefore 
-{ xydy = — Hs [ xd, 
—> —b 

or 


a 
f xydy 
—b 
,= ———_ , 
H J xdy 
—b 
This is equivalent to saying that =k?/H, where k is the radius of gyration of 
the area of the gate with respect to the horizontal centroidal axis. 


Also solved by D. M. Brown, W. B. Campbell, Roger Lessard, Leo Moser, 
C. S. Ogilvy, Arthur Pancoe, and the proposer. 


Editorial Note. The problem of locating the center of liquid pressure is 
treated in many elementary texts. Thus Moser mentioned Calculus, L. M. Kells, 
pp. 337-338, and Ogilvy mentioned Differential and Integral Calculus, Ross R. 
Middlemiss, p. 311, 2nd (1946) edition. 


An Interesting Perfect Cube 
E 808 [1948, 158]. Proposed by Victor Thébault, Tennie, Sarthe, France 
Show that the number 
N = 19000458461599776807277716631 


is a perfect cube and that the twenty-eight numbers which are formed by cyclic 
permutations of its digits are all divisible by the cube root of NV. 


Solution by C. W. Trigg, Los Angeles City College. In the conventional man- 
ner we find 


M = N2/3 = 2668425111. 
We also observe that 


107° — 1 = 9(2668423111)(4163924028879808001). 
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Represent NV by aidea3 - + + dog, Ni by aed3 + + * deg a1, No by ag + * + degQide, etc. 
Then 

N, = 10N — a,(10?°) + a, = 10N — a,(10?9 — 1), 

N2 = 10N, — ao(10?9 _ 1), 


etc. Since N and 10?°—1 are each divisible by M, then J, is also. It follows that 
all the N; are divisible by M. 

In general, if V has p digits and M isa divisor of 10?—1, then M is a divisor 
of the cyclic permutations of N. The eight smallest values of V having this prop- 
erty are tabulated below: 


b 10? —1 N M 
2 32-411 27 3 
3 33-37 729 9 
4 32-11-101 1331’ 14 
5 32-41-2714 68921 44 
6 33-7-11-13-37 250047 63 
456533 77 
753571 91 
970299 99 


Also solved by D. M. Brown, J. F. Darling, Roger Lessard, and Alvin and 
Martin Milgram (jointly). 


A Divergent Series 
E 809 [1948, 158]. Proposed by P. L. Chessin, New York, N. Y. 


Show that the following series diverges: 


ef] 
D5 n-ne In 


n=1 


I. Solution by P. A. Clement, University of Caltfornia at Los Angeles. For a 
series, >a, of positive monotone decreasing terms, the well known theorem of 
Olivier (see Knopp, Theory and Application of Infinite Sertes, Blackie, 1928, 
p. 424) provides as a necessary condition for convergence that lim,.. 2a, =0. 
By an easy calculation we find this limit to be 1 for the given series of positive 
monotone decreasing terms; hence the series diverges. 

As a second solution, it is readily established that half the harmonic series 
may be used in a comparison test; 7.e., the given series is termwise greater than 
>1/2n, and thus must diverge. 
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IT. Solution by D. W. Matlack, North American Avtation, Inc. We use the 
well known theorem (see Hardy, Pure Mathemtaics, 6th edition, p. 309): If 
> un is divergent and u,/v, tends to a limit other than zero as.n— © then 
> sun is divergent. In the present case let u,=n—, v,=n-@V/™, Then un/dn 
= nn, 

Also solved by J. O. Blumberg, W. G. Brady, W. H. Breen, D. M. Brown, 
R. L. Clayton and Eugene McLachlan (jointly), Ragnar Dybvik, Karl Itkin, 
M. S. Klamkin, Roger Lessard, Michael Martino, Jr., Norman Miller, Leo 
Moser, C. S. Ogilvy, W. Seidel, George Shapiro, E. J. Stulken, F. Underwood, 
W.R. Van Voorhis, and the proposer. 


Editorial Note. As Miller pointed out, this problem occurs in Knopp, Theory 
and Application of Infinite Series, Blackie, 1928, p. 119, ex. h, where another 
proof of divergence is indicated. The problem is also found as ex. 34, p. 125 of 
the same work, where the application of Olivier’s theorem is indicated. Lessard 
established the more general theorem: The series >)1/n/™ is divergent if 
limnso f(z) =1. 


Series of Involutes 
E 810 [1948, 159]. Proposed by J. H. Butchart, Arizona State College 


Find the sum of the infinite series consisting of the following terms: the 
radius of the unit circle, the arc intercepted by the central angle x, the arc of the 
involute corresponding to this arc, the arc of the involute constructed on the 
first involute, and so on indefinitely. ; 


Solution by Leo Moser, University of Manitoba. Let S,(x) be the length of the 
nth involute. It is easily shown that S;(x) = > tdt and Sn(x) = f§ Sns(é) dt. Hence 
Sn(x) =x"-1/(n+1)! and the required sum is e*. 

Also solved by W. G. Brady, D. M. Brown, Karl Itkin, D. W. Matlack, C. S. 
Ogilvy, R. A. Rosenbaum, F. Underwood, and the proposer. 


Editorial Note. The relation dS,/di=S,_; is easily established by differential 
methods and may be found, e.g., in Williamson, Differential Calculus, 1927, 
p. 304. Rosenbaum pointed out that S,(x) =x*t!/(n+1)! appears in the solu- 
tion of E 635 [1945, 161]. 

A given arc AB has two particular involutes, depending on whether end A 
or end B of an unwinding thread AB generates the curve. If we regard arc AB 
as a directed arc then the former case will lead to what we shall call the direct 
involute of arc AB, and the second case to what we shall call the zndzrect tnvolute 
of arc AB. We now direct an involute by the direction in which it is traced by 
the moving end of the unwinding thread. If, in the given problem, we use the 
sequence of direct involutes we obtain the sum e*. On the other hand, if we use 
the sequence of indirect involutes we obtain the sum tan x-+sec x. Ogilvy found 
this second sum, which is immediately apparent from a figure. 


ADVANCED PROBLEMS AND SOLUTIONS 
EDITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 
double spacing and with margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


PROBLEMS FOR SOLUTION 
4315. Proposed by Albert Wilansky, Brown University 


Consider the Clairaut differential equation 


y = px + fl), 
where p=y’ and f has a derivative. Prove that if f’ is monotone the singular 
solution has exactly one point in common with any particular solution. 
4316. Proposed by Victor Thébault, Tennie, Sarthe, France 


Let there be given a skew quadrilateral having the sum of one pair of oppo- 
site sides equal to the sum of the other pair. Then, (1) there are infinitely many 
spheres tangent to all four sides of the quadrilateral, the locus of the centers be- 
ing a straight line A, (2) the points of contact of any one of the spheres lie on a 
plane perpendicular to A, (3) the sides of the quadrilateral belong to a hypér- 
boloid of revolution which envelopes all the spheres and has A as axis. 

4317. Proposed by Leo Moser, University of Mantioba 


Let G be an Abelian group and A a subset of order , such that a€@A implies 
a1€G—A. Consider the n? (not necessarily distinct) elements of G of the form 
Q,a;, a; and a; elements of A. Show that of these n? elements at most (§) are 
elements of A. 

4318. Proposed by H. F. Sandham, Trinity College, Ireland 

Show that 

+ + + 
(sinh 7)? —s_ (2: sinh 27)? (3 sinh 37)? 


2 (2 11 ) 117° 
~ 3\12 32 52 180 


4319. Proposed by Paul Erdés, Syracuse University 


If pis a prime greater than 3 and if 2 = (2??—1)/3, show that 2" —2 is divisible 
by 2. 
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SOLUTIONS 
A Locus Problem 


4170 [1945, 400]. Proposed by Victor Thébault, Tennie, Sarthe, France 


The powers of the vertices A, B, C of a given triangle with respect to the 
circles (w;), (we), (w3) are respectively (ka?, kb?, kc”), (kb?, kc?, ka”), (kc?, ka?, kb?), 
where a, b, c are the lengths of the sides of ABC. Find the loci of the centers w; 
as k varies. (2) The circumcenter of ABC is the centroid of triangle wyw2w3 which 
remains similar to itself. (3) The straight line wows is perpendicular to the join 
of the centroid and Lemoine point of ABC. 


Solution by R. Bouvatst, Vincelles, Saéne-et-Loire, France.* We choose tri” 
angle ABC as the triangle of reference in a system of normal coérdinates. We let 


C = ayz + bex + cxy, A= ax-+ by+ cz. 


Then C=0 and A=0 are the equations of the circumcircle of ABC and of the 
line at infinity respectively. The equations of circles (w), (we), (ws) are then 


(1) C — kA(aix + b8y + c3z)/abc = 0, (a1) 
(2) C — kA(ab?x + bc*?y + ca*z)/abc = 0, (wo) 
(3) ; C — kA(ac?x + ba?y + cb?z)/abc = 0, (ws) 


The coédrdinates of the centers w,, we, w3 are 
= Rcos A + RR(— a? + db cosC + c® cos B) /abe, 
4 = Rcos B+ Rk(a' cos C — b? + c¢® cos A)/abc, 
= RcosC + Rk(a' cos B + b' cos A — c®)/abe; 
xe = Rceos A + RR(— ab? + bc? cos C + ca? cos B)/abe, 
ye = Rceos B+ Rk(ab? cos C — bc? + ca? cos A)/abe, 
= RcosC + Rk(ab? cos B + bc? cos A — ca?) /abc; 
= Rcos A + RR(— ac? + ba? cos C + cb? cos B)/abc, 
ys = Rcos B+ Rk(ac? cos C — ba? + cb? cos A)/abc, 
= RcosC + Rk(ac? cos B + ba? cos A — cb?)/abc; 
where R equals the circumradius of ABC. For varying k, these represent para- 


metric equations of circumdiameters. The radical axes of the circumcircle and 
the circles (w1), (we), (ws) have equations 


akx + bey + cz = 0, 
ab*x + be*y + ca*z = 0, 
ac’x + ba*y + cb’z = 0, 
respectively. Hence w,, w2, ws describe diameters perpendicular to their respec 


* Translated and checked by O. J. Ramler, Catholic University of America. 
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tive radical axes. As k varies from 0 to , the triangle ww.w3 varies, beginning 
as a point, (R cos A, R cos B, R cos C), the circumcenter, and increasing in 
magnitude, its sides remaining parallel to themselves. Thus the circumcenter O 
is the center of homotheticity. Moreover, we have 


Xi + 42+ x3 = 3R Cos A, Vit yo + ys = 3K cos B, 
Zi + 22 + 23 = 3K cosC. 


| 
Hence O is also the center of gravity of the triangle w,w.w3 for every value of . 
Since the coérdinates of the centers 1, we, w3 given above are actual coérdinates 
(and not relative) the point at infinity on the line wows has coérdinates, 


Xe — x3 = — a(b? — c*) + d(c? — a”) cosC + cla? — 5?) cos B, 
(4) yo — V3 = a(b? — c?) cos C — d(c? — a?) + c(a? — 5”) cos A, 
Zo. — 3 = a(b? — c?) cos B+ Dd(c? — a*) cos A — c(a? — 8). 


From (2) and (3) we find the equation of the radical axis for circles (we) and (ws) 
to be | 


(5) a(b® — c*)x + b(c? — a?)y + c(a? — b%)z = 0. 


Hence the point given by equations (4) is the point at infinity of a line perpen- 
dicular to (5), which joins the centroid to the Lemoine point of ABC. Therefore 
WoW3 is perpendicular to this line. 


A Difference Sequence 
4247 (1947, 232]. Proposed by Leon Recht and Martin Rosenman, New York 
City 
The sequence 


{a} = 1;2;1, 2; 2,1, 2;1, 2, 2,1, 2;--- 


is formed by writing down in succession sets of terms starting with 1 and such 
that every subsequent set is obtained from the preceding set by the substitution 
1-2; 2-91, 2. Show that: (1) the (n-+1)th* term a, is 


where k =4(4/5+1) and |x| is the greatest integer not exceeding x: (2) Each set 
of terms in {a}, beginning with the third, is a repetition of the terms of the two 
preceding sets; (3) {a} consists of sets of 2’s separated by 1’s, such that there are 
a, 2’s in the (n+1)th set of 2’s. 


Solution by E. P. Starke, Rutgers University. Let 4 =1, =2, cg=3, G4=5, 
, Cn4i=Cnat+c,, be the Fibonacci sequence. Recalling familiar results we 
know that c,/c,-1 is the nth convergent to the continued fraction development 


* Corrected from the original statement where it appeared as the zth. 
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of k. We have also 


Con+2 Con+i Con-+2 Con+1 1 
(1) 0< —k<k— — — —— = , 
Con+1 Con Con+1 Con ConCon+1 
Con+i Con Con Conti 1 
(1) 0<k— —k<——-——= 
Con Con—1 Con—1 Con ConlIn—1 
[Conk | = Con+ly [con—1k | = Con — 1. 


Let u, v be any integers. Then if u/u>k, Cont —Coniiv =0 if and only if 4 = teen4, 
V=fCon} Cont’ —Conyid =1 if and only if u=Conyottonsi, V=Conyi ticen; where ¢ is 
an arbitrary integer and »=1, 2, 3,:--. Thus for any uw>vk and for Ca,1<v 
<Consiy We have 


Cont — Congid 2 2; 
and therefore 
u/V — Consi/Con & 2/Cond. 
From (1) 
Rk — Consi/Con < 1/ConyiCon < 1/Cond, 
and from these last two inequalities 
u/v—k> 1/ Cont. 
If for u we take |vk]+1, we have 
(2) vk — [vk] <1 — 1/con. 
Now from (1’) we have 
Con — 1/Con < Con—ik < Con. 
Obviously, 
[(v — Cons) R] < (0 — Cons) R < [(V — Cona)R] + 1, 
and by adding, 
[(v — Con) B] + Con — 1/Con < vk < [(0 — Con—s)R] + Con + 1. 
From this we conclude 
[vk] = con + [(0 — Cons) k], 


because a value of [vk] smaller by 1 would contradict (2). Replacing c, by 
[(Con-1)k|+1 from (1’) we have 


(3) [vk] = [conrk] + [(v — cons)R] + 1. 
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Let a;=[(j7+1)k]— [jk]. By setting v=Conat1, Conat2, °° +, Congi—1 in 
(3) and subtracting the resulting equations, each from the following, we find 


Leon ~1 = [z] + 1 = 2 
and 
(4) Aw = Ay; w=wteéna w=1,2,°-* , Con — 2. 


On the other hand, if k>wu/v, a clearly analogous argument leads from (1) 
and (1’) through 


(2’) vk — [vk] > 1/con-1, Con-a. << V < Con. 
(3’) [vk] = [consk] + [(v — cons), 
and finally to 
Ger,» =E[k] = 1 
and 
(4’) Ay? = Ay, w = wt Con_2, w= 1,2,°°++ , Conia — 2. 
We can combine (4) and (4’) as 


(5) Ay = Ay, w=wt Cn, w=1,2,-°+, nai — 2. 


If therefore we separate the sequence {a} into sets corresponding to the 
subscripts ™ | 


Con—2 — I, Con—25 cy Con—1 — 2; 
(6) Con—i — I, Con—1; sty Con — 2; 
Co — I, Cons cee, Conti — 2; 
Conti — I, Con+1) cy Conta — 2zree 5 


each set is seen by (5) to be exactly the terms of the two preceding sets taken in 
order. This shows that the sequences defined in (1) and (2) of the proposal are 
identical. 

Note that the substitution 
(S) 12, 21,2 


4 


changes the first set ag=1 into the second, a,=2, and the second, a,=2, into 
the third, a2 =1 and a3=2. Suppose (.S) changes each set of (6) up to the jth into 
the succeeding set. Since it then changes the (j—2)th and the (j—1)th into the 
(j—1)th and the jth, it must also, because of the result of the previous para- 
graph, change the jth into the (j+1)th. Hence the sequence developed from 
ao=1, a3=2 by the use of (.S) is the sequence {a;} of our previous discussion. 
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Let the integers s; be defined by 

ss = f+ [jk], j=1,2,3,---, 
and note that 
| sui =Ft1+ [G4 Vk] =s +144; 


We prove that a, =1 if and only if 2 is one of the s;.* This is readily seen to be 
equivalent to part (3) of the proposal because between the s,th and the s,,;th 
values of a (which are equal to 1) there are s;;;—s;—1=a; values which equal 
2. 

The proof follows by a slightly modified induction. Let c’ represent ce, and 
suppose 


(7) Se'th = Ser +- Sh 
for a particular value of h. Then by (5), provided h<Con,1—1, we have 
So’th+i = Se’ta + 1 + Orth = Ser +s,+1+ Qe +h 


Seo + Sat 1 + Oh = Se + Sh+ty 


and also 
Sosa = Se $1 t de = Se + 2 = Se + 51. 
Hence (7) is true for h=1, 2, +++, Conzi—2. Now, since 
Seo = Con + [ con k | = Con42s 
we have 
Seth = Conta + Sh. 
Similarly we may show 
7" Scontith = Scon41 + Sat 1, 
=Cnps—Llt+ts+1, h=1,2,-++ , Conte —2, 
so that we may put 
S’ = Sc th = Cmt2 + Shy h=1,2,°°+*, Cmii — 2, 
and by (5) we have 
(8). Gs! = Gs). 
* This theorem may be generalized as follows: 
[(con + 0)k] — [eonk] = [vk] +1 
if and only if v=Consf-tcon [jk]; 


[(conga + 2)k] — [conssk] = [vk] 
if and only if v=Cnftemaulje], j=A, 2,°°°%. 
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Thus, since every integer greater than 2 can be written as ¢n +h with hS¢n_1 
SCm4i—2, m>2, and since (by direct inspection) s;=2 and s.=5 give a,=1, 
we conclude that a,=1, for every s, as required. 

We noted above that the number of a’s between two successive values of a, 
is always 1 or 2, but two consecutive a’s cannot both be equal to 1 because 
[G+2)k]—[jk]=(2k]=3. Hence every a, equals 1 and every other a equals 
2 as required. 


Editorial Note. C. D. Olds remarks that the above is a particular case of a 
problem originally proposed by Bernoulli. It was studied by A. Markoff 
[ Math. Ann. 19, 1882, pp. 27-36| and more recently by J. V. Uspensky | Re- 
vista Union Mat. Argentina 11, 1946, pp. 141-154, 165-183, 239-255 and 12, 
1946, pp. 10-19]. These latter papers are listed in Mathematical Reviews, 8, 
1947, pp. 5, 6, 443. 


Convergence of Series 
4250 [1947, 286]. Proposed by Richard Bellman, Princeton University. 
If 


n n k 
Sn = Dy On, on = (1-——) an, 


and 


for some a>0; prove that >|,” ,@, is convergent. 


Solution by N. J. Fine, Washington, D. C. Since s,—¢,—0, it is sufficient to 
prove that a, converges. Now 
1 ” Sn _ Cn 
on — Oni = ————- >, kay, = 
n(n + 1) por n 


Summing for n=1,2,---,N 


If aS1, convergence is immediate. If ~>1, Hélder’s inequality yields 
N Sn — On N Ll/a N 1/8 
Feel LS) lst >t, ’ 
n=1 n n=I1 n=I1 


where 1/a+1/@=1. Since both factors converge, so does oy. 
Also solved by R. C. Buck, W. P. DeWitt, G. G. Lorentz, Otto Szasz, 
J. G. Wendel, and the Proposer. 


RECENT PUBLICATIONS 


EpITED By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 W. 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Fundamentals of Statistics. By T. L. Kelley. Cambridge, Harvard University 
Press, 1947. 16+755 pages. $10.00. 


Whoever has heard Professor Truman Lee Kelley knows how eloquently he 
speaks for those who enter the field of statistics not primarily from an interest 
in mathematics or in mathematical statistics but from some contact with an ap- 
plication of statistics to education, psychology, or the social sciences. The text is 
intended for such students; it makes interesting reading for anyone. The author 
with a distinguished career in statistics, psychology, and education has previ- 
ously written a book on the subject “Statistical Method (1923)” and a set of 
well-known tables “The Kelley Statistical Tables” of which a revision promised 
for 1947 has presumably appeared. In the preface Professor Kelley states: “An 
alternative title for the book which would emphasize the point of view is Statis- 
tics, Its Philosophy and Method. The endeavor has been to place a great em- 
phasis upon the logic and principles underlying the statistical study of phenom- 
ena.” On the whole the author has been quite successful in his purpose. He has 
interwoven and interrelated the various topics and ideas into a closely knit 
fabric producing an over-all pattern of sound judgment, integrating the practical 
aspects with the many theoretical considerations involved. The text shows real 
scholarship and a very wide knowledge of both past and recent results. This has 
been done moreover with a minimum amount of mathematics. 

The first ten chapters, the material for an elementary course, 398 pages, re- 
quire little mathematics beyond college algebra, but in chapter seven the dif- 
ferential occurs, in chapter eight the slope, derivative, integral, and some trigo- 
nometry. The remaining four chapters, 225 pages, are advanced in nature. The 
highlights of the text besides those already indicated are: a discussion of the 
purposes and uses of statistics, the treatment of significant figures, the care in 
determining the size of the class interval and class limits in the frequency dis- 
tribution, and the introduction of measures of variability before measures of 
central tendency, a bold and welcome departure. Along with this material the 
author introduces the standard error of the mean and clearly explains the con- 
cept of the number of degrees of freedom. This particular chapter, the sixth, il- 
lustrates the expert weaving of many strands into a related whole. The question 
of efficiency and consistency of a statistic is treated from the point of view of 
the critical ratio, the ratio of a population parameter to the standard error of a 
statistic estimating the parameter. This is done consistently and emphasis is 
placed on indicating the reliability of a statistic by computation of its standard 
error. Again in chapter seven, measures of central tendency are discussed not as 
isolated entities but in relation to other characteristics of the probability distri- | 
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bution such as kurtosis and skewness. The discussion of the median and the 
mean is stimulating but, since the concepts of consistency and efficiency are not 
defined, it is based solely on intuitive reasoning. The chapter on the properties 
of the normal curve includes material seldom found elsewhere; another treats 
correlation from the point of view of regression, the bivariate probability func- 
tion, and the analysis of variance. Here a gem deserves quotation “Galton’s 
humility, after years of collection of data and subtle analysis of the same, in the 
face of the neat but not involved mathematical derivation, is worthy of note by 
the social scientists of this day who scoff at mathematical analysis.” This en- 
thusiasm for statistics is well communicated. In the same chapter the student 
is warned of the dangers in the indiscriminate use of biserial 7, ¢, and the 
tetrachoric coefficient of correlation. Chapter eleven furnishes an authoritative 
treatment of the reliability of a test, the tetrad difference, and various other 
topics in psychological testing. Multiple correlation is thoroughly discussed in 
chapter twelve, a modified Doolittle solution is given for regression planes as well 
as a solution of the general correlation problem by matrices. Chapter thirteen 
includes a study of periodicity, lead and lag, the approximate variance of a sta- 
tistic for NV large, moments of quotients, the Pearson system of curves, sampling 
from a bivariate normal function, and a substantial section, concise and clear on 
sequential analysis. Chapter fourteen introduces the student to mathematical 
topics beyond analytic geometry, such as matrices, determinants, moments of 
some discrete probability functions, the Gamma function, finite differences, and 
the Euler-Maclaurin sum formula. In chapter fifteen are selected references to 
statistical tables, tables of coefficients for Lagrangian interpolation, the normal 
curve, square and cube roots, and. an outline of tables which occur in the text. 
Appendix A has the unusual feature of a mathematical background test in math- 
ematics for elementary statistics with scoring keys, percentile norms, and relia- 
bility. The symbols used, a key to all formulas in the text, and a long list of ref- 
erences to original papers and texts constitute Appendix B. Appendix C is a 
correlation chart. Problems are given only in the first five chapters. 

While a photo-offset process has been used, the results are quite clear. Mis- 
prints are very few. Formula 6:37 needs a parenthesis, similarly for 6:55, 6:58 
should have V—1 in the denominator in place of N+1, and 7:08 should have 
P .73—P 25 in the denominator. It would be helpful to indicate that the formulas 
for the percentiles are merely linear interpolation formulas. In chapter five a 
generalized measure of variability is defined as 


F =| a;— x;|™ a ltoN. ix 
= eee 1, a O » 2 e 
N(N—1) J J 


Then “This function, f, is worthy of investigation for different values of m, - - - 
but the writer has found the function rather intractable except’*for m=2.” This 
function for m = 1 is Gini’s mean difference without repetition, and if divided by 
N? instead of M(N—1) is Gini’s mean difference with repetition. For m=4 the 
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expected value of («;—x;)4 would be 2(us—3ye), where both pw, and pe indicate 
population values. Thus for m>2, it cannot be claimed that f is a measure of 
variability. 

A formula is stated for the standard error of the average deviation from the 
mean. It is rather useless, since to evaluate it would be difficult for any of the 
well known distributions. In the comparison of critical ratios for certain meas- 
ures of skewness, all such measures should be consistent and estimate the same 
parameter. For example if a3 in the population does not exist, it still may hap- 
pen that the percentile measure of skewness may exist. While intuitional tech- 
niques are suggestive, they are not substitutes for rigorous mathematical dem-. 
onstrations. The impression is created that if a curve has a high peak at the 
mode, then a,>3, certainly not true in general. One confused remark is the fol- 
lowing: “Thus the sample mode, defining with maximum likelihood the parent 
mode, is a maximum likelihood statistic.” The sample mode is usually very un- 
reliable, seldom the solution of a maximum likelihood equation. 

In chapter nine Paulson’s formula is given for the normalization of the F 
distribution, in slightly different algebraic form, without a reference to its source, 
Annals of Mathematical Statistics, 1942. A convenient table is furnished by the 
author for its calculation. The results of Hotelling and Pabst would have strength- 
ened the section on the coefficient of rank correlation. In the treatment of se- 
quential analysis it should be clearer that the theory was developed almost 
solely by A. Wald. The books by A. Wald, P. Hoel, H. Cramer, and C. E. 
Weatherburn are not mentioned in the references, since they were published 
too recently for inclusion. To these should be added the text of S. S. Wilks. 

The reviewer feels strongly that the Neyman-Pearson theory of testing hy- 
potheses merited a very prominent position, a regrettable omission. Other omis- 
sions are the theory of confidence intervals and methods of sampling. More em- 
phasis should have been placed on exact sampling distributions. 

While a few deficiencies have been noted, this book fulfills a real need in the 
social sciences, psychology, and education. Both teachers and students will find - 
it worthwhile as a. text and for reference. 

L. A. AROIAN 


Analytic Geometry. By D. S. Nathan and Olaf Helmer. New York, Prentice-Hall, 
Inc. 1947. 402 pages. $3.50. 


This text contains 17 chapters with the following headings, in order: Co- 
ordinates on a Line; Rectangular Coordinates in the Plane; Angles; Loci; Lines; 
Circles; Coordinate Transformations; Conic Sections; Conic Sections in Arbi- 
trary Position; Higher Plane Curves; Families of Curves; Parametric Repre- 
sentation; Polar Coordinates; Fitting of Empirical Data; Rectangular Coordi- 
nates in Space; Loci in Space; Planes and Lines. Thus 14 chapters are devoted to 
Plane Analytics and three to Solid Analytics. 

Most of the main special features of this book are briefly indicated in the 
following seven paragraphs, in some of which our comments are added: 
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1. The discussion of topics is on the whole clear and for the most part fuller 
than is customary. In the first and third chapters, the discussions of directed line 
segments and angles seem unnecessarily involved. 

2. The problems are plentiful in each chapter and are of great variety. They 
involve considerable newness, and the number of relatively difficult problems is 
larger than for most current textbooks on Analytics. 

3. The last section of each chapter includes a summary and a list of review 
problems. These features seem worthwhile. 

4. This book contains more figures than most other current texts on the 
subject—-246 in all. These are on the whole well drawn and satisfactory. How- 
ever, we would have preferred consistent labeling of the origin of codrdinates. 

5. Novelty of language is not infrequent in this text. For instances, “major 
axis” and “minor axis” of an ellipse are replaced, respectively, by “transverse 
axis” and “conjugate axis,” as for a hyperbola; the term “discussion” of an equa- 
tion is replaced by “analysis” of it; a certain rectangle which is customarily as- 
sociated with a hyperbola is called its “guide rectangle”; and abbreviations that 
a reader should understand from context are introduced in several places with- 
out explanation. 

6. The following elements of novelty of presentation seem noteworthy. The 
authors do not give a two-point form of equation of a straight line. In the chapter 
on Coordinate Transformations, the authors show how to remove the cross-prod- 
uct term from the general equation of the second degree (in x and y) before dis- 
cussing the parabola, ellipse, or hyperbola. In the initial treatment of these con- 
ics, each conic is considered in just one (standard) position. The subject of polar 
coordinates is discussed for the first time in Chapter 13; Sections 86 and 88 of 
this chapter, which deal with rotations about the pole and intersections of curves, 
are exceptionally good. In the treatment of Solid Analytics, cylindrical and 
spherical coordinates are not used; nor are transformations of rectangular co- 
ordinates in space considered. 

7. Formulas and Tables for Reference (pages 369-374) and Answers to Odd- 
Numbered Problems (pages 375-393) precede the Index (pages 395-402). 

Now relative to corrections, aside from several nearly harmless misprints, we 
noted the following places where the authors’ perspective seemed to need modifi- 
cation: 

Page 15. The authors say “the nearer two points in the xy plane are to each 
other, the less will their abscissas, and likewise their ordinates, differ, and con- 
versely.” If the two points have the same abscissas (or ordinates), this quotation 
is clearly not quite appropriate. 

‘Page 137. In discussing sections of a right circular cone by planes, the authors 
say “A circle appears as a mere special case of an ellipse (namely when | VA’ | 
=|BV’|).” In their discussion, this equality is not sufficient to insure that the 
ellipse be a circle. 

Page 249. In Example 1 here, the authors employ a conic with “arbitrary” 
eccentricity and then find the conic’s equation in a form which can not represent 
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a circle with a positive radius. Thus the word “arbitrary” was mis-used; the case 
e=(, where e stands for eccentricity, should have been excluded. 

Page 302. When & is negative (and a=k/9, b= —4k/9, c=8k/9), the three 
displayed equations in line 20 of this page are all incorrect; each one of them 
would be corrected by merely changing the sign of its right member. The au- 
thors’ error seems to be due to the (false) assumption that »/#2=2k when & is 
negative. 

We have no doubt but that this book can be used as a textbook in Analytics 
with satisfaction. However, in order to do this, we would feel it desirable to make 
lesson plans in advance which would surely include polar coordinates—perhaps 
at an early place in the course, soas to be able to use to advantage in many places 
the authors’ Theorem 47 on polar rotations—and enough but not too many 
“hard” problems; and, for some courses, we would desire to add notes for one 
or two lectures on parts of Solid Analytics which this text omits. 

| H. A. Simmons 


Analytic Geometry. By R. S. Underwood and F. W. Sparks. Boston, Houghton- 
Mifflin Co., 1947. 10+225 pages. $2.75. 


This is a well written little book, clear in its explanations, and looks as if the 
student could be expected to read and absorb much information from it by him- 
self. Too many text-books are so difficult that they degenerate merely to a source 
of homework problems. This book combines an_excellent fund of exercises with 
clear exposition. 


However, everything has its faults in this far from perfect world and this 
book is no exception. 

First, there is a rather serious oversight in the development of equations of 
curves. The authors starting with the usual definitions of conic sections, for 
example, and simplifying (involving the squaring of both sides of an equation), 
arrive at the standard equations—thus proving that any point of the curve 
satisfies the equation, but they fail to retrace their steps and prove that any point 
satisfying the equation must be a point on the curve as defined. The two- 
edged meaning of “equation of a curve” is not brought out. However, a rather 
inadequate footnote on pp. 29-30, in connection with a much simpler locus prob- 
lem, mentions that steps should be retraced but that an obvious reversal of steps 
is usually involved and hence is often omitted. 

Secondly, the conic sections and their properties that are so elegantly studied 
by analytic methods, are neglected. The standard equations are exhibited, but 
the tangents to these curves are not considered at all, being brushed off with the 
statement that calculus is needed for their study. This is not a good excuse, 
since their slopes can be easily derived (by making the points of intersection of 
the secant coincide), or the formulas for slopes given without proof. It seems 
somewhat illogical to neglect conic sections and their tangents and yet spend 
considerable space on curve tracing and asymptotic behavior which do require 
calculus for full understanding. Moreover, in the discussion of the asymptotes of 
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a hyperbola, although the authors show the distance between the curve and its 
asymptote approaches zero, they cannot show (nor in fact do they mention) 
that the slope of the curve approaches that of the asymptote. 

CHARLES WEXLER 


NEW BOOKS RECEIVED 


Rings and Ideals (The Eighth Carus Mathematical Monograph). By N. H. 
McCoy. LaSalle, Illinois, The Open Court Publishing Company, 1948. 12-+216 
pages. $3.00. (Members of the Mathematical Association of America may pur- 
chase one copy at $1.75, order to be placed with the Secretary-Treasurer.) 

An Introduction to Pure Solid Geometry. Fourth Edition. By G. S. Mahajani. 
Poona, 1948. 12+106 pages. Rs3-8-0. 

Handbook of Elementary Technical Mathematics. Revised Edition. By J. W. 
Greenwood and M. I. Chriswell, New York, Prentice-Hall, Inc., 1948. 6+186 
pages. $2.10. 


CLUBS AND ALLIED ACTIVITIES 


EpITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


Kappa Mu Epsilon, Pittsburg Kansas State Teachers College 


Kansas Alpha Chapter of Kappa Mu Epsilon holds two initiation services 
each year, one near the close of the summer session, and one after the close of the 
first semester. About thirty-five new members are initiated each year at these 
services. 

Six open meetings are held, at which topics of general mathematical interest 
are presented by guest speakers, faculty members, and students. 

Topics presented by guest speakers were: 

, Mathematics in the secondary school, by Miss Jane Townsend, Principal of the 
Girard high school. 

Vital Statistics, by D. E. Waggoner, Director of the Division of Vital Statis- 
tics for Kansas. 

Topics presented by faculty and student members were: 

A ddition-subtraction logarithms, by Prof. F. C. German 

The number 2 in mathematics, by James Hudson 
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Career fields for mathematicians, by Norval Phillips 

The origin and meaning of mathematical terms, by Prof. J. A. G. Shirk 

The scope of mathematics, by D. R. G. Smith. 

A new conference room at the college provides adequate facilities for the 
public meetings to which all persons interested are cordially invited. Wives of 
veterans are finding these open meetings valuable in giving them a better under- 
standing of the possible openings for their husbands after graduation. 

Officers for 1947-48 are: President, James McCollam; Vice-President, James 
Hudson; Secretary, Betty Multhaup; Treasurer, Norval Phillips; Corresponding 
Secretary, Prof. J. A. G. Shirk; Sponsor, Dr. R. G. Smith. 


Kappa Mu Epsilon, College of St. Francis 


Meetings of the Jilinois Delta Chapter of Kappa Mu Epsilon were held 
every month from October to May. At the various meetings the following 
papers were read: . 

An historical account of complex numbers, by Anne Whalen 

Early forms of numerals and numerology, by Margaret Markiewicz 

An historical account of fractions, by Sister M. Crescentia (visitor) 

Introduction to the plane trigonometry of the Alamgest, by Marian Masters 

Evolution of the symbolism tn trigonometry, by Sister M. Claudia. 

Other talks on book reports and recreational mathematics were given by 
members. . 

The officers for the year 1947-48 are: President, Elonore O’Connor; Vice- 
president, Betty Lanoue; Secretary, Jane Rourke; Treasurer, Mary Jean La- 
fond; Corresponding Secretary, Sister Rita Clare Flynn; Faculty Sponsor, 
Sister M. Claudia Zeller. 


a 


Pi Mu Epsilon, Michigan State College 


The Michigan Alpha Chapter of Pi Mu Epsilon held eleven meetings in 
1946-47, including Spring and Fall term picnics and a banquet in the Winter 
term. At three meetings a total of thirty one new members were initiated. Each 
initiate gave a brief talk on some mathematical riddle or fallacy or had to present 
a mathematical method for capturing lions. At most of the regular meetings two 
twenty minute talks were given by student members, after which refreshments 
were served. The following papers were presented: 

The arbelos, by Eleanor Bessonen 

The trimeiric ruler, by Eunice Anderson 

A problem in coin weighing, by Robert Jackson 

Pathological functions, by Melvin LaVerne 

Pathological curves, by Carolyn Trimm 

A set of eight numbers, by Matha Hawley 

Minimal tangents, by Nancy Pringle 

A method for rapid calculation of Pi, by Mary Fuss 

The five-color problem, by Phyllis Rowe. 
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Sixty members attended the annual banquet, and heard an address by 
Professor V. G. Grove on A high school teacher of the nineteenth century, in which 
he spoke of the life and work of the German mathematician, Karl Weierstrass. 

The officers for 1946-47 were: President, Barbara Houston; Vice-President, 
Melvin LaVerne; Secretary-treasurer, Charles Costa; Membership Committee, 
Carolyn Trimm, Rosalie Manz, Phyllis Rowe; Faculty. Sponsor, Prof. E. A. 
Nordhaus. - 


NEWS AND NOTICES 
EDITED BY EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest.of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


NINTH CHRISTMAS CONFERENCE OF THE N.C.T.M. 


The National Council of Teachers of Mathematics will hold its Ninth 
Christmas Conference at Ohio State University, Columbus, Ohio, on Wednes- 
day and Thursday, December 29 and 30, 1948. Six sectional meetings will be 
held devoted to problems relating to the teaching of high school and junior 
college mathematics and the preparation afid in-service training of teachers. 

At the Thursday morning session, opportunities for discussion of important 
questions in mathematics teaching will be offered by attending one of seventeen 
discussion groups and clinics under the leadership of individual classroom teach- 
ers. Topics to be considered include questions involving the contents of courses 
in algebra and general mathematics, instructional and learning aids, guidance, 
tests, teaching of statistics in the high school and junior college, coordination of 
high school and college mathematics programs, and applications of mathematics 
in business and industry. The latest films and filmstrips will be shown at various 
periods during the two day conference. 

Headquarters for the meeting will be in Baker Hall. Reservations for rooms 
in Baker Hall should be made by writing directly to Mr. Oscar Schaaf, Room 
120 Arps Hall, Ohio State University, Columbus, Ohio not later than December 
15, 1948. 

* A copy of the program may be obtained by writing to the National Council 
of Teachers of Mathematics, 212 Lunt Building, Northwestern University, 
Evanston, Illinois. 


MECHANICS COLLOQUIUM AT ILLINOIS INSTITUTE OF TECHNOLOGY 


- The Mechanics Colloquium will consist of eight monthly lectures which will 
be held at Illinois Institute of Technology during the academic year 1948-1949. 
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Persons who desire an announcement of each session are asked to notify Mr. R. 
L. Janes, Illinois Institute of Technology, Technology Center, Chicago 16, 
Illinois. 


PRELIMINARY ACTUARIAL EXAMINATIONS 


The Actuarial Society of America and the American Institute of Actuaries 
offered prize awards to the nine undergraduates ranking highest on the com- 
bined score on Part 1 and Part 2 of the 1948 Preliminary Actuarial Examina- 
tions. The first prize of $200 was awarded to E. H. Larson, Massachusetts In- 
stitute of Technology. Additional prizes of $100 were awarded to each of the 
following: J. E. Brownlee, Haverford College; W. L. Farmer, University of 
Alabama; J. P. Fennell, Princeton University; B. F. Green, Jr., Yale University; 
Solomon Leader, Rutgers University; F. A. E. Pirani, University of Western 
Ontario; R. J. Semple, University of Toronto; C. A. Yardley, Dartmouth 
College. 

The two actuarial organizations have authorized a similar set of nine prize 
awards for the 1949 Examinations on Part 2 which is a general mathematics 
examination covering algebra, trigonometry, coordinate geometry, differential 
and integral calculus. The closing date for applications is March 15, 1949. 

Detailed information concerning the Examinations can be obtained from 
either of the following organizations: American Institute of Actuaries, 135 South 
La Salle Street, Chicago 3, Illinois; The Actuarial Society of America, 393 
Seventh Avenue, New York 1, New York. 


PERSONAL ITEMS 


Professor E. F. Beckenbach of the University of California at Los Angeles 
represented the Association at the inauguration of President F. D. Fogg, Jr. of 
University of Southern California on June 11, 1948. 

Professor Ruth M. Peters of St. Lawrence University was appointed a 
representative of the Association at the inauguration of President J. H. Davis of 
‘Clarkson College of Technology on October 8, 1948. 

Dr. Miriam C. Ayer of Wellesley College has received an A.A.U.W. fellow- 
ship for study during 1948-49. She will return to Wellesley College in September, 
1949 with the title of Assistant Professor. | 

Professor L. E. J. Brouwer of the University of Amsterdam has been elected 
to mémbership in the Royal Society of London. 

Professor Daniel Buchanan was awarded an honorary degree of Doctor of 
Science by the University of British Columbia on the occasion of his retire- 
ment from the position of Dean of the Faculty of Arts and Science and Head of 
the Department of Mathematics. 

Emeritus Professor Lennie P. Copeland of Wellesley College received an 
honorary degree of Doctor of Science from the University of Maine in June, 
1948. 
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Professor Marston Morse of the Institute for Advanced Study has been 
elected a member of the Academia delle Scienze dell’Istituto di Bologna. Pro- 
fessor Morse has received recently an honorary degree of Doctor of Science 
from Kenyon College. 

Professor Oswald Veblen of the Institute for Advanced Study has been 
elected to membership in the Accademia Nazionale dei Lincei. 

Professor Hermann Weyl of the Institute for Advanced Study has been 
elected to honorary membership in the Calcutta Mathematical Society. 

Albion College makes the following announcements: Professor H. D. Larsen 
has been appointed Head of the Department of Mathematics; Mr. Ralph Powers 
has been appointed to an instructorship. 

At Stanford University a new Department of Statistics will be instituted 
this fall. Assistant Professor A. H. Bowker will serve as acting head of the de- 
partment. Dr. M. A. Girshick, now research statistician for the government 
research project RAND at the Douglas Aircraft Company, has been appointed 
Professor of Statistics. 

The University of Washington announces the following: Associate Professor 
C. M. Cramlet has been promoted to a professorship; Assistant Professor R. A. 
Beaumont has been promoted to an associate professorship; Professor T. G- 
Room of the University of Sydney has been appointed Visiting Professor for 
the Autumn Quarter, 1948; Dr. Edwin Hewitt of the University of Chicago has 
been appointed to an assistant professorship; Professor Nien- Yee Tang of. Chias- 
Tung University has been appointed Lecturer; Dr. R. W. Ball of the University 
of Illinois, Mr. D. B. Dekker of the University of California have been ap- 
pointed to instructorships. 

Wellesley College announces the following appointments for 1948-49: Miss 
Zung-Nyi Loh as lecturer; Dr. Ilse Novak as instructor. 

Professor C. B. Allendoerfer, who is on sabbatical leave from Haverford 
College for the academic year 1948-49, is at the Institute for Advanced 
Study. 

Mr. J. W. Beach of Iowa State College of Agriculture.and Mechanic Arts 
has been appointed to an associate professorship at the New Mexico School of 
Mines. 

Mr. R. L. Beinert of Cornell University has been appointed to an instructor- 
ship at Hobart College. 

Raj Chandra Bose has resigned as head of the graduate Department of Sta- 
tistics of the University of Calcutta and has been appointed Professor of Mathe- 
matical Statistics at the University of North Carolina beginning in the winter of 
1949. 

Professor J. W. Bradshaw of the University of Michigan has retired with the 
title of Professor Emeritus. 

Mr. G. P. Burns, who has been employed as a research physicist at the Naval 
Research Laboratory in Washington, has been appointed Assistant Professor of 
Physics at the Mary Washington College of the University of Virginia. 
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Associate Professor C. L. Buxton of Clarkson College of Technology has 
been made President of Paul Smith's College of Arts and Sciences. 

Lieutenant P. F. Byrd, United States Army Air Corps, has been appointed 
to a professorship at Fisk University. 

Assistant Professor R. L. Calvert of Utah State Agricultural College has 
been promoted to an associate professorship. He is on leave of absence for the 
year 1948-1949 and is resident at the University of Illinois. 

Miss Louise H. Chin of the University of California has been appointed to 
an assistant professorship at the University of Arizona. 

Dr. F. E. Clark has received an appointment as instructor at Tulane Uni- 
versity. 

Mr. Edward Craig has been appointed to an instructorship at Union College. 

Professor J. C. Currie of Louisiana State University has accepted an ap- 
pointment as associate professor at Alabama Polytechnic Institute. 

Miss Alice C. Dean of Rice Institute has retired. . 

Assistant Professor Roy Dubisch of Triple Cities College, Syracuse Univer- 
sity, has been appointed to an associate professorship at Fresno State College. 

Mr. C. W. Dunnett has been appointed to an instructorship at the New 
York State Maritime Academy in Fort Schuyler. 

Dr. W. F. Eberlein, who has been at the Institute for Advanced Study, has © 
been appointed Assistant Professor of Mathematics at the University of Wis- 
consin. 

Professor Beno Eckmann of the University of Lausanne has been appointed 
to a professorship at the Swiss Federal School of Technology in Zurich. 

Miss Frances E. Falvey, formerly of Hollins College, has been appointed 
Dean of Women and Assistant Professor of Mathematics at James Millikin 
University. 

Mr. Walter Fleming, lecturer at the University of Manitoba, has been ap- 
pointed to an assistant professorship at Fort Hays Kansas State College. 

Mr. M. K. Fort, Jr. of the University of Virginia has accepted an instructor- 
ship at the University of Illinois. | 

Mr. G. E. Gourrich has accepted a position as electrical engineer with the 
National Bureau of Standards. | 

Miss Helen Hand has been appointed to an instructorship at D'Youville 
College. 

Dr. Frank Harary of the University of California has received an appoint- 
ment-as instructor at the University of Michigan. 

Professor D. R. Hartree, Cambridge University has been granted a leave of 
absence to serve as acting director of the Institute for Numerical Analysis re- 
cently established at the University of California at Los Angeles as one of the 
operating units of the Applied Mathematics Laboratories, National Bureau of 
Standards. 

Mr. T. R. Humphreys of Bergen Junior College has been appointed to an 
assistant professorship at New Jersey State Teachers College. 
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Professor W. R. Hutcherson, head of the Department of Mathematics and 
Astronomy of Berea College, has accepted a position as professor of mathe- 
matics at Northwestern State College, Natchitoches, Louisiana. 

Mr. S. J. Jasper of the University of Kentucky has been appointed to an 
assistant professorship at Kent State University. 

Assistant Professor J. R. F. Kent of the University of British Columbia has 
been appointed Associate Professor in Charge of Mathematics at Triple Cities 
College of Syracuse University. 

Mr. Joseph Levitt of the University of Ilinois is now Instructor in Physics 
at Pratt Institute. 

Professor M.S. MacPhail of Acadia University, Canada, has been appointed 
to an associate professorship at Carleton College. 

Professor A. W. McGaughey, Westminster College, has been appointed 
Associate Professor of Mathematics at Bradley University. 

Associate Professor Josephine M. Mitchell of Oklahoma Agricultural and 
Mechanical College has received an appointment as assistant professor at the 
University of Illinois. 

Assistant Professor Isaak Opatowski of the University of Michigan has ac- 
cepted an appointment as research associate in mathematical biology at the 
University of. Chicago. 

Dean J. R. Overman of Bowling Green State University has retired from his 
position as Dean of the College of Liberal Arts but will continue as Professor of 
Mathematics. 

Mr. I. B. Perrott of the College of Technology in Leicester has been ap- 
pointed Lecturer at the University of Leeds. 

Mr. O. L. Phillips, Louisiana State University, has been appointed Acting 
Head of the Department of Mathematics of Mississippi Southern College. 

Mr. Peter Radkowski has accepted an instructorship at Washington and 
Jefferson College. 

Professor R. F. Rinehart of Case Institute of Technology has been appointed 
Director of Planning Division, Research and Development Branch, Washington, 
D.C. 

Mr. J. H. Ryser, University of Wisconsin, is now at the Institute for Ac- 
vanced Study. 

Mr. N. C. Scholomiti of De Paul University has been appointed to an in- 
structorship at the University of Illinois, Navy Pier, Chicago. 

Dr. J. P. Sholz, who has been employed as mathematician by the Bartol 
Research Foundation of Franklin Institute, has been named Instructor in 
Mathematics and German at Wilson College. 

Professor Emeritus E. R. Sleight of Albion College has been appointed 
Visiting Lecturer in Mathematics at the University of Richmond. 

Dean H. L. Slobin of the University of New Hampshire has retired. 

Associate Professor C. G. Stipe of the Michigan College of Mining and Tech- 
nology has been promoted to a professorship. 
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Dr. R. E. Street of the University of New Mexico has been appointed Acting 
Professor of Aeronautical Engineering at the University of Washington. 

Dean Elijah Swift of the College of Arts and Sciences, University of Vermont, 
has retired. — | 

Professor Mary E. Wells, Vassar College, has retired. 

Dr. A. L. Whiteman of the Office of Chief of Naval Operations, Washington, 
D. C. has been appointed to an assistant professorship at the University of 
Southern California. 

Mr. R. W. Young, Lehigh University, has accepted an instructorship at the 
University of Florida. 

Associate Professor J. W. T. Youngs of Indiana University has been pro- 
moted to a professorship. 


Professor W. B. Campbell of Philadelphia Textile Institute died on August 
12, 1948. 

Reverend Paul Muehlmann of West Baden College died on August 28, 1948. 
He had been a member of the Association for twenty-five years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


THE THIRTIETH SUMMER MEETING OF THE ASSOCIATION 


The thirtieth summer meeting of the Mathematical Association of America 
was held at the University of Wisconsin, Madison, Wisconsin, on Monday and 
Tuesday, September 6-7, 1948, in conjunction with the summer meeting and 
colloquium of the American Mathematical Society, and meetings of the Insti- 
tute of Mathematical Statistics, the Econometric Society, and Section A of the 
American Association for the Advancement of Science. About seven hundred 
and seventeen persons were in attendance at the meetings, including the follow- 
ing three hundred and twenty members of the Association: 


C. R. Apams, Brown University J. J. Barron, Marshall College 

V. W. ApDKISSON, University of Arkansas R. C. F. BARTELS, University of Michigan 
R. P. AGNEW, Cornell University WALTER BarTKY, University of Chicago 

A. A. ALBERT, University of Chicago H. G. H. Bartram, University of Colorado 


FLORENCE E. ALLEN, University of Wisconsin M. A. Basoco, University of Nebraska 
C. B. ALLENDOERFER, Institute for Advanced Leon Batti, University of Wisconsin in Mil- 


Study waukee 
K. J. ARNOLD, University of Wisconsin R. A. BAUMGARTNER, Senior High School, Free- 
W. L. Ayres, Purdue University port, Illinois 
H. M. Bacon, Stanford University HELEN P. Bearp, Newcomb College 


R. H. BARDELL, University of Wisconsin H. M. Beatty, Ohio State University 
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E. F. BECKENBACH, University of California at 
Los Angeles 

E. G. BEGLE, Yale University 

J. H. BELL, Michigan State College 

A. A. BENNETT, Brown University 

DoroTHy L. BERNSTEIN, University of Roch- 
ester 

LIPMAN BERS, Syracuse University 

H. R. BEVERIDGE, Monmouth College 

T. A. BIcKERSTAFF, University of Mississippi 

F. C. BIESELE, University of Utah 

R. H. Bina, University of Wisconsin 

LOLLIE BELLE BIENVENU, Louisiana State Uni- 
versity 

May C. BLACKSTOCK, University of Tennessee 

J. W. BrapsHaw, University of Michigan 

RICHARD BRAUER, University of Toronto 

R. W. Brink, University of Minnesota 

FosTER BRooKs, Kent State University 

M. C. Brown, University of Kentucky 

R. H. Bruck, University of Wisconsin 

H. E. BucHANAN, Tulane University 

R. C. Buck, Brown University 

P. B. BuRcHAM, University of Missouri 

F. J. H. Burkett, Union College 

L. P. Burton, Waysata, Minneota _ 

L. E. Busu, College of St. Thomas 

J. H. Busuery, Hunter College 

JEWELL HuGuHEs BusHEy, Hunter College 

W.H. Bussey, University of Minnesota 

NIKOLINE A. Bye, Central Michigan College of 
Education 

S. S-Carrns, University of Illinois 

W. D. Carrns, Oberlin College 

R. H. Cameron, University of Minnesota 

C. C. Camp, University of Nebraska 

R. E. Carr, Michigan State College 

W. B. Carver, Cornell University 

J. O. CHELLEVOLD, Lehigh University 

R. V. CHURCHILL, University of Michigan 

F. MARION CLARKE, University of Nebraska 

HELEN E. CLARKSON, Creighton University 

NATHANIEL CoBuRN, University of Michigan 

C. J. Coz, University of Michigan 

H. J. CouHEn, University of Wisconsin 

+H. Coivin, University of Wisconsin 

. G. H. Comrort, Illinois Institute of Tech- 

nology 

H. ConwELL, Beloit College 

Cow Linc, Lehigh University 

Craic, University of Michigan 

CUNNINGHAM, West Virginia University 
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J. H. Curtiss, National Bureau of Standards 

E. H. Cutter, Lehigh University 

J. A. Daum, Texas A. & M. College 

P.H. Daus, University of California at Los An- 
geles 

RosBerT Davies, University of Wisconsin 

D. R. Davis, State Teachers College, Mont- 
clair, New Jersey 

JaMEs ELMER Davis, Drexel Institute of Tech- 
nology 

Rev. L. A. V. DECLEENE, Catholic University 

A. H. Diamonp, Oklahoma A. & M. College 

L. L. Dines, Northwestern University 

H. L. Dorwart, Washington and Jefferson Col- 
lege 

D. M. Dripin, Army Security Agency 

NELSON DUNFORD, Yale University 

W. L. DureEn, Jr., Tulane University 

W. H. DurFez, Dartmouth College 

P. S. Dwyer, University of Michigan 

W. F. EBERLEIN, University of Wisconsin 

P. D. Epwarps, Ball State Teachers College 

MARGARET C. Erpe, State Teachers College, 
River Falls, Wisconsin 

SAMUEL EILENBERG, Columbia University 

W. S. ERICKSEN, Forest Products Laboratory 

R. L. Erickson, Purdue University 

P. Evans, University of Wisconsin 

5. EVERETT, University of Chicago 

M. EwIina, University of Missouri 

. FARNELL, Princeton University 

. FINCH, Chicago, Illinois 

. FISCHER, University of Michigan 
. For, Illinois Institute of Technology 

. FRAME, Michigan State College 

LYN FRANK, University of Illinois 

. E. GASKELL, Iowa State College 

. B. Gass, Wesleyan University 

. M. GeuMan, University of Buffalo 
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GILLAM, Drake University 

. GIVENS, University of Tennessee 

A. M. GLeason, Harvard University 

R. A. Goon, University of Maryland 
Ruta E. GoopMAn, Duquesne University 
CORNELIUS GOUWENS, Iowa State College 
A. A. Grau, Grand Rapids, Michigan 

L. M. Graves, University of Chicago 

W. L. GRAVES, Kansas State College 
EDISON GREER, Kansas State College 

V. G. GROVE, Michigan State College 

S. G. HAcKER, State College of Washington 
N. A. HALL, University of Minnesota 


Coy 


R. Hatmos, University of Chicago 

S. Hammonp, Bowdoin College 

. G. HansEN, Cleveland, Ohio 

.G. HARRELL, State Teachers College, Platte- 

ville, Wisconsin 

. L. Hart, University of Minnesota 

. E. Hay, University of Michigan 

M. B. Hasta, University of Buffalo 

Noia L. Haynes, University of Missouri 

C. T. Hazarp, Purdue University 

ANNA S. HENRIQUES, University of Utah 

Fritz HERzoG, Michigan State College 

E. H. C. HitpEBRANDT, Northwestern Univer- 
sity 

T. H. HILDEBRANDT, University of Michigan 

EINAR HILxeE, Yale University 

J. J. L. HinricuseEn, Iowa State College 

D. L. Hott, Iowa State College 

D. G. Horvitz, Iowa State College 

A. S. HousEHOLDER, Clinton Laboratories 

R. C. Hurrer, Beloit College 

Raupey Hutt, Purdue University 

P. F. Huttoquist, University of Wisconsin 

. GWENETH Humpureys, Newcomb College 

Hurst, Montana State College 

Hyman, Naval Ordnance Laboratory 

INGRAHAM, University of Wisconsin 

JANES, Kansas State College 

S. JonaH, Purdue University 

G. K. KauiscH, University of Minnesota 

WILFRED KapLaN, University of Michigan 

IRVING KAPLANSKY, Institute for Advanced 
Study 

SAMUEL Kar In, California Institute of Tech- 
nology 

M. W. KELLER, Purdue University 

CLARIBEL KENDALL, University of Colorado 

K. F. Kenney, University of Wisconsin at Mil- 
waukee 

E. C. Kierer, James Milliken University 

J. R. Kune, University of Pennsylvania 

Joun KRoNSBEIN, Hoosier-Cardinal Corpora- 
tion 

R. E. LANGER, University of Wisconsin 

Leo Liapipus, Michigan State College 

E. H. Larguler, Spring Hill College 

H. D. Larsen, Albion College 

C. G. LaTIMER, Emory University 

W. G. Leavitt, University of Nebraska 

H. L. Lez, University of Tennessee 

SoLOMON LEFSCHETZ, Princeton University 

WALTER LEIGHTON, Washington University 


Hesse 


.W. 
A, 
.H. 
.C. 
.F. 
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W. J. LEVEQUE, University of Colorado 

Harry Levy, University of Illinois 

F. A. Lewis, University of Alabama 

CHARLES LOEWNER, Syracuse University 

W. S. Loup, University of Minnesota 

C. C. MacDuFFEE, University of Wisconsin 

SAUNDERS MAcLANE, University of Chicago 

H. W. Marcu, University of Wisconsin 

Morris MaRrpEN, University of Wisconsin at 
Milwaukee 

A. M. Mark, University of Wisconsin 

ANNA MarM, Bethany College 

M. H. Martin, University of Maryland 

W. T. Martin, Massachusetts Institute of 
Technology 

C. W. Matuews, Washington University 

KENNETH May, Carleton College 

J. R. Mayor, University of Wisconsin 

R. B. McCLenon, Grinnell College 

Dorotuy McCoy, Belhaven College 

Epitu A. McDoucte, University of Delaware 

W. H. McEwen, University of Manitoba 

W. R. McEwen, University of Minnesota 

L. H. McFar.an, University of Washington 

J. V. McKELVEy, Iowa State College 

Martua M. McKELveEy, Ames, Iowa 

A. E. MEDER, JR., Rutgers University 

A. S. MERRILL, Montana State University 

B. E. MESERVE, University of Illinois 

H. J. Miser, Williams College 

B. E. MitcHELL, Millsaps College 

T. W. Moore, U.S. Naval Academy 

Max Morris, Case Institute of Technology 

Dorotuy J. Morrow, Civil Aeronautics Ad- 
ministration 

D. S. Morse, Union College 

LEo Moser, University of Manitoba 

E. J. Moutton, Northwestern University 

A. L. Nevtson, Wayne University 

W. K. NEtson, University of Colorado 

W. J. NEMEREVER, University of Michigan 

C. V. Newsom, University of the State of New 
York 

GEORGE OcAwa, University of Chicago 

Rurus OLDENBURGER, DePaul University 

Emma J. Ouson, Kent State University 

F. W. Owens, Pennsylvania State College 

HELEN B. Owens, Pennsylvania State College 

J. C. Oxtosy, Bryn Mawr College 

GorDON PALL, Illinois Institute of Technology 

S. T. PARKER, Kansas State College 

W. V. Parker, University of Georgia 
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G. A. PARKINSON, University of Wisconsin at 
Milwaukee 

P. M. PEprer, University of Notre Dame 

C. R. PERisHo, Nebraska Wesleyan University 

H.P. Pettit, Marquette University 

C. R. PHE.Lpes, Rutgers University 

GEORGE PIRANIAN, University of Michigan 

A. E. Pitcuer, Lehigh University 

GERTRUDE V. PRATT, Central Michigan College 

G. B. PricE, University of Kansas 

A. L. Putnam, University of Chicago 

E.. D. RAINVILLE, University of Michigan 

J. F. RANpDotpuH, University of Rochester 

RutH B. RASMUSEN, Chicago City College 

G. E. Raynor, Lehigh University 

M. O. READE, University of Michigan 

C. J. REeEs, University of Delaware 

MINA S. REEs, Office of Naval Research 

P, V. REICHELDERFER, Ohio State University 

IRMA MosEs REINER, University of Illinois 

Eric REISSNER, Massachusetts Institute of 
Technology 

J. G. RENNO, JR., University of Wisconsin 

C. N. REYNOLDs, West Virginia University 

C. E. Ropes, Alfred University 

P. R. RIDER, Washington University 

R. F. RINEHART, Research & Development 
Board 

FRED ROBERTSON, Iowa State College 

H. A. Rosinson, Agnes Scott College 

G. F. Rose, University of Wisconsin 

ARTHUR ROSENTHAL, Purdue University 

J. B. Rosser, Cornell University 

W. E. Rotu, Sampson College 

E. H. Rotue, University of Michigan 

Luu L. RunGE, University of Nebraska 

ARTHUR SARD, Queens College 

A. C. SCHAEFFER, Purdue University 

ROBERT SCHATTEN, University of Kansas 

HENRY ScCHEFF£, Columbia University 

E. D. ScHELL, U. S. Bureau of Labor Statistics 

EvitH R. SCHNECKENBURGER, University of 
Buffalo 

I, J. SCHOENBERG, University of Pennsylvania 

K. C. Scoravt, University of Dayton 

AvuGUSTA SCHURRER, University of Wisconsin 

NATHAN SCHWID, University of Wyoming 

E. J. Scott, University of Illinois 

W. T. Scott, Northwestern University 

Cot. W. E. SEWELL, Information and Educa- 
tion Division, U. S. Army 

M. E. SHANKs, Purdue University 
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I. M. SHEFFER, Pennsylvania State College 

L. W. SHERIDAN, College of St. Thomas 

L. S. SHIVELEY, Ball State Teachers College 

SISTER MARIOLA DOBBIN, Rosary College 

SISTER Mary FEvIcE, Mount Mary College © 

SISTER MARY FERRER MCFARLAND, University 
of Notre Dame 

M. F. SmiLey, Northwestern University 

Dorotuy B. Situ, University of Oklahoma 

F. C. Smitu, College of St. Thomas 

G. W. SmitH, University of Kansas 

H. L. Smitu, Louisiana State University 

D. W. SNADER, Galesburg University 

ERNEST SNAPPER, University of Southern Cali- 
fornia 

ANDREW SoOBCzyYK, Watson Laboratories 

ELIZABETH S. SOKOLNIKOFF, University of Wis- 
consin 

T. H. SourHarp, Wayne University 

F. W. Sparks, Texas Technological College 

Lt. W. K. Spears, Ft. Bliss, Texas 

. H. Starx, Northwestern University 

. E. StELson, Michigan State College 

. F. STEPHENS, Morgan State College 

. P. STEPHENS, University of Georgia 

. M. STEWART, Michigan State College 

. H. Stone, University of Chicago 

.B. STOUFFER, University of Kansas 

.G. Swanson, Gustavus Adolphus College 

TTO SZASZ, University of Cincinnati 

. H. Taus, University of Washington 

.S. TAYLOR, University of Pittsburgh 

. P. THIELMAN, Iowa State College 

. M. THoomas, Duke University 

. M. THRALL, University of Michigan 

W. J. THRoN, Washington University 

Joun Topp, King’s College, London 

LEONARD TORNHEIM, University of Michigan 

J. I. Tracry, Yale University 

G. R. Trott, University of Mississippi 

P. L. Trump, University of Wisconsin 

A. W. Tucker, Princeton University 

BRYANT TUCKERMAN, Cornell University 

J. W. TuxKEy, Princeton University 

P. M. TuLuizEr, Loyola University 

H. L. TurritT1n, University of Minnesota 

J. I. Vass, University of Wisconsin 

JOHN voN NEUMANN, Institute for Advanced 
Study 

R. W. WaGner, Oberlin College 

G. L. WALKER, Purdue University 

R. J. WALKER, Cornell University 


AUR POP MER PORPE 
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J. L. Wausu, Harvard University J. E. Wivxrns, Jr., American Optical Company 
J. A. Warp, University of Georgia S. S. WiLks, Princeton University 

K. W. WEGNER, Carleton College - R. L. Witson, University of Tennessee 
MarIE J. Weiss, Newcomb College R. M. WINGER, University of Washington 

R. L. WesTHAFER, New Mexico College of | LoutsE A. Woxr, University of Wisconsin 


A&M F, 
A. E. Wuitrorp, Alfred University ‘ J. 
P. M. WuitmAn, Johns Hopkins University J. 
L. R. Witcox, Illinois Institute of Technology M. 
R. L. WILDER, University of Michigan 


H. Youna, Oregon State College 

W. T. Youncs, Indiana University 

L. ZEMMER, JR., University of Wisconsin 
A. Zorn, Indiana University 


Rooms for members of the mathematical organizations and their families 
were provided in Adams Hall and Tripp Hall, and meals were served in the 
cafeteria in Van Hise Hall. Tea was served by the ladies of the Department of 
Mathematics of the University of Wisconsin on Tuesday afternoon on the lawn 
beside Lake Mendota. That evening a concert of chamber music was presented 
in the Music Hall Auditorium by the Pro Arte quartet of the University of Wis- 
consin consisting of Rudolph Kolisch, first violin; Albert Rahier, second 
violin; Bernard Milofsky, viola; and Ernst Friedlander, cello. 

An opportunity was given on Tuesday evening and again on Thursday eve- 
ning to visit the Washburn Astronomical Observatory. A film on “Solar Explo- 
sions” was shown and visitors were permitted to inspect the telescope of the 
Observatory. 

Wednesday afternoon was left open for recreation. After the group picture 
was taken in the Stock Pavilion, members could choose between a boat ride 
around Lake Mendota, a visit to the U. S. Forest Products Laboratory, or a 
visit to the Headquarters of the U. S. Armed Forces Institute. On Thursday 
evening, a picnic was held at Picnic Point, a scenic spot about a mile distant 
from the dormitories. | 

A dinner for. members of the mathematical organizations was held on 
Wednesday evening in the Crystal Ball Room of the Hotel Loraine. Dean Walter 
Bartky was the toastmaster, and Dean M. H. Ingraham welcomed the guests 
on behalf of the University of Wisconsin. Short talks were given by Professor 
J. L. Walsh, Dr. C. V. Newsom, and Professor P. S. Dwyer on behalf of the 
Society, the Association, and the Institute. In conclusion, Dean Bartky ex- 
pressed the thanks of the visitors for the excellent work of the local members of 
the Committee on Arrangements, especially Professor H. P. Evans, Chairman, 
and Professors B. H. Colvin and Elizabeth S. Sokolnikoff. A formal resolution to 
the same effect prepared by Professor G. B. Price was adopted at the meeting on 
Thursday afternoon. 

The sessions of the American Mathematical Society began on Tuesday after- 
noon and continued through Friday morning. The colloquium lectures on 
“Representations of {Groups and Rings” were given by Professor Richard 
Brauer of the University of Toronto. On Thursday afternoon, Professor J. W. T. 
Youngs of Indiana University delivered an address entitled “Topological meth- 
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ods in the theory of Lebesgue area.” On Wednesday morning the Society held a 
joint session with Section A of the A.A.A.S. at which time Professor R. L. Moore 
of the University of Texas gave his retiring address as Vice-President of the 
A.A.A.S. and Chairman of Section A on the subject of “Spirals.” 

Sessions of the Institute of Mathematical Statistics and the Econometric 
Society were held from Tuesday morning through Friday morning. A joint ses- 
sion on stochastic processes was held on Wednesday and Thursday was devoted 
to a symposium on the theory of games. On Friday morning there was a joint 
session on sequential estimation. 

The Mathematical Association held its sessions on Monday afternoon and 
Tuesday morning in Room 272 of Bascom Hall. President L. R. Ford presided 
at the first session and Vice-President C. B. Allendoerfer at the second session. 
The program was arranged by a committee consisting of W. L. Ayres, Chairman, 
R. H. Bing, and D. H. Lehmer. 


FIRST SESSION OF THE ASSOCIATION 


“Mathematical problems associated with the use of laminates in aircraft,” 
by Professor H. W. March, University of Wisconsin and U. S. Forest Products 
Laboratory. 

“Definition of angles in higher dimensional spaces,” by Professor S. S. 
Cairns, University of Illinois. 

“An experiment in teaching large classes in mathematics,” by Professor H. 
F. S. Jonah, Purdue University. 


SECOND SESSION OF THE ASSOCIATION 


“Exterior ballistics of artillery rockets,” by Professor J. B. Rosser, Cornell 
University. 

“What is homotopy?” by Professor Samuel Eilenberg, Columbia University. 

“Enrichment of the mathematical curriculum for juniors and seniors,” by 
Professor M. H. Stone, University of Chicago. 


MEETING OF THE BOARD OF GOVERNORS 


The Board met at 7:30 p.m. on Monday in the Lounge of Slichter Hall. 
Of the thirty-five members of the Board, twenty-four were present. Following 
are some of the more important items of business transacted. 

The Board approved the appointment of L. L. Dines in place of G. C. Evans 
as a member of the Nominating Committee for 1948. 

“ It was voted to hold a meeting of the Association in June 1949 at Rensselaer 
Polytechnic Institute, Troy, New York, in conjunction with the annual meeting 
of the American Society for Engineering Education. The regular summer meet- 
ing of the Association will be held in Boulder, Colorado, in September 1949. 
The Board also voted to hold no meeting of the Association in the summer of 
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1950, since the International Congress of Mathematicians will be held at Har- 
vard University at that time. 

Caroline A. Lester and L. J. Green were elected Associate Editors of the 
MONTHLY and the resignation of R. F. Rinehart as an Associate Editor was 
accepted. 

The Board voted as a general policy to pay an honorarium to authors of 
Slaught Memorial Papers at the rate of one dollar per printed page. 

Effective December 1, 1948, the prices of all Carus Monographs are to be 
raised to $1.75 for members and to $3.00 for copies purchased through the Open 
Court Publishing Company. 

An appropriation of $1000 was voted from the General Fund of the Associa- 
tion toward the expenses of the International Mathematical Congress to be held 
in 1950. 

The Board voted that the Association accept the invitation to be officially 
represented on the Policy Committee for Mathematics by the appointment of 
three members. The president was authorized to appoint:temporary representa- 
tives to serve until the next annual meeting of the Board. 

It was agreed that the Association should resume the direction of the Putnam 
Prize Competition and that the President be authorized to appoint a Director of 
Putnam Competition for a term of five years. 

The Board voted unanimously to recommend to the Association that W. B. 
Carver be elected an honorary life member. At a brief business meeting of the 
Association held on Tuesday morning, this recommendation was approved and 
Professor Carver became the eighth person to be honored by election to honorary 
life membership. 


MEETING OF SECTION SECRETARIES 


A meeting of secretaries of the Sections of the Association was held at 7:30 
p.m. on Tuesday in the Lounge of Slichter Hall. Of the twenty-five Sections, 
twenty-one were represented by their secretaries or other officers. 

Associate Secretary Edith R. Schneckenburger sketched the history and 
activities of the sections from the founding of the Association. A statistical table 
giving data on membership and potential membership of each section was dis- 
tributed. 

Professor C. C. MacDuffee spoke on the work of the Committee for the 
Coordination of Studies in Mathematical Education, of which he is chairman. 

A general discussion followed concerning the relations of the central office 
of the Association to the section secretaries. Matters of finance, procurement of 
speakers, and election of sectional governors were discussed for possible future 
action by the Board of Governors. 

It is expected that similar meetings of section secretaries will be held at 
future meetings of the Association. 

H. M. Gruman, Secretary-Treasurer 


612 THE MATHEMATICAL ASSOCIATION OF AMERICA [November, 


APRIL MEETING OF THE OHIO SECTION 


The thirty-second annual meeting of the Ohio Section of the Mathematical 
Association of America was held at the Ohio State University, Columbus, Ohio, 
on Saturday, April 3, 1948. Professor H. S. Pollard, chairman of the Section, 
presided at the morning and afternoon sessions. 

Ninety-two persons registered attendance, including the following seventy- 
two members of the Association: H. H. Alden, W. E. Anderson, Max Astrachan, 
Grace M. Bareis, I. A. Barnett, H. M. Beatty, Theodore Bennett, W. D. Berg, 
J. B. Brandeberry, Foster Brooks, V. B. Caris, F. E. Carr, A. B. Carson, C. W. 
Cassel, B. B. Clark, Florentina M. Clinton, Wayne Dancer, R. C. Davis, R. H. 
Downing, B. B. Dressler, P. L. Evans, H. E. Fettis, B. E. Gatewood, Landis 
Gephart, B. C. Glover, L. J. Green, Ralph Hafner, Marshall Hall, R. G. Helsel, 
E. D. Jenkins, M. L. Johnson, Margaret E. Jones, K. D. Kelly, L. C. Knight, 
Jr., H. W. Kuhn, L. L. Lowenstein, R. H. Marquis, Margaret Mauch, S. W. 
McCuskey, H. E. Menke, Sister M. Mercedes, E. J. Mickle, L. H. Miller, C. C. 
Morris, Max Morris, Emma J. Olson, H. C. Parrish, C. G. Peckham, H. S. 
Pollard, Tibor Rado, S. E. Rasor, R. F. Rinehart, Louis Ross, S. A. Rowland, 
K. C. Schraut, C. E. Sealander, Samuel Selby, Ruth B. Smyth, W. H. Spragens, 
V. C. Stechschulte, C. W. Topp, E. P. Vance, R. H. Van Voorhis, R. W. Wag- 
ner, E. H. Wang, D. R. Whitney, F. B. Wiley, Alberta Wolfe, W. D. Wood, 
G. E. Woodson, Jr., C. H. Yeaton, Marie M. Yeaton. 

~ The following officers were elected for the coming year: Chairman, R. H. 
Marquis, Ohio University ; Secretary-Treasurer, Foster Brooks, Kent State Uni- 
versity; Member of Executive Committee, L. H. Miller, Ohio State University; 
Member of Program Committee, I. A. Barnett, University of Cincinnati. The 
next regular meeting of the Section is scheduled to be held at the Ohio State Uni- 
versity, Columbus, Ohio, on Saturday, April 2, 1949. 

The following papers were presented: 

1. The mathematics major, by Professor H. S. Pollard, Miami University. 


The scientific developments which have taken place during and since the war have tended to 
emphasize the application of mathematics to engineering and science. There may be a tendency 
to regard the mathematics major as a potential engineer or scientist, and to confine his training to 
such topics as he will find of “practical” value in preparing him in the shortest time for further 
technical training. 

The point of view of this paper is that the mathematics major is a composite of a number 
of primary interests and vocational aims, and that to stream-line courses for one particular group 
of students, particularly in a small institution where provision cannot be made for a number of 
different groups, is a fairly certain way of losing the interest of other students. Acceleration for 
accelerations’s sake is not always desirable. The traditional subject matter and methods of mathe- 
matics still have value. In spite of the recent growth which mathematics has experienced in con- 
junction with the physical sciences, historically mathematics belongs to the liberal arts and is not 
a mere technical tool of the sciences. Mathematics is more than a collection of manipulative skills; 
it is a body of concepts and methods that constitute a way of thinking. 
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2. A report on a recent questionnaire regarding mathematics in Ohio colleges, 
by Professor Wayne Dancer, University of Toledo. 


Most of the 35 colleges reporting encounter students with inadequate preparation in mathe- 
matics to the extent that they feel obliged to give courses in elementary and intermediate algebra, 
and in plane and solid geometry. 

The most popular courses on the Junior-Senior level area, in order: Differential Equations, 
Theory of Equations, Advanced Calculus, Higher Algebra, and Mathematics of Statistics. Nearly 
half of the colleges give a four (semester) hour course in analytic geometry, including some solid 
analytics. The first course in calculus meets ordinarily 4 or 5 times a week. Twenty of the colleges 
teach differential and integral calculus alternately in a “unified” course. The author tabulated 
the topics which are most commonly covered in a course in Advanced Calculus. 

It was found that most colleges are now giving special consideration to those non-technical 
students planning to take not more than a year of college mathematics. Very few colleges explicitly 
require mathematics for a bachelor’s degree, but the majority do specify the study of mathematics 
or science. Half of the colleges reporting graduate fewer than six mathematics majors per year. 
The average number of hours required for a major is slightly in excess of 28, the minimum being 
24, and the maximum 36, 


3. A coil winding problem, by C. L. Emmerich, University of Cincinnati, 
introduced by Professor I. A. Barnett. 


The problem is that of finding the manner of winding a coil having a fixed resistance R and 
maximum number of turns V. This may be formulated as an isoperimetric problem in the calculus 
of variations. It is found that the wire diameter is proportional to the square root of the distance 
from the coil axis. 


4. A solution of the problem of rapid scanning radar antenna, by Professor 
R. F. Rinehart, Case Institute of Technology. 


The problem of designing a method of focusing electromagnetic energy by electrical means is 
considered. The so-called rapid scanning problem in radar antenna is essentially the problem of 
designing a method for the efficient focusing of electromagnetic energy into a parallel beam by 
electrical means, and of providing for the rapid variation of the direction of this beam. The ques- 
tion reduces to the following problem in differential geometry: Determine a surface which contains 
a circle and a straight line segment (called the aperture) with respect to which the following two 
conditions are satisfied: (1) The circle is a geodesic circle relative to some point of the segment 
as center; (2) All geodesics joining any fixed point of the circle to all the points of the line segment 
cut the line segment at a fixed angle. Earlier efforts at solution of this problem were reviewed, 
and a solution in the form of a certain surface of revolution was described. This solution satisfac- 
torily fulfills the requirements with the exception that the required line segment is a virtual, rather 
than an actual, aperture. 


5. Equations and loct in polar coérdinates, by Professor R. W. Wagner, 
Oberlin College. 
This paper appeared in the June-July number of this MonTuLy, 1948. 


6. Matric diophantine equations, by Professor I. A. Barnett, University of 
Cincinnati, and Professor C. W. Mendel, University of Illinois (introduced by 
Professor Barnett). 

The authors consider equations of the form X*+ Y*=Z*, where the symbols X, Y, Z stand for 
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matrices whose elements may be zero, positive, or negative integers, and where multiplication is 
interpreted as matric multiplication. A general method of solution is given for the equation 
X?-+ Y2=Z? where the matrices are of order 2, with Y and Z commutative, and X non-singular. 
For matrices of order 2, necessary and sufficient conditions for a solution are obtained when 
k=2, 3, 4, 5. These conditions are given in terms of the traces and determinants of the matrices 
involved. The equation X?+ Y?=T is fully discussed. 


7. Prospects in projective geometry, by Professor Marshall Hall, The Ohio 
State University. , 


Professor Hall’s paper was a one hour address by invitation of the Program Committee. The 
fundamental axioms of geometry are of three types: incidence, order, and metric axioms. Projec- 
tive geometry is the study of the axioms of incidence. Ordinarily analytic geometry is thought of as 
giving codrdinates to points in terms of distances to axes, and as such a part of metric geometry. 
Van Staudt first discovered in 1856 that a purely projective construction of coérdinates could be 
made. In this construction the theorem of Desargues plays a central role. The theorem of Desargues 
is equivalent on the one hand to the existence of coérdinates from a skew field, and on the other 
to the possibility of embedding a projective plane into a space of higher dimensions, The theorem 
of Pappus (or Pascal) implies the theorem of Desargues and also the commutative law of multi- 
plication. Recent work has established more far-reaching relations between projective geometries 
and many branches of algebra, such as lattice theory, alternative rings, groups, and the theory of 
loops. 


FOSTER BROOKS, Secretary 


CALENDAR OF FUTURE MEETINGS 


Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948, 

Thirty-first Summer Meeting, Boulder, Colorado, September, 1949. 

The following is a list of the Sections of the Association with dates of future 
meetings insofar as they have been reported to the Secretary. 


ALLEGHENY MOUNTAIN 

ILLINOIS, Bradley University, Peoria, May 
13-14, 1949 

INDIANA, University of Notre Dame, 
Spring, 1949 

Iowa, Drake University, Des Moines, 
April 15-16, 1949 

KANSAS 

KENTUCKY 

LoutstaNa- Mississippi, University of Mis- 
sissippi, Oxford, Spring, 1949 . 

MARYLAND-DISTRICT OF COLUMBIA-VIR- 
GINIA 

METROPOLITAN New YORK 

MICHIGAN 

MINNESOTA 

MISSOURI 

NEBRASKA, Lincoln, May, 1949 

NORTHERN CALIFORNIA, San Francisco, 
January 29, 1949 


Ou10, Ohio State University, Columbus, 
April 2, 1949 . | 

OKLAHOMA 

Paciric NorRTHWEST, Oregon State Uni- 
versity, Corvallis, Spring, 1949 

PHILADELPHIA, Philadelphia, November 
27, 1948 

Rocky Mountain, Colorado School of 
Mines, Golden, April, 1949 

SOUTHEASTERN, University of Alabama, 
University, March 18-19, 1949 

SOUTHERN CALIFORNIA, John Muir Col- 
lege, Pasadena, March 12, 1949 

SOUTHWESTERN 

Texas, Denton, Spring, 1949 

Uprer New York StTaTE, University of 
Buffalo, May, 1949 

WISCONSIN, Lawrence College, Appleton, 
May 14, 1949 


Books of Meaning 


SCIENCE AT WAR 


By J. G. Crowther and R. Whiddington. The first detailed account of science’s con- 
tribution to the war effort, based on the official archives and documents assembled by 
the Scientific Advisory Committee to the British Cabinet. Because of the close and 
intimate collaboration between the American and British forces during World War II, 
this volume is of fundamental interest to the American scientist, as well as to the in- 
telligent layman interested in science. $6.00 


SCIENCE SINCE 1500 


By H. T. Pledge, Librarian, Science Museum of London. “A thorough-going history of 
science. The author takes the subject and the reader in his stride on a journey which 
must be ranked as a very able performance indeed. The illustrations are excellent, the 
bibliography is unusually helpfully arranged, and the indices are full and satisfactory.” 
—M. F. Ashley Montagu, The New York Times. $5.00 


DICTIONARY OF SCIENCE AND TECHNOLOGY—In 4 Languages 


By Maxim Newmark. “In the first 200 pages of this useful, practical dictionary are 
listed some 10,000 current English terms, each with its French, German and Spanish 
equivalents. The words listed are those most frequently used today in the physical 
sciences and mathematics. Finally, there are several pages of conversion tables and lists 
of technical abbreviations for each language. This dictionary should prove to be ex- 
ceedingly useful. The library of every scientific and technical department should have 
a copy available.”—American Journal of Physics. $6.00 


PHYSICS OF THE 20TH CENTURY 


By Pascual Jordan. “Well written in nontechnical terms, the book discusses first the 
assumptions of classical physics, followed by a lucid treatment of the simpler facts of 
modern physics and the revision in methodology which these facts, particularly quantum 
and wave mechanics, have made necessary. The book is a ‘must’ for an ever-increasing 
number of scientists.””—Science. . $4.00 


ESSAYS IN SCIENCE AND PHILOSOPHY 


By Alfred North Whitehead. “Perhaps his two outstanding doctrines can be fairly 
simply stated. One is that the world is through and through organic, not mechanical. 
The other doctrine is that ‘everything is everywhere.’ To the proof of these theses White- 
head brings a vast array of evidence from physics, mathematics, art, morals and re- 
ligious feeling. Of course everything that Whitehead writes bears the authentic stamp 
of the man’s genius.” —Saturday Review of Literature. $4.75 


PROBLEMS OF MEN 


By John Dewey. “A mighty book addressed to the general reader, but the introduction 
and the last chapters strike straight at reactionary philosophers. John Dewey is a 
humane philosopher, indulgent to the foibles of mankind. His influence reaches farther 
than that of any other philosopher of our time, and is still advancing.” —Alvin Johnson, 
The New York Times. $5.00 


SPINOZA—Portrait of a Spiritual Hero 


By Rudolf Kayser. Preface by Albert Einstein. In his Introduction to this biography, 
Einstein describes Spinoza as “a leader not only of his but also of our time .. «a Leader 
of the Erring. The book will bring Spinoza close to us . . . the man as well as the 


thinker.”’ $3.75 
At Your Bookstore, or Order Direct 

as | 
LIMITED EDITIONS PHILOSOPHICAL LIBRARY, Publishers i 
ORDER NOW 15 East 40th Street, Dept. 300, New York 16, N.Y. | 
| Please send me .......... copies of (write in margin) at | 

PHILOSOPHICAL LIBRARY i Bo rsccccece per copy. Enclosed is $........02eeeeeee 
Publishers | NAME oo... cceeec cece cece eee eeeeee eee eeeeeaaees 
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DIFFERENTIAL EQUATIONS, Revised 


By Max Morris and Orley E. Brown, Case School of Applied 
Sciences 


This book's abundant, varied exercises—emphasizing equations encountered in 
mechanics, physics, and geometry—are designed to meet the widest exactions of 
drill. Clear, complete, teachable, the text has been restricted to the essentials of 
definition, proof, and discussion. 


355 pages 6” x 9” 


ELEMENTS OF STATISTICS 


By Elmer B. Mode, Boston University 


This text covers simply and clearly the fundamentals of elementary statistics needed 
in various business fields. It employs elementary mathematics only, with informal 
proofs given where difficulties arise. 


Numerous problems and exercises make the book especially useful for majors in 
math, economics, psychology, biology, sociology and education. 
378 pages 6" x 9" 


ESSENTIALS OF PLANE TRIGONOMETRY 


By Atherion H. Sprague, Amherst College 


In a simple yet rigorous manner, this text presents sufficient material for a moderately 
short study in Plane Trigonometry. Exponents and logarithms appear early and 
are used as a basis for later study. Applications are presented as each concept is 
discussed. ™ 


Fundamental formulas and identities are placed in a single chapter for immediate 
reference, and abundant problem material is included. 
124 pages 6” x 8” 


CALCULUS, Revised 


By George E. Sherwood and Angus E. Taylor, University of 
California 


With emphasis on the understanding of applications of the calculus, the revision 
of this classic text has strengthened and simplified teachability. Outstanding fea- 
tures of the revision: 


@ Easier to read, more illustrative examples 


 @ Many new topics including complete chapter on "The Inverse of Differentiation"; 
more graded problems, free of algebraic or trigonometric difficulty. 
568 pages 6" x 9” 


Send for your copies today! 
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PRENTICE-HALL, INC., ftw vorcs1,n¥. 


J. B. LINKER and M. A. HILL, JR., University of North Carolina 
MATHEMATICS OF FINANCE 


In the most concise and teachable manner this new text covers the entire field 
of a first college course in the mathematics of finance. It is suitable for use in 
either a semester or a quarter course. Distinguished for its insight into student 
needs, the book provides many illustrative examples and well-graded practical 
exercises, It is unique in its extensive treatment of life annuities and life in- 
surance and in its discussion of the symbolic method of studying annuities, 


“This text is well organized and well presented. I like especially the author’s 
use of the line diagram in setting up the equation of value. Students understand 
the use of the line to represent time. The step to interpolating on the line the 
data of the particular problem is one which the text makes clear.” 

—Julia Wells Bower, Connecticut College 


“T like the method of presentation, the content, and the exercises in this book. 
... The printing is clear, the pages make a nice appearance, and the use of 
symbols is consistent.” —H. A. Dangel, University of Cincinnati 


“The chief methods are treated concisely and clearly, special emphasis is given 
on applications to the problems of insurance, and the text includes adequate 
tables for computation.” —O. W. Albert, University of Redlands 


1948—258 pages, including 83 pages tables—$2.90 
CHARLES H. SISAM, Colorado College 
CONCISE ANALYTIC GEOMETRY 


Thoroughly adapted to the short course in analytics, this text presents an ex- 
cellent, well-rounded, and brief treatment of the subject. Clear and complete in 
spite of its brevity, it is given great flexibility by the addition of more than 1,100 
exercises and problems, graded to meet the needs of students of varying ability. 

1946—155 pages—$2.00 


ANALYTIC GEOMETRY 


This sound, teachable, and widely used book drills the student in the essentials 
of plane and solid analytical geometry and stresses types of reasoning vital to 
later work. 1936—310 pages—$2.20 


CLIFFORD BELL, University of California, Los Angeles 
TRACY Y. THOMAS, Indiana University 


ESSENTIALS OF PLANE AND 
SPHERICAL TRIGONOMETRY 


In this enlarged edition of a successful text, the authors have completely revised 
and expanded their treatment to adapt it to the standard requirements of 
present-day courses. A special feature is the large number of new problems and 
exercises presented at the close of each chapter. New tables include an excellent 
five-place table of the natural functions, a conversion table, a table of roots, and 
a table of useful constants, 
Revised 1946—409 pages, including 144 pages tables—$2.30 
without tables—$2.00 


HENRY HOLT AND COMPANY 2% Feusth Avenue 


Recent. and. forthcoming torte 


First Year College 
Mathematics with Applications 


By Daus and WHYBURN 


This new text presents a coordinated study of college algebra, analytical trigonometty, 
and analytical geometry complete in one volume. Emphasis throughout the book is placed 
on creating understanding as well as on learning manipulative techniques. Each topic has 
been included because of its immediate applications as well as future needs. These appli- 
cations include problems of a geometric character with an applied background, problems 
in curve fitting, and elementary electric circuit theory when related to mathematical prob- 
lems involving algebra or analytic geometry. To be published in the fall. $5.00 (probable) 


PAUL H. DAUS is Professor of Mathematics, University. of California, Los Angeles. 


WILLIAM M. WHYBURN is Professor of Mathematics and President of Texas Tech- 
nological College. 


Analytic Geometry, Fourth Edition 
By CLYDE E. Love 


The fourth edition of this text differs from previous editions in both style and content. 
Explanations are fuller, and applications and exercises more numerous and mote varied. 
Algebraic curves are introduced early, and less space is devoted to conic sections. Published 
March 23, 1948. $3.50 


CLYDE E. LOVE is Professor of Mathematics, University of Michigan. 


Theory of Experimental Inference 


By C. West CHURCHMAN 


Treating the general problem of inference in the experimental sciences, this book makes 
full use of the contributions of the mathematical statisticians, considering those of Pearson 
and Neyman, and the further generalizations of Wald. Published May 25, 1948. $4.25 


C. WEST CHURCHMAN is Associate Professor of Philosophy, Wayne University. 


The Wacmillan Company 


60 Fifth Avenue New York 11 


3 books you should read 
whatever your special interest .. . 


CYBERNETICS 


or Control and Communication 
in the Animal and the Machine 


By NORBERT WIENER, Professor of Mathematics, Massachusetts Insti- 
tute of Technology. 


Cybernetics describes the application of statistical mechanics methods to com- 
munications engineering. It is a study of human control functions and of 
mechanico-electrical systems designed to replace them. The subject matter in this 
volume ranges from such control methods as servomechanisms, mathematical 
calculators and automatic pilots, to the nerves and brain of the human body. An 
outgrowth of extensive theoretical study and experimentation by Dr. Wiener and 
other leading scientists, it will prove to be of vital importance to psychologists, 
physiologists, electrical and radio engineers, sociologists, philosophers, mathe- 
maticians, and physicists. 


1948 194 pages 6% by 9% $3.00 


INTRODUCTION TO 
APPLIED MATHEMATICS 


By FRANCIS D. MURNAGHAN, Professor of Mathematics, Carnegie 
Institute of Technology. 


This is the first book in the new Wiley Series in Applied Mathematics, edited 
by Dr. I. S. Sokolnikoff. Designed for graduate students and scientific workers 
with diversified interests, it is a detailed, self-contained study of the mathematics 
used in present-day physics and engineering. Having taken as his premise the 
necessity for a perfectly thorough grasp of the principles involved, the author 
supplies full details on every necessary subject. The many problems serve doubly 
to test and to teach. The material in this volume has been successfully presented 
in courses at The Johns Hopkins University over a period of 20 years. 


1948 389 pages 6 by 9% $5.00 


NOMOGRAPHY 
By ALEXANDER 5S. LEVENS, Professor of Engineering Design, Univer- 
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Simplicity, accuracy and speed are the three major advantages of the nomo- 
graph, with which engineers, technicians and teachers should be thoroughly 
familiar. Professor Levens’ Nomography offers all basic information on straight 
Jine scales, curved scales and combinations of these elements. While the align- 
ment chart is stressed, a treatment of the Cartesian coordinate method is included. 
In addition to thorough discussions of theory there are many examples showing 
how to use nomographs in various technical fields. Exercises will be found 
throughout the text to give the student guided practice in using this valuable 
mathematical tool. 


1948 176 pages 88illus. 6 by 9% $3.00 
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Have you seen this new textbook on functional logic? 


Fundamentals 
of 
Symbolic Logic 


by Alice Ambrose and Morris Lazerowitz 
Associate Professors of Philosophy, Smith College 


Published in September, this is a text in formal logic with a functional 
approach, intended for the introductory course, and designed to apply the 
theory to everyday reasoning. The essentials of Aristotelian logic have 
been included and care has been taken to show how they are accom- 
modated within the framework of the present-day subject. It is a fine 
text that provides the student with both a working knowledge of the 
application of logic to reasoning and a firm basis for advanced work in 
the field. 


The material covered includes a discussion of the nature of logic, truth- 
functions, the matrix method, tautologdus functions and argumentation, 
deductive reasoning, classes and the syllogism, and the calculus of classes. 
If you teach a course in symbolic logic we shall be pleased to send you 
a copy for examination purposes. 


310 pages, $5.00 
And just revised—REAGAN, OTT, & SIGLEY’S 


College Algebra 


An up-to-date, enlarged edition of this widely adopted text has just been 
published. Written for advanced study, College Algebra has been in con- 
stant demand for its comprehensive quality as well as for its inductive 
approach to new concepts. Over 2,000 problems and abundant review ma- 
terial included. 


\ 


447 pages, $4.00 


RINEHART & CO., Inc., 232 Madison Ave., New York 16 
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WILLIAM L. HART’S 


TRIGONOMETRIES 


D. C. HEATH 
AND 
COMPANY 


BOSTON 

NEW YORK 
CHICAGO 
ATLANTA 

SAN FRANCISCO 
DALLAS 
LONDON 


WITH APPLICATIONS 
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Designed to emphasize the applications of trigonometry 
in physical science, technology, navigation, and military 
practice. 


Concentrated attention to vector applications, A high 
standard of logical accuracy and simplicity in the theo- 
retical developments. 


Particularly complete and convenient tables, 


PLANE TRIGONOMETRY WITH APPLICATIONS 
158 pages of text. $2.25 
With Tables. 304 pages. $2.75 


PLANE AND SPHERICAL TRIGONOMETRY WITH 
APPLICATIONS 


198 pages of text. $2.75 
With Tables. 349 pages. $3.00 


BY 
WALTER W. HART and WILLIAM L. HART 


PLANE TRIGONOMETRY, SOLID GEOMETRY, AND. 
SPHERICAL TRIGONOMETRY WITH APPLICA- 
TIONS 


256 pages of text. $2.75 
With Tables. 414 pages. $3.00 


Jimoly, McGraw-Hill. Books. 


THE MATHEMATICAL SOLUTION OF ENGINEERING 
PROBLEMS 


By Mario G, SAtvapori, Columbia University. With a Collection of Problems by 
KENNETH S. MILLER, Consulting Mathematician. 238 pages, $3.50 


© A practical text on elementary engineering mathematics, reviewing the funda- 
mental ideas and techniques of mathematics, and widening the‘ student’s. mathe- 

matical knowledge of algebra, plane analytic geometry, calculus, power series, 
elementary functions of a complex variable, Fourier series and harmonic analysis. 
There are more than rroo problems. 


INTRODUCTION TO COMPLEX VARIABLES AND 
APPLICATIONS 
By Ruew V. Cuurcuitt, University of Michigan. 216 pages, $3.50 


@ Meets the needs of students preparing to enter the fields of physics, theoretical 
engineering, or applied mathematics. The selection and arrangement of material 
is unique, and an effort has been made to give a sound introduction to both 
theory and applications in a complete, self-contained treatment. The book sup- 
plements Professor Churchill’s Fourier Series and Boundary Value Problems and 
Modern Operation Mathematics in Engineering. 


SOLID GEOMETRY 


By J. SUTHERLAND FRAME, Michigan State College. 339 pages, $3.50 


Departing from the traditional treatment of solid geometry as a succession of 
formal propositions and proofs, this text aims to prepare the student for college 
work in mathematics and engineering. 


= NUMBER THEORY AND ITS HISTORY 


By Oysrein Ort, Yale University. 367 pages, $4.50 


mi 


ean 
= 


A readable account of some of the chief problems, methods, and principles of the 
theory of numbers, together with the history of the subject, and a considerable 
number of portraits and illustrations. 


THEORY OF EQUATIONS 


By the late J. V. Uspensxy, Stanford University. 344 pages, $4.50 


Gives an unusually thorough treatment of the subject, with full and explicit 
development of the material. Throughout, emphasis has been placed on both 


theory and numerical methods. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, Inc. 
330 West 42nd Street New York 18, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISOONSIN 
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GENERAL MATHEMATICAL PAPERS 


Errata, vol. 54, 151; 360. 
ALGEBRA, NUMBER THEORY 


Barsour, J. M. Music and ternary continued 
fractions, 545-555. 

LEuMER, D. H. On the partition of numbers into 
squares, 476-481. 

May, KENNETH. Probabilities of certain elec- 
tion results, 203—209. 

OLDENBURGER, RurFus. Practical computa- 
tional methods in the solution of equations, 


335-342. 

ORE, OYSTEIN. On the averages of the divisors of 
a number, 615-619. 

REDHEFFER, RAYMOND. A machine for playing 
the game Nim, 343-349. 

SALZER, H. E. Further remarks on the ap- 
proximation of numbers as sums of re- 
ciprocals, 350-356. 


ANALYSIS 


GraVEs, L. M. What is a functional? 467-472. 
Isaacs, Rurus. Recent progress in compressible 
« fluid theory, 140-144. 
Jounston, L. S. Denumberability of the ra- 
tional number system, 65-70. 


Moutton, E. J. Two teasers for your friends 
342, 377. 
ROSENTHAL, ARTHUR. What are set functions? 
4—20. 
SMITH, F. C. The force of mortality function, 
277-284, 


GEOMETRY 


BAGEMIHL, F. On indecomposable polyhedra, 
411-413. 

BECKENBACH, E., F. Some convexity properties 
of surfaces of negative curvature, 285-301. 

Buncu, W. H. The quadrilaterals of Pascal’s 
hexagram, 210-217. 

CHEN, SHOU. On the application of vector alge- 
bra to projective geometry, 541-545. 

Court, N, A. Notes on cospherical points, 218— 
221. 


DAVIS, CHANDLER. The short-cut problem, 147— 


GOLDBERG, MICHAEL. Circular-arc rotors in 
regular polygons, 393-402. 

GOORMAGHTIGH, R. On the two-angle pole of a 
line to a triangle, 71-75. 

LADOPOULOS, TAKIS. Some theorems on cyclic 
polygons inscribed in a circle, 301-307. 

Nose, C. E. An anallagmatic cubic, 7~14. 

WorMSER, ARTHUR. Polygons with two equi- 
angular points, 619-629. 


PEDAGOGY, HISTORY 


Boyer, C. B. Clairaut and the origin of the 
distance formula, 556-557. 
CooLipGE, J. L. The beginnings of analytic 
geometry in three dimensions, 76-86. 
GERHARD, F. B. The actuarial profession, 481— 
487. 

Jones, P. S. The teaching fellow program at 
Michigan, 145-147. 

KEMPNER, A. J. College entrance requirements 
in mathematics, 414-418. 

MacDvuFFEE, C. C. The scholar in a scientific 
world, 129-140. 

Mackey, G. W. The William Lowell Putnam 
Mathematical Competition, 630-633. 


Norturop, E. P. The mathematics program in 
the College of the University of Chicago, 

ROSENHEAD, L. and Stracuan, C. The linking 
of mathematics and physics in university 
courses, 403-411. — 

SCHORLING, RALEIGH. A program for improving 
the teaching of science and mathematics, 
221-237. 

SHUSTER, C. N. A call for reform in high school 
mathematics, 472-475. 

STRACHAN, C. See ROSENHEAD, L. 

VANCE, E. P. The teaching of mathematics in 
colleges and universities, 57~64. 
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MATHEMATICAL NOTES 
Edited by E. F. BECKENBACH, University of California at Los Angeles 


BECKENBACH, E. F. Acknowledgment, 638. 

Butcuart, J. H. Rotation of the tangent to a 
hypocycloid, 152-153. 

Carts, P. A. Rational solutions of a diophantine 
equation, 238-240. 

CuRRIE, J. C. Cassini ovals associated with a 
second order matrix, 487-489. 

DuBiIscu, Roy. The number of r-tuples of pairs 
of integers, 564—566. 

FELD, J. M. Anallagmatic cubics, 635-636. 

GenTRY, F. C. Three cubic loci, 633-635. 

GLODEN, A. Parametric solutions of two multi- 
degreed equalities, 86-88. 

GoopMAN, A. W. The number of terms in the 
expansion of an infinite determinant, 419- 
420. 

GOORMAGHTIGH, R. On a theorem of Griffiths, 
421-422. 

. On anallagmatic cubics, 636. 

IvANOFF, V. F. The zth derivative of a frac- 
tional function, 491. 

KLEE, V. L., Jr. A generalization of Euler’s 
¢-function, 358-359. 

Kuo, Huan-TInc. On a contact transformation 
theorem, 240-241 

McApaws, H. T. The sieve of Eratosthenes and 
the Mébius strip, 308-309. 


Mirsky, L. On coprime values taken by 
given polynomials, 88-89. 

Nasir, ABDUR RAHMAN. A geometrical form 
of the multiplicative property of the di- 
visor-sum function, 420-421. 

NIVEN, IvANn. Note on a paper by L. S. John- 
ston, 358. 

PizA, P. A. Some interesting squares, 20-22. 


- Taussky, O. and WIGGLESworTH, L. A. Note 


on a theorem in n-dimensional geometry, 
492-494. 

THEBAULT, VicTorR. On the twelve point sphere 
of the tetrahedron, 357. 

. On the altitudes of the triangle and of 
the tetrahedron, 637-638. 

Tricc, C. W. Determinants of fourth order 
magic squares, 558-561. 

TUCKERMAN, BRYANT. A non-singular poly- 
hedral Mébius band whose boundary is a 
triangle, 309-311. 

ULLMAN, J. L. The number of distances in a 
cubical network, 562-563. 

WENDEL, J. G. Note on the gamma function, 
563-564. 

WIbpDER, D. V. A symbolic form of an inversion 
formula for a Laplace transform, 489-491. 

WIGGLESWoRTH, L. A. See TAussky, O. 


CLASSROOM NOTES 
Edited by C. B. ALLENDOERFER, Haverford College 


AcztL, Joun. A remark on involutory functions, 
6 9. 


ALLENDOERFER, C. B. The proof of Euler’s 
equation, 94-95, 

AROIAN, L. A. Some applications of Aitken’s 
method of interpolation, 569-572. 

Barz, A. V. Fermat’s principle and certain 
minimum problems, 316. 

BLEIcK, W. E. Angle bisectors of an isosceles 
triangle, 495. 

CoxETER, H. S. M. A problem of collinear 
points, 26—28, 247. 

DuFFIN, R. J. A generalization of the ratio 
test for series, 153-155. 

ERICKSEN, J. L. See Youna, F. H. 

FARNELL, A. B. A rejoinder, 426. 

GREEN, L. C. Maximum uncertainty as a 
simple example of a non-distributive al- 
gebra, 363-364. 

Hau, D. W. An algorithm for the determina- 
ton of the constants in the solution of 
linear differential equations, 422-425. 

HELSEL, R. G. and Rap6, T. Can we teach good 
mathematics to undergraduates? 28-29. 

KELLY, L. M. The neglected synthetic ap- 
proach, 24-26. 

MANCILL, J. D. One-sided maxima and minima, 
311-315. 

Matteson, L. J. Rational solutions of a certain 


trigonometric equation, 574-575. 
May, KENNETH. Derivation of the normal form 
of the equation of the straight line, 155- 
56 


MeEsERVE, B. E. Double factorials, 425-426. 


- PanGc, Ho1-CHEunc. Areas of plane figures, 


244-247, 

PoéLya, GEORGE. Generalization, specialization, 
analogy, 241-243. 

Ransom, W. R. Introducing e=2.718 +, 572. 

REYNOLDS, J. B. Teaching note on repeated 
roots in linear differential equations, 494. 

Ross, G. F. Equation of value in investment 
theory, 495-497. 

SYNGE, J. L. Problems in mechanics, 22-24. 

Tuomas, J. M. Pointing off in slide rule work, 
567-569. 

WAGNER, R. W. Equations and loci in polar 
coérdinates, 360-363. 

Wa..L, H. S. A modification of Newton’s 
method, 90-94. 

WALLACE, A. D. A theorem in elementary 
mathematics, 639. 

Younc, F. H. The-ellipse as a circle with a 
moving center, 156-158. 

. Tangent to a circle from an exterior 

point, 497. 

, and ERICKSEN, J. L. Tangent lines and 

planes, 573-574. 
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PROBLEMS AND SOLUTIONS 
Edited by Howarp Eves, Oregon State College, and E. P. Starke, Rutgers University 


CORRECTIONS 
Numbers in black face type refer to problems, those in light face to pages. 
4275, 165. 


AUTHORS 


Numbers refer to pages, blackface type indicating a problem solved and solution published; 
italics, a problem solved, but the solution not published; ordinary type, a problem proposed. 


Aissen, M., 36. Courter, Richard, 502, 581. 
Andree, Josephine, 430. Coxeter, H. S. M., 

Andree, R. V., 158, 430, 500, 502, 581, 582. Crain, K. W., 498, 580. 

Anema, A. S., 430. Cramer, G. F., 501. 

Anning, Norman, 643. Crane, R. E., 160, 579, 581, 
Aude, H. T. R., 576. Culbertson, J. T., 166. 

Bagemihl, Frederick, 577. Cromelin, J. S., 160, 581. 
Ballantine, J. P., 95, 253, 578. Darling, J. F., 579, 584. 
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International Congress of Mathematicians, 


445-448, 611. 
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Gage, W. H., 53, 465. 
Gaskell, R. E., 657. 
Gibbons, Sister Mary Seraphim 


Gillie’ M . E., 659. 
Goldberg, M., 390. 
Gordon, R. D., 201. 
Gordon, R. R., 460. 

Goss, R. N., 657. 

Graves, G. H., 333. 
Graves, L. M., 119, 120. 
Greenwood, R. E., 275. 
Hacker, S. G., 54, 465. 
Hall, Marshall, 614. 
Hamilton, H. J., 462. 
Hamilton, O. H., 460. 
Hammer, P. C., 54, 
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ON THE AVERAGES OF THE DIVISORS OF A NUMBER 
OYSTEIN ORE, Yale University 


Let 2 be some integer and let 


ay a 
n= py 2 De 


be its decomposition into prime factors. As usual we shall denote the number of 
divisors of ” by v(m) and the sum of the divisors by a(n) so that 


v(m) = (a1 + 1)(ae + 1)--- (a + 1), 


and 
ay+1 ay+1 
— 1 r — 1 
d/n dil br — 1 


The various means of the divisors may be computed easily from the formulas 
that follow. For the arithmetic mean one has 


a(n) 
(1) A(n) = —— 
v(m) 
and for the geometric mean the result is 
y(n) 
(2) G(n) = I] ¢= vx. 
d/n 


Finally the harmonic mean is defined by 


1 1 1 


H(n) ~ y(n) din @ 


and since 
1 n 
n —_—-= —_— = d 
djn @ djn @ din 

it follows that 

nv(n) 
(3) H(n) =~ - 

a(n) 


The combination of the three formulas (1), (2), and (3) gives 
H(n)-A(n) = n = G(n)?*; 


in other words, the geometric mean of the divisors is the geometric mean of the 
arithmetic and harmonic means of the divisors. 
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One may now ask in which cases these means may be integers. For the geo- 
metric mean this is trivial: The geometric mean of the divisors ts an tnieger only 
for square numbers. 

For the other two means the problem is by no means simple. We may ob- 
serve first that both the arithmetic and harmonic means have the multiplicative 


property 
A(a-b) = A(a)-A(b), H(a-b) = H(a)- H(b) 


provided a and 0 are relatively prime. Thus one may only look for the primitive 
integral means, that is, such numbers that they are not the product of relatively 
prime factors, each of which has an integral arithmetic or harmonic mean. 

Let us consider the arithmetic mean in a few special cases. For an odd prime 
p one has 


+1 
A(p) = 2 


2 

and this is always integral, while p=2 is an exception since A(2)=3/2 is not 
integral. From the multiplicative property we conclude that every number 
which is the product of different odd primes has an integral arithmetic mean of 
divisors while in the case of different prime factors including 2 the mean is only 
integral if one of the primes is of the form 4k —1. 

One may consider also when the powers of a prime may have an integral 
arithmetic mean of divisors. Since 


pert — | 
a 
(p — 1)(@ + 1) 
this is a problem closely connected with the solution of the congruence 


x = 1 (mod R). 


A(p4) = 


We shall not go into details about this problem. In certain cases the arithmetic 
mean is integral; for instance, 


A(58) = 39,  A(55) = 651. 


It can be shown that no power of 2 can have an integral arithmetic mean. 

The corresponding problems for the harmonic mean seem more interesting. 
In certain simple cases it can be established easily that the harmonic mean of 
the divisors cannot be integral. We mention first: 

For the power of a prime the harmonic mean ts not integral. 

If namely n= p* then 


pa +1) | 
prt priest ptt 


Here * is relatively prime to the denominator and since a+1 is a number less 


H(p*) = 
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than the denominator the harmonic mean cannot be integral. 

Another observation is: 

When n+6 is the product of different prime factors the harmonic mean cannot 
be integral. 


We write 
n= pipo-++ Ps 
where the primes are arranged in increasing order, and one finds 
pide ++ pr 


r 


H(n) = ————__—_: 
(p1t+1)---+ (6+ 1) 


Let us assume first that 7 is odd, and let us write 


H(n) = pics: pr 
2 2 


Here the denominator contains at least r prime factors, and since /, is not 
among them the quotient cannot be integral. Next let :=2 so that 


H(n) _ 271. bos e+ Dy _ A-pbo+++ py 
B(petl)-+- (ett, batt pt) 
2 2 


and this expression can only be integral if p2=3 so that 


H(n) = 


Since none of the r—2 factors in the denominator are equal to p, we conclude 
that each of them must be equal to one of the other prime factors in the numera- 
tor. But the assumption 

patil _ 
a 


2 


or 3=3 was already excluded. 
A result of some interest is the following: 
A perfect number has an integral harmonic mean of dtvisors. 
Since a perfect number is defined by the property that 


a(n) = 2n 
it follows that 
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When 7 is an even perfect number it has the form n=2*-p so that p(n) 
=(a+1)-2 and H(n)=a-+1 is integral. When we have an odd perfect num- 
ber it is known that one of the exponents in the prime factor decomposition is 
odd so that v(z) is even also in this case. 

By means of the tables of J. W. L. Glaisher giving the values of o(m) and 
v(m) one can determine rather easily the values of x below 10000 for which H(n) 
is integral. One finds the following table: 


TABLE | 
n H(n) A(n) 
6=2:-3 2 3 
28 =22-7 3 4 
140 =2?-5-7 5 28 
270 =2- 33-5 6 45 
496 =2!-31 5 994 
672 =25-3-7 8 84 
1638 =2 - 32-7-13 9 182 
2970 =2- 33- 5-11 11 270 
6200 =23- 52-31 10 620 
8128 =28- 127 7 11614 
8190 =2:- 32-5-7:°13 15 546 


It would be of interest to make a systematic examination of such numbers 
up to higher numerical limits. This requires an extension of Glaisher’s Number- 
divisor tables, a project which would be desirable also in connection with other 
number theoretical investigations. 

There are, however, various methods by means of which one can construct 
new numbers with integral harmonic means from given ones. Let us suppose 
that ~ has this property so that 


n:v(n) = a-a(n), a= H(n). 


We multiply both sides by some number & relatively prime to m and write 
m=k-n. Then one finds 


Thus if the right-hand expression is an integer the number 7, will also have an 
integral harmonic mean. This may again be examined by means of Glaisher’s 
tables. The values of a in the last column of the table given above lead succes- 
sively to the following numbers: 
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TABLE IIT 

n H(n) nN H(n) 
2:°3?-7°13°17 -17 23- 38- 52-31-53 53 
2:3%-5-7-°13-29 29 28- 13-127 13 
23-3- 52-31 15 28- 32-13-127* 27 
28 - 38- 52-31 27 26. 32-5 -13-127 45 
28 - 38- 52-17-31 51 28 32-13-17°127 51 
23- 52-19-31 19 28- 32-5-13-17-°127 85 
28- 52-72-19: 31 49 28. 32-5-13°29-127 87 
22+ 52-72-13°19-31 91 28- 32-13-53-127 53 
23- 3-52-29: 31 29 28- 32-5-13-89-127 89 


28-5?-19- 31-37 37 


Table I shows that there are eleven numbers below 10,000 with integral 
harmonic mean for the divisors. Among these are the four perfect numbers be- 
low this limit. One verifies simply that an even perfect number cannot have an 
integral arithmetic mean of the divisors. However, if these are excluded from 
Table I the remaining numbers have the property that also their arithmetic 
means of divisors are integral. One might be led to the conjecture that this would 
be a general property and the computation of Table II was executed with this 
in mind. However, the number marked by an asterisk proved to be a counter 
example. It is not perfect and its arithmetic mean of divisors is not integral. A 
much more interesting conjecture, however, appears from our numerical com- 
putations, as an extension of the famous conjecture for perfect numbers, namely, 
that a number with integral harmonic mean of divisors must be even. 


POLYGONS WITH TWO EQUIANGULAR POINTS 
ARTHUR WORMSER, Riverside, Illinois 


1. Introduction. In 1816 A. L. Crelle [1] discovered that in every triangle 
ABC there are two points G and G’ such that 6AGAB=GBC=GCA =G’BA 
=G'CB=G'AC=w. After H. Brocard [2] rediscovered this feature in 1875, he 
and other mathematicians found a great number of related facts [3]. Since then 
the points G, G’ and angle w have been called Brocard’s points and Brocard’s 
angle. Interest in the subject remained at a high level for many years, and in 
1886 R. Tucker [4] found that Moebius’ harmonic quadrangle [5] has a similar 
property. Although this type of geometry of the triangle fascinated quite a few, 
all efforts failed to construct or calculate polygons with more than four sides 
having two equiangular points [6] as defined above. In 1930 K. Hagge [7] pub- 
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lished a lecture in which he gave a history of the problem, and hinted at a con- 
struction for one class of these polygons without giving any lead how he had ar- 
rived at his guess. 


Fic. 1 


2. Construction of nomogons. Let 4B and BC in Figure 1 be two consecu- 
tive sides of the polygon to be found and their exterior angle gg = CBU. Then 
Brocard’s angle w determines two equiangular points [8] Gand G’ at the intersec- 
tions of AR, BS and BR, CS, respectively. The direction of a third side CD of 
the polygon follows from the requirement that ZGCD =a, and in order to make 
ZG'DC=w, D has to be on a circle with w as an inscribed angle intercepting 
CG’. By the same construction one vertex after the other could be found from 
the given two sides and two angles, and this rigid character of the polygons un- 
der discussion has caused me to call them nomogons. 

While R and S are the vertices of isosceles triangles with bases AB and BC 
respectively, T is the vertex of isosceles triangle CTD. The intersection O of the 
perpendicular bisectors LR and MS of the sides AB and BC is the center of a 
circle passing through A, B, and C. Now, because 4RG’S, ROS, and RGS equal 
On OY T—Cp, points O, G, G’, R, and S are on a circle. Further, because 4G’RG, 
G'SG, and G’TG equal 2w or t —2w, point T is on the same circle as the five other 
points. Let us assume that the perpendicular bisectors MS and NT intersect 
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in a point O’ different from O; then ASG’T, SGT, and SO’T are equal to oe 
= DCW or r—oc. Therefore O’ is also on the same circle, and since it is not iden- 
tical with either S or T, it is identical with O. It follows that CD and all following 
sides of the nomogon are chords to the circle through ABC, and every nomogon 
is an inscribed polygon. It will be shown below how it is determined whether or 
not the nomogon closes after one or more circuits of the circle. 

The circle OGG’RST - +--+ corresponds to Brocard’s circle in the triangle, 
and the other end P of its diameter through O is the counterpart of Lemoine’s 
point [9]. Because 4GSO =G'SO =7/2—w, ZG'OG=2w, and both the arcs and 
the chords OG and OG’ are equal respectively; it follows that 4POG=POG' =w. 


3. The circumcircle and inscribed conic. When the circumscribed circle, 
one equiangular ray GA, and Brocard’s angle are given, the nomogon is readily 
found as a chain of chords. If A moves on the circle, these chords envelop a 
curve whose equation with O as origin, OP as positive axis of ordinates, OA =7, 
and OG =f, is found thus: Let the slope of lines AB and AG be @ and @—w, re- 
spectively. Since AG is a line through G(f sin w, f cos w) and AB is a line through 
A(xa, Ya), their equations are 


(y — f cos w) cos (9 — w) = (x — f sin w) sin (9 — @) 
(y — ya) cos 6 = (x — x4) sin 6 
respectively. We use the first equation and the equation x?+y?=r? of the cir- 


cumscribed circle as simultaneous equations to determine x4 and yg, and sub- 
stitute them in the second equation. Thus the equation of AB is 


Vr? — f* cos? 6. 


sin w 
y= xtand+ fcoswt 
cos 6 


From 0y/06 =0 we find the parametric equations of the envelope: 


r? sin w sin 0 (r? — f?) sin w cos 0 
y=fecoswt 


x= + ——— ECO) 
/r? — f? cos? 6 a/r? — f? cos? 6 


and the elimination of 9 produces the single equation 


x? (y — f cos w)? 


r?sin?w (r? — f?) sin? w 


(1) 


This inscribed conic, defined as a feature of the triangle, is known as Brocard’s 
ellipse. Its foci are identical with the equiangular points, but it is an ellipse only 
if these points are inside the circumcircle, that is, f<r. If f>r, it is a hyperbola. 

By determining the intersections of the conic with the circumscribed circle 
one finds two double points: 


7 
(2) w= EVIE HM cost a y= 


7? COS W 


f 
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which means that the inscribed conic is tangent to the circumscribed circle in 
two points. The points of tangency are real if f>7 cos w, they coincide if f=7 cos 
w, and they are imaginary if f<r cos w. At the same time OP =f/cos w becomes 
greater than, equal to, or less than 7, respectively. 

From the two basic facts just proved that every nomogon is inscribed into 
a circle and that it is circumscribed about a conic which touches the circumcircle 
in two points, the complete solution of the problem of polygons with two equi- 
angular points can be deduced. There are various chains of deductions, each 
offering a different aspect of our problem. 

In the language of hyperbolic non-euclidean geometry and using the cir- 
cumcircle as absolute, the inscribed conic may be (A) a proper circle, (B) a 
horocycle, (Ca) an ordinary equidistant curve, or (Cb) an ultra-infinite equidis- 
tant curve. Each of these circles generates a different class of nomogons which 
can also be defined by the position of the equiangular points with relation to the 
center of the circumscribed circle and to each other. For, if one considers f and w 
variable, producing an infinite number of nomogons, the conditions f=r and 
f=r cos w indicate those nomogons whose equiangular points are on the cir- 
cumcircle and on a limiting circle passing through O and tangent to the circum- 
circle, respectively. If the equiangular points are on the circumcircle, both the 
inscribed conic and the nomogon degenerate into the same straight line, and so 
we have the following four classes of nomogons: 


(A) G and G’ inside the limiting circle, P inside the circumcircle, all sides of 
finite length. 

(B) Gand G’ on the limiting circle, P on the circumcircle, the vertices of 
the nomogons approach one point. 

(C) Gand G’ outside the limiting circle, P outside the circumcircle, the ver- 
tices of the nomogons approach two points; 

(a) G and G’ outside the limiting circle but inside the circumcircle, the 
vertices of the nomogons approach the two points from both sides 
without alteration; 

(b) G and G’ outside the circumcircle, the vertices of the nomogons ap- 
proach the two points alternating from one side of each point to the 
other. 


From the fact that OP =f/cos w it follows easily that Brocard’s circle meets 
the circumcircle in the intersections of the axis with the absolute, that is, in two 
imaginary points in case (A), in a double point in case (B), and in two real points 
in case (C). On the other hand, the equation of the axis being y =r? cos w/f, we 
have yXOP=r? and, therefore, Lemoine’s point P is the center of the non- 
euclidean circles. Hence the vertices of the nomogon are produced by equal hy- 
perbolic motions whose center is Lemoine’s point P; the motion is a rotation in 
case (A), a parallel displacement in case (B), a translation in case (Ca), and a 
glide-reflection in case (Cb). In the last case the sides of the nomogon touch the 
two branches of the ultra-infinite equidistant curve alternately. 
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When four consecutive vertices ABCD of the nomogon are given, the center 
P is found as Brianchon’s point of the circumscribed hexagon ACCBBD. The 
following vertices of the nomogon are then readily constructed by making 
ADPE, EPF,-.++=APB and, therefore, the nomogon may be described as a 
regular polygon whose consecutive sides are parallel. 

Using the language of projective geometry, the circumcircle and the in- 
scribed conic, because of their double tangency, may be projected simultane- 
ously into concentric circles. Therefore, the tangents to the inscribed conic will 
cut projective non-involutory ranges on the circumcircle, and there will be a pro- 
jectivity T on the circle transforming A to B, B to C, and so on. We have case 
(A), (B), or (C) according as projectivity T is elliptic, parabolic, or hyperbolic, 
and subclasses (a) or (b) according as it is direct or opposite, that is, preserves 
or reverses the sense. 


4. The cross ratio k. The fact that the cross ratio of four consecutive vertices 
of a nomogon is constant, which follows from projectivity T, can be derived 
directly from the basic figure by a short trigonometric calculation. With a, 6, y 
designating inscribed angles with their vertex V on the circle ABCD and inter- 
cepting AB, BC, CD, the Law of Sines expressed for GB in triangles GAB and 
GBC results in the formula 


(3) cot (8 + y) = cot B — cot (a + 8) — cotw 


which allows us to calculate point D when besides A, B, and C, the angle w 1s 
given, or vice versa. Eliminating w from this formula taken for two consecutive 
quadruples, we get: 
(4) cot (y + 6) + cot B = cot (a+ 8) + cot y 
which yields a fifth vertex without knowledge of w. Formula (4) can readily be 
rewritten in the form, 
cot B — cot (8+ ¥) cot y — cot (y + 4) 

cot B+ cota 7 cot y + cot B 


(5) 


and this expression which has the same value k for every consecutive quadruple 
of vertices, can be written: 


sin (BVA) sin (BVD) 


rear ee = (BCAD) = (CDBE)=.::--. 
sin (CVA) sin (CVD) 


(6) 


Thus we have the cross ratio 


cot 8 — cot (8 + ¥) 


7 k = (BCAD) = 
7) ( ) cot B+ cota 


If solved for cot (8+), this formula reads: 
(8) cot (8+ y) = (1 — &) cotB — kcota 
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and by substituting cot 6 —cot (6+) from formula (3) we find: | 
(9) cot w = k(cot a + cot 8) — cot (a + 8). 


These two formulas allow us to compute the fourth vertex and Brocard’s angle, 
respectively, when three consecutive vertices are required to generate a nomo- 
gon characterized by a certain cross ratio k. 

On the other hand, it follows from formula (9) that to every value of & there 
is a corresponding value of w, and because it is also true that D is uniquely de- 
termined by cross ratio k, we conclude that every chain of chords with a con- 
stant cross ratio of its intercepting inscribed angles is a nomogon. 

Among the nomogons with a certain cross ratio k, the one which has its 
equiangular points in the center of the circumscribed circle and which, there- 
fore, always belongs to class (A), has equal sides; if in formula (7) we make 
a=—B=y=ao, we find 


1 T 
(10) k = —-——— (0sas—) 


4 cos? ao 


and since the number 1 of sides per circuit is 


(11) n= — 

ato 
the two formulas allow us to find the number z generated by a particular value 
co >k> 4; or vice versa we can find the & resulting in a given number 2Sn5 0 
of sides per circuit. Remembering that both the cross ratio k and the number 
of sides of a polygon are projective properties, we find that any triangle is char- 
acterized by k=1, any quadrangle by k =$, the two kinds of pentagons by k 
=4(3+4/5), any hexagon by k=}, and so forth. If x is irrational or trans- 
cendent the nomogon does not close; if it is rational (n=u/v, u and v positive 
integers, vSu/2), the nomogon closes after v circuits and has a total number u 
of sides until it closes. In the classes other than (A) the number of sides per cir- 
cuit is infinite; yet, each nomogon is characterized by a definite value of &. This 
is the solution of the old problem of finding a nomogon with a required number 
of sides. 


5. Some properties of the nomogons. It is now but a question of predilection 
how far one wants to investigate the properties of the nomogons, and a question 
of space how many of our results we may mention here. 

(a) In Figure 1, the parallels RP, SP to the sides AB, BC through the ver- 
tices of the similar isosceles triangles ARB, BSC intersect in Lemoine’s point P. 
Therefore, if one keeps 4B, BC unchanged and varies w and thereby & and the 
number of sides, the locus of P is a straight line through B such that 


(12) cot ABP = cota — 2 cot (a+ 8). 


The fact that this line is identical with the so-called symmedian in the triangle 
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[10] and with the diagonal in Moebius’ quadrangle explains why the latter can 
be used to construct the other [11]. 

(b) In Figure 2, O, P, G, G’, A, B, and R have the same meaning as in Figure 
1; AG is reflected in GO into A’G, and BG’ is reflected in OP into B’G. Putting 
ZLAGG'=¢, we find 2ZG’'GA’=20GA+AGG'=r7—(2w+¢) and ZG’GB’ 
=GG'B=G'BU+G'UB =2w+¢; therefore, A’GB’ is a straight line while the 
segments A’G, GB’ equal AG, G’B, respectively. With GP produced to K and 


OG=f we get AGXBG' =GK?= —(f?—r*), and this equation states that the 
rectangle formed by the two equiangular rays associated with any one side of 
the nomogon equals the negative value of the power of the equiangular points 
with respect to the circumscribed circle, and is therefore invariant; it is inde- 
pendent of any other condition, including even angle w and what it implies. 

(c) The Law of Sines applied to triangles ABG and BCG’ yields: 


AG sin(a+ B+) BG" sin w 
AB sin(ea+#) °’ BC sin(a+68) 
We divide the product AGXBG’ found from these formulas by the square 


4y? sin?w of chord HH’ intercepted by OG and OG’ produced, and find the value 
of the quotient, 


(13) 
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a4) SERRE coer cote Sore ee, 
HH” cot a + cot B cot a + cot B 
which equals & according to formula (7). Substituting r?—f? for AG XBG’, we 
get 
v2 — f2 
(15) = rar ) 
4r? sin? w 

a formula which defines the cross ratio k for a given position of the equiangular 
points with relation to the circumscribed circle and axis OP. For class (A) we 
find 0 =k>+# as before, for class (B) k =i, for class (Ca) 4>k>0, and for class 


(Cb) O>k2—~&. 
(d) Formula (15) solved for f is 
(16) fi=r — 42 sin? w). 


This is the equation in polar coérdinates with axis OP of the locus of the equi- 
angular points for any given k. The pencil of curves covers the whole plane and, 
therefore, any two points equally distant from O can be chosen for equiangular 
points. The locus for the quadrangle is a lemniscate, for nomogons of class (B) 
it consists of two limiting circles. 

(e) For the triangle and quadrangle it is known that cot w=cot a-+cot B 
+cot y and cot w=i(cot a+cot B+cot y-+cot 6), respectively. From formula 
(8), with w and y exchanged, and formula (9) we eliminate cot(a+f) and get 
cot w=k(cot a+2 cot B+cot y) —cot 8. Let the nomogon be closed and its total 
number of sides be u as defined above; then we add wu such equations, one for 
each of the u sets of three successive subtended angles, and divide by uw. We find 


k—1 


U 


4 
(17) cotw = (cota + cotB+coty+-:-). 
With k=1, u=3, and with k=4, u=4 this general formula yields the above 
equations for the triangle and the quadrangle, and for the hexagon with k=3, 
u=6, for instance, we find that the coefficient is 1/18. 


6. Properties of nomogons explained by modern geometry. In the following 
paragraphs we propose to show another approach to our problem which ex- 
plains the basic properties of the nomogons by the methods of modern geometry 
and goes far in deducing even their particular geometrical properties by such 
methods. 

Similar to our procedure in Figure 1, we assume that in Figure 3 three ver- 
tices ABC and Brocard’s angle w are given. We produce AG and BG to A’ and 
B’, respectively, on the circumscribed circle, and find that arc BA’=CB’ be- 
cause they are intercepted by equal inscribed angles. By subtracting the com- 
mon part CA’, we get A’B’=BC. We produce CG to C’ on the same circle and 
rotate B’C’ about O back into CD. The angle of rotation B’OC=2B’BC=2w. 
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When the procedure is repeated, two polygons ABC -:-- and A’B’C’.-.-.- re- 
sult which are (a) congruent, (b) perspective with center G, and (c) rotated 
about O by angle 2w. 

It has yet to be proved that (d) the inscribed polygons have a second equi- 
angular point to make them nomogons, and also, in order to ensure complete 
generality, a proof is needed that (e) all vertices of the two nomogons are neces- 
sarily on the same circle. Locate N’ on the circle so that N’A’B’C’S ABCD. 
Then, since ZBB’A’=BAA’=w and arc BN’+N’A’=AB+BN’, LAA'N' 
= A'AB=w. When triangle A’B’G is rotated through the angle 2w about O, it 


will coincide with triangle BCG’, and similarly the others. This proves not only 
the existence of the second equiangular point but also that GO=G’O and ZGOG’ 
= 2, On the other hand, Z CC’B’ which intercepts the same arc as Z COB’ =2w, 
equals w only if C’ is on the same circle as points C, B, and B’. Hence D and all 
following vertices of nomogon ABC - - - lie on circle ABC. The following discus- 
sions are based on the five facts thus proved. 

The pairs of points AA’, BB’, CC’--- are in involution because through 
projection from G point A>A’—A, B—B’'—B, --- . The same correspondence 
is produced by a transformation T which transforms A into B, B into C, : - - and 
a rotation R by 2w which transforms B into A’, Cinto B’,---. Thus we have 


(18) I =RT, (RT)? = 1. 
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If RT is an involution J, R-!T— is also an involution J’ with center G’. Thus the 
fact that every inscribed polygon with one equiangular point has another equi- 
angular point is deduced from general principles. 

Because both J and R are projective transformations, transformation T is 
also projective. Thus it is proved that the vertices of a nomogon are found by 
iterated linear transformation and that, therefore, the cross ratio of four con- 
secutive vertices is constant. The period of transformation T determines the 
number of sides of the nomogon. 

It is well known that the formula 

w—-a eé-—-ad 2e-a ¢c-—a 
(19) > ———— = ; ) 
w—-ye ¢c&-W 2«-—-b c—b 


where all numbers are complex, and the cross ratio on each side is real, represents 
a linear transformation of a circle into itself when three pairs of points aa’, bb’, 
cc’ are given; it becomes an algebraic expression of transformation T if we put 
a’ =), b’=c, and c’ =d. 
Rotation R may be written 

(20) w= wer 
and thus the product RT is found to be an involution (a+6 =0) if 

b(d — c)(c — a) — ald — db)(c — D) 
~ b(d — c)(¢ — a) — c(d — b)(c — B) 
This formula allows us to calculate the angle w corresponding to four consecu- 
tive vertices. On the other hand, we have 


(21) e2iw 


d—-a@ c—a 
(22) =1—k 


and hence 

c(a — b) + kbd(c — a) 
(a= 8) + Re — a) 
which, substituted in formula (21), yields: 
a(a — b)(c — b) + kb(c — a)? 
c(a — b)(¢ — b) + kb(c — a)? 


(23) 


(24) e2te — 


Thus we are able to calculate a nomogon with a given number of sides when 
three consecutive vertices are given, and also to determine the angle w which 
generates this nomogon. Note that formulas (21) to (24) accomplish the same 
as formulas (3), (7), (8), and (9). 

Because involution J’ with center G’ is generated from involution J with cen- 
ter G by a rotation R-, it follows that R“(G) =G’. On the other hand, RT(G) 
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=G implies that T(G) =R-(G) and hence generates G’. Thus G is transformed 
into G’ both by the euclidean rotation R- about O and by the non-euclidean ro- 
tation T about P. We conclude that G’ is symmetrical to G with respect to axis 
OP and ZOPG=G'OP=w. A transformation RT(P)=P’ determines a line 
PP’ which, like any other line connecting a pair of conjugate points produced 
by means of involution J, passes through point G. On the other hand, RT(P) 
=R(P) and therefore PO=P’O and, considering that ZGOP has just been 
proved to equal w, ZGOP’ =w=GOP. From the last three statements it follows 
that OGP and, of course, OG’P are euclidean right angles and that the equiangu- 
lar points G and G’ are on a circle with diameter OP. It also follows that P is Le- 
moine’s point. 

Let K be one imaginary circular point at infinity. A line through K and 
T-(K) is tangent to the inscribed conic. But because R(K)=K, we ‘have 
RT(T-(K))=K and, since a line through the conjugate pair T-1(K) and 
RT(T—(K)) passes through G, tangents to the conic from the imaginary circu- 
lar points pass through G and G’ and therefore, according to the usual projec- 
tive definition, the equiangular points are foci of the inscribed conic. 
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THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 
G. W. MACKEY, Harvard University 


The following results of the eighth annual William Lowell Putnam Mathe- 
matical Competition held March 20, 1948, have been determined in accordance 
with the rules of the Competition agreed to by the representatives of the Mathe- 
matical Association and the trustees of the William Lowell Putnam Intercol- 
legiate Memorial Fund. The contestants were known to the grader only by 
number. 


The first prize, four hundred dollars, is awarded to the Department of 
Mathematics of Brooklyn College, Brooklyn, New York. The members of the 
team were L. Geller, M. Hausner, S. Schwartzman; to each of these a prize of 
forty dollars is awarded. 

The second prize, three hundred dollars, is awarded to the Department of 
Mathematics of the University of Toronto, Toronto, Ontario, Canada. The 
members of the team were G. F. D. Duff, J. M. Kennedy, I. A. Rosenberg. To 
each of these a prize of thirty dollars is awarded. 

The third prize, two hundred dollars, is awarded to the Department of 
Mathematics of Harvard University, Cambridge, Massachusetts. The members 
of the team were W. Stinespring, D. L. Yarmush, A. Zemach; to each of these a 
prize of twenty dollars is awarded. 

The teams of the Departments of Mathematics of the College of the City of 
New York and McGill University, Montreal, Quebec, Canada, tied for fourth 
place. The fourth prize of one-hundred dollars, will be divided equally between 
the two schools. The members of the team of the College of the City of New 
York were D. J. Newman, M. Davis, E. Fischer. The members of the team of 
McGill University were H. Gonshor, B. A. Rattray, and D. D. Patterson. To 
each of these a prize of five dollars is awarded. 

The six* persons ranking highest in the examination, named in alphabetical 
order, were: G. F. D. Duff, University of Toronto; L. Geller, Brooklyn College; 
H. Gonshor, McGill University; R. L. Mills, Columbia University; D. J. New- 
man, College of the City of New York; E. L. Whitney, University of Alberta. 
Each of these will receive a prize of forty dollars. 

+ The four succeeding persons ranking highest in the examination, named in 
alphabetical order, were: J. Ehrman, University of Pennsylvania; M. Gersten- 
haber, Yale University; M. Hausner, Brooklyn College; W. F. Stinespring, 
Harvard University. To each of these a prize of twenty dollars is awarded. 

The following teams, named in alphabetical order, won honorable mention: 
University of Alberta, Edmonton, Alberta, Canada, the members of the team 
being I. A. Lesk, Mrs. L. Parks, E. L. Whitney; Carnegie Institute of Technol- 
ogy, Pittsburgh, Pennsylvania, the members of the team being J. F. Nash, D. L. 


* Here two men tied for fifth place; hence the first six instead of the usual first five. 
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Wallace, H. F. Weinberger; Columbia University, New York, New York, the 
members of the team being R. L. Feldmann, C. F. Langley, R. L. Mills; Univer- 
sity of Pennsylvania, Philadelphia, Pennsylvania, the members of the team be- 
ing J. Ehrman, M. E. Hamstrom (Miss), and W. J. Turanski; Yale University, 
New Haven, Connecticut, the members of the team being L. Carteret, M. Gell- 
mann, and M. Gerstenhaber. 

Eleven individuals were given honorable mention. The names are listed in 
alphabetical order. M. Davis, College of the City of New York; M. Djorup 
(Miss), Ursinus College; M. Gutterman, College of the City of New York; J. F. 
Nash, Carnegie Institute of Technology; J. B. Patterson, University of Toronto; 
B. A. Rattray, McGill University; I. A. Rosenberg, University of Toronto; 
S. Schwartzman, Brooklyn College; R. Spinelli, College of the City of New 
York; H. F. Weinberger, Carnegie Institute of Technology; D. L. Yarmush, 
Harvard University. 

The following is a list of all colleges and universities which entered teams in 
the competition. The list, in alphabetical order, is: University of Alberta, Uni- 
versity of British Columbia, Brooklyn College, Carleton College, Carnegie In- 
stitute of Technology, City College of the College of the City of New York, Col- 
lege of St. Thomas, Columbia University, Harvard University, Howard Univer- 
sity, Macalester College, Massachusetts Institute of Technology, McGill Uni- 
versity, University of Michigan, University of Oregon, University of Pennsy]l- 
vania, Queen’s College (Flushing, N. Y.), Queen’s University (Kingston, 
Ontario), Swarthmore College, Texas Technological College, University of 
Toronto, Ursinus College, United States Naval Academy, and Yale University. 

The following additional colleges and universities entered individual con- 
testants only: Holy Cross College, Loyola College (Montreal), Oklahoma Agri- 
cultural and Mechanical College, Rutgers University, and the University of 
Saskatchewan. 

A total of 120 undergraduates representing 29 institutions took part in the 
competition. 

Participants in the competition were given the following lists of problems. 


Part I. THREE Hours 


(Answer the questions in any order and by any method. Show all your work in logical sequence, 
and indicate your answers clearly. No tables or other books may be used.) 


7 1. What is the maximum of |z?—z-+2|, where z is a complex number with 
Z| =1? 

2. Two spheres in contact have a common tangent cone. These three sur- 
faces divide the space into various parts only one of which is bounded by all 
three surfaces; it is “ring-shaped.” Being given the radii of the spheres, r and R, 
find the volume of the “ring-shaped” part. (The desired expression is a rational 
function of 7 and R.) 


632 THE WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION [December, 


3. Let {an} be a decreasing sequence of positive numbers with limit 0 such 
that 


b, = ay, — 20n+1 + On+2 = 0 


for all x. Prove that 


4. Let D be a plane region bounded by a circle of radius 7. Let (x, y) be a 
point of D and consider a circle of radius 6 and center at (x, vy). Denote by /(x, y) 
the length of that arc of the circle which is outside D. Find 


1 
tim — f f ix, y)dxdy. 
d—0 6? D 


5. If x1, - + + , X_ denote the z-th roots of unity, evaluate 
m(%; — 24)? (7 < 7). 


6. Answer either (a) or (b): 

(a) A force acts on the element ds of a closed plane curve. The magnitude 
of this force is 7~!ds where 7 is the radius of curvature at the point 
considered, and the direction of the force is perpendicular to the 
curve; it points to the convex side. Show that the system of such 


forces acting on all elements of the curve keep it in equilibrium. 
(b) Show that 


4 2 by 2 4 _ 2 4 6 ro arc sin x 
3 3.5 3.5 7 /1— x? 


Part II. THREE Hours 


(Answer the questions in any order and by any method. Show all your work in logical sequence, 
and indicate your answers clearly. No tables or other books may be used.) 

1. Let f(x) be a cubic polynomial with roots x1, x2 and x3. Assume that f(2x) 
is divisible by f’(«) and compute the ratios x1:x2:%3. 

2. “A penny in a corner.” A circle moves so that it is continually in contact 
with all three coordinate planes of an ordinary rectangular system. Find the 
locus of the center of the circle. 

3. If m is a positive integer, prove that 


[Vn + Vn +1] = [404+ 2], 


where [x] denotes as usual the greatest integer not exceeding x. 
4. Let min(x, y) denote the smaller of the numbers x and y. For what 2’s 
does the equation 
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f min (2, »)f(Q)dy = M(x) 


have continuous solutions which do not vanish identically in (0, 1)? What are 
these solutions? 

5. The pairs of numbers (a, 6) such that | a-+bt+2| <1 for 0OStS1, fill a 
certain region in the (a, b)-plane. What is the area of this region? 

6. Answer either (a) or (b): 

(a) Let Vi, V2, V3 and V denote four vertices of a cube. V1, Veand V3 are 
next neighbors of V, that is, the lines VVi, VV2and VV;3 are edges of 
the cube. Project the cube orthogonally onto a plane (the z-plane, the 
Gaussian plane) of which the points are marked with complex num- 
bers. Let the projection of V fall in the origin and the projections of. 
Vi, V2 and V3 in points marked with the complex numbers 21, z2 and 
Z3, respectively. Show that 27-+23-+23=0. 

(b) Let a; be a determinant in which each diagonal element exceeds in 
absolute value the sum of the absolute values of the other elements of 


its row, that is | as:| >| aa + | aia| tree +] a:,s-1| +| ai,c41| 
+... +| in|. Show that the determinant is not equal to zero. 
(Consider the corresponding system of linear homogeneous equa- 
tions. ) 


MATHEMATICAL NOTES 


EDITED BY E. F. BECKENBACH, University of California 
and Institute for Numerical Analysis 


Material for this department should be sent directly to E. F. Beckenbach, University of 
California, Los Angeles 24, California. 


THREE CUBIC LOCI 
F. C. Gentry, Arizona State College 


The points of contact of the inscribed circle with the sides of a triangle are 
the vertices of the pedal triangle of the incenter. If these points are joined re- 
spectively to the corresponding vertices of the given triangle, the lines thus ob- 
tained are concurrent in the Gergonne point of the triangle. The lines joining 
the corresponding vertices of a triangle and the pedal triangle of its circumcen- 
ter are concurrent in the median point. We seek the locus of a point y such that 
the lines joining the vertices of its pedal triangle to the corresponding vertices 
of the given triangle may be concurrent in a point g, and the locus of z. 
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Let A:, a; and a; (¢=1, 2, 3), be respectively the vertices, the lengths of the 
sides, and the angles of a general triangle. Assume a normal trilinear system of 
coordinates with A,A4,A3 as reference triangle. 

The pedal triangle of y: (91, 2, ys) has the vertices [1]: 


P;:(0, v3 + yi cos ax, yx + yi COS @;) (4,7,k = 1,2,3;14%7# R). 


The lines joining these points respectively to the vertices A;:(1, 0, 0) are concur- 
rent if the coordinates of y satisfy the equation 


(1) » wily, — yz) (cos Q; — COS a; COS ax) = 0. 


This is the well-known cubic of Darboux [2]. It isa member of the anallagmatic 
pencil of cubics obtained by requiring that a point P and its isogonal conjugate 
with respect to the triangle be collinear with a variable point of the Euler line 
[3]. 

The cevian through A; and z meets A;A; in Q;:(0, 2;, 2,). Perpendiculars to 
the sides of the triangle at Q,, Qz and Q3 are concurrent if the coordinates of z 
satisfy the equation: 


(2) > ai8;(2; COS aj — 2% COS ax) = 0. 


This is the cubic of Lucas [2]. 
The coordinates of 2 are given in terms of those of y by the transformation: 


p21 = (y3 + y1 COS a2)(y1 + Ye COS ag) 
(3) pz2 = (ye + 1 COS a3)(¥3 + ye COS a1) 
p23 = (Vs + Ve COS a1)(¥3 + 1 COS ae). 


This is essentially a quadratic Cremona transformation of the plane into itself. 
Its fundamental points are the points at infinity on the altitudes of the triangle 
through A; and Az and the symmetric of A3 as to the circumcenter O. Since all 
of these points lie on the curve (1), each of the principal curves, the lines join- 
ing them in pairs, meets the cubic in one further point, which is therefore the 
analogue of the corresponding fundamental point of the inverse transformation: 


py1 = 2123 — (23 COS @&3 — 21 COS a1) 
(4) p Vo = 2283 — 21(%3 COS a3 — Ze COS ae) 


, 2 
p' V3 = 23 — (21 COS ay — 2g COS ag) (Z2 COS ae — 23 COS az). 


The fundamental points of (4) are the vertices A; and A, and the ex-median 
point opposite As. They also lie on the curve (2) so that the principal curves of 
(4) meet the cubic in one variable point each, which therefore corresponds to the 
fundamental point of (3). There is therefore a one-to-one correspondence, with- 
out exception, between the points of (1) and the points of (2). 

The lines joining the points of contact of the excircles, and the sides to 
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which they are relative, to the opposite vertices of the given triangle are con- 
current in the Nagel point NV. The points of contact are the feet of perpendiculars 
dropped from the excenters on the corresponding sides of the triangle, which are 
also known to be concurrent. The excenters, themselves, are the so-called asso- 
ciated points of the incenter. In a manner similar to that outlined above, it may 
easily be shown that if a point y traces the 17-point cubic: 


2 
(5) D, ayi(azy, — Anyi) = O, 


then the perpendiculars let fall from the associated points of y on the correspond- 
ing sides of the triangle are concurrent in a point of the cubic of Darboux (1) and 
the lines joining the feet of these perpendiculars to the opposite vertices of the 
triangle are concurrent in a point of the cubic of Lucas (2). The 17-point cubic 
is a member of the anallagmatic pencil mentioned above [4]. 

In each case the transformation and its inverse are quadratic. The funda- 
mental points lie on the curve concerned so that a one-to-one correspondence is 
set up between the two curves. 
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ANALLAGMATIC CUBICS 
J. M. FELD, Queens College, New York 


In a paper which appeared recently in this Montuty [4], C. E. Noble dis- 
cussed some properties of two cubic curves which remain invariant under the 
isogonal transformation 


/ . / / 
(1) N12 NX_i NXg = Ly%gingx1: LX, 


where the x; are trilinear coordinates of a point in the plane. The cubics discussed 
by Noble have the equations 


(A) oe t1( 2p — 25) +- Cental ag — 21) +- cogta( 1 — 29) = 0 
and 
(B) oxy a1 ae + 63) + orn tte( x3 + 21) + cugatg (ay + 29) + ag%1X%2%3 = 0. 


Although these cubics have received considerable attention in connection 
with the geometry of the triangle (many references are given by Goormaghtigh 
[3] and Patterson [6]), it appears to be generally overlooked that all non-singu- 
lar cubics can, by a suitable choice of the fundamental triangle, be reduced both 
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to form (A) and to form (B). Singular cubics can be reduced to form (B). 

It was proved by Ogura [5] that a cubic C3 invariant under (1) either passes 
once through each vertex of the fundamental triangle or else it passes twice 
through one vertex and once through another. In the former case the equation of 
C; assumes form (A) or form (8). Ogura’s results remain valid when the x; are 
assumed to be projective coordinates rather than trilinear. The present writer 
[1, 2] then showed that it is possible, in an infinite number of ways, to choose 
the fundamental triangle so that the equation of any non-singular C3 takes either 
form (A) or form (B), and that therefore every non-singular C3 is an anallagmatic 
cubic with respect to infinitely many triangles. Singular cubics, since they can 
be reduced to form (B), are, of course, also anallagmatic with respect to suitably 
chosen fundamental triangles. 
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ON ANALLAGMATIC CUBICS 
R. GOORMAGHTIGH, Bruges, Belgium 


In his article on anallagmatic cubics (this MONTHLY, vol. 55, 1948, p. 7) 
C. E. Noble has given several interesting geometric interpretations of the cubic 


>) LX(¥? +22) + KXYZ = 0 
in trilinear coordinates. 


A remarkable interpretation of the kind has been mentioned by Bouvaist 
in MATHESIS, 1927, p. 211: the locus of a point whose pedal circle as to a triangle 
has a constant power as to a given point ts an anallagmatic cubic of the considered 


ly pe. 


When the cubic splits into a straight line and its isogonal conic, we find the 
well known theorem of Lemoyne, according to which the pedal circles of the 
points of a straight line as to a triangle have a constant power as to a fixed point, 
the orthopole of that line with respect to the triangle. 

Bouvaist’s paper also contains, p. 214, the geometric interpretation of the 
cubic as locus of the foci of inscribed conics tangent to a given straight line; this 
is Theorem 4 in Noble’s article and also Theorem 6, as the inscribed conics tan- 
gent to a straight line have their centers on another straight line. 
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ON THE ALTITUDES OF THE TRIANGLE AND OF THE TETRAHEDRON 
V. THEBAULT, Tennie, Sarthe, France 


1. Let Ai, Bi, C, be the points which divide the altitudes 44’, BB’, CC’ of 
a triangle 7=ABC in the same ratio 


AiA :A1A’ = B,B:B,B' = CiC::C,C" = Mh. 


Consider masses ka*, kb?, kc? proportional to the squares a’, b?, c? of the sides 
BC, CA, AB, applied at A, B, Cand Aj, By, C,. The centroid of these six masses 
coincides with that of the masses 


(1) kim + n)a?, kim + n)b?, kim + n)c? 


applied at the feet A’, B’, C’ of the altitudes of 7. But the centroid of masses 
ka®, kb?, kc? applied at A, B, C and that of the masses (1) applied at A’, B’, C’ 
coincide with the Lemoine (symmedian) point K of T [1]. The same holds for 
the centroid of masses ka?, kb”, kc? applied at Ai, Bi, Cy. If Ai, Bi, C, are on a line 
A, then K is on A [2]. There are two lines Ai, Ap which divide the altitudes of tri- 
angle T in the same ratio. These lines Aj, Ap intersect at the Lemoine point K of 
triangle T [3]. 


2. Let the points A;, Bi, Ci, Di divide the altitudes 4A’, BB’, CC’, DD’ of 
an arbitrary tetrahedron T=ABCD in the same ratio 


AiA :A,A’ = B,B:B,B' = CiC:C,C' = DyD:D,D' = Min. 


If we apply at the vertices A, B, C, D, and at the points A;, Bi, Ci, Dy, masses 
RW?, RG?2, RC?, RD? proportional to the squares of the areas of the faces BCD, 
CDA, DAB, ABC, the centroid of these eight masses coincides with that of the 
masses 


kim + n)%A?, k(m + n)8?, k(m + n)@’, k(m + n)D? 


applied at the feet A’, B’, C’, D’ of the altitudes of 7. On the other hand, we 
know that the centroid of masses k?, 2B, kG?, RD? located at A, B, C, D coin- 
cides with the point such that the sum of the squares of its distances from the 
planes of the opposite faces is a minimum (first Lemoine point K of T) [4]. 
Furthermore, we have shown that the centroid of masses proportional to the 
squares of the areas of the faces applied at the feet of the altitudes of a tetra- 
hedron coincides also with the point K [5]. The centroid of the masses 2Y?, 2%B?, 
kG?, RO? applied at A1, By, Ci, D; coincides therefore with the first Lemoine point 
K of T. 

If the points Ai, Bi, Ci, D, are in the same plane (P), then K is on (P). There 
are three planes (P;), (Ps), (P3) which divide the altitudes of an arbitrary tetra- 
hedron in the same ratio [6]. We have there the following result. 
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THEOREM. The three planes (P), (Pe), (P3) which divide the altitudes of an ar- 
bitrary tetrahedron in the same ratio meet at the first Lemoine point of the tetra- 
hedron. 


Hence in this respect there is complete analogy between the triangle and the 
tetrahedron. 
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CLASSROOM NOTES 


EpITED By C. B. ALLENDOERFER, Haverford College and Institute for Advanced Study 


All material for this department should be sent to C. B. Allendoerfer, Institute for Ad- 
vanced Study, Princeton, New Jersey. 


A REMARK ON INVOLUTORY FUNCTIONS 
Joun Acz£.L, Budapest, Hungary 


We say that a function is involutory if it is identical with its inverse func- 
tion; that is if y=f(x) implies x=f(y). For example y=a/x; y=x; y=c—x; 
y=x/(*—1) are involutory functions. The graphs of the involutory functions 
are obviously symmetric with respect to the straight line y=x. Therefore we 
can produce the most general involutory function by drawing an arbitrary curve 
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in one half of the plane divided by the straight line y= and by reflecting our 
curve about this straight line into the other half plane. In the remarks to follow 
I shall give three analytic ways each of which enables us to construct the most 
general involutory function. 

I. Let @ (x, y) be an arbitrary symmetric function. Then every solution 
y =f(x) of the equation $(x, y) =0 is evidently an involutory function. If y=f(«) 
is multi-valued, it is necessary to consider all branches of the function, for a 
single branch may not be involutory. For example, if (x, y) =sin x-++sin y, the 
particular solution y=x-+7 is not involutory, but the solution y=x-+n7 is 
involutory. Similar remarks apply to the solution of equations given in II and 
III below. Not only does this procedure give an involutory function, but all 
involutory functions can be constructed in this fashion. For if y=f(«) is involu- 
tory, then x=f(y); and f(x) +f(y) —(«+y) =0; and (x, y) =f(x) +f(y) — («+y) 
is symmetric. For example the involutory function y=x/(x—1) is a solution of 
the equation x/(x—1)+y/(y—1) — (x+y) =0. It is also, of course, the solution 
of other symmetric equations such as: x +y—xy=0. 

In a similar fashion let d(x, y) be antisymmetric in x and y. Then any solu- 
tion of $(x, y) =0 is involutory, and any involutory function y=f(x) satisfies 
the equation ¢$(x, y) =f(x) —f(y) —(«—y) =0. 

II. Let F (x, y) be an arbitrary function of two variables. Then F(x, y) 
+F(y, x)=0 is a symmetric function and F(x, y)—F(y, x) is antisymmetric. 
From I it follows that any solution of F(x, y) + F(y, x) =0 or of F(x, y) — F(y, x) 
=0Q is involutory, and that anv involutory function satisfies both of these rela- 
tions if we put F(x, y) =y—f(x). 

III. Let ¢(z) be any function of a single variable. ‘Then ¢(x) +¢(y) is a sym- 
metric function and ¢(x)—d¢(y) is antisymmetric. From I it follows that any 
solution of ¢(x)-+¢(y) =0 or of ¢(x) —¢(y) =0 is involutory, and that any in- 
volutory function satisfies both of these equations if we put ¢(x) =x+/(x) in 
the first case and if we put ¢(x) =x—f(«) in the second case. 


A THEOREM IN ELEMENTARY MATHEMATICS 
A. D. WALLACE, Tulane University 


The following definition is adopted from a textbook on algebra: An extrane- 
ous root of f(x) =0 is a number which is not a root but which satisfies an equa- 
tion derived from f(x) =0 by permissible operations. 

Our purpose is to the prove the 


THEOREM: Any number not a root of f(x) =0 ts an extraneous root. 


Proof: The equation (x—t)f(«) =0 is derived from f(x) =0 by a permissible 
operation. 

We have (following the author of the textbook) failed to define “equation” 
and “permissible operation.” Such definitions are beyond the scope of this 
paper. Their significance will, however, be apparent to any thoughtful reader. 

In closing we express the hope that our theorem will, in some measure, in- 
dicate the importance to be attached to the concept of extraneous root. 


ELEMENTARY PROBLEMS AND SOLUTIONS 


EpIrep By Howarpb EVES, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 841. Proposed by C. W. Trigg, Los Angeles City College 


(a) Can any sealed rectangular envelope, after a single straight cut, be 
folded into two congruent tetrahedra? Will the position of the cut affect the 
size of the tetrahedra? 

(b) How should the cut be made to make the total number of folds and un- 
folds a minimum? 

(c) What should be the relative dimensions of the envelope in order that the 
tetrahedra be regular? 


E 842. Proposed by H: L. Lee, Universtty of Tennessee 


Determine cubic functions f(x) for which f(x) =0 and f’(x) =0 have rational 
roots. 


E 843. Proposed by P. D. Thomas, Washington, D. C. 


Show that the difference in the radii of the two spheres, one equivalent in 
area, the other equivalent in volume, to an oblate ellipsoid of revolution is of 
the fourth order in the eccentricity of the generating ellipse. 


SOLUTIONS 
A Dart Game 
E 811 [1948, 248]. Proposed by H. D. Larson, Albion College, Michigan 


A, B, and C participate in a novel dart game, the targets consisting of three 
small balloons marked A, B, and C, respectively. At each turn one dart is 
thrown, the order of the turns being determined in advance by drawing lots. 
As soon as a balloon is hit and destroyed, the owner of that balloon is eliminated 
from the game. The balloons are placed in such a manner that there is no danger 
of destroying a balloon by a dart aimed at another balloon. It is known by all 
participants that A can hit a balloon 4 out of 5 times, B 2 out of 5 times, and C2 
out of 5 times; this knowledge is used by each player to his best advantage. 
What is each contestant’s chance of winning the game? 


Solution by Leo Moser, University of Manitoba. In a two man game, say E 
vs. F, with chance of hit on aim pf; and pp» respectively, the probability of E 
winning if he has first shot is 


640 
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2 pal(l — ps\(1 — 2) |? = pi/[1 — (1 — o1)(1 — £2) I. 

It is clear that when all three men are in the game the best strategy for A 
and B is to try to eliminate each other while C does his best to miss. Thus there 
are only two essentially different orders of firing, A, B, Cand B, A, C, and these 
have equal probability. 

For A to win he must first win a two man game with B and then a two man 
game with C in which C has first shot. The case for B is similar. Taking these 
facts into account we find that the chances of A, B, and C winning are 1596/4807 
891/4807, 2320/4807, respectively. One observes that the poorest shot has the 
best chance of winning! 

Essentially this problem (somewhat different formulation and different prob- 
abilities) is given in Kinnaird, Encyclopedia of Puzzles and Pastimes, p. 246. 
However, the solution there given is incorrect. It is quite likely that certain 
variations of this problem might have application to economics. 

Also solved by Karl Itkin, Roger Lessard, Albert Shaw, John Walker and 
the proposer. , 

Lessard, Shaw, and Walker proceeded on the assumption that when all three 
men are in the game the best strategy for B and C is to try to eliminate A while 
A’s best strategy is to try to eliminate B. Under this assumption they found 
that the chances of A, B, and C winning are approximately 0.266, 0.304, 0.430. 
C still has the best chance of winning, but his chances are not so great as under 
the assumption that when all three men are in the game he should do his best to 
miss. 


ADVANCED PROBLEMS AND SOLUTIONS 
EpITED BY E. P. STARKE, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4320. Proposed by V. F. Ivanoff, San Franctsco 


Let f(s, 6) =0 be the intrinsic equation of a simple, closed curve; s is the 
length of arc of the curve, measured from a fixed point Py to any point P, and @ 
is the angle between the tangent lines at P and Po. Find the area enclosed by the 
curve. 
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SOLUTIONS 
Tangent Circles 
4253. [1947, 286]. Proposed by G. T. Williams, Cambridge, Massachusetts 
Given two tangent unit circles, C,; and C,, and their common external 
tangent J. A third circle, C3, is drawn tangent to Ci, Ce and T; C, is then 


drawn tangent to Ci, C2, and C3; and so on, each Cj; being tangent to Cj, Ca, 
and C;. Find the total area of the aggregate of circles, Ci, Ce, C3, -- - 


Solution by J. Ceriaine, Howard University, Washington, D. C. Let r; be the 
radius of Cy 2. and let b, (k=2, 3, +--+) be the distance between the point of 
contact of the circles C, and C, and the point of contact of Cy41 and Cryo. db) =1 
is the distance from the point of contact of the circles Cy and C2 to their com- 
mon tangent. Then from a figure we have 


(L+7r:) = (be —1i) +1 or re = b4/2(b, + 1). 
But b441=0,—27;,=0;/(b,+1). It is easily verified by induction that b,=1/kR, 
whence 
1 1 - 1 | 
tr, = ———_——— = — | — —- —— ]. 
2kh(kR+1) 2Lk k+1 
Therefore the total area is 


A = Ie tard rp 


k=1 


Now r= 1 1/k?+1/(R+1)?—2/k(k-+1) } /4. From the known series 


n/6, 


> 1/k(k +1) = 1, > 1/k? 


k=l 


there result finally 


i.e) 


Siri ={r/6+(r/6—1)-2}/4, A 


k=1 


(nr + 152) /12. 


Also solved by Norman Anning, W. G. Brady, G. Y. Cherlin, N. J. Fine, 
Free Jamison, Ou Li, Leo Moser, G. A. Williams, and the Proposer. See also 
A Family of Integers and a Theorem on Circles (this MONTHLY, 1947, 534-536), 
by Williams and Browne. 


RECENT PUBLICATIONS 


EpITeD By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y. and not to any of the 
other editors or officers of the Association. 


Rings and Ideals (The Eighth Carus Mathematical Monograph). By N. H. 
McCoy. LaSalle, Ulinois, The Open Court Publishing Company, 1948. 
12-+216 pages. $3.00. (Members of the Mathematical Association of America 
may purchase one copy at $1.75, order to be placed with the Secretary- 
Treasurer). 


This book is an extremely carefully written exposition of the fundamentals 
of the theory of commutative rings. The central core of this topic is the arith- 
metical theory of prime and primary ideals. The author not only gives a simple 
presentation of Krull’s results, but also provides many interesting glimpses into 
other branches of our knowledge of rings. Let us turn, then, to a more detailed 
consideration of the contents of his book. 

The first four chapters comprise a leisurely introduction and include a dis- 
cussion of polynomial rings, ideals, homomorphisms and isomorphisms, im- 
bedding of a ring into a ring with unit element, and rings of quotients. Many 
elementary examples of rings are introduced and used to illustrate the general 
considerations. (This excellent practice is continued throughout the mono- 
graph.) The use of the unexplained word indeterminate in the definition of 
polynomial and the introduction of zdeals prior to homomorphisms were the only 
points which seemed inconsistent with the high level of careful exposition main- 
tained elsewhere in these chapters. 

The remainder of the book treats selected topics from the theory of com- 
mutative rings. A basis for a theory of prime ideals is deduced in Chapter V by 
means of the Maximum Principle of Zorn. The discussion turns to structure 
theory in Chapter VI where a commutative ring is characterized as a subdirect 
sum of fields if and only if its Jacobson radical is zero. This result is applied to 
Boolean rings, to rings in which «=x and px=0 for some prime p and all x, 
and to the regular rings of von Neumann in Chapter VII. Rings of matrices 
with elements in a commutative ring with unit are treated in Chapter VIII. 
This theory is due to the author and concerns the relations between the null 
ideal and the characteristic ideal of a given matrix. Chapter VIII also contains 
an economical development of the properties of determinants and resultants in 
a commutative ring with unit element based on the results of the usual theory 
for fields. Primary ideals and a generalization of the fundamental theorem of 
arithmetic to commutative rings which satisfy the ascending chain condition 
are studied in the last chapter. There is an indication at the close of the im- 
portance of this theory of ideals in algebraic geometry. A brief bibliography 
and an index of terms is appended. 

The author has made every effort to lead the reader gradually from the very 
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definition of a ring to the useful and advanced results of his last chapter. There 
is NO question in this reviewer’s mind of the great value of this monograph as a 
text for graduate students. It is true that no attempt is made to cover a wide 
variety of topics—only those topics are studied which fall naturally into the 
logical pattern selected. But this is the virtue of the book, since the student is 
presented with material which is sufficiently general to be suggestive and useful 
in his own efforts at creative work and which is, at the same time, not so difficult 
as to require an unreasonable amount of time for assimilation. 

If the expository powers of this reviewer could match those of the author, 
it would now be clear that the Eighth Carus Monograph is a welcome addition 
to the literature of algebra and is truly a report of some of “the best thoughts 


and keenest researches” in this field. 
M. F. SMILEY 


Projective and Analytical Geometry. By J. A. Todd. New York, Pitman Publish- 
ing Company, 1948. 10-+-289 pages. $4.50. 

This book was written as a textbook for. Part II of the Mathematical Tripos 
at Cambridge. The treatment throughout is in terms of homogeneous real or 
complex coordinates. Extensive study is made not only of conics and quadric 
surfaces but also of the twisted cubic. An elementary knowledge of matrices is 
presupposed and the chapter on collineations is concerned with reduction of 
matrices to canonical form, and includes the relevant material on elementary 
divisors. Since the projective properties of geometric figures are those invariant 
under the transformations of the projective group, in an elegant and natural 
way the theory of invariants is introduced and related to geometric properties. 
For example: Given two homogeneous ternary quadratic forms S and S', the 
condition that there exist triangles inscribed in the conic S'=0 which are self- 
polar with respect to S=0 is given by the vanishing of an invariant of Sand S'. 

Almost no synthetic proofs are given. The modern theory of introduction of 
coordinates and the role of the Theorem of Desargues and the Theorem of 
Pappus are omitted. Reference is made to modular coordinate fields, but none 
to non-commutative division rings as coordinates. 

MARSHALL HALL, JR. 


NEW BOOKS RECEIVED 


Ebene und Sphiérische Trigonometrie. By H. Athen. (Biicher der Mathematik 
und Naturwissenschaften.) Wolfenbutteler, Wolfenbuttel and Hannover, 1948. 
112 pages. 

Analytische Geometrie. By W. Blaschke. (Bticher der Mathematik und Natur- 
wissenschaften.) Wolfenbutteler, Wolfenbuttel and Hannover, 1948. 152 pages. 

Vektorrechnung. By H. Athen. (Biicher der Mathematik und Naturwissen- 
schaften.) Wolfenbutteler, Wolfenbuttel and Hannover, 1948. 2-++90 pages. 

Tables of the Bessel Functions of Fractional Order. Vol. 1. Prepared by the 
Computation Laboratory of the National Bureau of Standards. New York, 
Columbia University Press, 1948. 42+413 pages. $7.50. 


CLUBS AND ALLIED ACTIVITIES 


EpDITED BY L. F. OLLMANN, Hofstra College 


Send reports of all activites, such as club reports, special features, topics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


CLUB REPORTS 1947-48 
Mathematics Club, University of Dayton 


Biweekly meetings were held at which members presented the following 
papers: 

Bessel functions and their application to frequency modulation, by Daniel 
Groszewski 

A novel trigonomeiric reduction rule, by J. F. Schell 

Dimensional analysis, by P. F. Swift 

Atomic models, by H. J. Eichel 

Impossibility of trisection of all angles by ruler and compasses, by E. J. Freeh 

Hyperbolic functions and their uses, by Thomas Hanlon 

Calculus of vartation, by C. L. Keller 

Mathematical logic, by Frank Levin 

Cardan’s solution of a cubic equation, by Robert Luthman 

Controversy concerning the invention of the calculus, by Thomas Beckert. 

The members attended a lecture at the University of Cincinnati given by 
Professor G. Birkhoff of Harvard University, who spoke on The effects of small 
vibrations on incompressible liquids, and assisted in the Fourth Annual Col- 
loquium of the National Mathematics Honor Society of Secondary Schools at 
Mother of Mercy High School in Cincinnati, Ohio. 

Preceding the annual dinner, Professor R. V. Churchill of the University of 
Michigan spoke on Applications of the Laplace transformation. The Dean of 
Science Award was conferred upon P. F. Swift for his paper presented during 
the first semester. The award for the second semester was conferred upon C. L. 
Keller. The Alumni Calculus Prize to the member of the sophomore class who 
made the highest achievement in a competitive integral calculus examination 
was presented to G. T. Ryan. 

At commencement the Mathematics Club Alumni Awards of Excellence in 
advanced mathematics were given to C. L. Keller of the senior class and upon 
Robert Luthman of the junior class. 

Officers during the year were: President, E. J. Freeh; Vice-President, P. F. 
Swift; Secretary, G. D. Moon; Treasurer, John Quinlisk; Publicity Secretary, 
Daniel Groszewski; Faculty advisor, Dr. K. C. Schraut. 


Mathematics Club, Berea College 


The mathematics majors of Berea College, under the supervision of Pro- 
fessors W. R. Hutcherson, G. G. Roberts, D. W. Pugsley and Ruth Porter, 
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presented on March 20, 1948, a mathematics and astronomy exhibit as a part 
of the annual Science Open House. 

By the use of interesting displays, mechanical devices, graphs and charts, the 
students planned and demonstrated the following exhibits: 

Applications of calculus, by James Howard and Robert Rogers 

Mechanical exhibit of derivative, by Robert Lufburrow 

Mathematics Club activities, by Sarah Ann Hutcherson and Rosa Lee Case 

Statistics, by Nancy Furry, Wanda Hammons, and Delpha Davis 

Computing machines, by Betty Shaffer, Nella Walker, and June Puckett 

Astronomy and surveying instruments, by Prof. G. G. Roberts and Jack Hale 

Conic sections and interesting solids, by Russel Dean and Lee Wickline 

Telescope, by Professor D. W. Pugsley ; 

Slide rule, by Charles Hibbits and Andre Rieben 

Puzzles, by Jo Crotchfield, Jacky Hopper, and “Doc” Stevens 

Concentrations of liquids, by Earl and Ora Lee Skeen 

Mechanical drawing, by Ernest Graham and Richard Parker. 

As a result of the students’ enthusiasm, the Mathematics Club was organized 
to further promote interest in mathematics and astronomy in the college. At the 
first meeting the constitution was adopted by the twenty-five charter members. 

The officers elected were: President, Lee Wickline; Vice-president, Wanda 
Hammons; Secretary-treasurer, Earl Skeen; Faculty advisor, Dr. W. R. Hutch- 
erson. 


Mathematics Club, Iowa State College 


The Mathematics Club of Iowa State College held six regular meetings dur- 
ing the academic year, 1947-48. The purpose of the club, which is sponsored by 
the Iowa Alpha Chapter of Pi Mu Epsilon, is to promote interest in mathe- 
matics among the freshman and sophomore students of the college. Refresh- 
ments were served and the following programs were given at these meetings: 

Mathematics in life insurance, by G. A. Harper, vice-president of Bankers 
Life Insurance Co., Des Moines, Iowa. 

Mathematical quiz show, with H. D. Block as master of ceremonies. 

Pt, tts mathematical uses and origin. Three short papers by J. E. K. Smith, 
Robert Miller, and William Ritts. 

Mathematics in other countries, talks given by student and faculty represen- 
tatives from India, Russia, Sweden and Poland. 

Mechanical aids to computation 

Astronomy—A challenge from the heavens, by Prof. Fred Brandner of Iowa 
State College. 

Officers of the club include: Vice-director of Pi Mu Epsilon in charge of the 
Mathematics Club, Ruth Royer; Program Chairman, Ruth Rychnovsky; Re- 
freshment Committee, Charles Hopper, Norman Burch; Publicity Chairman, 
James Mairs; Faculty Advisors, Fred Robertson, C. H. Lindahl, R. J. Lambert. 


NEWS AND NOTES 


EDITED BY EpiItH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


CONFERENCES AT OHIO STATE UNIVERSITY 


Two conferences, sponsored by the Department of Mathematics and the 
Graduate School of Ohio State University, will be held in Columbus on Decem- 
ber 27, 1948. One conference will pertain to surface area theory and one to 
group theory. Information can be obtained by writing to the Department of 
Mathematics. | 


PERSONAL ITEMS 


Professor Emil Artin of Princeton University has been appointed to one of 
the Sigma Xi national lectureships for 1948-49. 

Professor Elie Cartan, University of Paris, and Professor Marston Morse, 
Institute for Advanced Study, have been awarded the honorary degree of Doctor 
of Science by the University of Pisa. 

Dr. H. M. MacNeille, chief of the Fundamental Research Branch, Division 
of Research, United States Atomic Energy Commission, has been awarded the 
President’s Certificate of Merit in recognition of his services as a member of 
the resident staff of the London Mission of the Office of Scientific Research 
and Development from February, 1944 to February, 1946. Other mathemati- 
cians who have received the Certificate of Merit for outstanding service to the 
Government are: Dr. Marston Morse, Dr. A. H. Taub, Dr. Oswald Veblen, Dr. 
S. S. Wilks. 

Professor Tibor Radé has been named a corresponding foreign member of 
the Academy of Science of Bologna, Italy. 

Boston University announces the following: Assistant Professor R. N. 
Johanson has been promoted to an associate professorship; Mr. J. E. Alman, 
Dr. J. B. Giever, and Dr. F. J. Scheid have been appointed to instructorships. 

At Catholic University of America the following appointments to instruc- 
torships have been made: Dr. Paul Nesbeda, formerly at the Institute for Ad- 
vanced Study, and Mr. R. N. Huckins of Suffolk University. 

Colorado Agricultural and Mechanical College announces the promotions of 
Associate Professor H. T. Guard to a professorship and Assistant Professor M. 
L. Madison to an associate professorship. 

Columbia University announces: Associate Professor J. A. Northcott has 
been promoted to a professorship; Mr. E. R. Kolchin and Mr. Howard Levi 
have been promoted to assistant professorships; Mr. J. A. Zilber has been 
appointed Lecturer; Mr. John Rausen has been appointed Assistant. 

Cornell University announces the following: Professor W. H. J. Fuchs of the 
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University of Liverpool is serving as visiting associate professor for the cur- 
rent academic year; Mr. M. S. Donsker of the University of Minnesota and Dr. 
Christine Williams of Yale University have been appointed to instructorships; 
two graduate students, Samuel Goldberg and G. M. Wing, received Atomic 
Energy Fellowships for 1948-49. 

At Florida State University: Associate Professor W. H. Spragens of Georgia 
State Woman’s College has been appointed to an associate pfofessorship; Mr. 
J. L. Bagg, Western Maryland Teachers College, and Miss Frances Dean, 
graduate student at University of Alabama, have been appointed to instructor- 
ships; Miss Margaret Cockrell, formerly teaching assistant, is now employed as 
mathematician by the Shell Oil Company. 

Hastings College announces: Professor R. M. McDill has become Professor 
Emeritus; Mr. Everett Lowry, formerly of the Veteran’s Administration in 
Nebraska, has received an appointment in the Mathematics Department. 

At Indiana University: Professor V. Hlavaty, formerly of Charles Univer- 
sity, Prague, has been appointed Visiting Professor; Professor Eberhard Hopf is 
employed on the ONR project; Professor D. Gilbarg attended New York Uni- 
versity last summer in connection with the ONR project work; Professors W. 
Gustin and T. Y. Thomas attended California Institute of Technology during 
the summer in connection with the ONR project work. 

Iowa State College makes the following announcements: Assistant Professor 
Bernard Vinograde has been promoted to an associate professorship; Dr. R. A. 
Griffin has been appointed to an assistant professorship; Mr. R. D. Branstetter, 
Mrs. M. L. Butler, Mr. R. F. Deniston, Miss Mary B. Lieberknecht, Miss Ruth 
Royer, and Mrs. C. C. Scott have been appointed to instructorships. Also, Dr. 
B. R. Seth of Hindu College, Delhi, India will be Visiting Professor of Applied 
Mathematics during the year 1949; he will give courses in elasticity and hydro- 
dynamics during the Winter and Spring Quarters. 

Kent State University announces: Assistant Professor John Kaiser has 
been promoted to an associate professorship; Associate Professor Foster Brooks 
is on leave of absence for the year and is connected with the Research and 
Development Board of the National Military Establishment, Washington, D. C. 

At Iowa State Teachers College the following appointments to instructor- 
ships have been made: Miss Dorothy DeWitt and Mr. Robert Lankton. 

Massachusetts Institute of Technology announces the following: Associate 
Professor Witold Hurewicz has been promoted to a professorship; Dr. Walter 
Pitts has been appointed Research Associate in Mathematics and Dr. R. P. 
Boas, Jr. has been appointed Lecturer. Professors Warren Ambrose and 
Norman Levinson are on leave of absence this year on Guggenheim fellowships; 
Professor Ambrose is spending the year at the Institute for Advanced Study 
and Professor Levinson is at the University of Copenhagen. Professor Henry 
Wallman, who is on leave of absence, is Visiting Professor of Teletechnics at the 
Chalmers Institute of Technology in Gothenburg, Sweden. 
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Miami University reports: Professor H. S. Pollard, formerly acting head, is 
now Head of the Department of Mathematics; Dr. R. W. Bryant, graduate 
student at the University of Alabama, has been appointed to an instructorship; 
Miss Kathryn B. Aldrich, Mr. R. P. Bacon, Mr. R. H. Johnston and Mr. G. 
E. Witter are newly appointed graduate assistants; Professor Emeritus W. E. 
Anderson has retired. 

Michigan State College announces the following appointments: Dr. L. M. 
Kelly of the University of Missouri, Dr. Mary H. Payne of the University of 
Detroit, and Dr. M. D. Springer of the University of Illinois to assistant pro- 
fessorships; Miss Betty S. Grossman, Miss Roslyn Hurwitz, and Mr. Leo 
Lapidus to instructorships. 

At Michigan State Normal College: Miss Mildred J. Brannon, graduate 
assistant at the University of Wisconsin, has been appointed to an assistant pro- 
fessorship; Assistant Professor R. G. Peterson is now in charge of visual educa- 
tion. 

The following promotions have been made at Mississippi State College: 
Associate Professor Arthur Ollivier to a professorship; Assistant Professor S. B. 
Murray to an associate professorship; Miss Monica Goen, Mr. A. C. Grimes, 
and Mr. M. M. Temple to assistant professorships. 

Ohio State University reports: Associate Professors Marshall Hall, H. B. 
Mann, and P. V. Reichelderfer have been promoted to professorships; Assistant 
Professors H. H. Alden, R. G. Helsel, and E. J. Mickle have been promoted to 
associate professorships; Instructor R. R. Whitney has been promoted to an 
assistant professorship; Dr. O. W. Rechard has been appointed to an instructor- 
ship. 

Oklahoma Agricultural and Mechanical College makes these announcements: 
Professor J. C. C. McKinsey has been granted a leave of absence to participate 
in the Rand Project at Douglas Aircraft, Santa Monica, California; Associate 
Professor P. E. Lewis has been granted a leave of absence for teaching and ad- 
vanced study at North Carolina State; Assistant Professor R. R. Reynolds has 
been granted a leave of absence for advanced study at Harvard University; 
Dr. Nachman Aronsazjn has been appointed Visiting Professor for the period 
October 18 to December 18; Dr. M. L. Richards has been appointed Instructor 
and Research Assistant. 

Rutgers University announces the following promotions: Instructors Erwin 
Biser, L. M. Court, and L. M. Rauch to assistant professorships. 

Texas State College for Women reports: Professor Harlan C. Miller has been 
appointed Director of the Department of Mathematics; Miss Jean Beal, for- 
merly graduate assistant at Oklahoma Agricultural and Mechanical College, 
has been appointed to an instructorship; Dean F. V. White has retired with the 
title of Professor Emeritus. 

The University of California at Los Angeles announces the following pro- 
motions and appointments: Associate Professor P. G. Hoel has been promoted 
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to a professorship; Assistant Professors J. W. Green and W. T. Puckett have 
been promoted to associate professorships; Instructors Leonard Greenstone 
and Alfred Horn have been promoted to assistant professorships; Dr. Robert 
Steinberg, University of Toronto, and Dr. E. G. Straus, formerly of the Insti- 
tute for Advanced Study, have been appointed to instructorships. 

At the University of Delaware: Associate Professor G. C. Webber has been 
promoted to a professorship; Dr. R. F. Jackson, formerly a research mathe- 
matician with York Refrigerating Company, York, Pennsylvania, has been 
appointed Assistant Professor; Mr. Morris Neuman of the University of 
Pennsylvania has been appointed Instructor. 

The University of Denver announces the promotions of Professor A. J. Lewis 
to the Chairmanship of the Department of Mathematics and Assistant Pro- 
fessor K. L. Noble to the associate chairmanship. 

The University of Detroit makes the following announcements: Associate 
Professor L. E. Mehlenbacher has been made Professor and Director of the 
Department of Mathematics; Professor Jerzy Lubelfeld of the Polish Naval 
College and Polish Technical Training Center, Okehampton, Devon, England 
has been appointed Assistant Professor: Assistant Professor Emily C. Pixley of 
Wayne University has been appointed to an assistant professorship; Assistant 
Professor G. E. Markle has been granted a leave of absence for graduate study 
at Harvard University. 


Dr. H. A. Arnold has been appointed to an instructorship at the University 
of California at Davis. 

Miss Laura Blakeley, who has been teaching at Dayton Senior High School, 
Kentucky, is now an instructor at Armstrong Junior College. 

Miss Margaret Bootz has been appointed to an instructorship at Marietta 
College. 

Associate Professor H. W. Brinkmann of Swarthmore College has been pro- 
moted to a professorship. 

Mr. Paul Brock of Hunter College has accepted a position as mathematician 
with the Reeves Instrument Company of New York City. 

Associate Professor D. M. Brown of Central Michigan College has been 
appointed Supervisor of the Applied Mathematics Group, Aeronautical Research 
Center, University of Michigan. 

Professor Emeritus W. D. Cairns of Oberlin College is serving as part-time 
lecturer in mathematics at California Institute of Technology for the year 
1948-49. 

Assistant Professor R. H. Cole of the University of Western Ontario has 
been appointed Research Associate at Princeton University. 

Mr. R. A. Deutsch of the Triborough Bridge and Tunnel Authority has 
accepted a position as electrical engineer with the Kellex Corporation of New 
York City. 
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Professor Alexander Dillingham of the United States Naval Academy has 
retired. 
Dr. Mary P. Dolciani, who has been at the Institute for Advanced Study, 
has been appointed to an instructorship at Vassar College. 
Mr. E. J. Downie of Colgate University has been promoted to an assistant 
professorship. 
Mr. R. P. Eddy has joined the Applied Mathematics Section of the Mechan- 
ics Division, Naval Ordnance Laboratory, Silver Spring, Maryland. 
Assistant Professor A. B. Farnell of the University of Colorado has been 
appointed Lecturer at Princeton University. 
Miss Virginia I. Felder of Odessa Junior College has been appointed to an 
assistant professorship at Mississippi Southern College. 
Assistant Professor Landis Gephart of the University of Dayton has ac- 
cepted a position as mathematician with the United States Air Force. 
Mr. M. T. Goodrich, Keene Teachers College, New Hampshire, has been 
promoted to an assistant professorship. 
Mr. Arthur Grad has accepted an appointment as mathematician with the 
Mathematics Branch of the Office of Naval Research at Washington, D. C. 
Mr. G. B. Haggerty of Rhode Island State College has been promoted to 
an assistant professorship. 
Associate Professor F. F. Helton of Central College has been promoted toa 
professorship. 
Assistant Professor Manuel Herschdorfer, Seton Hall College, has been pro- 
moted to a professorship. 
Mr. R. J. Howerton of the University of Denver has been appointed In- 
structor in Mathematics and Physics at Regis College. 
Associate Professor S. A. Jennings of the University of British Columbia has 
been promoted to a professorship 
Dr. C. M. Jensen, University of Minnesota, has been appointed to an as- 
sistant professorship at Augustana College. 
Professor B. W. Jones of Cornell University has accepted a professorship at 
the University of Colorado. 
Mr. H. P. Kean has been appointed to an associate professorship at Mc: 
Murry College. 
Assistant Professor Fred Kiokemeister, Mount Holyoke College, has been 
promoted to an associate professorship. 
Professor W. I. Layton of Austin Peay State College has accepted an ap- 
pointment as associate professor at Alabama Polytechnic Institute. 
Assistant Professor A. T. Lonseth of Northwestern University has been 
appointed to an associate professorship at Oregon State College. 
Assistant Professor Kenneth May, Carleton College, has been promoted to 
an associate professorship. 
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Assistant Professor P. E. Meadows of Washington and Lee University has 
been appointed to an associate professorship at Carroll College. 

Professor L. I. Mishoe of Delaware State College has been appointed to an 
associate professorship of physics at Morgan State College. 

Associate Professor E. W. Montroll of the University of Pittsburgh has been 
promoted to a professorship. 

Mr. M. R. Moore has been appointed to an instructorship at Bowling Green 
State University. 

Dr. F. M. Morgan, former headmaster of Clark School, Hanover, New 
Hampshire, has been appointed Treasurer of Clark School Foundation. 

Dr. E. N. Nilson, who has been serving as an aeronautical engineer, Re- 
search Division, United Aircraft Corporation, has been appointed to an as- 
sistant professorship at Trinity College. 

Assistant Professor S. T. Parker of Kansas State College has been promoted 
to an associate professorship. 

Professor A. W. Philips of Kansas State Teachers College has been ap- 
pointed to a professorship at Eastern Washington College of Education. 

Assistant Professor D. H. Rock of Iowa State College is now engaged in re- 
search work with the United States Army Air Force, Washington, D. C. 

Mr. C. T. Rodney of Sampson College has been appointed Assistant Pro- 
fessor at New York State Teachers College, Buffalo. 

Dr. R. H. Stark of Northwestern University is now employed at Los Alamos 
Scientific Laboratory, New Mexico. 

Assistant Professor J. C. Stewart, Lawrence College, has been promoted to 
an associate professorship. 

Assistant Professor Feodor Theilheimer of Trinity College has joined the 
Naval Ordnance Research Laboratory. 

Dr. D. L. Thomsen, Jr. of Haverford College has been promoted to an 
assistant professorship. 

Assistant Professor Eleanor B. Walters, Delta State Teachers College, has 
been promoted to an associate professorship. 

Associate Professor C. P. Wells, who is on leave of absence from Michigan 
State College, is Lecturer at Brown University. 

Assistant Professor G. N. Wollan of Sampson College has been appointed 
to an associate professorship at North Georgia College. 

Dr. Marie A. Wurster of Temple University has been promoted to an assist- 
ant professorship. 

Dr. Walter Mayer, associate in Mathematics at the Institute for Advanced 
Study, died on September 10, 1948. 

Professor W. A. Wilson of Yale University died on September 21, 1948. He 
was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
THE NINTH ANNUAL WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION 


Professor L. E. Bush of the College of St. Thomas, St. Paul 1, Minnesota, 
has been appointed Director of the William Lowell Putnam Mathematical Com- 
petition by President L. R. Ford for the five-year period 1949-1953. At the 
recent meeting of the Board of Governors in Madison, Wisconsin, it was voted 
that the Association should resume direction of the Putnam Competition and the 
appointment of a Director was authorized. This competition, made possible by 
the trustees of the William Lowell Putnam Intercollegiate Memorial Fund left 
by Mrs. Putnam in memory of her husband, is open to undergraduate students 
in universities and colleges of the United States and Canada who have not re- 
ceived a degree. 

The ninth annual Putnam Competition will be held on Saturday, March 26, 
1949. The examination will consist of two parts of three hours each. The ques- 
tions will be taken from the fields of calculus (elementary and advanced) with 
applications to geometry and mechanics not involving techniques beyond the 
usual applications, higher algebra (determinants and theory of equations), ele- 
mentary differential equations, and geometry (advanced plane and solid ana- 
lytic geometry). Any college or university wishing to enter a team or individual 
contestants may secure an application blank from Professor L. E. Bush, 112 
Albertus Magnus Hall, College of St. Thomas, St. Paul 1, Minnesota, by a 
postcard request. All applications must be filed with the Director not later than 
March 1, 1949. If three candidates are presented from a college or university, 
they are to constitute a team; if more than three are presented from any one 
college or university, the team of three must be named on the application. 
Fewer than three from one college or university may compete as individuals. 

The examination may be given at any place where a team, or at least three 
candidates, can be assembled. Exceptions to this rule may be made by the 
Director in cases where it would entail unusual inconvenience to a contestant. 
Sealed copies of the examinations will be sent to the supervisor of the examina- 
tion in time for the examination day and are not to be opened before the hour 
set. At the supervisor’s first opportunity after the afternoon examination the 
books are to be sent by registered mail or by express to the Director, who will 
forward them to a qualified reader chosen by the Association. 

The prizes to be awarded to the departments of mathematics of the institu- 
tions with the winning teams are $400, $300, $200, and $100, in the order of 
their rank. In addition, there will be prizes of $40, $30, $20 and $10 awarded to 
the members of these teams according to the rank of the team; a prize of $50 
to each of the five highest contestants and a prize of $20 to each of the succeed- 
ing five highest contestants. Each of the winners will receive a suitable medal. 
Honorable mention will be given to several teams next in order after the four 
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winning teams and to several individuals next in order after the ten individual 
winners. For further encouragement of the Competition, there will be awarded 
at Harvard University (or at Radcliffe College in the case of a woman) an annual 
$1500 William Lowell Putnam Prize Scholarship to one of the first five con- 
testants, this to be available either immediately or on the completion of the 
student’s undergraduate work. 

Reports on the eight previous competitions and examination questions will 
be found in this MontTuHiy for May, 1938, 1939, 1940, 1941, 1942, October, 
1946, August-September, 1947, and in this issue. 


APRIL MEETING OF THE IOWA SECTION 


The thirty-fifth annual meeting of the Iowa Section of the Mathematical 
Association of America was held at Parsons College, Fairfield, Iowa, on Friday 
and Saturday, April 16 and 17, 1948, in conjunction with the lowa Academy 
of Science. Professor H. P. Thielman, Chairman of the Section, presided. 

The attendance was seventy, including the following twenty-nine members 
of the Association: E. W. Anderson, E. L. Canfield, E. W. Chittenden, Marian 
E. Daniells, W. M. Davis, R. E. Gaskell, B. E. Gillam, Cornelius Gouwens, 
F. S. Harper, Gertrude A. Herr, E. H. C. Hildebrandt, J. J. L. Hinrichsen, 
L. A. Knowler, O. C. Kreider, C. E. Langenhop, Walter Lyche, R. B. Mc- 
Clenon, F. M. McGaw, J. V. McKelvey, E. E. Moots, E. N. Oberg, Fred 
Robertson, R. M. Robinson, E. R. Smith, L. W. Swanson, H. P. Thielman, 
Henry Van Engen, Roscoe Woods, E. A. Zubay. 

The following officers were elected for the coming year: Chairman, Pro- 
fessor W. M. Davis, Cornell College; Vice-Chairman, Professor B. E. Gillam, 
Drake University; Secretary, Professor Fred Robertson, Iowa State College. 

Professor Hildebrandt delivered an invited address at 4:00 p.m. on Friday. 
Five of the following papers were read Friday afternoon, and the remainder 
Saturday morning. 

1. A use of matrices in accounting, by Professor E. S. Allen, Iowa State 
College, introduced by the Secretary. 

Let an organization have m service departments S,, +--+, Sp, acquiring respective surpluses 
S1,° °°, Sn} let the fraction of s; attributable to aid given by Sz, be /a;, the fraction attributable to 
producing department P, be ma: (> 7. lait >» _1 Mai =1). If the producing departments P), - - -, 
P, are to receive the total surplus 5:-+ + + + +5,, an equitable distribution will be 

P=M(1—L)-S, 


P, M, L, S being the matrices of the corresponding lower case letters. 


2. Simultaneous reduction of quadratic forms, by Professor B. Vinograde, 
lowa State College, introduced by the Secretary. 


This paper will appear in the Proceedings of the Iowa Academy of Science. 


3. Linear recurrence relations between iterated kernels, by C. E. Langenhop, 
Iowa State College. 
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A kernel of an integral equation, whose iterates satisfy a linear relation 
aKy(x, y) + a2Kal(x, yy tere + OnKn(%, y) = 0, asxysd, 


with a; +0, is a solution of the integral equation K(x, y) = fH (x, )K (i, y)dt, where H(x, t) is an- 
other linear combination of the iterates. If K(x, ¢) is bounded, H(x, t) is bounded, and there are then 
only a finite number of linearly independent K (x, y;) where a<y;<b,7=1,2,+++,n. Thus K(x, y) 
must be of the special form ot ai(x) B:(y). For a kernel of this form it is known that the Fred- 
holm determinant D(A) is a polynomial. The converse is not true, but if the Fredholm first minor 
D(x, y; 4) of a bounded K(x, y) is a polynomial in \, and if D(A) is a polynomial of the same de- 
gree, then the iterated kernels satisfy a linear relation as above, and K(x, 8) is of the special form. 
If K(x, y) is continuous and symmetric, then it is sufficient for the D(A) merely to be a polynomial 
that K(x, y) to be of the special form given above. 


4. A third order trregular boundary value problem, by H. E. Ellington, State 
University of Iowa, introduced by the Secretary. 


Consider the differential system 
au 
—— + [p%p(x) + 9(x) lu = 0, 
dx3 


with boundary conditions u(0) =4’(0) =u(7) =0. The transformation u(x) =h(x) R(z), z= ¢(x) will 
reduce the equation to the form 

d’R dR ’(z) 

+40) + [SF +¥@ |e + oR =0 

dz dz 2 
with the boundary conditions R(a) = R’(a) = R(r) =0. The characteristic solutions are 

3 
R,(z) = — 2eon(e-a)/2 [ cos \= +- vs pr(s — at +- 5u(2) | 

where |8,(z)| <8 if n<Nand aSzSr. 


5. Construction of parabolas, by Masihur Rahman, Iowa State College, in- 
troduced by the Secretary. 

Mr. Rahman showed ways of constructing parabolas and (or) discovering some of their prop- 
erties by use of compass and straight edge. As one illustration he found the point of intersection of 


a parabola and a line through the focus with given direction, without the usual procedure of con- 
structing the parabola. 


6. Instructional aids for the teaching of juntor college mathematics, by Pro- 
fessor E. H. C. Hildebrandt, Northwestern University. 
Professor Hildebrandt exhibited a number of charts and models. He discussed devices of in- 


terest to both mathematics majors and other students. After the address the audience inspected 
the models and discussed their use with Professor Hildebrandt. 


7. An approximate solution of a differential equation by difference equations, 
by Spencer Macy, Iowa State College, introduced by the Secretary. 


The theory of approximation by difference equations developed by R. G. D. Richardson is ex- 
tended to a linear self-adjoint equation 


(1) [b(a)ae’” (ae) ]”” + [g(ee)ae’ (ae) ’ + [r(a) + vk (a) Ju) = 0 


where y isa parameter. Quadratic forms Q; and Q2 can be found such that Q: = yQ2 for the minimum 
value of Qi. The set of homogeneous linear equations derived by minimizing Q, with respect to 
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u(xs) with the constraint Q2=1 is used to find a linear form corresponding to the integral equation 
equivalent to (1). A method of minimization of Q; due to G. H. Shortley is used on the equation of a 
stiff vibrating string to find the first and second characteristic values. 


8. Mapping of a region on the unit circle by orthogonal polynomials, by 
R. N. Goss, Iowa State College, introduced by the Secretary. 
In 1921 Szego (Math. Zeits., vol. 9, pp. 218-270) proved that a region in the complex plane 


bounded by a closed continuous rectifiable curve is mapped on the unit circle | G()| <1 by the 
function 


Gt) = lim A J ‘Kala, 2) asl 


no (K,(a, a) 


where Kn(a, 2) depends upon a sequence of orthogonal polynomials associated with the bounding 
curve, and A is a constant. The generality of its application suggested use of the method in the 
mapping of airfoils. To test the practical characteristics of the mapping method, a region bounded 
by the minor arcs of two intersecting circles of different radii was chosen, with numerical data 
compatible with airfoil dimensions. It was found that for this type of region the successive approxi- 
mations converge slowly, and involve increasingly laborious computation at each stage. It was con- 
cluded on the basis of this and other tests that the method can be employed profitably only for re- 
gions for which no simpler mapping function is known, and where efficient computing equipment 
is available. 


9. A note on the relaxation method, by Professor R. E. Gaskell, Iowa State 
College. 


The relaxation method was applied to a linear system of equations for purposes of illustration, 
and then to non-linear systems. Some difficulty in convergence may be encountered in non-linear 
systems. It may be overcome if thé residues are not completely liquidated; that is, if the corrections 
are damped. 


10. A class of integral identities, by W. H. Marlow, State University of 
Iowa, introduced by the Secretary. 

Mr. Marlow considered families of definite integrals related to the Gamma function by means 
of the Laplace transform and other transformations, 

11. On the theory of limits in general analysts, by Professor E. W. Chitten- 
den, State University of Iowa. 

The Peano limit of a function on a directed system with values in a topological space is defined 


and used to establish theorems about iterated limits. 


12. Complete systems of invariants of the cyclic groups of equal order and 
degree (by title), by Dr. C. W. Strom, Washington, D. C., introduced by the 
Secretary. 


This paper will be published in the Proceedings of the Iowa Academy of Science. 


13. A two-dimensional potential problem with applications to sol drainage, by 
Professor Don Kirkham, Iowa State College, introduced by the Secretary. 

Professor Kirkham discussed the flow of water in equally spaced rain tiles of uniform depth. 
These tiles were embedded in one soil medium lying over another of different permeability. He il- 
lustrated by sand over clay and vice-versa. He gave a solution to the problem under special condi- 
tions. 
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14. A general finite difference summation formula, by P. M. Bailey, State 
University of Iowa, introduced by the Secretary. 
Where the general term ¢(x) of a series satisfies the relation ¢(x) =f(x+h) —f(x) =Anf(x), 


various sums of the series are obtainable. The two following formulae giving the definite and indefi- 
nite sums of the ¢(x) series, span 7, in terms of the function f(x) were presented: 


a-+n(—py)r (h/r)—1 


> o(x) = di Anf(a + x7) 


~ (h/r)—1 
Dir (x) = dn f(x + kr). 


The formulae apply when //r is integral. As an example, the first formula was applied to the sum- 
mation of a reciprocal factorial function. 


FRED ROBERTSON, Secretary 


APRIL MEETING OF THE LOUISIANA-MISSISSIPPI SECTION 


The twenty-fifth annual meeting of the Louisiana-Mississippi Section was 
held at Southwestern Louisiana Institute, Lafayette, Louisiana, on Friday and 
Saturday, April 23-24, 1948. Professor Z. L. Loflin, Vice-Chairman for Louisi- 
ana, presided at the Friday afternoon session, and Professor T. A. Bickerstaff, 
Vice-Chairman for Mississippi, presided at the Saturday morning session. 

There were one hundred six persons registered, including the following 
thirty-five members of the Association: T. A. Bickerstaff, Ann Buchanan, H. E. 
Buchanan, Virginia Carlton, J. C. Currie, Margaret R. Davis, W. L. Duren, 
Katherine S. Foote, W. W. Gandy, L. M. Garrison, F. C. Gentry, M. E. Mills, 
A. L. Gilmore, W. C. Griffith, R. V. Guthrie, J. A. Hardin, H. T. Karnes, 
C. G. Killen, Z. L. Loflin, J. W. McClimans, Dorothy McCoy, A. C. Maddox, 
B. E. Mitchell, C. V. Newsom, I. C. Nichols, R. L. O’Quinn, P. K. Rees, F. A. 
Rickey, H. F. Schroeder, H. L. Smith, V. B. Temple, J. F. Thomson, B. A. 
Tucker, P. M. Tullier, A. D. Wallace. 

The following officers were elected for one year: Chairman, W. L. Duren, 
Tulane University; Vice-Chairmen: Eleanor Walters, Delta State Teachers 
College, and Peter Tullier, Loyola University; Secretary-Treasurer, F. A. 
Rickey, Louisiana State University. The 1949 meeting will be held at the Uni- 
versity of Mississippi, Oxford, Mississippi. 

The following papers were presented at the Friday afternoon session: 

1. The inversion of certain integrals, by Professor D. B. Sumner, Louisiana 
State University. (Introduced by Professor P. K. Rees.) 

Inversion formulas obtained by Widder and Pollard for the generalized Stieltjes transform are 
used in a modified form to obtain inversion formulas in the form of a contour integral, which is a 
generalization of the original result of Stieltjes. The argument is based on a new generalization of 


Cauchy’s “singular integral.” The method is capable of extension to a large class of integral equa- 
tions, in particular, to the convolution transform. 
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2. Subpedal curves, by Professor V. B. Temple, Louisiana College. 


The author first defined a pedal curve as the locus of the vertex of a right angle, and gave, as 
examples, the circle, the ellipse, and the witch of Agnesi. He showed four other pedal curves, 
namely, the differential axle, the racquets, the cane knife, and the boomerang. He then defined a 
subpedal curve as the vertex of a right angle projected by the vertex of a right angle. As examples of 
subpedal curves he showed a few drawings and their equations from his collection. These included, 
the egg, the fig, the pumpkin, and the longhorns. He further showed that the cissoid of Diocles is a 
subpedal curve and gave its general equation as X?+ Y?=ab Y?/(aY+6X), where a and 6 are, re- 
spectively, the X- and Y-intercepts of the straight line directrix. 


3. Mathematical topics for college freshmen, by Professor S. W. Shelton, 
Northwestern State College. (Introduced by the secretary.) 

4, Dimension and compacting, by Professor A. D. Wallace, Tulane Univer- 
sity. 

Herein “space” will mean “normal Hausdorff space.” A space X will be said to have dimen- 
sional type S provided that for each closed subset A of X and each map f:A—S there is an extension 
g of f mapping X into S. For simplicity assume that S is an absolute neighborhood retract. It was 
shown by Alexandroff and Hurewicz that (assuming X separable metric) X has the dimensional 
type of the n-sphere if and only if its dimension is at most 2. This result has recently been ex- 
tended by Alexandroff, Dowker and Hemmingsen without the assumption that X be separable 
metric. They also showed that the dimensions of X and BX (the Chech-Stone-Tychonoff compact- 
ing of X) are equal. In this note it is shown that: In order that X have dimensional type S it is 
necessary and sufficient that BX have dimensional type S. 


5. The solution of Killing’s matrix equations, by Professor M. E. Gillis, Blue 
Mountain College. 


In Killing’s equation UV=(V+1)U, U and V being matrices, V is given and is assumed to 
be in the Jordan classical canonical form. Then the most general solution U is exhibited. This form 
of U has certain submatrices which are zero, while the non-zero submatrices are triangular with all 
diagonal elements equal. Certain theorems about solutions of the equations were stated. 


6. A condition for the oscillation of the solutions of a system of homogeneous 
linear differential equations, by Mr. C. P. Gadsden, Tulane University. (Intro- 
duced by Professor W. L. Duren.) 


Consider the system (1) dx/dt=Ax+By, dy/dt=Cx+Dy, where A, B, C, D are continuous 
functions of ¢ defined on the interval (2) OSt< _. In the case of constant coefficients A, B, C, D 
it is known that if (A —D)?+-4BC <0, then every solution, [x(t), y(t) ], of (1) oscillates; that is, the 
functions x(t) and y(¢) change sign continually as i 0. The question may be asked whether a 
similar condition can be given for the case in which A, B, C, D are not necessarily constants. The 
following theorem provides an affirmative answer to this eugestion. 

Theorem: Let x(t), y(t) be any non-trivial solution of (1). Suppose that for all tand (2) we have 
(A—D)2--4BC< —m<0, |B| <M and |C| <M, where m and M are constants. Then both x(t) 
and y(t) change sign on the interval 4 <‘<#,--A?, t: arbitrary on (2), provided At is taken sufficiently 
large. 


7. Recent problems in the training and preparing of mathematics teachers, by 
Professor C. R. Trott, University of Mississippi. (Introduced by Professor T. A. 


Bickerstaff. ) 
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8. Twenty-five years with the Louisiana- Mississippi Section of the M. A. of A., 
by Professor H. F. Schroeder, Louisiana Polytechnic Institute. 

Professor Z. T. Gallion of Southwestern Louisiana Institute presided at a 
joint banquet with the Louisiana-Mississippi Branch of the National Council of 
Teachers of Mathematics that was held at Oak Grove Inn Friday evening. Pro- 
fessor C. V. Newsom of Oberlin College, Oberlin, Ohio, was guest speaker for 
both organizations at the banquet and again on Saturday morning. His addresses 
were: 

1. Relationship of the Association and the National Council. 

After reviewing recent developments in the field of mathematical education, Mr. Newsom 
emphasized that many urgent problems could be solved only by the cooperation of college and 
secondary teachers. In particular, he suggested a study of the entire mathematics curriculum from 
the first grade to graduate school in the light of new mathematical knowledge that is available, 
the needs of modern science, and the teaching problems introduced as a result of mass education. 


2. Mathematics and our culture. 


This paper presented some points of view in regard to the significance of mathematics in man’s 
attempt to comprehend his environment. Mr. Newsom expressed the idea that more of the philo- 
sophical contributions of mathematics should be a part of all elementary courses in mathematics. 


F, C. GENTRY, Secretary. 


CALENDAR OF FUTURE MEETINGS 
Thirty-second Annual Meeting, Columbus, Ohio, December 31, 1948. 


Thirty-first Summer Meeting, Boulder, Colorado, September, 1949. 
The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Secretary. 


ALLEGHENY MOunNTAIN 

ILLINOIS, Bradley University, Peoria, May 13- 
14, 1949 

InpIANA, University of Notre Dame, Spring, 
1949 

Iowa, Drake University, Des Moines, April 15- 
16, 1949 

KANSAS 

KENTUCKY 

LOUISIANA-MIssIssIPPI, University of Missis- 
sippi, Oxford, Spring, 1949 

MARYLAND-DISTRICT OF COLUMBIA- VIRGINIA 

METROPOLITAN NEW YORK 

MICHIGAN 

MINNESOTA 

MIssouRI 

NEBRASKA, Lincoln, May, 1949 

NORTHERN CALIFORNIA, San Francisco, Janu- 
ary 29, 1949 


OuIO, Ohio State University, Columbus, April 
2, 1949 

OKLAHOMA 

PaciFIC NORTHWEST, Oregon State College, 
Corvallis, Spring, 1949 

PHILADELPHIA 

Rocky Mowunralin, Colorado School of Mines, 
Golden, April, 1949 

SOUTHEASTERN, University of Alabama, Uni- 
versity, March 18-19, 1949 

SOUTHERN CALIFORNIA, John Muir Junior Col- 
lege, Pasadena, March 12, 1949 

SOUTHWESTERN 

Texas, Denton, Spring, 1949 

UrrpER NEw York STATE, University of 
Buffalo, April 30, 1949 

WIsconsIn, Lawrence College, Appleton, May 
14, 1949 


Jo be published thi. winter 


First Year College 
Mathematics with Applications 


By Daus and WHYBURN 


This new text presents a coordinated study of college algebra, analytical trigo- 
nometry, and analytical geometry complete in one volume. Emphasis throughout 
the book is placed on creating understanding as well as on learning manipulative 
techniques. Each topic has been included because of its immediate applications 
as well as future needs. These applications include problems of a geometric 
character with an applied background, problems in curve fitting, and elementary 
electric circuit theory when related to mathematical problems involving algebra 
or analytic geometry. To be published in the winter. $5.00 (probable) 


PAUL H. DAUS is Professor of Mathematics, University of California, Los 
Angeles, WILLIAM M. WHYBURN is Professor and Head, Department of 
Mathematics, University of North Carolina. 


An Introduction to 
College Geometry 


By TaAyYLor and BARTOO 


This new book provides a splendid preparation for prospective teachers of sec- 
ondary mathematics. It is outstanding for its use of historical materials in the 
development of geometry, for its clear presentation of the important propositions 
of elementary geometry from which the discussion of modern geometry stems, 
and for its extremely effective consideration of the concepts and principles of 
modern geometry. To be published this winter. $3.50 (probable) 


E. H. TAYLOR is Professor and Head, Department of Mathematics, 
Emeritus, Eastern Illinois State College. G. C. BARTOO is Professor of 
Mathematics, Emeritus, Western Michigan College of Education. 


THE MACMILLAN COMPANY 60 Fifth Avenue New York 11 


TEXTBOOK NEWS 


John M. H. Olmsted’s 


SOLID 
ANALYTIC GEOMETRY 


y XN 


HIS textbook, which presents a complete and lucid treatment of analytic 

geometry of three dimensions is designed for courses on the junior-senior or 
early graduate level. The book contains the material for a very rich and extensive 
course, so arranged as to be conveniently adapted to courses of various content. 
Other features of the book are the simplicity of the presentation, the emphasis on 
logical reasoning and method, the many illustrative examples, over one thousand 
exercises, the systematic elementary treatment of Matrix Algebra, and the clarity 
of the fifty line drawings, representing surfaces and other spatial objects. $4.00 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street New York 1, New York 


FINITE DIFFERENCES 


and Difference Equations in the Real Domain 


By Tomlinson Fort 


University of Georgia 


e Professor Fort’s new book contains much hitherto unpublished 
material, Arranged as a text, it is provided with numerous exer- 
cises which make it suitable for an advanced university course. 
Special attention is given to the difference equation in which the 
independent variable is limited to a set of discrete values. There 
is also extensive treatment of operators, summation of series, 
interpolation, mechanical quadrature, numerical differentiation, 
summation formulae, Bernoulli polynomials and numbers and 
generalizations, Stirling’s numbers, maxima and minima of sums. 


258 pages $8.00 
OXFORD UNIVERSITY .- 
PRESS 


114 Fifth Avenue @ New York 11, N.Y. 


MATHEMATICS: 
OUR GREAT HERITAGE 


Essays on the Nature and Cultural Significance of Mathematics 


Edited by WiLiiamM L. ScHAAF 
Department of Education, Brooklyn College 


Culled from the scattered and inaccessible literature about mathematics, 
these essays selected from the writings of sixteen eminent mathematicians 
supply a long-needed interpretation of the significant intellectual legacy 
of mathematics to mankind. What mathematics is; what it means; what it 
is trying to do; what its cultural contribution is; what the methods are by 
which it seeks its results—these are some of the challenging questions 
answered in this book. Those who are eager to understand the humane con- 
tribution of mathematics, and particularly those teachers and students of 
the subject who wish to grasp more fully its cultural significance, will find 


this book at once absorbing, authoritative and illuminating. 


Among the well-known mathematicians represented are: Eric Temple Bell, 
Robert D. Carmichael, Tobias Dantzig, Arnold Dresden, Tomlinson Fort, 
Thornton C. Fry, G. H. Hardy, C. G. Hempel, Archibald Henderson, J. W. 
Lasley, Jr., Robert B. Lindsay, C. V. Newsom, George Sarton, James 
Byrnie Shaw, D. J. Struik and J. W. N. Sullivan. 


“Dr. Schaaf has done an excellent job of selecting materials for the 
kind of book which he had in mind to prepare... I think Mathematics: 
Our Great Heritage will prove to be an appreciated contribution to 
the literature of the subject.”—Walter H. Carnahan, former Professor 


of Mathematics, Purdue University. 


$3.50 at your bookstore or from 


HARPER & BROTHERS, 49 East 33rd St., New York 16, N.Y. 


VVUVVVVVVVYV 
TEXTS BY WILLIAM L. HART 


Ml, Ll, Ml, Mi, Mi, Mr, Mn, Mi, Lr, 


MATHEMATICS OF INVESTMENT, 
THIRD EDITION 


The theory of interest, annuities certain and 
their applications, and an introduction to life 
annuities and life insurance. 312 pages (275 
pages text), $3.00. With tables, 440 pages 
(275 pages text), $4.00. Tables separately, 128 
pages, $1.75. 


INTRODUCTION TO THE MATHEMATICS OF BUSINESS 


The essentials of the mathematics of invest- 
ment and life insurance, with selected topics 
from statistics, at the minimum algebraic level 


compatible with mathematical efficiency. 426 y~N yrvVYV N 


pages (326 pages text), $3.00. 


The most widely used text in its field 


COHEN 


An Elementary Treatise 


on Differential Equations 


SECOND EDITION 344 pages (319 pages text}. $3.00 


D. C. HEATH AND COMPANY 


BOSTON NEW YORK CHICAGO ATLANTA’ SAN FRANCISCO DALLAS LONDON 


ANNALS OF MATHEMATICS 


edited by 
SOLOMON LEFSCHETZ JOHN VON NEUMANN 
with the cooperation of 


PRINCETON UNIVERSITY AND 
THE INSTITUTE FOR ADVANCED STUDY 


Frederic Bohnenblust, S. Chern, S. Eilenberg, K. O. Friedrichs, T. H. Hildebrandt, Nor- 
man Levinson, Saunders MacLane, E. J. McShane, Deane Montgomery, Paul A. Smith, 
D. C. Spencer, Otto Szasz, Hassler Whitney, R. L. Wilder, Oscar Zariski. 


The Annals of Mathematics has been for a generation, one of the foremost research jour- 
nals in the world. It has published articles on every branch of pure or applied mathe- 
matics from relativity to symbolic logic, with particular emphasis on the subjects in the 
foreground of present day mathematical investigation. It prints one volume per year, con- 
sisting of four numbers of approximately two hundred fifty pages each. 


The yearly subscription price is $7.50 per volume, the price of a single number is $2.00. 
Subscription orders and other business correspondence should be sent to 


THE PRINCETON UNIVERSITY PRESS 
PRINCETON, NEW JERSEY 


The Eighth Carus Mathematical Monograph 


RINGS AND IDEALS 
by 
NEAL H. McCOY 


Professor of Mathematics, Smith College 


A clear and concise exposition of the fundamental concepts and results in the elementary 
theory of rings is presented. Some emphasis is placed on the role of ideals. No previous 
knowledge of abstract algebra is expected of the reader. All terms and concepts are clearly de- 
fined and illustrated. One feature is the early introduction of a considerable number of ex- 
amples of rings. These examples are then available to illustrate the various concepts as they 
are introduced. In addition to the fundamental ideas and results, the principal topics pre- 
sented are: prime and primary ideals in commutative rings, direct and subdirect sums, Boolean 
rings and some generalizations, rings of matrices. 


Each member of the Association is entitled to purchase one copy of this Monograph for 
$1.75. Orders accompanied by remittance should be sent to: The Mathematical Association 
of America, University of Buffalo, Buffalo 14, New York. 


Additional copies for members and copies for non-members are priced at $3 each and must 
be purchased directly from: The Open Court Publishing, La Salle, Illinois. 


WD Acw McGRAW-HILL Kook 


THE MATHEMATICAL SOLUTION OF ENGINEERING PROBLEMS 
By Mario G. Salvadori, Columbia University. With a Collection of Problems 
by Kenneth S. Miller, Consulting Mathematician. 238 pages, $3.50 


e A practical text on elementary engineering mathematics, reviewing the funda- 
mental ideas and techniques of mathematics, and widening the student’s mathe- 
matical knowledge of algebra, plane analytic geometry, calculus, power series, 
elementary functions of a complex variable, Fourier Series and harmonic analy- 
sis. There are more than 1100 problems. 


SOLID GEOMETRY 
By J. Sutherland Frame, Michigan State College. 339 pages, $3.50 


e Departing from the traditional treatment of solid geometry as a succession of 
formal propositions and proofs, this text aims to prepare the student for col- 
lege work in mathematics and engineering, A distinctive feature is a simplified 
method of drawing three-dimensional figures in orthographic perspective with 
a patented trimetric ruler supplied with the book. 


INTRODUCTION TO COMPLEX VARIABLES AND APPLICATIONS 
By Ruel V. Churchill, University of Michigan, 219 pages, $3.50 


e Meets the needs of students preparing to enter the fields of physics, theoretical 
engineering, or applied mathematics. The selection and arrangement of ma- 
terial is unique, and an effort has been made to provide a sound introduction to 
both theory and applications in a complete, self-contained treatment. The book 
supplements Professor Churchill’s Fourier Series and Boundary Value Prob- 
lems and Modern Operational Mathematics in Engineering. 


NUMBER THEORY AND ITS HISTORY 
By Oystein Ore, Yale University. 370 pages, $4.50 


@ Gives an account of some of the main problems, methods, and principles of the 
theory of numbers, together with the history of the subject and a considerable 
number of portraits and illustrations. The methods of counting and recording 
of numbers used by various peoples are discussed, and there is an interesting 
account of ancient and medieval puzzles and trick questions, the influence of 
philosophical speculations about numbers, as well as the contributions of pro- 
fessional mathematicians. The presentation throughout is very elementary. 
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Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42nd STREET, NEW YORK 18, N. Y. 


GIST OF MATHEMATICS 


By Justin H. Moore, College of the City of New York; and Julio H. 
Mira, Manhattanville College of the Sacred Heart 


A remarkably readable text that offers a unified presentation of elementary mathe- 
matical concepts. It stresses the applications and inter-relationships of algebra, 
plane and solid geometry, trigonometry, analytic geometry and calculus. Compact 
exercises at the end of every chapter cover the principle points brought out in the 
discussion. A 104-page section contains special additional exercises and problems 
to permit amplification of any part without impairing the continuity of the whole. 


Published 1942 726 pages 6” x 9" 


MATHEMATICS IN HUMAN AFFAIRS 


By Franklin Wesley Kokomoor, University of Florida 


An absorbing social review of mathematics that gives in an integrated manner the 
choicest parts of arithmetic, algebra, geometry, trigonometry, analytical geometry, 
mathematics of finance, statistics, and the calculus. Keeping technical mathematics 
to the minimum, the material is enlivened with historical information and introduces 
each new idea with concrete illustrations of its need in human affairs. 


Published 1942 754 pages 6” x 9” 


MATHEMATICS IN AGRICULTURE 


By Roger V. McGee, The Agricultural and Mechanical College of 
Texas 


This practical work is designed to especially fit the needs of persons interested in 
agriculture. "While the text is not meant to serve as an authoritative source on 
technical matter pertaining to agriculture," says the author's preface, "some tech- 
nical matter pertaining to agriculture has been included in an effort to vitalize the 
subject by giving to problems their proper agricultural setting.” Over 600 special 
review exercises; 11 agricultural tables. 


Published 1942 189 pages 6” x 9” 


COLLEGE ALGEBRA 


With revisions and addifional problems 

By Harold T. Davis, Northwestern University 

A teachable basic work that includes a review of high school algebra, a complete 
coverage of the standard college course, and approximately 3,000 graded problems. 
Serving to enrich and heighten student interest are four extra chapters not normally 
found in college texts—Introduction to Statistics, Special Topics (Euclid's al- 


gorithm, continued and partial fractions, etc.), Mathematical Recreations (magic 
squares, the game of Nim, etc.), and The Meaning of Mathematics. 


Published 1942 470 pages 6” x 9” 
Send for your copies today! 
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FOR COLLEGES 
INTERMEDIATE ALGEBRA 


By Earte B. Miter, Illinois College 


A text written for the increasing number of college students who 
have had only one year of algebra in high school. The author, aware 
of the new demands in many fields for a working knowledge of algebra, 
has presented a clear, carefully organized exposition, which is livelier 
and less forma] than the customary mathematics text. 


Contents: Addition and Subtraction, Multiplication and Division. 
Special Products and Factoring. Fractions. Equations and Their Solu- 
tion. Linear Equations in One Unknown. Functions and Their Graphs. 
Linear Equations (Contd.). Exponents and Radicals, Logarithms. Quad- 
ratic Equations in One Unknown. Systems Involving Quadratic Equa- 
tions. Ratio, Proportion, and Variation. The Binomial Theorm. Pro- 
gressions. Tables. Answers to Odd-Numbered Exercises. Index. 361 


PREPARATORY BUSINESS 
MATHEMATICS 


By Luoyp L. Smat, Lehigh University 


Written to meet the need for a college text giving adequate preparation 
for subsequent courses in the mathematics of finance, insurance, and 
statistics. After many years of classroom experience, the author is well 
aware how best to present his material simply and teachably. 


Contents: Elementary Algebraic Operations. Linear Equations, Quad- 
ratic Equations. Powers and Roots. Logarithms. Progressions. Func- 
tions; Graphic Representation. Certain Important Types of Graphs. 
Curve-Fitting. Permutations and Combinations. The Binomial Theorem. 
Probability. Tables, Answers. Index. 244 pages, $2.75 


ELEMENTARY STATISTICS 


By Hyman Levy, and E. E. Pree, both of the Imperial 
College of Science, London 


A lucid, compact presentation designed to give the grounding in sta- 
tistics which is becoming more and more necessary for educational 
training in both the natural and the social sciences. The treatment of 
material assumes only moderate knowledge of mathematcs. 


Contents: Types of Measurement. Frequency. “Best” Value for a Set 
of Measurements. How to Measure Dispersion. Special Types of Fre- 
quency. The Accuracy of the Mean. Related Measurements. Correla- 
tion: The Measure of Trends. Elementary Ideas in Probability. The 
Meaning of The Correlation Coefficient. Some Mathematical Points. 
Gauss’s Law of Error—I: Distribution of Errors about the Mean; I: 
Some Properties of The Law. Elements of Quality Control. The Limita- 
tions of Normal Statistical Analysis. Answers. Index. 184 pages, $2.25 
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